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Potential NRQCD

PNRQCD is EFT of heavy quark boundstates:

L = ST(zf)t — Hs)S—|- OGT(iDt — HO)abOb —|—gSTrF' Ea O

2 C Brambilla-Pineda-Soto-Vairo(99)
- . FOV o
QM Hamiltonian: Hg = I + VNe(p, 7)
m T

The pole of two-point function gives boundstate energy.
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QM Hamiltonian

Singlet Hamiltonian (d=3-2¢):
@ _ - Crag {(MT)ZGF(% — 6)}
S = )

M %Ne

1
T T2

. Coulomb part — the LO binding effect
- the d-dimensional form for UV divergence

- Non-Coulomb potentials — subleading (NNLO)

Non-Coulomb potential Wnc (L > 0, d=3)

>4

* color factors omitted
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US gluon
oSFVVOG:

singlet

QM Perturbation

2-point function(Quantum Mechanics)

1
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(H0—|—V1—|—V2—|—V3—|—°°') E

3
singlet ‘\octet/ singlet

gr-E®

0) = Gy + 601G + 602G + 3G + - - -

53G — —<GOV3GO> -+ 2<GOV2GOV1GO> -+ <G0V1G0V1G0V1G0>
A

Coulomb Greenfunction

Pole of 6G In E 1

boundstate energy Go(r,r; B) = (Fl gm0 EW>

3%

\ 4

E,,SJB) = (n|V3|n) — 2(n|V1 G,, Va|n)
(n|ViGV1G,Vi|n) — E,,(Ll)<n]V186nV1]n>.

An unfamiliar term
from the triple insertion
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singlet

Ultrasoft gluon

Thel —Ioop self energy with us gluon (d=3-2¢)

UV divergence ——> dimensional regularization

> - (d) _ 1
= —igt [ B (e S B (o)),
0

| singlet ‘\octet/ singlet
R f‘

JIE

|5 i d d) \d, i
5. 6—11&2}(7‘ (H(())—E,r(%é) )

R 37T
@ QM commutation relation used in d=3-2 ¢

2 s/ Ho — FE,
<Hus>n€ — CFa <rz(HO — En,C)S In ( & ’C> >
3T 7 o

.Renormalized Hus agrees with Feynman diagram method

Kniehl-Penin-Smirnov-Steinhauser(02)
- The Bethe-logarithm evaluated numerically
S-wave by Kniehl-Penin(99)
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Pieces for NNNLO

Building blocks, tools and knowledge usead:

« NNNLO QM Hamiltonian

Kniehl-Penin-Smirnov-Steinhauser(02)

. Coulomb potential at 3-loop (as3)

Smirnov-Smirnov-Steinhauser, Anzai-YK-Sumino(10)

. Renormalization prescription, counter terms

Kniehl-Penin-Smirnov-Steinhauser (02),
Beneke-YK-Schuller(05)

® MUItlple heSted SUMS.: Wa (Mathematica package)

Anzai-Sumino(13)

. Pole = MSbar mass (3-loop) relation missing

S.E.S. estimate, see Suminio(14)
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M(n?s*1L;) to O(as°m)

Final formula contains: rational, transcendental(zeta) numbers
and finite sums, but the QCD Bethe logarithm numerically.

M(n?+1L,) = 2m, — CEOT > (%) Pt

4n? T
loh 764 75051
Py = EOL,:Z - | — 80 | 16 _50 C1 Li all the term fixed
B BB B 3, e
- 1 4 | 6 15001 + 250¢2 3 L, +c3

c3 iIn numerical form for convenience

(n,l) (33(-n,l,s,j)

(1,0) | —0.447879 n; + 27.3508 n; — 418.003n; + 597.111 log as + 1928.76(1) + S° (—61.4109log o= — 11.5278 n; + 218.589)
(2,0) | —=0.470041 nj + 29.0777 nf — 427.286 n; + 329.535 log as + 1555.66(1) + S? (—30.7054 log as — 10.7155 n; + 189.250)
(2,1) | —0.413823 ni + 25.3451 71.12 —414.351 ny + 108.748 log s + 1968.47(1) + s? (0.162463 n; — 0.121847)

