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      Motivations 

Ø   Unified EoS 
 

    →  based on the same nuclear model from energy-density functional theory 
 

    →  valid in all regions of NS interior 
 

    →  outer / inner crust and crust / core transition described consistently 
 
 
Ø   EoS both at T = 0    à cold non-accreting NS 
 

             and at finite T  à SN cores, accreting NS 
 
Ø  Nuclear physics experiments  
Ø  Astrophysical constraints 
 
Ø  Direct applicable for astrophysical application (codes!) 
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      EoS: the challenge 
Wide range of  

ρ,T,Ye in the core  
during core collapse 
and NS formation : 

different states  
of matter  

(inhomogeneous, 
homogeneous, 

exotic particles?) 

In NS: T = 0 approximation,  
but: very high density  

à composition uncertain! 

http://www.physics.montana.edu 
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    … a small reminder 

6 A. F. Fantina 

§  Energy around saturation (in a liquid drop model): 

§  In SN & NS à n-rich matter à symmetry energy important: 

related to NS crust-core boundary (e.g. Vidaña et al., PRC 80, 045806 (2009)) 
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    Nuclear model for the EoS 
Family of unified EoSs: 
     →  microscopic mass models based on HFB method with Skyrme type functionals 
           and macroscopically deduced pairing force 

BSk** suitable to describe all the regions of NS 
7 A. F. Fantina 

Goriely et al., PRC 82, 035804 (2010) 

BSk19 
BSk20 
BSk21 

BSk22 
BSk23 
BSk24 
BSk25 
BSk26 

Goriely et al., PRC 88, 024308 (2013) 

•  fit 2010 nuclear experimental mass data (2149 masses, rms = 0.581 MeV) 
•  reflect current lack of knowledge of high-density behaviour of nuclear matter 
•  constrained to microscopic neutron-matter EoS at T = 0 (FP, APR, LS) 
•  all have J = 30 MeV, K∞ in experimental range (≈ 240 MeV) 

•  fit 2012 nuclear experimental mass data (2353 masses, rms=0.5-0.6 MeV) 
•  constrained to microscopic neutron-matter EoS at T = 0  
     (LS, APR for BSk26) 
•  different symmetry energy: J = 32, 31, 30, 29, 30 MeV respectively 
•  K∞ in experimental range (≈ 240 MeV) 

see also: Chamel et al., PRC 80, 065804 (2009) 
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    Constraints from nuclear physics: 
    theoretical calculations (neutron matter) 

8 A. F. Fantina 

N. Chamel, talk ECT* (2013) 

BSk** fitted to realistic neutron-matter EoSs with different stiffness 

Goriely et al., PRC 88, 024308 (2013) 
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    Constraints from  
    nuclear physics experiments 

9 A. F. Fantina 
Potekhin et al., A&A 428, 191 (2013)  for experim. constraints see also:  

 Tsang et al., PRC 86, 015803 (2012);  
 Lattimer and Lim , A&A 771, 51 (2013) 

J,L consistent with experimental constraints 
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    Constraints from  
    nuclear physics experiments 

10 A. F. Fantina 
Courtesy of N. Chamel for experim. constraints see also:  

 Tsang et al., PRC 86, 015803 (2012);  
 Lattimer and Lim , A&A 771, 51 (2013) 

J,L consistent with experimental constraints 
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      EoS of neutron star 
Ø   OUTER CRUST (up to neutron drip) (J. M. Pearson et al., PRC83, 065810 (2011)) 
 

      → one nucleus (bcc lattice) + electrons, in charge neutrality and β equilibrium 
 
 

      → minimization of the Gibbs energy per nucleon: BPS model 
 

12 A. F. Fantina 

Only microscopic inputs are nuclear masses  
à Experimental or microscopic mass models HFB19-26 

 
Ø   INNER CRUST (Onsi et al., PRC77, 065805 (2008), Pearson et al., PRC85, 065803 (2012)) 
 

      → one cluster (Wigner-Seitz cell, spherical) + n, e- 
 

      → semi-classical model: Extended Thomas Fermi (4th order in ħ) 
                                             + proton shell corrections (Strutinski Integral theorem)  
 
