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High—energy factorization

006

Gribov, Levin, Ryskin 1983
Catani, Ciafaloni, Hautmann 1991

Ohy,h;—QQ = J d*kiy —— T, ki) Ak — F(xa, k1) Gy

dX]

dx, m? ki koo
X X, X1X28’ M m
to be applied in the 3-scale regime s > m* > Agcp

reduces to collinear factorization for s > m? > k?,
but holds also for s > m? ~ k5

unintegrated pdf F may satisfy BFKL-eqn, CCFM-eqn, BK-eqn, KGBJS-eqn, ...

typically associated with small-x physics
relevant for forward physics, saturation physics, heavy-ion physics. ..
k| gives a handle on the size of the proton

allows for higher-order kinematical effects at leading order
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High—energy factorization

Catani, Ciafaloni, Hautmann 1991

dx dx .
Oh;,h, —QQ = szku —1 ?(thu) dzku = ?(Xb ki1) Ggg(

X1 X2
+—C S

2
m-  Kyp Ky
X1X2s T M’ m

K %
! @000 x £}
A + +
@000 ox &b

Imposing high-energy kinematics,

k%t = X1€$ —|—k$J_ ; k; = X2€5L—|— kELJ_ with €1)2 . k]J_)ZJ_ =0 y

the amplitude for g*g* — QQ is gauge invariant.
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High—energy factorization

Catani, Ciafaloni, Hautmann 1991

dx dx .
Oh;,h, —QQ = szku —1 ?(thu) dzku = ?(Xb ki1) Ggg(

X1 X2
+—C S

2
m-  Kyp Ky
X1X2s T M’ m

K .%
! @000 x £}
A + +
@000 ox &b

Imposing high-energy kinematics,

k$:X1€$+k$J_ ; kEL:XZEEL—Fk;J_ with E])Z‘k]J_)ZJ_ =0 y
the amplitude for g*g* — QQ is gauge invariant.

Can this be generalized to arbitrary processes?
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Matrix elements

The issue:

High-energy factorization requires
matrix elements for parton-level
scattering process with off-shell ini-
tial states

k1 =x141 + k11

k) = x20r) + ko |

where {;,{, are light-like momenta
associated with the scattering
hadrons, and k;, k,, are perpendic-
ular to both ¢; and ¢,.
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Matrix elements

008

The issue:

High-energy factorization requires
matrix elements for parton-level
scattering process with off-shell ini-
tial states

k1 =x141 + k11

k) = x20r) + ko |

where {;,{, are light-like momenta
associated with the scattering
hadrons, and k;, k,, are perpendic-
ular to both ¢; and ¢,.

Matrix elements, squared and summed
over final-state spins, may be calculated
using spin amplitudes.

Amplitudes must be gauge invariant
e must be calculable in any gauge
e must satisfy Ward identities.
e must preferably be practical.

We cannot just take a prescription to
calculate on-shell matrix elements and
keep initial-state momenta off-shell, be-
cause we won’t have gauge invariance.
Using projectors

@ 000 o L
won’t be enough.

@000 o< &
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Lipatov's effective action

Lipatov 1995, Antonov, Lipatov, Kuraev,Cherednikov 2005

Effective action in terms of quarks 1\, { gluons v, and reggeized gluons A ...

L = Locp + Lind
- 1 1
Locp = PP + ST G, Dy=03+9gv, Gun= 5[DH, D,]

1 X
Cina = Tr{ga+ P exp (gj my)dy*) A (x)
1 g (™ - 2
+ aa Pexp —5 v_(y)dy - 02A L (x)

]
ky = = (CHK (@)Y =0")=0 -0 =2F

Reggeized gluon = gluon with momentum x{* + k.

Effective action —> vertices of arbitrary order.
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R e g g e On— g|U On V erti C e S Antonov, Lipatov, Kuraeyv, Cheredr;i(l;ggf

A \m/ Al = reggeon A

L

cycl. perm.
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R e g g e On— g|U On V erti C e S Antonov, Lipatov, Kuraeyv, Cheredr;i(l;ggf

A \m/ Al = reggeon A

L

cycl. perm.
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Dyson-Schwinger recurrence

5 g &  in &
5J(x) T 28] 6 8J(x)

(it~ ) ;) 2+ 10z0) =0

ZU] — €Xp (Z J dx;dx; - - - anGn(XhXZ) s )Xn) I(X1)I(X2) C I(Xn)

n
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Dyson-Schwinger recurrence

5 g & in &
5J(x) T 28] 6 8J(x)

(it~ ) ;) 2+ 10z0) =0

ZU] = €Xp (Z J dX] dXZ T anGn(XhXZ) o v )Xn) I(X1)I(X2) o I(Xn)>

n

ALPGEN, HELAC, O’'MEGA, CoMIX, CAMORRA, RECOLA, ...
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Recursive calculation of amplitudes

Tree-level amplitudes can be directly cal-
culated using the Dyson-Schwinger re-
cursive relations.

