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Thermal noise in heavy-ion collisions

Kapusta, Miiller, Stephanov: Thermal noise exists in viscous relativistic
fluids, represented by S/"” and S%” (in the Eckart frame) and S*¥ and

heat visc.

I* in the (Landau-Lifshitz frame).

2
K(An) <%(n + An)%(n)> - <%> , the two-particle correlation as a
function of rapidity gap, has a contribution from thermal noise.

Analytical calculations possible for the Bjorken expansion of an
ultrarelativistic gas.



Thermal noise in ultrarelativistic gases
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The relations between Green functions

The effect of perturbations on every physical quantity is determined by a
specific Green function:

» Given 5H fd3XJ t)o ( t), <5¢A>> = fd4X/GR(X—X/)j(X/)v
where GR(X) = —if(t) <[<ZA5( ), &( )]>

» For the same 5H t), tranS|t|on rates determined with

N

Go(t) = —i [ dt <¢> > = G(~t).

> Variances determined with Gs(t) = 1 <{¢A>(t),$(0)}>

In x and t, several Green functions exist, each with their own domain of
applicability.
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The relations between Green functions

Relationships become clearer in Fourier space:

tnGe(w) = 5 | -1 [ deote)e’ ([6(2).500))
i [[aeoiege e (3o, 601) | = 3| [ e o (i, b))
+ [aotere = (180000 | =3 [ e e (o). 401
= 5= [a e (3060
X )

2

Hermiticity and the KMS relation lead to algebraic relations between
Green functions in Fourier space.



The relations between Green functions

Going between coordinate and momentum space relates physics to facts
from complex analysis:

Coordinate space | Momentum space
Causality | Analyticity of Gg(w) in the upper-half plane
KMS relation | Detailed balance
Fluctuation-dissipation | Gs(w) = —(1 + 2ng(w))ImGr(w)

In particular the correlation function Gs = 1 <{¢A>(t), qg(O)}> (fluctuations)

have an easy relationship to ImGg(w) (the dissipation) in momentum
space.
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Viscosity and thermal noise

“Why didn't | notice thermal noise in liquids before?”

i , 3/2 2 ..
1 ! ~ T m(e+ + 2 5ij.
({00 (x). 00 (0)}) ~ o () exp (— (o3 25
For non-relativistic gases, e + p ~ p, making T /p tiny.

e 4nlt|
For ultrarelativistic gases, otp

interest.

often small compared to length scales of

In heavy-ion collisions, length and time scales ~ 1 fm ~ % e~ pr T4,

s ~ T3: no mass scale exists to suppress the importance of fluctuations,
only the smallness of /s can.
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Noise and observables

Now THY = Thy + 6 TH:

Each solution for a given d T#” corresponds to one event at a heavy-ion
collider. The ensemble of § T# is approximated by a data set. Most
observables are averages of these sets.

(0 TH”) = 0 — hydrodynamical noise has no effect on one-particle
observables dN/dpt, dN/dy, averaged over many events.

(6TH§TP) # 0 — noise affects two-particle correlations even after
averaging over events.

6 TH # 0 — noise drives non-trivial variance of all observables, within a
centrality class.



The shape of second-order noise
The Israel-Stewart formalism of the hydrodynamical equations
O (T +0WH) = 0

idea
1

Tr

(u-)W™ = ——(Wm —nm),

where MM = nAHu” + A”ut — 2(9 - u) AP is the first-order viscous
energy-momentum and 7, is the relaxation time. What is the correlation
function for thermal noise here?

Noise in energy-momentum: THY 4 =HV:
Current conservation (0,(T"” + =) = 0) and the fluctuation-dissipation
relation give the autocorrelation of thermal noise (in the fluid rest frame):

(70 (x) + () (1:0:24(x') + Z9(x)) )

= [2nT (6™ 4 67 57) + 2(¢ — 2n/3) T575)6%(x — X').
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Colored noise in numerical simulations

This makes the noise autocorrelation colored:

(ZIZ()) = [nT(6%S" + 6"6%) + 2(C — 20/3) To8]
X 53(X—X/)eXp(_‘;;t'!/Tﬂ);

the noise decorrelates slowly in time. Numerically, it is easier to use the
first equation to define a differential equation for =+":

Tﬂ-EMV ( 7% gul/)

where £*¥ is now white noise.
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MUSIC for 3+1-dimensional viscous hydrodynamics

Noise breaks boost invariance
— (3+1)-dimensional simulation

1=6.0 fm/c, ideal

necessary for K(An, Ag). 10
Fluctuations related to dissipation 5
— viscous hydrodynamics necessary. —
£ o
MUSIC (Schenke, Jeon, and Gale) >
solves the Israel-Stewart model of -5
viscous hydrodynamics in (7, x,y,n),
uses lattice EOS, determines 10
3-dimensional freeze-out surface for 10 -5 0 5 10

hadron production. X [fm]
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Calculating linearized fluctuations numerically

Thermal noise has been calculated in the limit of linear response: the
equations for § T/ and W' = WH 4 = should be linearized:
O 0TY = —0;6 Ty — 0, oW,

ug(;) SW™H = —(ug - V)SW'H

Ag(yAOﬂ( (5wl(v’3 Suﬂ - g(yg)
*5(3- o) S WP — g(g) . (5u)W§’S),

The equations are discretized: £(x) — & = xpaz J d*xE(x)
(E()EX) o 8% (x = x') = (€'¢) x zyze:

hyperbolic equations with large gradients and sources.
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MUSIC with noise: some first results
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dP/P(x,y,T), in a 10-20% Pb+Pb collision.

14 /20



MUSIC with noise: some first results
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SP/P(y,n,7), in a 10-20% Pb+Pb collision.
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One-particle observables

(=*) = 0: averaging 70 runs,
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The variance of v,

(To-T) 4 2T

€p = {Tor T T T added in quadrature:
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Conclusions

» Hydrodynamical noise in heavy-ion collisions produces a quiet but
important correlation in heavy-ion collisions, capable of providing
independent measurements of viscosity.

» Thermal noise contributes to event-by-event variance of v;.

» Simulations with initial and freeze-out fluctuations necessary to find
signal of hydrodynamical noise in experimental observables.
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