Ø   CORE (Goriely et al., PRC 82, 035804 (2010), Goriely et al., PRC 88, 024308 (2013)) 
 

      → homogeneous matter:  n, p, e-, muons in β equilibrium * 
 

            → same nuclear model to treat the interacting nucleons 
* here we do not consider possible phase transition! 
   transition to exotic matter in Chamel, Fantina, Pearson, Goriely, A&A 553, A22 (2013)   
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      NS structure 

Using the EoSs BSk 19-20-21 and BSk 22-24-26 
                           à computing NS structure  
                                                    for non-rotating and rigidly rotating NSs. 
 
Method: solve Einstein equations in GR for stationary axi-symmetric configurations. 
 
Code: LORENE library (http://www.lorene.obspm.fr) 
Refs: Gourgoulhon, arXiv: 1003.5015 (lectures given at 2010 CompStar school) 
          Gourgoulhon et al., A&A 349, 851 (1999) 
          Granclément & Novak, Liv. Rev. Relativ. 12, 1 (2009)  

13 A. F. Fantina 

Non-rotating NS à solve TOV equations: 
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where the function M(r) is defined by
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      NS properties: dURCA process 

BSk21 compatible with existence of direct URCA process 
for n > 0.45 1/fm3, or M > 1.59 Msun 

14 A. F. Fantina 

FURTHER EXPLORATIONS OF SKYRME-HARTREE-FOCK- . . . PHYSICAL REVIEW C 82, 035804 (2010)

FIG. 14. (Color online) Proton fraction Yp in neutron-star matter
for forces BSk19–BSk21.

the symmetry energy turns negative at densities encountered
in neutron-star cores, it will still support a stable neutron star
(contrary to the suggestion of Ref. [74]), since, as seen in
Fig. 13, the energy per nucleon increases monotonically with
density, i.e., the pressure is always positive. Indeed, precisely
because the EOS is “supersoft,” N*M becomes, for BSk19,
pure NeuM at higher densities, and the symmetry energy plays
no direct role.

The value of Yp found at any given density in a neutron
star is of considerable interest, since if, but only if, it exceeds
!11–15% a direct Urca process of neutrino cooling [75] will
be possible. Inspection of Fig. 14 tells us that with BSk19 a
direct Urca process will be quite impossible, with BSk20 it will
be unlikely, while it will certainly occur for BSk21. We recall
that the one available experimental result on the high-density
behavior of the symmetry energy tends to favor the BSk19
force, thereby casting doubt on the possibility of a direct
Urca process. On the other hand, the low luminosity from the
pulsar in CTA 1 and from several young supernova remnants
likely to contain a still unobserved neutron star [76,77] might
be an indication that a direct Urca process was actually
occurring [78,79]. Evidently, an enormous amount of work,
both theoretical and experimental, remains to be done on
the question of symmetry energy at the high densities found
toward the center of neutron stars. In the meantime, a clear
demonstration that a direct Urca process was or was not
contributing to neutron-star cooling would serve as a most
valuable signpost to nuclear physicists.

FIG. 15. (Color online) Number of muons per proton in neutron-
star matter for forces BSk19–BSk21.

B. Causality

A necessary condition for the validity of our forces is that
the speed of sound vs in N*M must not exceed the speed of
light c at the densities encountered in neutron stars. We have
therefore calculated the density !c above which this condition
is violated. The velocity of sound is given by (see Sec. 5.13.3
of Ref. [73])

vs

c
=

!"
dP

dE

#

fr
=

$
"frP

E + P
, (26)

in which P is the pressure, E is the total energy density
(including the rest-mass energy), and "fr is the adiabatic index,
defined by

"fr = !

P

"
dP

d!

