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∼ 1 ∼ αs/v ∼ (αs/v)2 ∼ (αs/v)3

v ∼ αs � 1

Threshold	
  region	
  (qualita2vely):	
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Threshold	
  cross	
  sec2on	
  (schema2cally):	
  

+ + + + . . .

∼ 1 ∼ αs/v ∼ (αs/v)2 ∼ (αs/v)3

v ∼ αs � 1

σ ∼
�

k

�
αs

v

�k

×
�
1 (LO); αs, v (NLO); α2

s , αsv, v
2 (NNLO); . . .

�
“Fixed	
  order”:	
  

resumma2on	
  of	
  Coulomb	
  singulari2es	
  



σ ∼
�

k

�
αs

v

�k �

i

(αs ln v)i ×
�
1 (LL); αs, v (NLL); α2

s , αsv, v2 (NNLL); . . .
�
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Threshold	
  cross	
  sec2on	
  (schema2cally):	
  

+ + + + . . .

∼ 1 ∼ αs/v ∼ (αs/v)2 ∼ (αs/v)3

v ∼ αs � 1

Renormaliza2on	
  group	
  improved:	
  

resumma2on	
  of	
  large	
  logs	
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Phenomenology:	
  

+ + + + . . .

∼ 1 ∼ αs/v ∼ (αs/v)2 ∼ (αs/v)3

v ∼ αs � 1

•  ]bar	
  threshold	
  @	
  ILC	
  

•  bo]om	
  mass	
  from	
  large-­‐n	
  sum	
  rules	
  	
  

•  Heavy	
  Quarkonia:	
  spectrum,	
  decays	
  

•  	
  	
  	
  	
  	
  	
  	
  ,	
  BSM,	
  ...	
  t̄tH

talk	
  by	
  Piclum	
  

talk	
  by	
  Penin	
  

talk	
  by	
  Steinhauser	
  

talk	
  by	
  Kiyo	
  



•  Top-­‐an2top	
  threshold	
  @	
  ILC	
  

•  Total	
  cross	
  sec2on	
  at	
  NNLL	
  

•  QCD	
  uncertain2es	
  

•  ]bar	
  threshold	
  in	
  WHIZARD	
  

•  Bo]om	
  mass	
  from	
  large-­‐n	
  sum	
  rules	
  

•  Summary	
  

Outline	
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  threshold	
  scan:	
  t̄t

Experiment	
  (simula2on):	
  

∆mt < 100 MeV

∆Γt ∼ 30 MeV

[Mar2nez,	
  Miquel,	
  ‘02]	
  

∆αs ∼ 0.001

[Seidel,	
  Simon,	
  Tesar,	
  Poss	
  ‘13]	
  

∆σtot/σtot � 3%
Theory	
  goal:	
  

∆yt/yt ∼ 10%

[Horiguchi	
  et.	
  al.	
  ‘13]	
  

[Seidel,	
  Simon,	
  Tesar,	
  Poss,	
  ‘13]	
  

renormalon	
  
	
  	
  	
  	
  	
  	
  free!	
  

Top-­‐an2top	
  threshold	
  @	
  ILC	
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  threshold	
  scan:	
  t̄t

Top-­‐an2top	
  threshold	
  @	
  ILC	
  

•  Nonpert.	
  effects	
  suppressed	
  
	
   	
  	
  	
  	
  	
  [Fadin,	
  Khoze,	
  ‘87]	
  

•  No	
  sharp	
  resonance	
  peaks	
  

[Seidel,	
  Simon,	
  Tesar,	
  Poss,	
  ‘13]	
  

Γt ≈ 1.5 GeV� ΛQCD

•  Nonrela2vis2c	
  regime	
  

•  Mul2ple	
  scales	
  

v ∼ 0.1� 1
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Problem	
  of	
  large	
  logarithms:	
  

Solu2on:	
  

Two	
  renormaliza2on	
  scales:	
   µs = mν, µu = mν2 “v”NRQCD	
  

ν “subtrac2on	
  velocity”	
  

RGE’s	
  resum	
   [αs ln v]n , αs [αs ln v]n , α2
s [αs ln v]n ...	
  	
