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In case the motion is regular it can be decomposed into a series of spectral lines [14]
the frequencies of which are the fundamental tunes v, and 1, and their linear combinations.
For the horizontal particle coordinates (x,p,) transformed into the linearly normalised
Courant-Snyder variables [15|(, p,), we get after N turns:

o0
#B(N) — ipo(N) = Y azellPrmvetnmn)NHsl g ) e Z, (1)
J=1

where the a; and #; are amplitude and phase of the corresponding spectral line.

3 Generating Function versus Data Spectrum

In the following we will consider the four dimensional case of coupled horizontal and
vertical motion. We consider this to be minimal as the coupling resonance are mandatory
to understand the dynamics of a real accelerator. On the other hand we did not consider
the full six dimensional case so as to avoid the formalism to become too complicated.
We like to stress, however, that the formalism as well as all numerical tools can be fully
applied to the general case of six dimensions provided 6D particle data are available.

The 4D particle coordinates x’ = (&, pz, ¥, p,). after one turn in the machine, are
related to the initial coordinates x by the mapping:

x' = M(x) (2)

The perturbative theory for the maps gives a powerful tool to parametrise the nonlinear
contents of the particle motion in terms of resonances and detuning terms. The initial
map M is reduced to a simpler map U by means of a symplectic change of coordinates
following the scheme

% M ¢t
o] J et (3)
§ —— &

The goal of the transformation @~! is to perform a change of variable towards the action-
angle variables leaving in the transformed map U only action dependent terms (detuning
terms), the so called non resonant Normal Form. In the case of the resonant Normal Form
angle dependent terms are left in the Hamiltonian. The Normal Form transformation is
accomplished via an order-by-order procedure in the perturbative parameter which in
our case is the distance from the origin of the phase space. The transformation ® and the
map U may be expressed as Lie operators with generating function F and H respectively:

P e . P! e ., U et (4)

In the lowest order, the linear case, the action angle variables (J., ¢., J,, ¢,) are simply
related to the Courant—Snyder variables (&, p.. %. p,) by the formula (z stands for  or y):

z2 = V23z cos(d. + ¢zp) (5)
P = —V2I sin(¢: + bs,), &

where ¢, is the initial phase. It is convenient to express the linearly normalised variables
in the so called resonance basis h = (k! , h, b}, hy) defined by the relations:

v

hE = 2xip, = 2T,eF(P:td0), (6)
The transformation to the new set of canonical coordinates ¢ = ((,}.¢7.¢,}, ¢, ) which

brings the map into the Normal Form is expressed as a Lie series:

where

& = V21 eFil¥tizg) (8)

and (I, ¥,, 1, ’l/’y) are the nonlinear action angle variables. In the resonance basis, F,. can
be written as a sum of homogeneous polynomials of the variables ¢ as

Bo= Y funCHe e, €

Jklm

Introducing the ¢F of Eq. 8, we arrive at:

F=3 fjklm(2lx)j—;£(2lu)%ﬂﬁ—-i[(j—k)(u":+ll'xc,)+(l‘"7)(b"u+”"y0)]_ (10)
jklm

The transformation from the new action-angle variables to the linearly normalised vari-
ables is given by:

h = e™i¢ = ¢+ [F € + 5P [Pl 4+ (a1

where [F, (] denotes the Poisson bracket of F, and ¢. To the first order the transformation
to the hy reads:

b le 4 FLE) = & -8 T it e (12)

Jklm

where we have used the property of the Poisson bracket:
[ 0] = e, (13)

The evolution of the variable in Normal Form after N turns is given by:

(2 (N) = 2L/ Craltvzo), (14)

where v, is the horizontal tune of the particle including the amplitude dependent detuning
and ¢, is the horizontal initial phase. We can therefore obtain the evolution of the linearly
normalised horizontal variable in the form:

hz(N) = f2Lei@m=N+iz)

—2i 3 j fymm(2Le) S (2,) S 15 4R @ N-4bq) (D)2 N o)
jklm

This expression is equivalent to the spectral decomposition of Eq. 1. The motion appears
as a superposition of spectral lines given by the tune (first row) and the contribution from
the resonant terms (second row).