#

fr
; (27)

the subscript “fr” is to indicate that the derivatives have to
evaluated with the composition frozen. The value of !c for
the different forces are given in Table IV. Even though the
contribution of electrons and muons to the EOS is rather small,
it was included in vs , treating them as relativistic Fermi gases.
As can be seen from Fig. 13, the stiffer the EOS, the lower !c

is: For comparison we have also shown in Table IV the critical
density !c in pure NeuM. For force BSk19 the critical densities
in NeuM and in N*M are the same because at high densities
N*M consists of neutrons only. On the other hand, for BSk21
N*M contains a sizable amount of proton-lepton pairs, their
effect on the EOS and vs being to significantly increase !c.
For all our forces the relatively low values of !c(N*M) that
we find may lead to a violation of causality in heavier neutron
stars, but in this respect we are limited by the corresponding
violation that occurs in the realistic EOSs of NeuM to which
we have fitted our forces.

VI. CONCLUSIONS

This article describes the latest effort in our long-standing
quest for effective forces (Skyrme plus contact pairing)
that will lead to high-precision mass models, while at the
same time respecting the physical constraints appropriate to
the neutron-rich environments found in neutron stars and
supernova cores. Specifically, we present here a family of three
generalized Skyrme forces, each of which, when taken with
the appropriate pairing force, leads to a mass model that fits
essentially all the mass data [2] with an rms deviation of about
0.58 MeV. However, although these models give very similar
extrapolations out to the neutron drip line, the corresponding
Skyrme forces are distinguished by the very different way
in which the symmetry energy of each varies at the high
densities found in the core of neutron stars, ranging from the
supersoft (i.e., negative symmetry energy) to the very stiff.
This degree of flexibility, maintaining a high-quality mass fit
with very different neutron-matter constraints, has been made
possible only through the introduction of the t4 and t5 terms,
i.e., density-dependent generalizations of the usual t1 and t2
terms, respectively. Despite these differences, each of these
Skyrme forces finds theoretical support in the sense of having

035804-15

direct URCA possible if Yp ≈ 11-15%  

Goriely et al., PRC 82, 035804 (2010) 
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      NS properties: M-R relation with rotation 

BSk20, BSk21 compatible with observations, BSk19 too soft, 
(but if we consider a possible phase transition to exotic phase…) 

Fantina et al.,  A&A 559, A128 (2013) 

15 A. F. Fantina 
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      NS properties: M-R relation with rotation 

BSk22-24-26 compatible with observations 
16 A. F. Fantina 
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      NS properties: M-R relation 

17 A. F. Fantina astrophysical observations agree with J = 30 MeV 

light (dark) shaded area: 1(2)-σ contour from Steiner et al. 2010 

J = 30 MeV 

J = 32 MeV 

Pearson, Chamel, Fantina, Goriely, Eur. Phys. J. A 50 (2014) 
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Conclusions 
v  Unified EoSs for NS matter 
 

       → same nuclear model to describe all regions of NS interior 
 

v  Nuclear models fitted on experimental nuclear data  
       and nuclear-matter properties 

19 A. F. Fantina 

 

v  EoSs based on BSk21-24-26 consistent with astrophysical observations! 
     BSk21-24 functional favoured by mass measurements Chamel et al., PRC 84,062802 (2011) 
       Both mass measurements and astro observations favours J ≈ 30 MeV 
 

     The softest EoS BSk19 seems to be ruled out by astrophysical observations,  
      but BSk19 functional favoured by the analysis of HIC experiments.  
     à discrepancy could be resolved by considering the occurrence of a transition  
          to an “exotic” phase in neutron star cores (Chamel et al., A&A 553, A22 (2013)) 
  
v  EoSs available as: 

Ø  tables (for BSk19-20-21) at CDS (doi: 10.1051/0004-6361/201321884) 
Ø  fit (for BSk19-20-21) at: http://www.ioffe.ru/astro/NSG/BSk/  
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Outlooks 

 

Ø  EoSs for NS (T=0) and SN cores (finite T) 
 

     → T = 0: EoSs : AVAILABLE! 
    - table  

                               - analytical fit (easy to implement!) 
 
