From one step to two steps

» If, starting with 1 electron, p (n) 1s the distribution of
the number of electrons after 1 step. What is p_(n), the

distribution of the number of electrons after 2 steps ?
» First few expressions:

p,(1) =p, (1) p,(1)

p,2)=p,()p,2)+p,2) (p,*p)2)

p,3)=p,(1) p,3) +p,(2) (p,*pP3) +p,3) (p,*P,*P)(3)
» In general:

I

pz(n) = Z pl(i)pfi(n), where p_ is the i-fold convolution of p
i=1



The mean after two steps

» The mean (or 1¥ moment S ) of P, 1S glven by:
P, = Z lp2 P1 Z lp1 +P1 le1 ‘|'l71 Z lp1
=1 i=1

P> Usmg that the mean 1s a “cumulant under convolution:
n
p, =np,
» the 2-step mean 1s seen to be the 1-step mean squared:

P, = P1(1)171+P1(2)2171+p1(3)3171...
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The mean after many steps

» The mean of p_, 1.e. the mean after 3 steps 1S given by

153=Zip3 pz lel ‘|'[?2 lel ‘|'p2 le1
i=1 =1

» Hence, the 3-step mean 1s the cube of the 1-step mean:
Py = szI71+P2(2)2171+p2(3)3ﬁ1...

=D 17
= py
» In general, the mean grows exponentially:
p,=p,



Check 1: two Legler steps

» Starting from the Legler distribution for p (1), binomial
with the total number of samples as variable; the number of successes 1s 1:

X

p,(n)=all-a)', witha=e"
» The multiple convolutions are straightforward:
*2 2 n
p, (n)=a (1=a)'(n+1)

P ()= a(1—a) (n+1)(n+2)/2!

p}"4(n) =d'(1—a)"(n+1)(n+2)(n+3)/3!
» Summing leads to an unsurprising result: (;*=¢ /)
pz(O) =a
(1) =a’(l=a)
p,(2)=a (1-a’)



Check 2: two Poisson steps

» Next, the more rounded (shifted) Poisson-distribution
pnv)=e "V (n=-1) (nx1)

» Poisson remains Poisson when
convoluted, but 2 successive

avalanche steps 1s not Poisson.
» Empirically (numerically): 107

P

u“

w=v+l RMS =v

uzz(vﬂ)z RMS§=V3+3V2+2V 107
» This too suggests an exponential

growth of the mean. ) -




The RMS after two steps

» The RMS is a cumulant derived from the 2" moment S.:

RMS?(p)) =S, (p" )-$2(p!) = i\S,(p,)-S3(p,)| = iRMS(p))

» The 2" moment S, after 2 steps 1s given by:

lez Zp1

» Hence, the 2" cumulant after 2 steps is:
IR IARWATIC P EXPARSIPAITS
Z.O: (l S pl _H(S (p1)_Sf(p1)))_Sf(p1>

= $,(p)[1+8,(p))|[S,(p,)- S} (p))



Growth of the RMS: verification

» Recall that the growth of the RMS reads:

RMS®(p,) = p,(1+,)RMS (p,)
» This agrees with the Legler growth:

1 | |
2 I—rin’ 1+u) = u(1+u)RMS(p,)
» This also works for a Poisson distribution. Recall:

u,=v+1 RMszv
uzz(vﬂ)z RMS,=v'+3v*+2v
» Hence:
RMS, = v'+3v'+2v = [1+u |RMS;

2

—u

RMS’(p,) = u'|1-




The RMS after many steps

P> Triple step' a double step followed by a single step:

Z’p3 sz

» The 2nd eumulant after 3 steps 1s therefore:

S, | sz () _I'I(S (p))- S1(p1))) S1(p)

- Sl<p1>(1+Sl(p1>+S?<p1>)(Sz<p1)—Sf(p1>)
» The pattern becomes clear:

RMSz(pZ) = ﬁ1(1+p_1)RMSZ(p1)
RMSz(p3) = ﬁ12(1+p_1+p12)RM82(p1)
RMS®(p,) = p,’(1+p,+p,’+p, ) RMS*(p,)



Relative width, a measure of roundness

» The Polya distribution, a .
popular parametrisation of Z &

the gain, is a I'-distributionf |
38F

st 10 =0.2, RMS/mean = 0.91

I6}F

f(x,0)=x"e"/T(6+1) “
» Its lowest moments are: o)y 0=0.5, RMS/mean = 0.88
F=RMS*(f)=0+1 ! 0= 1, RMS/mean = 0.71
» The relative width is 1 for an 0 =2, RM5/mean = (.58,

14}

exponential (0=0) and falls

towards 0 with increasing 0.
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Evolution of the relative width

» We found earlier that: 1

P, = p_1n’ RMS<pn) — RMS(pl)\/p_lnl ﬁli
. . 1=0
» The relative width evolves as:

RMS(p,)  RMS(p,) \/Z 1

— n—i—1 Lasr 1-step mean =2 1
i=0 pl r

RMS/mean increase

pn ﬁl
RMS p,) \/ 1-1/p,

P, 1-1/p,
» The relative width always increases. [y

» The growth of the relative width 1s bounded (if 7 - ). Numberorsips
» Once 5 1s large, the relative width barely grows further.

l-stepmean =35 1

1-step mean = 10 |




Toy model to verity = .

» Model parameters:

A=lum

A>2 N

a=50/cm m=0/cm

» Little change in rounding as
the avalanche develops. o
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Veritication with Magboltz

» Model parameters:
» Ar 80 % CO, 20 %
» E: 20 kV/cm
» Gap: 20 pm — 900 pm
» Gain: 1.08 — 120

» Evolution of the relative width
1S as expected.

» Note: the RMS also precisely
follows the Legler estimate.
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