
From Colour Glass Condensate to Quark–Gluon Plasma

Edmond Iancu
Institut de Physique Théorique de Saclay

ln !

Y = ln 1/x

2
QCD

Saturation
= " Y

ln Q2

Dilute system

DGLAP

JIMWLK

sln Q  (Y)2
s

3rd Chilean School on HEP From CGC to QGP – I Edmond Iancu 1 / 60



The Big Bang

Introduction

● Quantum Chromo-Dynamics

● Quark-Gluon Plasma

● Heavy ion collisions

● Quantum field theory at T=0

Perturbation theory at finite T

Matsubara formalism

CERN

François Gelis – 2007 Lecture I / III – 2nd Rio-Saclay meeting, CBPF, Rio de Janeiro, September 2007 - p. 13/45

QGP in the early universe

big bang

end of inflation

EW transition

confinement

nucleosynthesis

formation of atoms

time

Quark Gluon Plasma

10-32 sec

10-10 sec

10-5 sec

10+2 sec

10+12 sec
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The Little Bang

A space–time picture of a heavy ion collision (HIC)

z 

t

incoming nuclei CGCs

strong fields classical dynamics

gluons & quarks out of eq. viscous hydro

gluons & quarks in eq. ideal hydro

hadrons kinetic theory

freeze out

‘Initial singularity’ : the collision between the two incoming nuclei

The QGP is re-created in the intermediate stages
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Phase–diagram for QCD

... as explored by the expansion of the Early Universe ...

Quark Gluon

hadronic
phase Color superconductor

plasma

Temperature

Nuclei Neutron stars

Density

Expansion of
the early Universe

Heavy ion collisions

... and in the ultrarelativistic heavy ion collisions.
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Pb+Pb collisions at the LHC: ALICE

Pb+Pb collision at the LHC: > 20,000 hadrons in the detectors !

Where are all these hadrons coming from ?

How to trace back their history ?

How to understand that from first principles (QCD) ?
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Pb+Pb collisions at the LHC: ALICE

Pb+Pb collision at the LHC: > 20,000 hadrons in the detectors !

Partons which have been liberated by the collision.

How to trace back their history ?

How to understand that from first principles (QCD) ?
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Pb+Pb collisions at the LHC: ALICE

Pb+Pb collision at the LHC: > 20,000 hadrons in the detectors !

Partons which have been liberated by the collision.

They leave imprints on the hadron distribution in the final state.

How to understand that from first principles (QCD) ?
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Pb+Pb collisions at the LHC: ALICE

Pb+Pb collision at the LHC: > 20,000 hadrons in the detectors !

Partons which have been liberated by the collision.

They leave imprints on the hadron distribution in the final state.

Build effective theories for the relevant degrees of freedom.
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QCD matter: from hadrons ...

At low energies, QCD matter exists only in the form of hadrons
(mesons, baryons, nuclei) ... as a consequence of confinement
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QCD matter: ... to partons

At high energies, the relevant d.o.f. are partonic (quarks & gluons)

B interactions occur over distances much shorter than the confinement scale

The HIC’s give us access to dense forms of partonic matter
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New forms of QCD matter produced in HIC

Prior to the collision: 2 Lorentz–contracted nuclei (‘pancakes’)

‘Color Glass Condensate’ : highly coherent form of gluonic matter

Right after the collision: non–equilibrium partonic matter

‘Glasma’ : color fields break into partons

At later stages (∆t & 1 fm/c) : local thermal equilibrium

‘Quark–Gluon Plasma’ (QGP)

Final stage (∆t & 10 fm/c) : hadrons

‘final event’, or ‘particle production’
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New forms of QCD matter produced in HIC

Prior to the collision: 2 Lorentz–contracted nuclei (‘pancakes’)

‘Color Glass Condensate’ : highly coherent form of gluonic matter

Right after the collision: non–equilibrium partonic matter

‘Glasma’ : color fields break into partons

At later stages (∆t & 1 fm/c) : local thermal equilibrium

‘Quark–Gluon Plasma’ (QGP)

My focus here: the partonic phases at early and intermediate stages
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Outline

The wavefunctions of the incoming hadrons:

Color Glass Condensate

Particle production at early stages :

proton-proton (pp), proton-nucleus (pA), nucleus-nucleus (AA)

AA collisions : Glasma

Thermalization

Flow and hydrodynamics

Thermodynamics of the Quark Gluon Plasma

Hard probes of the QGP: jet quenching
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Disclaimer

Main emphasis: what do heavy ion collisions teach us about QCD

A vast topics, many subfields, a lot of material, many issues that I do
not understand myself (and that I will not try to cover)

No aim to completeness, or to being systematic

No technicalities, no real formulae, no systematic references

Lots of cartoons and hand-waving arguments
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Disclaimer

For more references, formulae, cartoons and hand-waving arguments,
have a look at this review paper
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Color Glass Condensate

10
-1

1

10

10 2

10 3

10 -3 10 -2 10 -1 1 10 10 2 10 3

E665
ZEUS+H1 high Q2 94-95
H1 low Q2 95
ZEUS BPC 95
ZEUS BPT 97

x<0.01

all Q2

!