Theories with four-point vertices:

sy £

i+j=n i+Hj+k=n G

Theories with more types of currents:

=2

i+j=n

i+Hj=n 0

=2

=

Currents may have several components.
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Recursive calculation of amplitudes

Tree-level amplitudes can be directly cal- | ¢ distinguishable external lines corre-
culated using the Dyson-Schwinger re- spond to on-shell particles
cursive relations. — polarization vectors, spinors, 1

Theories with four-point vertices:

sy £

o= i+j+k=n 0 e vertices directly from Feynman rules
in momentum space

e sum of momenta of on-shell lines is
equal to momentum of off-shell line

Theories with more types of currents:
e off-shell line carries propagator from

Z Feynman rules, in any gauge

o e on-shell (n + 1)-leg amplitude

vt o — from current with n on-shell legs
— by omitting the final propagator

l—l—)Z—n — and contracting with pol.vec. or

spinor instead

Currents may have several components.
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Recursive computation
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Recursive computation ®=2

o -—<, -
«-=< -«

Vvl P A2 4 P

A A
A
A

AN -

oom| -
Il

__ For n external legs,
the asymptotic computational complexity is O(3"),

1 instead of O(n!) from the number of Feynman graphs. [ 2 4?13
—* 4 4+ 4
2
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Prescription for g* g* —> X

016
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Prescription for g* g* —> X

1. Consider the embedding qaqs — qaqsX
k] — X1€1 + k]L

PA PA’
1 1
2 — 2
n n
PB PB’

ky =x200 + k21
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Prescription for g* g* —> X

1. Consider the embedding gaqs — gagsX

ki =x18 + ko - -
1 1
— 2
n n
PB PB’

ko = x200 + kot

with momentum flow as if the momenta pa, pg of the initial-state quarks and
pas, pps Of the final-state quarks are given by

p;—t\:k%L ) szkg ) PE\/ZPE/:O°
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Prescription for g* g* —> X

1.

016

Consider the embedding qaqs — qaqsX

k] — X1€1 + k]L DA DA/
| |

-2 — -2

. n . n

PB PB’

ko = x200 + kot

with momentum flow as if the momenta pa, pg of the initial-state quarks and
pas, g Of the final-state quarks are given by

p?\:kkt y PEL:kEL y PK/:PEL/:O-

. Assign the spinors |{;], ({;] to the external A-quarks,

and assign if;/(2¢;-p) instead of ip/p? to the propagators on the A-quark line.
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Prescription for g* g* —> X

1. Consider the embedding qaqs — qaqsX

016

k] :X1€1 —I—k1L

PA Pa’
1 1
2 — 2
n n
PB PB’

ko = x200 + kot

with momentum flow as if the momenta pa, pg of the initial-state quarks and
pas, pp’ Of the final-state quarks are given by

p?\:kkt y szk; y P;L\/:PE/ZO-

. Assign the spinors |{;], ({;] to the external A-quarks,

and assign if;/(2¢;-p) instead of ip/p? to the propagators on the A-quark line.

. Do the same with the B quark line, using {, instead of ¢;.

Parton-level amplitudes for high—energy scattering | Andreas van Hameren | 20-11-2013 23



Prescription for g* g* —> X

1.

016

Consider the embedding qags — qaqgX
k] = X1€1 + k]L

PA Pa’
1 1
2 — 2
n n
PB PB’

ko = x200 + kot

with momentum flow as if the momenta pa, pg of the initial-state quarks and
pas, e’ Of the final-state quarks are given by

p;t\:ksk y szkﬁl y PEL\/:PE/:O-

. Assign the spinors |{;], ({;] to the external A-quarks,

and assign if;/(2¢;-p) instead of i/p? to the propagators on the A-quark line.

. Do the same with the B quark line, using ¢, instead of ¢;.