     → T ≠ 0: work in progress à generate tables for SN cores 
                                               à implement in hydro codes 
 

 
Ø  Application to accreting NSs  
 
 

20 A. F. Fantina 
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    Constraints from  
    nuclear physics experiments (Yp=0.5) 

flow experiments in SNM 
Danielewicz et al., Science 298, 1592 (2002) 

kaon experiments 
Fuchs, Prog. Part. Nucl. Phys. 56, 1 (2006) 

23 A. F. Fantina 

N.B.: deduced constraints are not direct experimental data, are model dependent! 
Functionals in good agreement with “experimental” constraints on symm. matter 
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BHF+TBF: Zuo et al., J.Phys.Conf.Ser. 420, 012089 (2013) 
Chiral effective theory: Drischler et al., arxiv:1310.5627v1(2013) 
Monte Carlo: Gandolfi et al., PRC 85, 032801(2012) 

Chiral perturb. : Fiorilla et al., Nucl. Phys.  
                     A880, 65 (2012) 
SCGF: Rios et al., PRC 79, 025802 (2009) 

24 

    Constraints from nuclear physics: 
    theoretical calculations (neutron matter) 
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    Constraints from nuclear physics: 
    theoretical calculations (Yp=0.1) 

25 

BHF+TBF: Zuo et al., J.Phys.Conf.Ser. 420, 012089 (2013) 
Chiral effective theory: Drischler et al., arxiv:1310.5627v1(2013) 
Chiral perturb. : Fiorilla et al., Nucl. Phys A880, 65 (2012) 

A. F. Fantina 
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      NS properties: keplerian velocity 

only fast rotation increases maximum mass in an important way (≈ 17-20%)  

Fantina et al.,  A&A 559, A128 (2013) 

26 A. F. Fantina 



A. Y. Potekhin et al.: Analytical equations of state for neutron-star matter

the values of K! obtained with BSk19, BSk20 and BSk21 are
all compatible with the range of values !370 ± 120MeV in-
ferred from isospin di!usion in heavy-ion collisions by Chen
et al. (2009). Just as for the L coe"cient, the uncertainties in
K! still remain very large (see e.g. Sect. IIIC in Goriely et al.
2010, for a thorough discussion).
Thus the rejection of BSk19–21 EDFs by Dutra et al.

(2012) is ungrounded. On the contrary, these EDFs are well
adapted to a unified treatment of all parts of neutron stars:
the outer crust, the inner crust and the core. The relevance of
these EDFs to the core of neutron stars arises not only from
their fit to the EoS of NeuM but also from the good agree-
ment between their predicted EoS of symmetric nuclearmat-
ter and realistic calculations, which implies that they take
correct account of the presence of protons. Since these EDFs
were fitted to nuclear masses, they also take account of in-
homogeneities, and thus are appropriate for the calculation
of the inner crust of neutron stars. As for the outer crust, its
properties are determined entirely by the mass tables that
have been generated for the appropriate EDFs by Pearson et
al. (2011).

3. Analytical representations of the EoS
3.1. Preliminary remarks

The first law of thermodynamics for a barotropic EoS implies
the relation (see, e.g., Haensel & Proszynski 1982) P(nb) =
n2bc

2d("/nb)/dnb, which can be also used in the integral forms:

"(nb)
nb
=
"s

ns
+

! nb

ns

P(n"b)
n"b
2c2

dn"b, ln
"

nb
ns

#

=

! "

"s

c2 d""

P("") + ""c2
, (1)

where "s and ns are the values of " and nb at the neutron-star
surface. In the present paper we put "s equal to the density of
56Fe at zero pressure and zero temperature, "s = 7.86 g cm!3.
One of the advantages of an analytical representation of the EoS
is that it allows one to fulfill the relations (1) precisely.

There are three qualitatively di!erent domains of the inte-
rior of a neutron star: the outer crust, which consists of elec-
trons and atomic nuclei; the inner crust, which consists of elec-
trons, neutron-proton clusters, and “free” neutrons; and the core,
which contains electrons, neutrons, protons, muons, and possi-
bly other particles (see, e.g., Haensel et al. 2007 for review and
references). In addition, there can be density discontinuities at
the interfaces between layers containing di!erent nuclei in the
crust. An approximation of the EoS by a fully analytical func-
tion neglects these small discontinuities. However, the di!erent
character of the EoS in the three major domains is reflected by
the complexity of our fit, which consists of several fractional-
polynomial parts, matched together with the use of the function
(ex + 1)!1.

