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Hadron masses and decay 
constants for gold-plated 
mesons are the simplest 
calculations in lattice QCD.  
Those known experimentally 
can test Standard Model and 
determine parameters at the 
1% level. 

Lattice QCD calculations

New ‘second 
generation’ lattice 
QCD calculations 
include physical u/
d quarks in the sea



Hadron correlation functions (‘2point functions’) give 
masses and decay constants. 
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decay constant parameterises amplitude to annihilate - a 
property of the meson calculable in QCD. Relate to 
experimental decay rate. 1% accurate experimental info. 

for f  and m for many mesons! 
Need accurate determination 
from lattice QCD to match
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Parameters for ‘second generation’ gluon configurations 
being used

real 
world

mass 
of u,d 
quarks

Volume:

mu,d ⇡ ms/10

mu,d ⇡ ms/27

“2nd generation” 
lattices inc. c 
quarks in sea

m⇡L > 3

HISQ = Highly 
improved 
staggered quarks -
very accurate 
discretisation 

135 MeV
m⇡0 =

E.Follana et al, 
HPQCD, hep-lat/
0610092.
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The gold-plated meson spectrum 

2008

1207.5149; 
0909.4462

HPQCD 
1008.4018 
error 3 MeV 
- em effects 
important!

HPQCD 
1112.2590

 2011

older predcns: I. Allison et al, hep-lat/0411027, A. Gray et al, hep-lat/0507013
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from full lattice QCD 
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Experiment : weak decays
                    : em decays
Lattice QCD : predictions   
                        postdictions

Aim for same ‘overview’ of decay 
constants

Results for vectors harder than pseudoscalars. Complete 
calculation for bottomonium now done - discuss here

HPQCD,
1208.2855

HPQCD:
1311.6669

HPQCD,
1408.5768!
*NEW*



• Use radiatively improved lattice O(v4) NRQCD for b 
quarks. b quark mass tuned nonperturbatively. HPQCD,

1110.6887; 
1303.3234• Work on MILC configurations including 

physical u, d, s and c quarks in the sea. 3 values of 
lattice spacing fixed from
• Calculate vector bottomonium correlators, av. over 
gluon fields and fit as a function of time to extract 
ground-state energy and amplitude.
• Key issue is matching NRQCD vector current to 
contnm. 

JV = ZV (J
(0)
V,NRQCD + k1J

(1)
V,NRQCD)
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Use continuum QCD perturbation theory through NNNLO 
for moments of vector correlator to fix normalisation
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Allows calculation of  Upsilon ‘decay constant’:
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h0|JV |⌥i

= f⌥M⌥

Correlator 
amplitude 
for 
ground-
state

f⌥ = 0.649(31)GeV
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= 1.19(11)keV

from �e+e� = 1.340(18)keV



Obtain result for excited Upsilon by taking ratio of excited 
to to ground-state amplitude so that ZV cancels.
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Can also determine moments for comparison to those  
determined from 

0 0.005 0.01 0.015 0.02 0.025

a2(fm2)

0

0.1

0.2

0.3

0.4

0.5

0.6

[G
n
]1

/
(n

�
2)

(G
eV

�
1
)

n = 4

n = 6

n = 8

n = 10

ml/ms = 0.2

ml physical
experiment

❍  CLEO (1985)/1.28
▼  BABAR (2009)
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Figure 1: Comparison of rescaled CLEO data for Rb with BABAR data. [13, 26]. The black
bar on the right corresponds to the theory prediction [27].

n Mres,(1S-4S)
n Mthresh

n Mcont
n Mexp

n

×10(2n+1) ×10(2n+1) ×10(2n+1) ×10(2n+1)

1 1.394(23) 0.287(12) 2.911(18) 4.592(31)
2 1.459(23) 0.240(10) 1.173(11) 2.872(28)
3 1.538(24) 0.200(8) 0.624(7) 2.362(26)
4 1.630(25) 0.168(7) 0.372(5) 2.170(26)

Table 3: Moments for the bottom quark system in (GeV)−2n

for a sizable fraction of the final error on mb in the analysis of [6]. This measurement had been
superseded by a measurement of BABAR [26] with a systematic error around 3%. In [13] the
radiative corrections were unfolded and used to obtain a significantly improved determination
of the moments. These BABAR data are shown in Fig. 1 together with the theory prediction
based on pQCD in O(α2

s). Observing that Rb flattens off above 11.1GeV one should expect
agreement between pQCD and experiment. The result for the region above 11.1GeV is shown
in Fig. 2, again with the theory prediction.

