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Definitions

Introduce the light cone vectors n1 and n2

n1 = (1,0,0,1) , n2 =
1
2

(1,0,0,−1) , n+
1 = n−2 = n1n2 = 1

For any p define p±

p+ = pn2 =
1
2

(
p0 + p3

)
, p− = pn1 = p0 − p3,

p2 = 2p+p− − ~p 2;

The scalar products:

p = p+n1 + p−n2 + p⊥, (p k) = pµkµ = p+k− + p−k+ − ~p~k .
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Definitions

Wilson line describing interaction with external field made of
slow gluons with p+ < eη

Uη
~z = Peig

∫ +∞
−∞ dz+b−η (z+,~z), b−η =

∫
d4p

(2π)4 e−ipzb− (p) θ(eη−p+).
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Motivation
γ

p

p

p

Dipole picture
s � Q2 � Λ2

QCD

?

σγ∗ (s,Q2) =

∫
d2r|Ψγ∗ (r,Q2)|2 σdip(r, s), σdip(r, s) = 2

∫
db(1−

1

Nc
F (b, r, s))

r = r1 − r2 — dipole size, b = 1
2 (r1 + r2) — impact parameter, F = tr(U1U†2 ), — dipole Green function,

Ui = Uη
i — Wilson lines, describing fast moving quarks interacting with the target.

η — rapidity divide, gluons with p+ > eη belong to photon wavefunction, gluons with p+ < eη belong to Wilson

lines, describing the field of the target.
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Motivation

tr(U1U†2) obeys the LO Balitsky-Kovchegov evolution equation

∂tr(U1U†
2)

∂η
=

αs

2π2

∫
d~z4

~z 2
12

~z 2
14~z

2
42

[
tr(U1U†

4)tr(U4U†
2)− Nc tr(U1U†

2)
]
.

LO equation was obtained in 1996-99, NLO — in 2007-2010
(Balitsky and Chirilli).
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Shock wave

For a fast moving particle with the velocity −β and the field
strength tensor F(x+, x−, ~x) in its rest frame, in the observer’s
frame the field will look like

F−i (y+, y−, ~y
)

= λF−i(λy+,
1
λ

y−, ~y)→ δ
(
y+
)
Fi (~y) ,

F−i � F...

in the Regge limit λ→ +∞, λ =
√

1+β
1−β .

Therefore the natural choice for the gauge is bi,+ = 0,

b− is the solution of the equations

∂b−

∂y i = δ(y+)Fi (~y) , i .e.

bµ (y) = δ(y+)B (~y) nµ2
It is the shock-wave field.
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Propagator in the shock wave background

Choose the gluon field A in the gauge An2 = 0 as a sum of
external classical b and quantum A.

A =A + b, bµ (x) = δ(x+)B (~x) nµ2 .

The A-b interaction lagrangian has only one vertex

Li =
g
2

f acb(b−)cgαβ⊥

[
Aa
α

←−→
∂

∂x−
Ab
β

]
.

The free propagator Gµν
0 (x+,p+, ~p) =

=
−dµν0 (p+,p⊥)

2p+
e−i ~p

2x+

2p+
(
θ(x+)θ(p+)− θ(−x+)θ(−p+)

)
+nµ2 nν2 . . . ,

dµν0 (p) = gµν⊥ −
pµ⊥nν2 + pν⊥nµ2

p+
−

nµ2 nν2~p
2

(p+)2 .
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Propagator in the shock-wave background

Sum the diagrams b b b

b does not depend on x−, hence the conservation of p+,

b ∼ δ(x+), hence e−i
~p 2(x+

1 −x+
2 )

2p+ → 1 in every internal vertex,
gµν⊥ d0νρg

ρσ
⊥ = gµσ⊥ , hence no dependence on ~p =⇒

conservation of ~x in every internal vertex

Propagator in the shock-wave background:

Gµν(x , y)|x+>0>y+ = 2iA µ(x)

∫
d4zδ(z+)F +i (z)

U~z
−−→
∂
∂z−

F +i (z) A ν (y) .

where the interaction with b is through Wilson line

U~z = Peig
∫ x+

y+ dz+b−(z+,~z).
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Baryon Wilson loop

B123 = εi ′j ′h′εijhU (~z1)
i
i ′ U (~z2)

j
j ′ U (~z3)

h
h′ = U1 · U2 · U3.

