
 
 

      Hadrons and Multi-hadrons  
     From Lattice QCD 

 
Nilmani Mathur 

Department of Theoretical Physics,  

TIFR, INDIA 

 



Matter @ Extreme Cond, Kolkata 

S.Durr et.al, Science 322, 1224 (2008) 



Matter @ Extreme Cond, Kolkata 

     Why do we care about Hadron spectra? 

 QCD Spectrum           Physical spectrum ? 
 

 Check whether QCD is the correct theory for 
    strong interaction at non-perturbative regime. 
 
 Provide information about fundamental as 
    well as effective degrees of freedom. 
 
 Necessary for deeper understanding about 
    strong interaction, origin of quark masses,  
    chiral symmetry, confinement etc. 
 
 Will contribute to nuclear and astrophysics. 


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                    The Particle Zoo 

HADRON  SPECTRUM 

 Mesons (2-quarks)   Baryons (3-quarks) 

…PDG 
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           Type of Hadrons 

• Normal hadrons : 
 Two quark state (meson) 

 Three quark state (baryon) 

 

•  Exotic Hadrons  
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      How to calculate an observable?? 

               From statistical mechanical  

                    correlation functions 
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   Observables 

Integrating out the Grassmann variables is possible since  
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quark propagators : 

Inverse of very large  

matrix of space-time,  

spin and color 

 Quark 
(on Lattice 

sites)    
Gluon 
(on 

Links) 

Quark 
Jungle 
 Gym 
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      Analysis  (Extraction of Mass) 
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 Hadron Spectrum Collaboration 
 
Jefferson Lab, Univ. of Cambridge, Maryland, 
CMU, TIFR, Trinity College 
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ψi : gauge invariant fields on a timeslice t that corresponds to  
Hilbert space operator ψj whose quantum numbers are also carried  
by the states |n>. 
Construct a matrix 
 

 Need to find out variational coefficients  
    such that the overlap to a state is maximum 

 Variational solution  Generalized eigenvalue problem : 

 Eigenvalues give spectrum :  

 Eigenvectors give the optimal operator :  

 Variational Analysis 
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@Edwards
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HSC : 
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HSC : Phys.Rev. D87 (2013) 054506  

@Edwards 
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HSC : Phys.Rev. D87 (2013) 054506  
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Charm baryons 

Padmanath et al, HSC : 1311.4806  
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Padmanath et al, HSC : 1311.4354  
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= 

Ωccc -3/2J/Ψ = 148(8) MeV  
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Padmanath et al, HSC : 1307.7022  
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          How heavy is charm?  

         Can NRQCD sill work? 

Padmanath et al, HSC : 1307.7022  
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Meson spectra (from 
Lattice) 

PDG 2012 Mc = 1.273(6) GeV 
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  Ωccc -3/2J/Ψ = 148(8) MeV  

ILGTI@ arXiv:1312.3050, 1211.6277  
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Meson Spectra 

Dudek et al, HSC : Phys.Rev.Lett.103:262001,2009 
Phys.Rev.D82:034508,2010  
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Dudek et al, HSC: Phys.Rev.D83:111502,2011 
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                  Charmonia spectra 

Liu et al, HSC : JHEP 07 (2012) 126  
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                      D-Ds spectra 

Moir et al, HSC : JHEP 05 (2013) 021  
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    Identifying a Resonance State 

• Method 1 (quailitative) :  
  Study spectrum in a few volumes 
  Compare those with known multi-hadron decay channels 
  Resonance states will have no explicit volume dependence  

whereas scattering states will have inverse volume dependence. 
 

• Method 2 (quantitative) : 
 Relate finite box energy to infinite volume phase shifts  by         

Luscher formula 
 Calculate energy spectrum for several volumes to evaluate  

phase shifts for various volumes 
 Extract resonance parameters from phase shifts 
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                      Rho decay HSC : 
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S. Olsen arXiv:0801.1153v1 (hep-ex) 

Renaissance in Charmonia physics 



Matter @ Extreme Cond, Kolkata 

  

            Charged charmonia-like hadrons  

[BESIII, 2013, arXiv:1303.5949] 

  Zc
+(3900) g J/Ψ  π+       

                      cc  du   

particle decay year coll 

Z+(4430) ψ(2S) 
π+ 

2008 Belle,   BABAR 

Z+(4050), 
Z+(4250) 

χc1   π
+ 2008 Belle, unconfirmed 

Zc
+(3900) J/ψ  π+ 2013 BESIII, Belle, 

CLEOc 

Zc
+(4020) hc(1P) 

π+ 
2013 BESIII preliminary 

Zc
+(4025) ( D* 

D*)+ 
2013 BES III preliminary 

32 

Prelovsek@Charm13 



Matter @ Extreme Cond, Kolkata 



Matter @ Extreme Cond, Kolkata 

      Exotics 
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                  Exotics 
  States with excited gluon 

•  Glueballs (consitutent glue) 

•  Hybrid mesons  (      meson + excited glue) 

•  Hybrid baryons  (       baryon + excited glue) 

Multi-quark states 
• Tetraquark, Pentaquark and higher number of quark states 

 

 

 

  These states are not well understood  
•  Quark model fails to explain these states 

 

  Lack of understanding makes experimental identification difficult.  