Taking the average of the data points above 11.1 GeV one finds Rb = 0.32 with negligible
statistical and uncorrelated systematical errors. The correlated systematical error is quoted
to be 3.5%. In [6] and [13] data and pQCD were taken at face value for

√
s below and above

11.2 GeV, respectively (with linear interpolation between the last data point Rb(11.2062GeV) =
0.331 and the pQCD prediction RpQCD

b (11.24GeV) = 0.387). This leads to the moments and
the quark masses as shown in Tabs. 3 and 4, respectively.

This procedure is based on the assumption that pQCD is valid in the region above ∼ 11.2 GeV.

4

Mn =

Z
ds

sn+1
Rb(s)

Chetyrkin et al, 1010.6157

�(e+e� ! hadrons)

Results from NRQCD 
agree well - errors 
~5%

(see 2% test for c in 1208.2855) 

ALSO: b contribn to muon g-2 : 0.27(4) x 10-10



Can also determine mb
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moments:
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Obtain: 
mb(mb, nf = 5)

= 4.196(23)GeV

Good agreement between 
different lattice results. 
Weighted average (grey 
band): 

= 4.184(15)GeV

1408.5768

1408.4169

1302.3739

1311.2837



Conclusions

Future

• Calculations of Upsilon(1S) and Upsilon(2S) leptonic 
widths show good agreement with experiment with ~10% 
uncertainty. 
• Calculation of Re+e- moments with same correlators also 
a  good test

• mb determination is one of best: 4.196(23) GeV

• Improve NRQCD vector current to the same level as 
NRQCD action is improved i.e. 
• Should also improve mb - possible to halve error using 
existing perturbation theory and improving lattice calc. ? 

↵sv
4



Error budget : 
  HPQCD, B. Colquhoun et al, 1408.5768

8

terms containing �x
m

allow for discretisation e↵ects with
dependence on the b quark mass in the NRQCD action by
modelling this with a linear and quadratic term. �x

m

is
chosen to vary from -0.5 to 0.5 across our range of masses
by taking �x

m

= (am
b

�2.7)/1.5. We use eq. (21) within
a Bayesian fitting approach [45] taking priors on the co-
e�cients of the fit as 0.0(1.0) except for c

1

which we take
as 0.0(0.5) since tree-level a2 errors are absent from our
action and so we expet this term to be at most O(↵

s

).
We take a prior width of 50% on h

phys

.
The physical value for the leptonic width that we ob-

tain from the fit (�2 = 0.57 for 5 degrees of freedom) is
1.995(90) GeV3/2. To this we must add systematic errors
corresponding to:

• missing higher order current corrections. These are
of O(v4) in a relativistic expansion and so this can
be estimated at 1% for the ⌥, where v2 ⇡ 10%.

• uncertainty in tuning the b quark mass. This is
at most 1% from Table I and II and is mainly a
consequence of the uncertainty in the determina-
tion of the lattice spacing giving the physical value
for M

kin

. From Table IV, comparing results from
am

b

= 3.297 and 3.42, we see that this leads to a
possible 1% uncertainty in the decay constant.

• electromagnetic e↵ects (missing from our calcula-
tion). Electromagnetic e↵ects in the ⌥ and ⌘

b

masses have alresdy been accounted for but at
0.02% are negligible. E↵ects of the decay constant
arising from the additional electromagnetic attrac-
tion of quark and antiquark can be estimated from
a potential model, to give 0.2% [46].