"
to

t#
*p

  [
µ

b]

3rd Chilean School on HEP From CGC to QGP – I Edmond Iancu 11 / 60



The geometry of a hadron–hadron collision

x

z

y

P2P1

z : longitudinal (or ‘beam’) axis; x⊥ = (x, y) : transverse plane

Center-of-mass frame : Pµ1 = (P, 0, 0, P ), Pµ2 = (P, 0, 0,−P )

2→ 2 subcollision : g(p1) + g(p2) → g(k1) + g(k2)

Distinguish between transverse and longitudinal momenta
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The geometry of a hadron–hadron collision

x

z

y

P2P1

k

1

1

2

p

k

p2

z : longitudinal (or ‘beam’) axis; x⊥ = (x, y) : transverse plane

Center-of-mass frame : Pµ1 = (P, 0, 0, P ), Pµ2 = (P, 0, 0,−P )

2→ 2 subcollision : g(p1) + g(p2) → g(k1) + g(k2)

Distinguish between transverse and longitudinal momenta
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The kinematics of a 2→ 2 subcollision

P2P1

k

k

p x1 2 2
p

z

k

1x

η =
1

2
ln
k + kz
k − kz

η = − ln tan
θ

2

cos θ =
kz
k

Initial partons : pµ = xPµ + pµ⊥ with pµ⊥ = (0,p⊥, 0)

transverse momentum p⊥
longitudinal momentum fraction x = pz/P

Final (or ‘produced’) partons :

transverse momentum k⊥
polar angle θ or rapidity η ≡ − ln tan(θ/2)
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The kinematics of a 2→ 2 subcollision (2)

P2P1

p x1 1 2
p x

backward
k1 1

k

2

2 2

Energy–momentum conservation ⇒ p1⊥ + p2⊥ = k1⊥ + k2⊥

x1 =
k1⊥√
s

eη1 +
k2⊥√
s

eη2 , x2 =
k1⊥√
s

e−η1 +
k2⊥√
s

e−η2

Exercice ! Hint : use P =
√
s/2, k = k⊥ cosh η, kz = k⊥ sinh η
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The kinematics of a 2→ 2 subcollision (2)

P2P1

p x1 1 2
p x

backward
k1 1

k

2

2 2

Energy–momentum conservation ⇒ p1⊥ + p2⊥ = k1⊥ + k2⊥

x1 =
k1⊥√
s

eη1 +
k2⊥√
s

eη2 , x2 =
k1⊥√
s

e−η1 +
k2⊥√
s

e−η2

What are the typical values of x for the participating partons ?
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Multiplicity in pp, pA, AA : dN/dη
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99% of the total multiplicity lies below p⊥ = 2 GeV

x ∼ 10−2 at RHIC (
√
s = 200 GeV & η = 0)

x ∼ 4× 10−4 at the LHC (
√
s = 5 TeV & η = 0)

x2 ∼ 10−5 at the LHC & forward rapidity (
√
s = 5 TeV & η = 4)
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Multiplicity in pp, pA, AA : dN/dη
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The bulk of particle production is controlled by partons at small x� 1

Where do all these partons come ?!
B ‘a nucleon is built with 3 valence quarks, each one carrying x ∼ 1/3’

Need to better understand the parton structure of a hadron
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Deep inelastic scattering at HERA

! "
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X

Q2 = −qµqµ > 0 , x =
Q2
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Parton distribution functions: xq(x,Q2), xG(x,Q2)

B number of partons (quark, gluons) with transverse size ∆x⊥ ∼ 1/Q

and longitudinal momentum fraction x ∼ Q2/s per unit rapidity
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Parton evolution in QCD

! "

k
k’

electron

P
proton

p
p+q

q=k-k’

X

q

P

The virtual photon γ∗ couples to the (anti)quarks inside the proton

Gluons are measured indirectly, via their effect on quark distribution

Quantum evolution : change in the partonic content when changing
the resolution scales x and Q2, due to additional radiation
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The small–x partons are mostly gluons

q

P
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For x ≤ 0.01 the hadron wavefunction contains mostly gluons !

The gluon distribution is rapidly amplified by the quantum evolution
with decreasing x (or increasing energy s)
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Bremsstrahlung

dPBrem ∼ αs(k
2
⊥)CR

d2k⊥
k2⊥

dx

x

Phase–space enhancement for the emission of

collinear (k⊥ → 0)

and/or soft (low–energy) (x→ 0) gluons

The parent parton can be either a quark or a gluon

CF = tata = N2
c−1
2Nc

= 4
3 , CA = T aT a = Nc = 3

The daughter gluon can in turn radiate an even softer gluon !
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2 gluons

The ‘cost’ of the addition gluon:

αs

∫ 1

x

dx1
x1

= αs ln
1

x

Formally, a process of higher order in αs, but which is enhanced by the
large available rapidity interval

Y ≡ ln(1/x) : rapidity difference between the parent quark and the
last emitted gluon