B123 is gauge invariant since under a gauge rotation the
Wilson lines change

U (~z1)
i
i ′ → V (x)i

kU (~z1)
k
k ′ V (y)k ′

i ′ , V ∈ SU(3).

εi ′j ′h′U i
i ′U

j
j ′U

h
h′ = εijh,

εijhε
i ′j ′h′U i

i ′U
j
j ′ = 2(U†)h′

h , εijhε
i ′j ′h′(U†)i

i ′(U
†)j

j ′ = 2Uh′
h ,

Ui · Uj · Uk = (UiU
†
l ) · (UjU

†
l ) · (UkU†l ).

Bη
iij = Ui · Ui · Uj = 2tr(UjU

†
i ), i.e. quark-diquark and

quark-antiquark systems are described by the same
operator.
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LO Evolution equation for a baryon Wilson loop

∆Br =
∆ηαs

π2

∫
d~z4(Uη2

4 )ab

×
[

1
~z 2

41

(
taUη2

1 tb
)
· Uη2

2 · U
η2
3 + (1↔ 2) + (1↔ 3)

+
~z41~z42

~z 2
41~z

2
42

(
(taUη2

1 ) · (Uη2
2 tb) + (Uη2

1 tb) ·
(
taUη2

2

))
· Uη2

3

+(1↔ 3) + (2↔ 3)
]
.
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Evolution equation for Baryon Green function

Using SU(3) identities

Uba
4 = 2tr(tbU4taU†4), ta

ij t
a
kl =

1
2
δilδkj −

1
2Nc

δijδkl

the evolution equation reads

∂Bη
123
∂η

=
αs

2π2

∫
d~z4

[{
C1

~z 2
41

+ (1↔ 2) + (1↔ 3)

}

+

{
~z41~z42

~z 2
41~z

2
42

C12 + (1↔ 3) + (2↔ 3)

}]
.

where
C1 = tr

(
Uη

1 Uη†
4

)
Bη

423 − 3Bη
123,

C12 = 2Bη
123 −

(
Uη

2 Uη†
4 Uη

1 + Uη
1 Uη†

4 Uη
2

)
· Uη

4 · U
η
3 .
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Evolution equation for baryon Green function

Then we can use the SU(3) identity(
U2U†4U1 + U1U†4U2

)
· U4 · U3 = −Bη

123+

+
1
2

(Bη
144Bη

324 + Bη
244Bη

314 − Bη
344Bη

214)

to rearrange the equation in the closed way

∂Bη
123
∂η

=
αs3
4π2

∫
d~z4

[
~z 2

12
~z 2

41~z
2

42
(−Bη

123+

+
1
6

(Bη
144Bη

324 + Bη
244Bη

314 − Bη
344Bη

214)) + (1↔ 3) + (2↔ 3)
]
.

In the large Nc limit 〈Bη
144Bη

324〉 → 〈B
η
144〉〈B

η
324〉.
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SU(3) identity

Using Ui ·Uj ·Uk = (UiU
†
l ) · (UjU

†
l ) · (UkU†l ), one can rewrite the

identity as

−
(

U2U†4U1U†4 + U1U†4U2U†4
)
· E · (U3U†4)

= (U1U†4) · (U2U†4) · (U3U†4)

−tr(U1U†4)(U3U†4) · (U2U†4) · E − tr(U2U†4)(U3U†4) · (U1U†4) · E

+tr(U3U†4)(U2U†4) · (U1U†4) · E .

and prove it expanding the Levi-Civita symbols as

εijhε
i ′j ′h′ =

∣∣∣∣∣∣∣
δi ′

i δj ′
i δh′

i
δi ′

j δj ′
j δh′

j

δi ′
h δj ′

h δh′
h

∣∣∣∣∣∣∣ .
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Quark-diquark limit

Bη
122 = U1 · U2 · U2 = 2tr(U1U†2), i.e. quark-diquark and

quark-antiquark systems are described by the same operator.
The evolution equation should go into the dipole
Balitsky-Kovchegov evolution equation as ~z23 → 0

∂tr(U1U†2)

∂η
=

αs

2π2

∫
d~z4

~z 2
12

~z 2
14~z

2
42

[
tr(U1U†4)tr(U4U†2)− Nc tr(U1U†2)

]
.