For " < 106 g cm!3 the BSk EoSs are inadequate, primar-
ily because atoms are not completely ionized, and thermal ef-
fects become non-negligible. The temperature dependence can
be roughly described as (Haensel & Potekhin 2004) P = Pfit+P0,
where Pfit is given by the fitting function presented below, and
P0 = A(T ) " provides a low-density continuation. For exam-
ple, if the outer envelope consists of fully ionized iron, then
A(T ) # 4$107 T K!1 (cm/s)2. Partial ionization decreases A(T ):
for example, at T = 107 K the best interpolation to the OPAL
EoS (Rogers et al. 1996) is given by A = 3.5$ 1014 (cm/s)2 (that
is, 14% smaller than for the fully ionized ideal gas).

Fig. 2. Comparison of the data and fits for the pressure as a function
of mass density for the EoS models BSk19, BSk20, and BSk21. Upper
panel: rarefied tabular data (symbols) and the fit (3) (lines); lower panel:
relative di!erence between the data and fit. Filled dots and dashed lines:
BSk19; open circles and dot-dashed lines: BSk20; filled triangles and
solid lines: BSk21. For comparison, the dotted line in the upper panel
reproduces the fit to the EoS SLy4 (Haensel & Potekhin 2004).

We constructed analytical parametrizations for pressure P,
gravitational mass density ", and baryon number density nb as
functions of ", nb, or pseudo-enthalpy

H =
! P

0

dP"

"(P") c2 + P"
. (2)

The latter quantity is a convenient variable for models of rotating
stars in General Relativity (see Stergioulas 2003, for review).

3.2. Pressure as a function of density

We introduce the variables # = log("/g cm!3) and $ =
log(P/dyn cm!2). Here and hereafter, log denotes log10, while
the natural logarithm is denoted by ln. Our parametrization of
P(") reads

$ =
a1 + a2# + a3#3

1 + a4 #
$

exp
%

a5(# ! a6)
&

+ 1
'!1

+(a7 + a8#)
$

exp
%
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+ 1
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exp
%

a12(a13 ! #)
&

+ 1
'!1

+(a14 + a15#)
$

exp
%

a16(a17 ! #)
&

+ 1
'!1

+
a18

1 + [a19 (# ! a20)]2
+

a21
1 + [a22 (# ! a23)]2

. (3)

The parameters ai are given in Table 2. The typical fit error of
P is # 1% for # ! 6. The maximum error is 3.7% at # = 9.51;

4
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      Analytical fit 
Non-rotating configurations 

27 A. F. Fantina 

A. Y. Potekhin et al.: Analytical equations of state for neutron-star matter

Fig. 8. Top panels: gravitational mass (in solar masses) versus circumferential radius of nonrotating neutron stars for the EoSs BSk19-20-21
(dots) and their analytical representations from Eq. (3) (lines). The solid and dotted parts of the lines correspond to the hydrostatically stable and
unstable configurations, respectively. The dashed segment in the middle panel corresponds to superluminal EoS at the stellar center. The crosses
mark the threshold beyond which the EoS becomes superluminal. The middle and bottom panels show respectively a zoom around the maximum
neutron-star mass and the low mass region where the discrepancies are the largest.

radii (R = 11.5 km, 11.9 km, and 12.4 km) of neutron stars with
M = 0.5M! are also smaller than 0.2% for all three EoSs.