When αsY & 1 =⇒ need for resummation !
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Gluon cascades

n gluons strictly ordered in x

The n–gluon cascade contributes

1

n!
(αsY )n

The sum of all the cascades
exponentiates :

xg(x,Q2) ∝ eωαsY ∼ 1

xωαs
BFKL evolution

(Balitsky, Fadin, Kuraev, Lipatov, 75–78)

This evolution is linear :
the emitted gluons do not interact with each other

3rd Chilean School on HEP From CGC to QGP – I Edmond Iancu 21 / 60



Gluon evolution at small x

Low Energy

High Energy

Gluon
Density
Grows

BFKL: an evolution towards increasing density

Non–trivial: not true for the DGLAP evolution !

the BFKL gluons have similar transverse momenta, hence similar
transverse areas =⇒ they can overlap with each other

The relevant quantity: not the gluon number, but ...
3rd Chilean School on HEP From CGC to QGP – I Edmond Iancu 22 / 60



Gluon evolution at small x

BFKL: an evolution towards increasing density

Non–trivial: not true for the DGLAP evolution !

the BFKL gluons have similar transverse momenta, hence similar
transverse areas =⇒ they can overlap with each other

The relevant quantity: not the gluon number, but ...
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Color Glass Condensate

The gluon occupation number
(or ‘packing factor’)

n(x,Q2) =
π

Q2
× xG(x,Q2)

πR2

When n & 1 : gluons overlap, so they are coherent with each other:

B better described as a semi-classical, color field: ‘condensate’

Event–by–event: the field is frozen in some random configuration

B average over the frozen configurations : ‘glass’

Cannot exceed a value n ∼ 1/αs : ‘gluon saturation’
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Gluon saturation

k  = x Pz z
ln !

Y = ln 1/x

2
QCD

Saturation
= " Y

ln Q2

Dilute system

DGLAP

JIMWLK

sln Q  (Y)2
s

αsn ∼ 1 : strong overlapping which compensates small coupling

The evolution becomes non–linear :

B emissions + recombination =⇒ gluon saturation

BFKL gets replaced by the non–linear JIMWLK equation
Jalilian-Marian, Iancu, McLerran, Weigert, Leonidov, Kovner (97–00)
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A cartoon of the evolution equations : BFKL

n(Y,Q2) : gluon occupation number

Rapidity increment Y → Y + dY : a probability αsdY to emit an
additional gluon out of any of the preexisting ones

∂n

∂Y
' αsn =⇒ n(Y ) ∝ eωαsY

Valid so long as n(Y,Q2)� 1/αs (dilute system)
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BK/JIMWLK

High gluon density: recombination processes leading to saturation

∂n

∂Y
' αsn − α2

s n
2 = 0 when n ∼ 1

αs
� 1

Fixed point : the evolution stops when αsn(Y,Q2) ∼ 1

The saturation condition involves Y and Q2

=⇒ saturation momentum Qs(Y )
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BK/JIMWLK

High gluon density: recombination processes leading to saturation

∂n

∂Y
' αsn − α2

s n
2 = 0 when n ∼ 1

αs
� 1

The simplest equation with saturation (Gribov, Levin, Ryskin, 83)

Cartoon version of the Balitsky–Kovchegov equation (BK)

Mean field approximation (valid at large Nc) to JIMWLK
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The saturation momentum

The transverse momentum (or virtuality) scale where saturation
effects start to be important

n(x,Q2) =
π

Q2
× xG(x,Q2)

πR2

n
(
x,Q2

s(x)
)
∼ 1

αs

Q2
s(x)' αs

xG(x,Q2
s)

πR2
∼ 1

xλs
ln !

Y = ln 1/x

2
QCD

Saturation
= " Y

ln Q2

Dilute system

DGLAP

JIMWLK

sln Q  (Y)2
s

Qs is rapidly rising with 1/x, i.e. with the center-of-mass energy :

λs ' 0.2÷ 0.3 at NLO accuracy (Triantafyllopoulos, 2003)
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The saturation momentum

The transverse momentum (or virtuality) scale where saturation
effects start to be important

n(x,Q2) =
π

Q2
× xG(x,Q2)

πR2

n
(
x,Q2

s(x)
)
∼ 1

αs

Q2
s(x)' αs

xGA(x,Q2
s)

πR2
A

∼ A1/3

xλs

... and also with the atomic number A for a large nucleus (A� 1)
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The saturation momentum

The transverse momentum (or virtuality) scale where saturation
effects start to be important

n(x,Q2) =
π

Q2
× xG(x,Q2)

πR2

n
(
x,Q2

s(x)
)
∼ 1

αs

Q2
s(x)' αs

xGA(x,Q2
s)

πR2
A

∼ A1/3

xλs

x ∼ 10−5: Qs ∼ 1 GeV for proton and ∼ 3 GeV for Pb or Au
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Semi-hard intrinsic k⊥
Q2
s(x) ∝ the gluon density per unit transverse area