. Multiply the amplitude with g;'x;1/—k?, /2 x g;'x1/—k3,/2 .
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Prescription for g* g* —> X

1. Consider the embedding qaqs — gagsX

k] = X1€1 + k]L DA DA/
1 1
2 — 2
n n
PB PB’

ko = x200 + kot

with momentum flow as if the momenta pa, pg of the initial-state quarks and
pas, g Of the final-state quarks are given by

p;{:kﬂu ) szkg ) PX/:PEL/:O-

2. Assign the spinors |{;], (¢;] to the external A-quarks,
and assign if;/(2¢;-p) instead of ip/p? to the propagators on the A-quark line.

3. Do the same with the B quark line, using ¢, instead of ;.

4. Multiply the amplitude with g;'x;v/—k3, /2 x g5 'x27/—K3, /2.

5. For the rest, normal Feynman rules apply.
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Prescription for g* g* —> X

1.

016

Consider the embedding qaqs — qaqsX

ki =x14 + ki1 - -
] ]
2 = 2
n n
PB PB’

ko = x200 + kot

o ith]: In agreement with Lipatov’s effective action! | ™
Ay

p;t:kkt ) szkﬁt ) PX’ZPE/:O'

. Assign the spinors |{;], ({;] to the external A-quarks,

and assign if;/(2¢;-p) instead of ip/p? to the propagators on the A-quark line.

. Do the same with the B quark line, using {, instead of {;.

Multiply the amplitude with g;'x14/—k?, /2 x g5 'x24/—Kk3,/2 .

. For the rest, normal Feynman rules apply.
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Derivation

PA Par PA Par PA Par PA PA’
K1
— u T 4.
K, K, PB’
PB Ps’ PB Ps’ PB Ps’ PB

The embedding with on-shell quarks ensures gauge invariance.
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Derivation

Pa Par PaA Par PaA Par PA PA
K1
— u T 4.
K, K, PB’
PB 1%:1 PB 1%:1 PB 1%:1 PB

The embedding with on-shell quarks ensures gauge invariance.

High-energy factorization dictates that

PA—Par =Xl +Ki , ps—Pr = X2y + ko,

Now there is a freedom in the choice of the momenta pa, pa+, P, P5’-
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Derivation

Pa Par PaA Par PaA Par PA PA
K
— u T 4.
K, K, Pp
PB 1%:1 PB 1%:1 PB 1%:1 PB

The embedding with on-shell quarks ensures gauge invariance.
High-energy factorization dictates that

PA—pPar=x1li +kiL , ps—Ppr =%l + koo
Now there is a freedom in the choice of the momenta pa, pa+, P, P5’-

For every k" with k* < 0, there are an £} and k'| such that

=0 , b-k=0 , & -k =0

and k" =x{ + k|
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Derivation

Pa Par PaA Par PaA Par PA PA
K1
— u T 4.
K, K, PB’
PB 1%:1 PB 1%:1 PB 1%:1 PB

The embedding with on-shell quarks ensures gauge invariance.

High-energy factorization dictates that

PA—Par =x1l1+kiL , ps—pr =x20+ky

Now there is a freedom in the choice of the momenta pa, pa/, Ps, P5’-
High-energy factorization suggests that

paoxct; , ppock;

but this, together with on-shellness of pa, pa/, Pg, Ps’, is kinematically not possible.
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Derivation

Pa Par PaA Par PaA Par PA PA
K1
— u T 4.
K, K, Pp
PB 1%:1 PB 1%:1 PB 1%:1 PB

The embedding with on-shell quarks ensures gauge invariance.
High-energy factorization dictates that
pa—Par=xth+ki , pe—pe =x2l + koo

Now there is a freedom in the choice of the momenta pa, pa/, Ps, P5’-
High-energy factorization suggests that

paoct; , ppock;

but this, together with on-shellness of pA, pa/, P8, P/, is kinematically not possible.

Maybe it is possible in a certain limit...
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Derivation: complex momenta
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Derivation: complex momenta

for any value of the dimensionless parameter A.
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ly-k -k
P = (A4 x )t — 22 g ph S A 2T
f] °€z f] '€2
-k ly-k
Ph = (A+x)lh — =25 ph Al g
€1 °€2 €1 '€2
Now we have both the high-energy limit and on-shellness:
Phoph =l Kl ph—ph =l kL,
2 2 2 2 _
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Derivation: complex momenta

ly-k -k
P = (A4 x )t — 22 g ph S A 2T
21 -Ez f] '€2
-k ly-k
Ph = (A+x)lh — =25 ph Al g
K] -gz €1 'EZ
Now we have both the high-energy limit and on-shellness:
Pa—Pa =xli +kip pp— Py =Xl K5
2 2 2 2 _

for any value of the dimensionless parameter A.