The expression in Eq. 15 can be compared with the generating function (Eq. 10) in
order to determine the coefficients fjj, term by term. To this aim we rewrite the Eq. 15
as h;(N) . Z HS.ijlme?ﬂi[(l—j+k)v:+(m—l)v,,]N' (16)

Jklm
where the complex Fourier coefficients of the horizontal spectral line is indicated by
HS L, with amplitude |HSLj,,| and phase PHSLju,,. Analogously V.SLj, will
indicate the complex Fourier coefficient of the vertical motion. The following table com-
pares the amplitudes and phases of the spectral lines with those of the generating function
coefficients:



F, =) fium(2L, JZ_k(?I )I+m ~i[(3=k) Wz +bzg) +I=m) by +ibyo)]

Jklm
h; (N) — 2[x€i(‘27ruxN+wa)
—2i D jfimm(2L ) (2] ) [(1—j-+k) (2mve N+1baq )+ (m—1) (2mvy N+ibyg)]
7klm
hy(N) = 3 HSLjpme?ml0-3+Rvatm-luIN

7klm
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Table 3: Resonances and spectral lines due to the normal sextupole term z*

Table 1: Relation between spectral lines and coefficients of the generating function

D.T. Resonance j+k j Lines Hor. [+m [ Lines Ver.

(Generating Spectral — 30 3 3 (20) 0 0 -
Function Line ha100 (100 3 2 00 0 0 -
h1200 (1,00 3 1 200 0 0 -

HS L] =2+ (21 F Q1) 2 e () @ 0 S '

Amplitude |4t

j+k l+m-1
2

\VSLjtm| =2-1- L) (2L) ™7 | fiktm|

Table 4: Resonances and spectral lines due to the normal sextupole term zy?

PHS Litim = jkim + (1= 5 + k) = (1 = M)y, -

4

Phase Dikim D.T. Resonance j+k j Lines Hor. [+m [ Lines Ver.
| . S o\ T h 12) 1 1 02 2 2 1,-1

PVSLikim = Ojtim — (j — K)oz + (1 - 1+ m)iby, — 5 higi EI,O; . ((0 0; . ((1 1;

102 (1-2) 1 1 02 2 0 -

o120 (1-2) 1 0 -2 2 (-1,-1)

B 100 1 0 -2 1 (-1,1)

hglog (1.2) 1 0 = 2 0 =

April 02, 2004 Soleil FMA Workshop 7
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For each resonance (n,m) there is a spectrum line in the

horizontal and vertical plane respectively:
¢ Horizontal Plane (—|n — 1|, —m)
e Vertical Plane (—n, —|m — 1]

For example the (3,0) resonance appears as a (-2,0) line,
the (1,2) resonance is found as (0,2) line, both in the
horizontal spectrum. The skew resonance (0,3) is not
found in the horizontal spectrum, but appears as (0,-2)

in the vertical spectrum.
AP Vg, 2Uuv4 Quiel r

IVIA VVUIKSIIVY
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r
Model of Machine MAP == Normal F orm ﬂ

(MAD) —+—»Final coordinates Mz=e FePW) oF—a [PDU)+HJ ,0)]

as nonlinear % j
function of initial
coordinates

o

\j
Tracking Data = T
Pick-Up Data m
A !
Detuning == & D(J)/d ]

Accelerator




Order by Order Technique :

This techniques has to be operated in an order e However, the fourth order terms are more

by order fashion

e First step is the transformation to the
linearly normalised phase space. In the
experiment this is realized by a second
pick—up with 90° phase advance (see also
later!).

e Then the first terms free of contribution
with the same amplitude dependence are the
third order terms which are due to
sextupoles.

e If one has to worry about higher order
multipole contributions to that resonance
one has to measure these terms as a function
of amplitude. The slope or change of slope
will reveal the multipole at work. Reminder:
This is an additional plus of the method, in
principle we want just one value at small
amplitude, where the lowest orders prevail.

April 02, 2004

tricky. These come from octupoles in first
and sextupoles in second order of multipole
strength. At first sight they seem
indistinguishable. Yet, by acquiring the
third order and applying to the linearly
normalised coordinates the Fj3
transformation e~ %% o (z 4 iZ’) one gets rid

of F3 contributions to all orders.

Then the fourth order terms are just due to

octupoles.

This can be taken to higher orders. It goes
without saying, however, that one does not
have to go through this exercise when the

lower order multipoles are sufficiently weak.

Soleil FMA Workshop 12



Localization of Multipoles

Effect of Particle Distribution =» Signal reduces by
1/(m-1) (=» derivation Rogelio’s thesis)

*AC-Dipole instead of Kicker (non-destructive!!)
= R. Tomas, “Normal Form of Particle Motion
under the Influence of an AC Dipole”, Phys. Rev.

ST Accel. Beams, 5, 54001 (2002).

April 02, 2004 Soleil FMA Workshop 13
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Longitudinal variation of resonance terms

Tracking simulation of FODO lattice with 3
sextupoles:

09 E d

In3000! [arbitrary units]
o
(00)

06 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Longitudinal Position [arbitrary units]

April 02, 20— |_ocalisation of multipoles.