Qs(x) : the typical transverse momentum of the gluons with a given x

xG(x,Q2) =

∫
d2b⊥

∫ Q

dk⊥ k⊥ n(x, b⊥, k⊥)
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Multiplicity : energy dependence

Particle multiplicity dN/dη ∝ Q2
s ∼ sλs/2

λs ' 0.2÷ 0.3 in agreement with the data
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Multiplicity : energy dependence (2)

CGC + MLLA: angular ordering in gluon cascade

Explains the difference between pp and AA (Levin, Rezaeian, ’11)
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Average transverse momentum in p+p

Typical transverse momentum 〈pT 〉 ∝ Qs(E) ∼ Eλs/2

(McLerran and Praszalowicz, 2010)
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Geometric scaling at HERA: F2

Qs(x) is the characteristic target scale in p⊥ or virtuality =⇒
physics should depend upon the ratio Q2/Q2

s(x) : geometric scaling

DIS cross–section at HERA (Staśto, Golec-Biernat, Kwieciński, 2000)

σ(x,Q2) vs. τ ≡ Q2/Q2
s(x) ∝ Q2/x0.3 : x ≤ 0.01, Q2 ≤ 450 GeV2
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Geometric scaling in p+p at the LHC

Particle production at 2 different energies (McLerran, Praszalowicz, ’10)

Rs1/s2 =

(
dN/dη d2p⊥

)∣∣
s1(

dN/dη d2p⊥
)∣∣
s2

→ 1 as a function of τ ≡ p2T
Q2
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√
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Particle production

p

x

HOW TO STUDY THE TRANSITION?

Weakly coupled method at dense regime:
αs � 1 but fgluon ∼ 1

αs

THOMAS EPELBAUM The onset of hydrodynamical flow in high energy heavy ion collisions 2 / 15
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Particle production

How to compute particle production quantitatively ?

single inclusive hadron production dN
d2p⊥dη

correlated di–hadron production

dN2

d2p1⊥dη1d2p2⊥dη2
− dN

d2p1⊥dη1

dN

d2p2⊥dη2

Directly measured in pp, pA, AA at RHIC and the LHC

important information about high density/nuclear effects

An example: the nuclear modification factor (or ‘RAA ratio’)

RAA ≡
1

A4/3

dNAA/d
2p⊥dη

dNpp/d2p⊥dη

A4/3 = A2/A2/3 : # of binary collisions per unit transverse area

RAA would be 1 if AA = incoherent superposition of pp collisions

... but RAA is far from being 1 !
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RAA at RHIC and the LHC

 (GeV/c)
T
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 = 2.76 TeVNNsPb-Pb  0 - 5%

70 - 80%

Strong suppression: RAA . 0.2 at moderate p⊥ = 4÷ 12 GeV

High–density QCD effect: photons are not suppressed

Possible explanations

‘initial state effects’ : saturation in the nuclear wavefunctions
multiple scattering when the 2 nuclei cross each other
final state effects: interactions in the fireball created after the collision
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The ‘pA benchmark’ : d+Au at RHIC

Rd+Au ≡
1

2A1/3

dNd+Au/d
2p⊥dη

dNp+p/d2p⊥dη

One expects no fireball in d+Au =⇒ no final state interactions

0 2
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B
 (p

T
)

p

x

No suppression, rather an enhancement : ‘Cronin peak’

The suppression seen in RAA must be a final state effect
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Particle production (2)

Can one compute such effects (Cronin peak, RAA) within QCD ?

Different kinds of collisions according to the parton densities in the
projectile and the target :

‘dilute–dilute’ : pp collisions & mostly central rapidities

‘dilute–dense’ : pA collisions and very forward pp

‘dense–dense’ : AA collisions

Different formalisms (‘factorization schemes’) :

‘dilute–dilute’ : collinear factorization (single scattering)

B pdf’s ⊗ partonic cross–section ⊗ fragmentation into hadrons

‘dilute–dense’ : CGC factorization (saturation & multiple scattering)

B eikonal approximation, Wilson lines

‘dense–dense’ : classical Yang–Mills dynamics plus CGC

B initial conditions for the subsequent evolution of the fireball
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‘Dilute–dense’ (pA, dA, forward pp)

p

x

xp ∼
p⊥√
s

eη

xA ∼
p⊥√
s

e−η

d+Au collisions at RHIC:
√
s = 200 GeV and p⊥ ∼ 2 GeV

η = 0 (‘midrapidity’) =⇒ xp = xA = 0.01 (Cronin peak)

η = 3 (‘forward rapidity’) =⇒ xp = 0.2, xA = 5× 10−4

Midrapidity : the nucleus looks dense already for xA = 0.01

a quark, or gluon, from the proton undergoes multiple scattering

random kicks = transfers of transverse momentum
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Cronin peak & p⊥–broadening

p

x

0 2
 (GeV/c)Tp

4 6 8 10
0

0.5

1

1.5

2
d+Au FTPC-Au 0-20%

d+Au Minimum Bias

 pT (GeV/c)

Au+Au Central

R
A

B
 (p

T
)