  terms	
  

LL	
   NLL	
   NNLL	
  

m � �p∼mv � Ekin∼mv2

hard	
   som	
   ultrasom	
  

αs ln(E2/m2), αs ln(p2/m2), αs ln(E2/p2) ∼ αs ln v ∼ 1
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Total	
  cross	
  sec2on	
  at	
  NNLL	
  	
  



vNRQCD	
  

som	
  gluon:	
  kµ∼mv

ultrasom	
  gluon:	
  

poten2als:	
  

effec2ve	
  produc2on/annihila2on	
  current:	
  

kµ∼(mv2,mv)

power	
  coun2ng	
  	
  
	
  	
  in	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  v ∼ αs

Vc Vr,2,k

+ ...+

�

[Luke,	
  Manohar,	
  	
  
Rothstein,	
  ‘00]	
  

c1	
  

nonrel.	
  quark:	
  kµ∼(mv2,mv)

kµ∼mv2

12.11.2014	
   Maximilian	
  Stahlhofen	
  -­‐	
  DESY	
   QWS2014	
  	
  -­‐	
  	
  11	
  

Total	
  cross	
  sec2on	
  at	
  NNLL	
  	
  



σtot∼ Im
�

�

+ + +

+ +

+ +...+ +...+

+ ...+

+...

+ ...

Vr,2,k

+...

c1 Vc

vNRQCD	
  

som	
  gluon:	
  kµ∼mv

ultrasom	
  gluon:	
  

poten2als:	
  

effec2ve	
  produc2on/annihila2on	
  current:	
  

kµ∼(mv2,mv)

power	
  coun2ng	
  	
  
	
  	
  in	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  v ∼ αs

Vc Vr,2,k

+ ...+

�

[Luke,	
  Manohar,	
  	
  
Rothstein,	
  ‘00]	
  

c1	
  

nonrel.	
  quark:	
  kµ∼(mv2,mv)

kµ∼mv2
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Total	
  cross	
  sec2on	
  at	
  NNLL	
  	
  



[Hoang,	
  Manohar,	
  Stewart,	
  Teubner,	
  2002]	
  

[Pineda,	
  Signer,	
  2006]	
  

[Beneke,	
  Kiyo,	
  Schuller,	
  2007]	
  

NNLL	
  known	
  ✓	
  

N3LO	
  known	
  ✓	
  

Total	
  cross	
  sec2on	
  at	
  NNLL	
  	
  

σtot(s)∼ Im
�
c1(ν)2 · G(0, 0,E, ν) + . . .

�
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talk	
  by	
  Piclum	
  

[Beneke,	
  Piclum,	
  Rauh,	
  Kniehl,	
  Penin,	
  Smirnov,	
  	
  
	
  Steinhauser,	
  Anzai,	
  Kiyo,	
  Sumino,	
  Smirnov]	
  

[Hoang,	
  Stewart,	
  2003]	
  
[Pineda,	
  2001]	
  



Total	
  cross	
  sec2on	
  at	
  NNLL	
  	
  

current	
  
matching	
  

σtot(s)∼ Im
�
c1(ν)2 · G(0, 0,E, ν) + . . .

�
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NLO	
  known	
  ✓	
  

NNLO	
  known	
  ✓	
  

N3LO	
  known	
  ✓	
  

[Luke,	
  Manohar,	
  Rothstein,	
  2000]	
  

[Czarnecki,	
  Melnikov,	
  1997]	
  

[Marquard,	
  Piclum,	
  Seidel,	
  Steinhauser,	
  2013]	
  

[Beneke,	
  Signer,	
  Smirnov,	
  1997]	
  



Total	
  cross	
  sec2on	
  at	
  NNLL	
  	
  

[Luke,	
  Manohar,	
  Rothstein;	
  2000]	
  
[Pineda;	
  2002]	
  	
  [Hoang,	
  Stewart;	
  2003]	
  

NLL:	
  

current	
  
renormaliza2on	
  

c1	
   V	
  

LL	
  

σtot(s)∼ Im
�
c1(ν)2 · G(0, 0,E, ν) + . . .

�
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Total	
  cross	
  sec2on	
  at	
  NNLL	
  	
  

σtot(s)∼ Im
�
c1(ν)2 · G(0, 0,E, ν) + . . .