Localization of Multipoles

Effect of Particle Distribution =» Signal reduces by
1/(m-1) (=» derivation Rogelio’s thesis)

*AC-Dipole instead of Kicker (non-destructive!!)
= R. Tomas, “Normal Form of Particle Motion
under the Influence of an AC Dipole”, Phys. Rev.
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Linear motion Non-linear motion
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List of Possibilities

e Provide a tool for all linear and nonlinear o Possible Measurements:

2 o —_— . DYala) TE " NP TOO 10l Q
corrections for the operation of accelerators. Phase Advance between Pickups

o Techniques based on beam pick-up data. = P-aming
o o . — Linear Coupling

o Measure longitudinal variation of linear and

: " — Chromaticity

nonlinear quantities. |

— Detuning versus Amplitude

o Exploiting the spectral response of particle -
_— — Driving Terms of Resonances
distributions.

— Localisation of Multipoles

— Full Non—Linear Model of the Accelerator

April 02, 2004 Soleil FMA Workshop 17



List of Limits 4 “kﬁl I

Pairs of 90° pick-ups needed
*Method does not work near chaos (no surprise!)
Detuning Terms are not directly accessible

*Higher order Terms need large Kicks, In particular due to
1/(m-1) reduction due to decoherence (= AC-Dipole)

*High resolution pick-up System needed each Turn! Did not
work at DESY, BNL, GSI(?) & FERMILAB! (= a PhD
student made it work for PS booster)

April 02, 2004 Soleil FMA Workshop 18




Linear Coupling Compensation -

Linear Coupling in SPS (2001)

The coupling term |f1001| is plotted as function
of the strength of the skew quadrupoles:

s Experiment ——— ' '
Tracking {
0.2 r
—g 0.15
5 o PS Booster
0.05

-0.8 -0.4 0 0.4 0.8
Skew Quadrupole Strength [A]

=Model and experiment are in excellent agree-
ment.

=T his shows that SPS is decoupled in this
particular case.

April 02, 2004 Soleil FMA Workshop
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Results 2003 — linear coupling Q,-Q,=-1

Fourier spectra for the
bare machine.

W00 = 282.8045.20

Fourier spectra with
calculated compen-sation
currentson.

loskzioi3 = +3.6A,  loskeiars
=+1.2A

(QSK...skew quadrupoles)

April 02, 2004
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Fourier spectra of horizontal and vertical phase space
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Sextupole Resonances J 1 l

e SPS

— Polarity Problem

— Sextupole Failure

— Measure Coefficient
— Closed Orbit

 PS Booster

April 02, 2004 Soleil FMA Workshop 21
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Sextupolar driving terms in SPS (2000) Solution

The resonance (3,0) introduces the spectral  Change polarities of the extraction sextupoles?
line (-2,0).
Longitudinal Position [m]
Longitudinal Position [m] 1000 2000 3000 4000 5000 6000
1000 2000 3000 4000 5000 6000 0.04 ————— S R B S
0-04 T T T T TT T T T T T T T T
°
sy o 0.03¢F
3 003} 2
0 ©
© -
= o)
E 002 3 % [
S) i o
N L
-4 o
2 001} £ 00y
=
: Experimental Data (factor 2) ——
Experimental Data (fa(r:\}l%rdi)l _ ol  Model with opposite polarities for ES -=--s---
° 2 3 4 5 6 7 8 2 3 4 5 6 7 8
Extraction Sextupoles Extraction Sextupoles

Hardware checks confirmed that these sextupoles
had opposite polarities.

i i i |
April 02, 2004 Soleil FMA Vioniist Success of this technique! e

= We have a problem!
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e SPS

— Polarity Problem

— Sextupole Failure

— Measure Coefficient
— Closed Orbit

 PS Booster
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Extraction Sextupoles 80 GeV Extraction Sextupoles (one disconnected) 80 GeV

1 2 ! r\\ ! ! ; ! ! 1 2 T T T T T T
N |
e 87 ' e 8 .
c?i = L
= o
8 4 : 2 4 i
RS S
' Tracking _ Tracking
Experiment (fact. 2) +—e— . i Experiment (fact. 2) ~—e—
0 1 1 1 1 1 1 1 PO L (e 1 1 1 1
0 1 2 3 4 5 6 T 0 1 2 3 4 5 6 7
Longitudinal Position [Km] Longitudinal Position [Km]
Figure 7.26: Amplitude of the term f3g99 versus longitudinal position from ex- Figure 7.27: A@plitude of the term.f 3000 Versus longiFudinal position from experi-
periment and tracking model for the SPS with extraction sextupoles powered to ment and tracking model for SPS with one sextupole disconnected (+++————)
(++ 4+ — — ——)100 A at 80 GeV. The blue line is used to connect the experi- 100 A at 80 GeV. The blue line is used to connect the experimental points. The
mental points. The vertical lines denote the position of the extraction sextupoles. vertical lines denote the position of the extraction sextupoles. Note that there is

one less sextupole with the polarity “+.
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e SPS