A random walk in p⊥ leading to transverse momentum broadening

dN

d2p⊥dη
= xp q(xp, Q

2)P(p⊥, xA) , P(p⊥, xA) ≡ 1

πQ2
s

e
− p2⊥

Q2
s

a function of p2⊥/Q
2
s with Qs ≡ Qs(A, xA) =⇒ geometric scaling

average p2⊥ : 〈p2⊥〉 = Q2
s(A, xA)

=⇒ the distribution in p⊥ gets shifted towards harder values ∼ Qs(A)

No such a shift in pp collisions =⇒ Cronin peak in the RpA ratio
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Moving towards forward rapidities: η > 0

Recall : ‘forward rapidity’ ⇐⇒ smaller values of xA in the target

RpA ≡
1

A1/3

dNpA/d
2p⊥dη

dNpp/d2p⊥dη

xA =
p⊥√
s

e−η

η = 0, 0.05, 0.1, 0.2, 0.4, 0.6, 1, 1.4 and 2 (BK equation: Albacete et al, 2003)

‘Target’ is either a nucleus (numerator), or a proton (denominator)

Rapid evolution with η : no Cronin peak for η & 0.4

for p⊥ . Qs(A, xA), the nucleus is already saturated ⇒ no evolution

for p⊥ ∼ Qs(A, xA), the proton is still dilute ⇒ rapid evolution
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Rd+Au at RHIC : increasing η

This trend is clearly confirmed by the RHIC data (BRAHMS)
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N.B. The theoretical predictions for the evolution are much more
robust (i.e. model independent) than those for the normalization

Using the same set–up =⇒ predictions for p+Pb at the LHC
(Tribedy and Venugopalan, ’11; Rezaeian, ’12;
Albacete, Dumitru, Fujii, and Nara, 2012)
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Rp+Pb at the LHC for central rapidities
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FIG. 11: The nuclear modification factor Rp+Pb for single inclusive charged hadrons in minimum-bias p+Pb collisions at
5 TeV collision energy at rapidities 0, 2, 4 and 6. The grey bands at y=0 and 2 correspond to the rcBK-MC results using
kt-factorization, Eq. (13). In turn, the yellow bands at η = 2, 4 and 6 have been obtained using the LO hybrid formalism,
Eq. (19), in minimum bias collisions. The blue bands between the dotted lines also correspond to LO hybrid results for
collisions with a centrality cut Npart > 10. Finally the dashed dotted curves at η = 2, 4 and 6 correspond to minimum bias
collisions calculated within the hybrid formalism incl. the inelastic term from Eq. (20) with αs = 0.1.

most forward rapidities.
In Fig. 12 we show Rp+Pb for two different centrality classes selected according to the number of participant

nucleons12. At pt = 1 GeV we observe the expected pattern of stronger suppression (smaller Rp+Pb) for more
central collisions. In the Npart > 10 centrality class suppression now persists up to pt = 2− 3 GeV.
For the UGD with γ = 1 MV-model initial condition (lower end of the bands in Fig. 12) one observes, generically,

the expected pattern: i) at y = 0 there is suppression at low pt while Rp+Pb → 1 with increasing pt as the rapidity
evolution window shrinks; ii) there is slightly stronger suppression at low pt for Npart > 10 central collisions while
the centrality cut has very little effect at high pt; iii) the suppression increases with rapidity and Rp+Pb < 1 for
all pt <∼ 10 GeV at y = 2.
The behavior of Rp+Pb with AAMQS UGDs (γ = 1.119 initial condition, upper end of the bands in Fig. 12) in

central collisions is more intricate. At pt = 1 GeV we still find the expected decrease of Rp+Pb both with centrality
and rapidity. However, for pt >∼ 4 GeV we find that Rp+Pb is very similar at y = 0 and y = 2. This UGD exhibits
rather non-linear (in the valence charge density) anti-shadowing at high intrinsic kt and so particle production at
high pt in p+Pb collisions is dominated by fluctuations corresponding to a high valence charge density in the Pb
target (high Npart). This can be seen from the fact that at y = 2 and high pt there is little difference between the
minimum bias and Npart > 10 centrality classes.

12 In p+A collisions it is not straightforward experimentally to perform centrality selection via impact parameter cuts. Also, because
of large fluctuations impact parameter bins correspond to rather broad distributions of Npart.

No Cronin peak ... in agreement with the CGC expectations

Various models could be differentiated by going to forward rapidities
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Jets

Hard scattering =⇒ two jets back-to-back in the transverse plane

visible via 2–particle azimuthal correlations: a peak at ∆φ = π
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Di–hadron azimuthal correlations

Di–hadron azimuthal correlations at RHIC: p+p, d+Au, Au+Au
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p+p or d+Au (η ' 0) : a well pronounced peak at ∆Φ = π

Au+Au : no away peak (final state effect: ‘jet quenching’)

Transverse momentum broadening in pA could reduce the correlation
(broaden the away peak) ... but this is not seen at midrapidities
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Forward rapidities: p+p vs. d+Au

k !