�

NNLL:	
  
c1	
   V	
  

NLL	
  
current	
  

renormaliza2on	
  
“mixing”	
   “nonmixing”	
   [Hoang,	
  ‘03]	
  

usom	
  

som	
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Total	
  cross	
  sec2on	
  at	
  NNLL	
  	
  

σtot(s)∼ Im
�
c1(ν)2 · G(0, 0,E, ν) + . . .

�

NNLL:	
  
c1	
   V	
  

NLL	
  
current	
  

renormaliza2on	
  
“mixing”	
   “nonmixing”	
  

renormalize	
  

[Hoang,	
  MS,	
  2006/2011]	
  
[Pineda,	
  2011]	
  

[Hoang,	
  ‘03]	
  

usom	
  

usom:	
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Total	
  cross	
  sec2on	
  at	
  NNLL	
  	
  

σtot(s)∼ Im
�
c1(ν)2 · G(0, 0,E, ν) + . . .

�

NNLL:	
  
c1	
   V	
  

NLL	
  
current	
  

renormaliza2on	
  
“mixing”	
   “nonmixing”	
  

renormalize	
  

[Hoang,	
  ‘03]	
  

som:	
  

som	
  

NLL	
  only	
  for	
  spin-­‐dependent	
  V	
  
	
  
NLO	
  known	
  ✓	
  	
  	
  	
  	
  	
  	
  	
  N3LO	
  logs	
  complete	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  2ny	
  effect!	
  

[Penin,Pineda,Smirnov,Steinhauser	
  ‘04]	
  

αs(mv) < αs(mv2)
som	
   usom	
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Total	
  cross	
  sec2on	
  at	
  NNLL	
  	
  

σtot(s)∼ Im
�
c1(ν)2 · G(0, 0,E, ν) + . . .

�

0.1 0.2 0.3 0.4 0.51.00

1.02

1.04

1.06

1.08

1.10

1.12
[Hoang,	
  MS,	
  ‘13]	
  

c1(ν)
c1(1)

NLL	
  

NNLL	
  

uncertainty	
  from	
  unknown	
  
som	
  mixing	
  terms	
  

N3LO	
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ν



ν∗ = 0.05 + |veff |

QCD	
  uncertain2es	
  

µhard = hm

µsoft = hmν

µusoft = hmν2

scale	
  varia2on:	
  

default	
  choice:	
  

matching	
  scale:	
  

renormaliza2on	
  scales:	
  

h = 1

mν2
∗/2 ≤ µusoft ≤ 2mν2

∗

“Unphysical”	
  scales:	
  

0.5 1.0 1.5 2.0
0.5

1.0

1.5

2.0

ν

ν∗

h

1/2 ≤ h ≤ 2

veff =

�√
s− 2m− iΓt

m
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NLL	
  

√
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σ
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1/2 ≤ h ≤ 2

mν2
∗/2 ≤ µusoft ≤ 2mν2

∗

M1S
t = 172 GeV, Γt = 1.5 GeV

QCD	
  uncertain2es	
  

δσ/σ ≈ 5 %NNLL	
  peak:	
  

[Hoang,	
  MS,	
  ‘13]	
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stable	
  peak	
  posi2on	
   20<δm<100 MeV
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NLL	
  

√
s (GeV)

σ
(p

b)

M1S
t = 172 GeV, Γt = 1.5 GeV

QCD	
  uncertain2es	
  

alterna2ve	
  error	
  es2mate:	
  
1/2	
  size	
  of	
  correc2on	
  

[Hoang,	
  MS,	
  ‘13]	
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δσ/σ ≈ 5 %NNLL	
  peak:	
  
stable	
  peak	
  posi2on	
   20<δm<100 MeV



Implementa2on	
  of	
  NLL	
  ]bar	
  	
  
threshold	
  in	
  the	
  WHIZARD	
  event	
  	
  
generator:	
  
	
  
ü  4-­‐par2cle	
  final	
  state	
  (WWbb)	
  

ü  Fully-­‐differen2al,	
  arbitrary	
  exp.	
  