As mentioned in § 4.1 the triangle condition for the durca
processes can be fulfilled for BSk20 and BSk21 models at nb >
ndurca. The threshold ndurca cannot be reached in a stable neutron
star in frames of the model BSk20, but it is reached for neutron
stars with M > 1.59M! in the model BSk21. The latter mass
value, first obtained by Chamel et al. (2011), is reproduced by
the present fit with a discrepancy of 0.3%. Chamel et al. (2011)
noted that all three EoSs are compatible with the constraint that
no durca process should occur in neutron stars with masses 1 –
1.5M! (Klähn et al. 2006). On the other hand, according to the
analysis of Yakovlev et al. (2008), the situation where the most
massive neutron stars with nucleon superfluidity in the core ex-
perience enhanced cooling due to the durca processes appears in
a better agreement with observations than the complete absence
of such processes in any stars. Thus the model BSk21 may bring
the cooling theory in a better agreement with observations than
the other models. The fitting formulae presented above facilitate
the checks of this kind. In this respect, it is worth noting that
the e!ective nucleon masses m"n andm"p, which are needed for
cooling simulations, are readily obtained in analytical form
fromEq. (A10) of Chamel et al. (2009), using the appropriate
parameter set given in Goriely et al. (2010).

Similarly, we have analyzed the structure of a neutron
star rotating at a frequency of 716 Hz, equal to the fre-

quency of PSR J1748#2446ad, the fastest-spinning pulsar
known (Hessels et al. 2006). For this purpose we used the
Lorene/Codes/Nrotstar/nrotstar code from the public li-
brary !"#$%$.2 We have generated tables of the analytical EoSs
from Eq. (8) and used them as an input in the nrotstar code.
The results obtained using the original EoSs and their analytical
representations are shown in Fig. 9. Here we plot only the sta-
ble stellar configurations that are described by subluminal EoSs.
The relative di!erences in the maximum neutron-star masses are
of similar magnitudes to those found for static neutron stars,
namely $ 0.03%, $ 0.08% and $ 0.2% for the EoSs BSk19,
BSk20, and BSk21. The errors in the radii of 1 M! neutron stars
are $ 0.1%, $ 0.09%, and $ 0.5%, respectively.

All in all, the discrepancies lie far below the observational
uncertainties and therefore they do not a!ect the comparison
with observational data. In computing the neutron star con-
figurations, we have checked the violations of the general-
relativistic virial identities GRV2 (Bonazzola 1973; Bonazzola
& Gourgoulhon 1994) and GRV3 (Gourgoulhon & Bonazzola
1994). The absolute deviations lie between 10#3 and 10#6 thus
confirming the high precision of the analytical representation of
the EoSs.

2 Langage Objet pour la Relativité Numérique,
http://www.lorene.obspm.fr/
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Fig. 8. Top panels: gravitational mass (in solar masses) versus circumferential radius of nonrotating neutron stars for the EoSs BSk19-20-21
(dots) and their analytical representations from Eq. (3) (lines). The solid and dotted parts of the lines correspond to the hydrostatically stable and
unstable configurations, respectively. The dashed segment in the middle panel corresponds to superluminal EoS at the stellar center. The crosses
mark the threshold beyond which the EoS becomes superluminal. The middle and bottom panels show respectively a zoom around the maximum
neutron-star mass and the low mass region where the discrepancies are the largest.

radii (R = 11.5 km, 11.9 km, and 12.4 km) of neutron stars with
M = 0.5M! are also smaller than 0.2% for all three EoSs.

As mentioned in § 4.1 the triangle condition for the durca
processes can be fulfilled for BSk20 and BSk21 models at nb >
ndurca. The threshold ndurca cannot be reached in a stable neutron
star in frames of the model BSk20, but it is reached for neutron
stars with M > 1.59M! in the model BSk21. The latter mass
value, first obtained by Chamel et al. (2011), is reproduced by
the present fit with a discrepancy of 0.3%. Chamel et al. (2011)
noted that all three EoSs are compatible with the constraint that
no durca process should occur in neutron stars with masses 1 –
1.5M! (Klähn et al. 2006). On the other hand, according to the
analysis of Yakovlev et al. (2008), the situation where the most
massive neutron stars with nucleon superfluidity in the core ex-
perience enhanced cooling due to the durca processes appears in
a better agreement with observations than the complete absence
of such processes in any stars. Thus the model BSk21 may bring
the cooling theory in a better agreement with observations than
the other models. The fitting formulae presented above facilitate
the checks of this kind. In this respect, it is worth noting that
the e!ective nucleon masses m"n andm"p, which are needed for
cooling simulations, are readily obtained in analytical form
fromEq. (A10) of Chamel et al. (2009), using the appropriate
parameter set given in Goriely et al. (2010).