k !22

11
k

k
2

2

11

Predicted by the CGC (Marquet, 2007; Albacete and Marquet, 2010)
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AA collisions : Glasma & the Ridge

vn from 2–particle correlations
〈

dNpairs

d∆φ

〉
∝ 1 + 2

∞∑

n=1

〈
v2n
〉

cos(n∆φ)

The reference phases Ψn drop out in the convolution !
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Figure 2: The steps involved in the extraction of the vn for 2-3 GeV fixed-pT correlation: a) the two-
dimensional correlation function (shown for |∆η| < 4.75 to reduce the fluctuations near the edge), b)
the one-dimensional ∆φ correlation function for 2 < |∆η| < 5 (re-binned into 100 bins), overlaid with
contributions from individual Fourier components as well as the sum, c) Fourier coefficient vn,n vs n,
and d) vn vs n. The bottom two panels show the full dependence of vn,n and vn on ∆η. The v1 is not
shown since it breaks the factorization from vn,n to vn of Eq. 13. The shaded bands in c)-f) indicate the
systematic uncertainties. The range 2 < paT, p

b
T < 3 GeV is chosen, since collective flow is expected to

be large in this range while the pair statistics are still high.
10

Integrate the data within slices of ∆η, perform a Fourier transform per
slice, then present vn as functions of ∆η, p⊥ and in bins of centrality
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Nucleus–nucleus collisions
Introduction to AA collisions

Bookkeeping

Inclusive gluon spectrum

Loop corrections

CERN

François Gelis – 2007 Lecture III / III – School on QCD, low-x physics, saturation and diffraction, Copanello, July 2007 - p. 9/65

Initial particle production

■ Dilute regime : one parton in each projectile interact

■ Dense regime : multiparton processes become crucial
(+ pileup of many simultaneous scatterings)

Weakly coupled (αs � 1) but dense (n ∼ 1/αs) : highly non–linear

Two strong color fields (CGC’s) with scatter with each other

‘Scattering’ : non–linear effects in the classical Yang–Mills equation
sourced by the color charges in the 2 nuclei
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Nucleus–nucleus collisions
Introduction to AA collisions

Bookkeeping

Inclusive gluon spectrum

Loop corrections

CERN

François Gelis – 2007 Lecture III / III – School on QCD, low-x physics, saturation and diffraction, Copanello, July 2007 - p. 5/65

Stages of a nucleus-nucleus collision

z 

t

strong fields classical EOMs

■ τ ∼ 0.2 fm/c
■ Production of semi-hard particles : gluons, light quarks
■ relatively small momentum : p⊥ . 2–3 GeV
■ make up for most of the multiplicity
■ sensitive to the physics of saturation (higher twist)

DνF
νµ(x) = δµ+ρR(x) + δµ−ρL(x)

ρR,L(x) : colour charge distributions in the ‘right’ and ‘left’ mover

Solve the YM eqs. numerically (2D lattice) =⇒ the glasma field

Average over ρR,L(x) using the respective CGC weight functions

Decompose the 2-point function in Fourier modes =⇒ gluon spectrum

N.B. Hadron spectra are modified by final state interactions
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Glasma

Right after the collision, the chromo-electric and chromo-magnetic
fields are purely longitudinal

Flux tubes which extend between the recessing nuclei
‘glasma’ (from ‘glass’ + ‘plasma’) (McLerran and Lappi, 06)

These anisotropic configurations are unstable (Weibel instability)
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From flux tubes to particles

At time τ ∼ 1/Qs, the glasma flux tubes break into particles (gluons)

Gluons emitted from the same flux tube are correlated with each other

François Gelis

2-hadron correlations

Early stages
Gluon saturation

Color Glass Condensate

Factorization

Ridge in the CGC
Color flux tubes

Ridge in Au-Au collisions

Ridge in p-p collisions

Summary

20

2-hadron correlations at RHIC

Dumitru, FG, McLerran, Venugopalan (2008)
Dusling, Fernandez-Fraile, Venugopalan (2009)
Dusling, FG, Lappi, Venugopalan (2009)

• η-independent fields lead to long range correlations :

R

Q
S
-1

• Particles emitted by different flux tubes are not correlated
⊲ (RQs)

−2 sets the strength of the correlation
correlation length in the transverse plane: ∆r⊥ ∼ 1/Qs

correlation length in rapidity (Y or η): ∆η ∼ 1/αs

to start with, this correlation is isotropic in ∆Φ
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From flux tubes to particles

At time τ ∼ 1/Qs, the glasma flux tubes break into particles (gluons)

Gluons emitted from the same flux tube are correlated with each other

François Gelis

2-hadron correlations

Early stages
Gluon saturation

Color Glass Condensate

Factorization

Ridge in the CGC
Color flux tubes

Ridge in Au-Au collisions

Ridge in p-p collisions

Summary

20

2-hadron correlations at RHIC

Dumitru, FG, McLerran, Venugopalan (2008)
Dusling, Fernandez-Fraile, Venugopalan (2009)
Dusling, FG, Lappi, Venugopalan (2009)