Indeed this is the case

∂Bη
122
∂η

=
αs3
4π2

∫
d~z4

[
~z 2

12
~z 2

41~z
2

42
(−Bη

122+

+
1
6

(Bη
144Bη

224 + Bη
244Bη

214 − Bη
244Bη

214)) + (1→ 2) + (2↔ 2)
]
.
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NLO corrections: under check now

∂B123

∂η
=
αs(µ

2)

8π2

∫
d~r0

[
(B100B320 + B200B310 − B300B210 − 6B123)

×
{

~r 2
12

~r 2
01~r

2
02
− 3αs

4π
11
3

[
ln
(
~r 2

01

~r 2
02

)(
1
~r 2

02
− 1
~r 2

01

)
−

~r 2
12

~r 2
01~r

2
02

ln
(
~r 2

12

µ̃2

)]}
−αs

π
ln
~r 2

20

~r 2
21

ln
~r 2

10

~r 2
21

{
1
2

[
~r 2

13

~r 2
10~r

2
30
−

~r 2
32

~r 2
30~r

2
20

]
(B100B320 − B200B310)

−
~r 2

12

~r 2
10~r

2
20

(
9B123 −

1
2
[2 (B100B320 + B200B130)− B300B120]

)}
+ (1↔ 3) + (2↔ 3)

]
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NLO corrections: under check now

− α2
s

8π4

∫
d~r0d~r4

[
{L̃12

(
U0U4

†U2

)
·
(

U1U0
†U4

)
· U3

+L12

[(
U0U4

†U2

)
·
(

U1U0
†U4

)
· U3 + tr

(
U0U4

†
)(

U1U0
†U2

)
· U3 · U4

−3
4
[B144B234 + B244B134 − B344B124] +

1
2

B123

]
+(M13 −M12 −M23 + M2)

[(
U0U4

†U3

)
·
(

U2U0
†U1

)
· U4

+
(

U1U0
†U2

)
·
(

U3U4
†U0

)
· U4

]
+ (all 5 permutations 1↔ 2↔ 3)}+ (0↔ 4)

]
.
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NLO corrections: under check now

L12 =

[
1

~r012~r242 −~r022~r142

(
−
~r12

4

8

(
1

~r012~r242
+

1
~r022~r142

)
+
~r12

2

~r042
−
~r02

2~r14
2 +~r01

2~r24
2

4~r044

)

+
~r12

2

8~r042

(
1

~r022~r142
− 1
~r012~r242

)]
ln
(
~r01

2~r24
2

~r142~r022

)
+

1
2~r044

.

L̃12 =
~r12

2

8

[
~r12

2

~r012~r022~r142~r242
− 1
~r012~r042~r242

− 1
~r022~r042~r142

]
ln
(
~r01

2~r24
2

~r142~r022

)
.

M12 =
~r12

2

16

[
~r12

2

~r012~r022~r142~r242
− 1
~r012~r042~r242

− 1
~r022~r042~r142

]
ln
(
~r01

2~r02
2

~r142~r242

)
.

M2 =

(
~r12

2~r23
2

~r012~r022~r242~r342
−

~r14
2~r23

2

~r012~r042~r242~r342
−

~r03
2~r12

2

~r012~r022~r042~r342
+

~r13
2

~r012~r042~r342

)
×1

4
ln
(
~r02

2

~r242

)
.
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Summary

The nonlinear LO low-x evolution equation (closed in color
space) for a Baryon Green function.
NLO evolution equation under check now.
Transformation of the NLO equation to the quasi-conformal
form.

Work in progress and plans
Checking.
Solution of the equation.

Thank you for your attention
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