	
  	
  	
  	
  	
  cuts	
  possible	
  
	
  
ü  All	
  ew.	
  background&interference	
  
	
  	
  	
  	
  	
  effects	
  
	
  
ü  Beam	
  structure	
  effects	
  included	
  

•  uses	
  TOPPIK	
  code	
  	
  

•  Matching	
  to	
  rela2vis2c	
  NLO	
  con2nuum	
  (WHIZARD@NLO):	
  	
  	
  WIP	
  

]bar	
  threshold	
  in	
  WHIZARD	
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WHIZARD	
  v2.2.3	
  unofficial	
  

NLL,	
  no	
  structure	
  
Circe	
  beamstrahlung	
  	
  
QED	
  ISR	
  	
  
ISR	
  +	
  beamstrahlung	
  

[Bach,	
  Hoang,	
  Reuter,	
  MS,	
  Teubner]	
  

[Jezabek,	
  Teubner]	
  



Bo]om	
  mass	
  from	
  large-­‐n	
  sum	
  rules	
  
	
  

µhard = hm

µsoft = hmν

µusoft = hmν2

0.75 ≤ h ≤ 1/0.75scale	
  varia2on:	
  

Pexp
10 = Pth

10(M
1S
b ) M1S

b

default	
  choice:	
  

matching	
  scale:	
  

renormaliza2on	
  scales:	
  

h = 1

mν2
∗/2 ≤ µusoft ≤ 2mν2

∗

ν∗ = 1/
√

n + 0.2 0.5 1.0 1.5 2.0
0.5

1.0

1.5

2.0

ν

ν∗

h

4.73	
  

4.7	
  

4.67	
  

4.7	
  

4.76	
  

4.79	
  

4.82	
  

4.85	
  

4.88	
  
4.91	
  

4.94	
  
4.97	
  

Pn =
� ∞

0

ds

sn+1
Rbb̄(s)

Fit	
  for	
  n=10:	
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NNLO	
  
LO	
  

NLO	
  

Fixed	
  order	
  result	
   RGI	
  result	
  

	
  RGI	
  result	
  (n=10):	
  

:	
  MS

NNLL	
  
LL	
  

NLL	
  

m̄b(m̄b) = 4.235± 0.055pert ± 0.003exp GeV

M1S
b = 4.755± 0.057pert ± 0.009αs ± 0.003exp GeV

αs = 0.1183± 0.0010

Bo]om	
  mass	
  from	
  large-­‐n	
  sum	
  rules	
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[Hoang,	
  Ruiz-­‐Femenia,	
  MS,	
  ’12]	
  

[mc	
  =	
  0]	
  



To	
  do:	
  	
  NNLL	
  +	
  N3LO	
  ...	
  	
  

	
  
	
  
•  NNLL	
  NRQCD	
  correc2ons	
  ✔



•  precise	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  from	
  	
  	
  	
  	
  	
  	
  	
  threshold	
  @	
  ILC:	
  




-  NNLL	
  uncertain2es:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (peak),	
  
-  Implementa2on	
  	
  of	
  NLL	
  	
  	
  	
  	
  	
  	
  	
  threshold	
  in	
  WHIZARD:	
  	
  WIP	
  

Summary	
  

σtot ∼ Im
�
c1(ν)2 · G(0, 0,E, ν)

�
+ . . .

δσ/σ ≈ 5 %
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mt, yt, αs, Γt

t t̄

t t̄

m̄b(m̄b) = 4.235± 0.055pert ± 0.003exp GeV
•  bo]om	
  mass	
  from	
  NNLL	
  large-­‐n	
  sum	
  rules:	
  

20<δm<100 MeV



Backup	
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Running	
  Current	
  

ln
�c1(ν, h)
c1(1, h)

�
= ξNLL(ν, h) +

�
ξNNLL
m (ν, h) + ξNNLL

nm (ν, h)
�

+ . . .



Phase	
  space	
  cuts	
  
e−

e+

γ, Z
t

t̄

Invariant	
  mass	
  cuts:	
  

∆M

��

∆M
dp0d|p| p2 Γ2

t

|E
2 + p0 − p2

2m + iΓt
2 |2 |E

2 − p0 − p2

2m + iΓt
2 |2

m−∆M ≤Mt,t̄ ≤ m+∆M

2∆M

•  remove	
  unphysical	
  PS	
  
	
  	
  	
  	
  	
  	
  (largest	
  NLO	
  EW	
  effect!)	
  