• η-independent fields lead to long range correlations :

vr

• Particles emitted by different flux tubes are not correlated
⊲ (RQs)

−2 sets the strength of the correlation

• At early times, the correlation is flat in ∆ϕ
A collimation in ∆ϕ is produced later by radial flow

correlation length in the transverse plane: ∆r⊥ ∼ 1/Qs

correlation length in rapidity (Y or η): ∆η ∼ 1/αs

in presence of radial flow, there is a bias leading to collimation in ∆Φ

B more particles along the radial velocity vr than perpendicular to it
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The Ridge in AA

A natural explanation for the ‘ridge’ :

di–hadron correlations long–ranged in ∆η & narrow in ∆φ

abundantly observed in AA collisions at RHIC and the LHC
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Figure 2: The steps involved in the extraction of the vn for 2-3 GeV fixed-pT correlation: a) the two-
dimensional correlation function (shown for |∆η| < 4.75 to reduce the fluctuations near the edge), b)
the one-dimensional ∆φ correlation function for 2 < |∆η| < 5 (re-binned into 100 bins), overlaid with
contributions from individual Fourier components as well as the sum, c) Fourier coefficient vn,n vs n,
and d) vn vs n. The bottom two panels show the full dependence of vn,n and vn on ∆η. The v1 is not
shown since it breaks the factorization from vn,n to vn of Eq. 13. The shaded bands in c)-f) indicate the
systematic uncertainties. The range 2 < paT, p

b
T < 3 GeV is chosen, since collective flow is expected to

be large in this range while the pair statistics are still high.
10

Integrate the data within slices of ∆η, perform a Fourier transform per
slice, then present vn as functions of ∆η, p⊥ and in bins of centrality

CERN Summer School 2011 QCD in Heavy Ion Collisions Cheile Grǎdiştei, Romania 11 / 1

Long–range correlations in rapidity (∆η) are created at early times
=⇒ they teach us about the initial conditions
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Boost invariance

The right variables: proper time τ and space–time rapidity η
Introduction

Bookkeeping

Classical fields

● Diagrammatic expansion

● Retarded propagators

● Classical fields

● Gluon spectrum at LO

● Glasma

● Generating functional

Factorization

Summary

CERN

François Gelis – 2007 Lecture III / IV – Hadronic collisions at the LHC and QCD at high density, Les Houches, March-April 2008 - p. 32

Boost invariance

■ Gauge condition : x+A− + x−A+ = 0

⇒ A±(x) = ± x± β(τ, η, ~x⊥)

η = const

τ = const

■ Initial values at τ = 0+ : Ai(0+, η, ~x⊥) and β(0+, η, ~x⊥) do
not depend on the rapidity η

⊲ Ai and β remain independent of η at all times

τ =
√
t2 − z2 , η =

1

2
ln
t+ z

t− z

Initial condition in τ

Why τ? – Time dilation
τ = 

t d

t

z

t
d

If the three fireballs all start out from t = 0, z = 0 and evolve exactly
the same way (e.g. thermalization), the state of the cyan at t = td is
the same as the state of the brown and magenta at τ = td
Appropriate “time” variable

Relativistic case: τ =
√

t2 − z2 = t
√

1 − v2
z is the most natural time

variable – Local time at z
Non-relativistic case: z = vz t � t ==> t is the the most natural time
variable.

Jeon (McGill) MUSIC 4 / 42

If the three fireballs all start out from t = 0, z = 0 and evolve exactly
the same way (e.g. thermalization), the state of the cyan at t = td is
the same as the state of the brown and magenta at τ = td

Long–range correlation in ∆η : ‘Little Bang’ + Boost invariance
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The Ridge in pp and pA

LHC : quite surprisingly, a ridge is also observed in p+p and p+A
events with unusually high multiplicity
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What is the origin of the azimuthal collimation ?

Can flow develop in such small systems (∼ 1 fm) ?

This might reflect the momentum correlations at early times (glasma)
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The thermalization puzzle

Is there a quark–gluon plasma in the intermediate stages of a HIC ?

this requires local thermal equilibrium
to equilibrate, particles need to efficiently exchange energy and
momentum
thermalization is not guaranteed for a system which expands and which
is weakly coupled

Just after the collision, the partonic matter is highly anisotropic

the glasma flux tubes have ‘negative longitudinal pressure’ :
they oppose to expansion (like a string of rubber)

Teq =




ε 0 0 0
0 ε/3 0 0
0 0 ε/3 0
0 0 0 ε/3


 Tinitial =




ε 0 0 0
0 ε 0 0
0 0 ε 0
0 0 0 −ε




in equilibrium: PT = PL = ε/3 ; in the early glasma: PT = ε = −PL
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The longitudinal expansion

The original anisotropy can be amplified by the longitudinal expansion
Introduction

Bookkeeping

Classical fields

● Diagrammatic expansion

● Retarded propagators

● Classical fields

● Gluon spectrum at LO

● Glasma

● Generating functional

Factorization

Summary

CERN

François Gelis – 2007 Lecture III / IV – Hadronic collisions at the LHC and QCD at high density, Les Houches, March-April 2008 - p. 32

Boost invariance

■ Gauge condition : x+A− + x−A+ = 0

⇒ A±(x) = ± x± β(τ, η, ~x⊥)

η = const

τ = const

■ Initial values at τ = 0+ : Ai(0+, η, ~x⊥) and β(0+, η, ~x⊥) do
not depend on the rapidity η

⊲ Ai and β remain independent of η at all times

Gluon production

Glasma instabilities

Resummation

Thermalization ?