 

qq
qqq
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S = 0, 1 

L = 0, 1, 2, 3… 

 
SLL

CPSLJ
  )1(    ,)1(   ,

1


Allowed : ,....2,2,2,1,1,1,0,0
PC

J

,....4,3,2,1,0,0
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JForbidden (Exotics) :  
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A state below 11+-7 MeV below DD* threshold 

No signal for I = 1 channel 

Prelovsek : arXiv:1307.5172v3 [hep-lat]  
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 Chen…Liu, Morningstar, Mathur, Peardon.. et al. Phys. Rev. D73, 014516 (2006)  

SU(3) Spectra 

                     Glueball 

 Really  
exotic! A glueball is a purely  

gluonic bound state. 
 
 
In the theory of QCD  
glueball self coupling  
Admits the existence  
of such a state. 
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  Baryon screening correlators at finite temp 

ILGTI@JHEP 1302  

              (2013) 145  
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       Nuclear physics from lattice 

Use Luscher’s formula on finite volume lattice to 
get phase shifts, scattering lengths  -- NPLQCD, 

Prog.Part.Nucl.Phys 66(2010)1  

 

NBS wavefunction  NN potential  ….Ishii-Aoki-Hatsuda 

PRL99(2007)022001, PTP123(2010)89, arXiv:1206.5088  

 
Binding energy for light nuclei on the lattice :  
Yamazaki-Kuramashi-Ukawa (PACS-CS Coll.) PRD81(2010)111504, 
PRD84(2011)054506 

 

Lattice effective field theory : Rev. Mod. Phys. 81, 1773 (2009), 

Eur.Phys.J. A45 (2010) , Phys.Rev.Lett. 106 (2011) 192501  

 

Strong coupling limit :  de Forcrand and Fromm,PRL104(2010)112005 
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              NN Potential 

 HALQCD : Phys. Rev. Lett. 99 022001 (2007) 

Define potential from equal time Bethe-Salpeter amplitude of the two  

local  interpolating operators separated by a distance r.  
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A Ukawa @Lattice13 
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A Ukawa @Lattice13 
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   Observables 

PACS-CS 
mπ= 0.8 GeV 
L = 3,6,12 fm  
(Nf = 0) 
 

PACS-CS 
mπ= 0.5 GeV 
L = 3-6fm  
(Nf = 2+1) 
 

NPLQCD 
mπ= 0.39 GeV 
L = 2-4fm  
(Nf = 2+1) 

Di-neutron(1S0) 
 

5.5(1.1)(1.0) 7.4(1.3)(0.6) 7.1(5.2)(7.3) 

Deuteron (3S1-
3D1) 9.1(1.1)(0.5) 11.5(1.1)(0.6) 11(5)(12) 

 
 
 Observables 

PACS-CS 
mπ= 0.8 GeV 
L = 3,6,12 fm  
(Nf = 0) 
 

PACS-CS 
mπ= 0.5 GeV 
L = 3-6fm  
(Nf = 2+1) 
 

NPLQCD 
mπ= 0.81 GeV 
L = 3.4,4.5,6.7fm  
(Nf = 3) 

Di-neutron(3He) 
 

18.2(3.5)(2.9) 20.3(4.0)(2.0) 71(6)(5) 

Deuteron (4He) 27.7(7.8)(5.5) 43(12)(8) 110(20)(15) 
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NPLQCD 

HALQCD Phys. Rev.Lett. 106, 
162002 (2011) 

Phys. Rev. Lett. 106, 
162001 (2011) 

Shanahan et al, Phys. Rev. Lett. 107, 092004 (2011) 

H dibaryon (uuddss, I=0, 1S0) 
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Phys.Rev.Lett. 104 (2010) 142501 
  

Eur.Phys.J. A45 (2010)  

Phys.Rev.Lett. 106 (2011) 192501  

Rev. Mod. Phys. 81, 1773 (2009) 

Lattice Effective Field Theory 
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Lee@XQCD12 
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Lee@XQCD12 
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Lee@XQCD12 
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Helium-4  Beryllium-8  

Carbon-12  

Epelbaum, Krebs, Lähde, D.L, Meißner, PRL 109 252501 (2012)  

Excited state : carbon-12 (even parity)  
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QCD with isospin chemical potential 
                             

Kogut & Sinclair [PRD 66 (2002) 014508; PRD 66 (2002) 

034505; PRD 70 (2004) 094501; PRD 77 (2008) 114503] 

Cea, Cosmai, d’Elia, Papa & Sanfillipo Phys. 
Rev. D85 094512, 2012; PoS LATT12 

C Nonaka and M Kondo, Lattice2013 
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QCD with explicit isospin charge 
                            Detmold etal 

Another way of probing isospin density is by 
explicitly adding isospin density to the system 
 
Construct correlation functions with 
“many pions” 
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….D. Richards, Extreme scale computing 