• missing b quarks in the sea. The e↵ect of b quarks
in the sea induces a short-distance potential [46] be-
tween heavy quarks similar to the hyperfine poten-
tial which causes di↵erences between f

⌥

and f
⌘

b

.
Since these di↵erences are small [47] the e↵ect is
negligible.

This gives a final physical result of 1.995(94) GeV3/2

with error budget given in Table V. Errors are dominated
by those from the lattice spacing dependence and Z

V

.
Dividing by the square root of the experimental ⌥ mass
gives a decay constant result with a 5% uncertainty:

f
⌥

= 0.649(31)GeV. (22)

In Section IV we will include this value in a summary
plot of decay constants from across the meson spectrum.

We can use the experimental value of the ⌥ leptonic
width, 1.340(18) keV to determine a value of f

⌥

p
M

⌥

of
2.119(14) GeV 3/2 (and a value for f

⌥

of 0.689(5) GeV)
using eq. (11). The value for f

⌥

p
M

⌥

is marked on the
plot in Figure 1 for comparison to our results. The agree-
ment is good, within 1.5�. The value for f

⌥

will be com-
pared to our results in Figure 6 in the Conclusions. Al-
ternatively we can compute a leptonic width from our

Error f⌥
p
M⌥ m

b

(10GeV)
Statistics 0.3 0.0
Z

V

/k1 2.5 0.3
perturbation theory/↵

s

- 0.3
uncertainty in a 1.6 0.0
lattice spacing dependence 3.4 0.4
sea-quark mass dependence 1.0 0.0
b-quark mass tuning 1.0 0.0
NRQCD systematics 1.0 0.3
electromagnetism ⌘

b

annihilation 0.0 0.0
total 4.8 0.7

TABLE V: Error budget for the quantities determined in this
paper. Errors are given as a percentage of the final answer.
For f⌥

p
M⌥ the perturbation theory errors are included in

the errors from Z
V

/k1 and not separated. Errors from the
lattice spacing dependence are determined from the fit and
include NRQCD uncertainties. Errors smaller than 0.1% are
denoted by 0.0.

result for f
⌥

p
M

⌥

using eq. (11), along with the exper-
imental value for the ⌥ mass and ↵

QED

. We obtain
�(⌥ ! e+e�) = 1.19(11) keV, again in good agreement
with the experimental result.

B. ⌥0 Leptonic Width

To determine the ⌥0 leptonic width we can make use
of the ratio of amplitudes with that of the ⌥ to cancel
Z

V

and reduce the uncertainty from that source. We also
expect lattice spacing and tuning uncertainties to cancel
to a large extent. The ratio of the amplitudes for J

V,i

in
the ground and first-excited states gives:

A =
h0|J

V,i

|⌥(1)i
h0|J

V,i

|⌥(0)i =
f
⌥

0

f
⌥

r
M

⌥

0

M
⌥

. (23)

To determine the properties of excited states accurately it
is important to use smeared sources, as described in Sec-
tion II B and used in [16] to obtain excited state masses.
Here we combine results from a local source (correspond-

ing to J (0)

V,NRQCD

) and sink operator J (1)

V,NRQCD

with the
matrix of correlators used in [16]. We use the 3⇥3 matrix
of smearings called l, g and e in [16]. The ‘l’ smearing is

the local operator corresponding to J (0)

V,NRQCD

so the ll
correlator already has this operator at source and sink.
The other correlators in the matrix (lg, ge, gg etc [16])
add information about the excited states. From fits to
all of the correlators we can then extract matrix elements
for J (0)

V,NRQCD

and J (1)

V,NRQCD

in both the ground-state and
excited states. We rapidly lose statistical accuracy, how-
ever, and so restrict ourselves here to the ground and
first excited state. We use 9-exponential fits of the form
given in eq. (6) with standard priors on energies and am-
plitudes (600 ± 300 MeV on excited state mass splittings
and an amplitude prior width corresponding to 3–5 times
the ground state local amplitude).