Similarly, we have analyzed the structure of a neutron
star rotating at a frequency of 716 Hz, equal to the fre-

quency of PSR J1748#2446ad, the fastest-spinning pulsar
known (Hessels et al. 2006). For this purpose we used the
Lorene/Codes/Nrotstar/nrotstar code from the public li-
brary !"#$%$.2 We have generated tables of the analytical EoSs
from Eq. (8) and used them as an input in the nrotstar code.
The results obtained using the original EoSs and their analytical
representations are shown in Fig. 9. Here we plot only the sta-
ble stellar configurations that are described by subluminal EoSs.
The relative di!erences in the maximum neutron-star masses are
of similar magnitudes to those found for static neutron stars,
namely $ 0.03%, $ 0.08% and $ 0.2% for the EoSs BSk19,
BSk20, and BSk21. The errors in the radii of 1 M! neutron stars
are $ 0.1%, $ 0.09%, and $ 0.5%, respectively.

All in all, the discrepancies lie far below the observational
uncertainties and therefore they do not a!ect the comparison
with observational data. In computing the neutron star con-
figurations, we have checked the violations of the general-
relativistic virial identities GRV2 (Bonazzola 1973; Bonazzola
& Gourgoulhon 1994) and GRV3 (Gourgoulhon & Bonazzola
1994). The absolute deviations lie between 10#3 and 10#6 thus
confirming the high precision of the analytical representation of
the EoSs.

2 Langage Objet pour la Relativité Numérique,
http://www.lorene.obspm.fr/
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Fig. 9. Top panels: gravitational mass (in solar masses) versus circumferential radius of rotating neutron stars (rotation frequency 716 Hz) for the
EoSs BSk19-20-21 (dots) and their analytical representations from Eq. (8) (solid lines). The middle and bottom panels show respectively a zoom
around the maximum neutron-star mass and the low mass region where the discrepancies are the largest.

7. Conclusions
We constructed analytical representations, in terms of the contin-
uous and di!erentiable functions of a single chosen variable, of
three recently developed equations of state BSk19, BSk20, and
BSk21 (Pearson et al. 2011, 2012). We considered two choices
of the independent variable. The first one is the mass density !.
Then Eq. (3) gives function P(!), which fits the numerical EoS
tables at 106 g cm!3 < ! ! 2 " 1016 g cm!3 with a typical er-
ror of # 1%. The baryon number density nb can be calculated
from Eq. (1) to satisfy exactly the first law of thermodynamics.
Alternatively, nb can be evaluated using our fit (7). A variant is
to choose nb as an independent variable and calculate !(nb) from
the fit (6) and P(!(nb)) from Eq. (3). Then, if necessary, ! can be
corrected using the first integral relation in Eq. (1).

Di!erentiation of P(!) then yields analytical representations
of the adiabatic index

" =
nb

P
dP
dnb
=

!

1 +
P
!c2

"

!

P
dP
d!
, (22)

which is included in the computer code that realizes the fit.
Di!erent regions of neutron-star interior are characterized by
distinct behavior of " as discussed, e.g., in Haensel & Potekhin
(2004). This behavior remains qualitatively the same for di!er-
ent EoSs, but quantitative di!erences can be significant, as illus-
trated in Fig. 10.

The other choice of the independent variable is the pseudo-
enthalpy H, Eq. (2). This choice is particularly advantageous for
simulations of neutron-star dynamics. We represented the EoSs

10 11 12 13 14 15 16
log ρ  [g cm-3]

0

1

2

3

4

Γ
BSk19
BSk20
BSk21
SLy4

Fig. 10. Adiabatic index " for SLy4 and BSk EoSs.

by the continuous and di!erentiable functions P(H), !(H), and
n(H), where !(H) is given by Eq. (8) with typical accuracy #
1%, while P(H) and nb(H) are calculated from the functions P(!)
and nb(!), respectively.

We also obtained analytical representations of number frac-
tions of neutrons, protons, electrons and muons in the inner crust
and the core, and nuclear shape parameters in the inner crust
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