+ Ds (—2.19325 log as — 0.560973 n; + 13.1915) + X s (—4.38649 log as — 1.43923 n; + 41.1222)

(3,0) | —0.454201 n} + 28.6079 n — 418.477 n; + 236.444 log as + 1419.35(1) + S? (—20.4703 log ars — 9.14505 n; + 158.960)
(3,1) | —0.454469 ni + 27.7382 nf — 446.928 n; + 89.2529 log ars + 2035.04(1) + S? (0.108308 n; — 0.0812313)

+ Ds (—1.46216 log as — 0.608358 n; + 12.5233) + X5 (—2.92433 log ars — 1.66261 n; + 38.7400)

(3,2) | —0.400872 nj + 24.6125 nj — 402.879 n; + 69.7574 log ars + 1921.30(1) + S? (0.0216617 n; — 0.0162463)

+ Ds (—0.292433 log s — 0.0564700 n; + 1.81875) + X 1s (—0.584865 log avs — 0.136917 n; + 5.30033)

(4,1) | —0.468374 nj + 28.6896 nj — 459.027 n; + 78.7741 log as + 2037.85(1) + S* (0.0812313 n; — 0.0609235)

+ Ds (—1.09662 log as — 0.583921 n; + 11.4578) + X s (—2.19325 log as — 1.62992 n; + 35.2919)
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scale fIxing

< Cza? g\ "
M(n2 +1Lj) = 2Mpole — Zf?mpole Z (_) Pr(Ly)

-
n-+l
1o T/ 1
f=log (CFQ'S(#')'mpole> i kz::l k
- Mpole SUTfers from renormalon unbiguity

Mpole 1 _ ¢ a5 (M) > (as(m)> d, ds (4-loop) for NNNLO

n=0

m s s

n=0

- use MS-bar mass with: d555 ~ 0.95d"8° 7 — >

Static Energy Stability

Y. Sumino,
next-to-next speaker

- fix bottom mass at Y(1S): m=mp>(mp>) = 4.214GeV
- £ -expansion to sort the order for IR renormalon

Hoang-Ligeti-Manohar(99)
- input as(Mz) = 0.1184

-TIX U by criterion of minimum sensitivity
d NNLO analysis by Brambilla-Sumino-Vairo(OT)

— Mx (u, s (), m) = 0
du H=HKX
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Scale dependence

Example plot: x b(23P0)[10.233GeV]
- ux=1.10 GeV, as(ux) = 0.435
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* \
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NNNLO, d3 = ds(large- o)
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Spectroscopy
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Spectroscopy

3P

3S

P ======  ______ memm==-
D

28
P ======  ======  ——===-=

1S
exp NNLO QCD NNNLO QCD

. MS-bar mass mpms (With ds)for renormalon cancelation

. scale choice by minimum sensitivity criterion
. convergence of pert. corr. ( from N2LO to N3LO)
. agreement with exp. in stracture except 3°P; (J-averaged)
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Summary

. guarkonium mass formula in perturbative QCD
iIs computed to NNNLO for n2s+1L

- written by rational numbers, transcendental numbers and finite sums
- Bethe logarithm in one-parameter integral, and easy to evaluate

. Bottomonium spectroscopy at NNNLO

- convergence for perturbative series seen, except 3P state
- global structure up to 3S state is satisfactory
- spin splitting unsatisfactory — improvement
® Improved static potential
future works: ® renormalization group
® charm mass effect
®

non-perturbative effect
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Backup
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1

0
< |(H0-|—V1-|—V2-|—V3-|—'“

— {GOVSGO — GoVaGoV1Gy — GoViGoVaGo + G0V1G0V1G0V1Go}

S?2 = (5% = s(s+ 1)

GG+ —e(+1) = s(s+1)]

Do = <3<7:~. SE s>

. transcendental /irensendénty NnuMbers: ¢ (n)
.large beta0 value: d™8°™7° ~ 993.37 (n; = 4)

16

201411 A12HKEH