/\—|—X]—|—K13

18], (parl = VIA — kgl (4]
VIAFx + ki3 (pal =V
A+ X+ Ky

VIA + %0 + Kyl

|PA] —
External spinors:

6], (pel = VIA — ka3 (&

|PB] —

34
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Derivation

019

AV

/\1/2<€1’

>

— ) —>

PA = (A +x1)l — k1383 p

Parton-level amplitudes for high—energy scattering | Andreas van Hameren | 20-11-2013
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Derivation

A]/Zlﬁ]] —> > > > A1/2<€1’
PA = (A +x1)l — k1383 % par = Ay + Kialy

Take the limit A — oo to remove imaginary momentum components.
e Auxiliary A-quark spinors give an overall factor A

e Further only the auxiliary quark line propagators are affected:

P (A+x )b typle +P0 A—r00 £ 18 £

7 J— J—

P2 2(A+x)yp b - b+ Pl 2y, -0 2-p 20 - (p—par)

e Demand of correct collinear limit for k;;, — O requires kinematical factor

X]\/—ki/z

e Completely analogously for B-quark line.
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Off-shell initial-state quarks
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Off-shell initial-state quarks

020
A

Effective action: Lipatov, Vyazovsky 2001 Nefedov, Saleev, Shipilova 2013
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Off-shell initial-state quarks

Effective action: Lipatov, Vyazovsky 2001 Nefedov, Saleev, Shipilova 2013

Our approach: embed the process

qA A. YA
u'g—ouX = qag — yauX auxiliary photon: {\N\A
u
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Off-shell initial-state quarks

Effective action: Lipatov, Vyazovsky 2001 Nefedov, Saleev, Shipilova 2013

Our approach: embed the process

qA A. YA
u'g—ouX = qag — yauX auxiliary photon: {\N\A
u

qa- '\N\/W\/’A
= u(k‘)\\ R -
g9
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Off-shell initial-state quarks

Effective action: Lipatov, Vyazovsky 2001 Nefedov, Saleev, Shipilova 2013

Our approach: embed the process

qA A. YA
u'g—ouX = qag — yauX auxiliary photon: {\N\A
u

Use same momentum decomposition for pa, pa- as for off-shell gluon.
What polarization vector for auxiliary photon?

U
negative helicity u-quark — (pu|, qa « [f], € = f%h[/g !éz]]
1142
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Analytic result for g*g->9gg

0 — g"(p1 + kr) g(p2) 9(p3) g(p4)
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)(23)(34)(41)
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)(23)(34)(41)
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Me20sas(] 2 3 4) = 295 Tr(TO TRTSTH) A(1,2,3, 4
| )= ZYI f ) A )
A(2,37,47) =0 A(2F.3747) = 0
o By @ )
) 4) — + a2 _
AL A =1006T Tomeeaan ot
L BKD 2 o
ALLSLA) =10 amEaEn
C ot gy 13IKT) 31]° bl g
AL = 1B amsaEn e
[1|VT|1>| _ (TIK+ ] ]
EER IR
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Analytic result for u*g->ug

0 — gl(p1) g(p2) ulpw) Wpa + k1)

M (1,2,u, @) = 2ig] | (T Te), - A(1, 2,0, @) + (T=T)

Juy) Jusy)u

A2, 1,1, u)}

]u Ju

A2 ) = e o
A2 ) = o 120
AT ®) = R
A2 ) = R
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Analytic result for u*g->ug

022
A

0 — gl(p1) g(p2) ulpw) Wpa + k1)

M (1,2,u, @) = 2ig] | (T Te), - A(1, 2,0, @) + (T=T)

Juwy)i Jus)u

A2, 1,1, u)}

]u Ju

A2 ) = e o

A2 ) =~ o

A2 @) = T AR

A2 ) = S

A2 ) = ol e
[T’

A(17,27,u",u') = [kl
u
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Summary

e We presented a prescription to evaluate tree-level scattering amplitudes with
off-shell initial-state partons, that can be readily applied in automatic calcula-
tions for arbitrary final states.

e Has been implemented into

— a C++ program LxJet ( Kotko ) for g*x, — xy1x,x3 with x; arbitrary par-
tons. Uses the fact that almost all gauge contributions vanish in a suitable axial
gauge.

— a Fortran program ( AvH ) for arbitrary processes.
to be public soon.

e Has been applied to a study of forward jets. More studies to follow.
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