•  suppress	
  non-­‐resonant	
  
	
  	
  	
  	
  	
  	
  background	
  

Phase	
  space:	
  

double	
  resonant	
  
NRQCD	
  valid!	
  

single	
  resonant	
  

non-­‐resonant	
  

[Hoang,	
  Reisser,	
  Ruiz-­‐Femenia,	
  ’10]	
  

12.11.2014	
   Maximilian	
  Stahlhofen	
  -­‐	
  DESY	
   QWS2014	
  	
  -­‐	
  	
  29	
  



340 342 344 346 348
0.0

0.5

1.0

1.5

δσ/σ ≈ 5 %

LL	
  

NNLL	
  

NLL	
  

√
s (GeV)

σ
(p

b)

1/2 ≤ h ≤ 2

mν2
∗/2 ≤ µusoft ≤ 2mν2

∗

NNLL	
  peak:	
  

M1S
t = 172 GeV, Γt = 1.5 GeV

∆M =∞

[Hoang,	
  MS,	
  ‘13]	
  

Phase	
  space	
  cuts	
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340 342 344 346 348
0.0

0.5

1.0

1.5

δσ/σ ≈ 5 %

LL	
  

NNLL	
  

NLL	
  

√
s (GeV)

σ
(p

b)

1/2 ≤ h ≤ 2

mν2
∗/2 ≤ µusoft ≤ 2mν2

∗

NNLL	
  peak:	
  

M1S
t = 172 GeV, Γt = 1.5 GeV

[Hoang,	
  MS,	
  ‘13]	
  

∆M =15 GeV

shim	
  by	
  
≈0.1	
  pb	
  

Phase	
  space	
  cuts	
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344.0 344.1 344.2 344.3 344.4 344.5

s �GeV�

LL	
  

NNLL	
  

NLL	
  

1/2 ≤ h ≤ 2 mν2
∗/2 ≤ µusoft ≤ 2mν2

∗

Uncertainty	
  for	
  peak	
  posi2on:	
   M1S
t = 172 GeV, Γt = 1.5 GeV

renormalon	
  
cancela2on	
  
at	
  work!	
  

Phase	
  space	
  cuts	
  

∆M =30 GeV

[Hoang,	
  MS,	
  ‘13]	
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344.0 344.1 344.2 344.3 344.4 344.5

s �GeV�

� 4 δM1S
t

LL	
  

NNLL	
  

NLL	
  

1/2 ≤ h ≤ 2 mν2
∗/2 ≤ µusoft ≤ 2mν2

∗

Uncertainty	
  for	
  peak	
  posi2on:	
   M1S
t = 172 GeV, Γt = 1.5 GeV

renormalon	
  
cancela2on	
  
at	
  work!	
  

Phase	
  space	
  cuts	
  

∆M =30 GeV

[Hoang,	
  MS,	
  ‘13]	
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Experimental	
  data	
  

4 ≤ n ≤ 10Pn =
� ∞

0

ds

sn+1
Rbb̄(s)Large	
  n	
  sum	
  rule:	
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10.6 10.7 10.8 10.9 11.0 11.1 11.2 11.3
0.0

0.1

0.2

0.3

0.4

0.5

0.6

s !GeV"

R b
!s"

9.4 9.5 9.6 9.7 9.8 9.9 10. 10.1 10.2 10.3 10.4 10.5 10.6
0.0

0.1

0.2

0.3

0.4

0.5

0.6

R b
�s�

√
s (GeV)

Υ(1S) Υ(3S)Υ(2S)

pQCD	
  

[BABAR	
  2009]	
  

Υ(4S)

“smearing”	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  over	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

∆E∼m/n

•  Nonperturba2ve	
  effects	
  suppressed	
  for	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

•  Average	
  (rela2ve)	
  b-­‐quark	
  velocity	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  v ∼ 1/
√

n� 1

Coulomb	
  singulari2es:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  large	
  logs:	
  	
  
vNRQCD	
  

�

(αs/v)r (αs ln v)r
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Results	
  
Comparison	
  of	
  n-­‐th	
  moment	
  fits:	
  

5 10 15 20
4.65

4.70

4.75

4.80

4.85

4.90
M
1
S
�GeV

�

n	
  

	
  RGI	
  result	
  (n=10):	
  

:	
  MS m̄b(m̄b) = 4.235± 0.055pert ± 0.003exp GeV

M1S
b = 4.755± 0.057pert ± 0.009αs ± 0.003exp GeV

αs = 0.1183± 0.0010
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[Hoang,	
  Ruiz-­‐Femenia,	
  MS,	
  ’12]	
  