— Polarity Problem

— Sextupole Failure

— Measure Coefficient
— Closed Orbit

 PS Booster
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o :

The resonance (3,0) is driven by the deforma-
tion term f3ppp0 and produces the spectral line

(-2,0).
0.05
N 0.04 ¢ a=0.0029 + 0.0001
§ 0.03 1
2:: 0.02 ¢
N 0.01 ¢ { ¢ Experiment —e—
0 Linear Fit -

0 2 4 6 8 10 12 14
Kick amplitude [mm]

| f3000] = éa\/@ [/ m]
V/Be = 10.6 [v/m]

= | f3000| is obtained around the ring by doing
April 02, 2004 this fit for all the pick-ups.
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Sextupole Resonances J 1 l

e SPS

— Polarity Problem

— Sextupole Failure

— Measure Coefficient
— Closed Orbit

 PS Booster
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——— | E—— ] |
Results 2003 — systematic 3Q,=16

Situation for the bare Bl j |
machine. . . j bk
= % 3 or fo 0,
|h0030| - 9.0:':0.6 7%; AL E:-' ':ﬁzt‘ '
10 mm-1/2 j A

Woo3o = -21.4°+13.9° I I e S e R
Vertical beam position and phase space

30000 T T T T T T T T T 1

01)

:

01 f

Intensity [arbitrary units]
Normalized Amplitude

?

:

o

" 1 0 L n n 1 L L 0.001 |
) 100 200 300 400 500 600 700 800 900 1000 -0.5 -04 03 02 01 0 01 02 03 04 05

Turns Frequency [tune units]

Intensity curve and Fourier spectrum (res. line: (0/-2))

APC - 12.03.2004 Urschitz Peter (AB/OP) 8



E— ] ] ] e ]

Resonance
compensated with
the calculated
currents:

IXSK2L4 -12.3A,

Iyskor1 = T15.3A

(XSK...skew
sextupoles)

APC - 12.03.2004

Results 2003 — 3Q,=16
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 Single 40 Kick does everything!!
« AC-Dipole idea great =» lacks proof of applicability!!

» Chromaticity Measurement (sign also!)
In simulation works with simultaneous transverse and
longitudinal kick =» experiment remains sketchy

April 02, 2004 Soleil FMA Workshop 30
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Model versus simulation

Application: SPS 120 GeV (2000)

TUNE PEAK, 4 sigma kick

Fitting tune line distribution:

1 'Sim_hlation Data + +
il Decoherence Mode| «=ss==== + -.\“ TUNE PEAK, SPS
' 400 :
3 ; P Exp. Data +
2 067 £ * o 350 + a3 Model -=-=====s-- i
2 = 3
£ o4l 7 2 800 y |
w _k '.“‘“. [a) 250 |
02+t i 4 E
wi © 200 g .
+ +‘_____,¢‘ “‘:" |_ :'
o J IO T . £ i i i ‘, + L 150 J |
-0.39 -0.388 -0.386 -0.384 -0.382 -0.38 -0.378 L §
/2 ._
Line(-2,8)), 4nsigma kick 100 K * .
o " Simulation Data 50 '} 4
Decoherence Mode| ===
0.004 | + N 0 Lt gmﬂ 1 . 4
F N -0.4 -0.39 -0.38
& ] ‘
2 o003} ¥ +y w/2m
£ ¥ «\ Observable Fit result Classic Meth.
[ 0002 + - Q20 —0.38593+5-10°° —0.3859
0001 #,:" "%“* | (AQ2)10, (-3.6+0.1)-10"% —3.71-107%
o g g, oalmm//Be] 0.266 + 0.008
+/ Tty
0 v 1 { R
L WS ’0}23 0225 02  — Measurement of these observables from a single kick
/2T
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« Polarity Checks & Correction Steering both Beam-based

» Mostly for Injection and b5 Spool Piece Correction

« Higher Orders and Top Energy not excluded

* Need turn-by-turn BPM System on Day 1, which means
low Failure Rate for all BPMs each Turn!!

April 02, 2004 Soleil FMA Workshop 32