● Numerical results

● Longitudinal expansion

● Anomalous transport

Link to Weibel instabilities

Summary

CERN

François Gelis – 2007 Lecture IV / IV – Hadronic collisions at the LHC and QCD at high density, Les Houches, March-April 2008 - p. 33

Longitudinal expansion

■ If nothing else happened, the distribution of produced
particles would quickly become very anisotropic :

⊲ if particles fly freely, only one longitudinal velocity can exist
at a given η : vz = tanh (η)

⊲ the longitudinal expansion of the system is the main
obstacle to local isotropyη =

1

2
ln
t+ z

t− z =
1

2
ln

1 + vz
1− vz

for a free particle (z = vzt)

if particles fly freely, only one longitudinal velocity can exist at a given
rapidity η : vz = tanh η = cos θ

longitudinal expansion is the biggest obstacle against isotropisation !
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Thermalization in perturbation theory

Particles can exchange energy and momentum through collisions.

Weak coupling: the dominant mechanism is 2 → 2 elastic scattering

Cross–section (σ) scales like |amplitude|2, hence like g4 ∼ α2
s

Mean free path (`) = average distance between successive collisions

` ∼ 1

density × σ ∼
1

α2
s

Typical equilibration time: τeq ∼ `/v ∼ 1/α2
s

Weakly coupled systems have large equilibration times ! /
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The role of the strong fields

Heisenberg’s uncertainty principle requires

mean free path ` & de Broglie wavelength λ ∼ 1

p

In general, weakly interacting systems have ` � λ

weakly coupled QGP, temperature T : λ ∼ 1/T while ` ∼ 1/[α2
sT ]

However, the situation can change for a particle interacting with a
strong electric, or magnetic, field, as in the glasma

domain of size Q−1s where the (chromo) magnetic field is |B| ∼ Q2
s/g

Lorentz force :
dp

dt
= gv ×B =⇒ θ̇ ∼ gB

p
∼ Qs

time spent in the domain τ ∼ Q−1s =⇒ ∆θ ∼ O(1)

Gluon production

Glasma instabilities

Resummation

Thermalization ?

● Numerical results

● Longitudinal expansion

● Anomalous transport

Link to Weibel instabilities

Summary

CERN
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Anomalous transport

Asakawa, Bass, Muller (2006)

■ Assume that αs =
g2

4π
≪ 1

■ Consider a domain of size Q−1
s , in which the magnetic field is

uniform and large, of order B ∼ Q2
s/g

■ Let a particle of energy E ∼ Qs go through this domain.
The Lorenz force deflects its trajectory by an angle of order
unity :

d~p

dt
= g ~v × ~B ⇒ θ̇ =

gB

E
∼ Qs

time spent in the domain : δτ ∼ Q−1
s

B

Mean free path ` ∼ Q−1s ∼ 1/p : as low as permitted by Heisenberg
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Thermalization at weak coupling & strong fields
(Epelbaum and Gelis, 2013)

Numerical solution to classical Yang–Mills eq. confirms the anisotropy
THE COLOR GLASS CONDENSATE [MCLERRAN, VENUGOPALAN (1993)]

Strong anisotropy at early time
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THOMAS EPELBAUM The onset of hydrodynamical flow in high energy heavy ion collisions 4 / 15

the saturation momentum Qs = g2µ sets the scale

τε = τ
(
2PT + PL) ≈ const. (longitudinal expansion)

τPL starts by being negative, then it becomes positive, but it remains
much smaller than τPT
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Thermalization at weak coupling & strong fields
(Epelbaum and Gelis, 2013)

However, this (boost–invariant) classical solution is unstable under
(rapidity–dependent) quantum fluctuations.

The fluctuations can be added to the initial conditionsNUMERICAL RESULTS [TE,GELIS 1307:2214]

αs = 8 10−4 (g = 0.1)
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THOMAS EPELBAUM The onset of hydrodynamical flow in high energy heavy ion collisions 12 / 15for very small g = 0.1, the solution preserves boost invariance, as at LO
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Thermalization at weak coupling & strong fields
(Epelbaum and Gelis, 2013)

However, this (boost–invariant) classical solution is unstable under
(rapidity–dependent) quantum fluctuations.

The fluctuations can be added to the initial conditionsNUMERICAL RESULTS [TE,GELIS 1307:2214]

αs = 2 10−2 (g = 0.5)
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THOMAS EPELBAUM The onset of hydrodynamical flow in high energy heavy ion collisions 13 / 15for g & 0.5, it approaches isotropy: PL/PT ' 0.7 ,
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