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M(n2s+1Lj)

• NNLO
• NNNLO for S-wave
• NNLO (IR renormalon free scheme)
• ......
•  →　NNNLO (this talk)
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Contents
• Theory Framework(Potential NRQCD) 
• QM perturbation
• Ultrasoft gluon

• Bottomonium Phenomenology
• Summary
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Potential NRQCD
L = S†�i∂t −HS
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The pole of two-point function gives boundstate energy.

pNRQCD is EFT of heavy quark boundstates:
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QM Hamiltonian: HS =
�p 2

m
− CF αV

r
+ VNC(�p,�r)

Brambilla-Pineda-Soto-Vairo(99)

Pineda-Soto(97) (QED),
Kniehl-Penin(99), 
Kniehl-Penin-Smirnov-Steinhauser(02)
Beneke-YK-Penin (07)
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QM Hamiltonian
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Non-Coulomb potential VNC (L > 0, d=3)

Singlet Hamiltonian (d=3-2ε):

• Coulomb part →　the LO binding effect
- the d-dimensional form for UV divergence 

• Non-Coulomb potentials → subleading (NNLO) 

＊color factors omitted
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QM Perturbation 
2-point function(Quantum Mechanics)

E(3)
n = �n|V3|n� − 2�n|V1 Gn V2|n�

+ �n|V1GnV1GnV1|n� − E(1)
n �n|V1∂GnV1|n�.

G0(r, r�;E) =
�
�r| 1

p2

m − αs
r − E

|�r��
Coulomb Greenfunction

Pole of δG in E  
boundstate energy 

�0| 1

(H0 + V1 + V2 + V3 + · · · )− E
|0� = G0 + δ1G+ δ2G+ δ3G+ · · ·

δ3G = −�G0V3G0�+ 2�G0V2G0V1G0�+ �G0V1G0V1G0V1G0�

An unfamiliar term 
from the triple insertion
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Ultrasoft gluon
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The1-loop self energy with us gluon (d=3-2ε) 
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•Renormalized Hus agrees with Feynman diagram method

•The Bethe-logarithm evaluated numerically 

UV divergence　　　　dimensional regularization

QM commutation relation used in d=3-2ε

Kniehl-Penin-Smirnov-Steinhauser(02)

S-wave by Kniehl-Penin(99)
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Pieces for NNNLO

• NNNLO QM Hamiltonian
• Coulomb potential at 3-loop (a3)

• Renormalization prescription, counter terms
•  Multiple nested sums: Wa (Mathematica package)
• Pole ⇆ MSbar mass (3-loop) relation missing 

Kniehl-Penin-Smirnov-Steinhauser(02)

Smirnov-Smirnov-Steinhauser, Anzai-YK-Sumino(10)

Kniehl-Penin-Smirnov-Steinhauser (02), 
Beneke-YK-Schuller(05)

Anzai-Sumino(13)

S.E.S. estimate, see Suminio(14)

Building blocks, tools and knowledge used:
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M(n2s+1Lj) to O(αs5m) 
Final formula contains: rational, transcendental(zeta) numbers 
and finite sums, but the QCD Bethe logarithm numerically.

M(n2s+1Lj) = 2mq −
C2
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all the term fixed 
by RG, but c3 
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8

�
Lµ+c3

c3 in numerical form for convenience
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scale fixing

m ≡ mMS
b (mMS

b ) = 4.214GeV

d3 (4-loop) for NNNLO

M(n2s+1Lj) = 2mpole −
C2

Fα
2
s

4n2
mpole

�

n=0

�αs

π

�n
Pn(Lµ)

mpole

m
− 1 = CF

αs(m)

π

�

n=0

�
αs(m)

π

�n

dn

•mpole suffers from renormalon unbiguity

- use MS-bar mass with: 
- fix bottom mass at Υ(1S) :
-ε-expansion to sort the order for IR renormalon
- input αs(Mz) = 0.1184  

•fix μ by criterion of minimum sensitivity
Hoang-Ligeti-Manohar(99)

dS.E.S
3 ≈ 0.95dlarge−β0

3
Static Energy Stability

Y. Sumino, 
next-to-next speaker

d

dµ
MX(µ,αs(µ),m)

����
µ=µX

= 0
NNLO analysis by Brambilla-Sumino-Vairo(01)
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Scale dependence
Example plot:χb(23P0)[10.233GeV]
•μX =1.10 GeV, αs(μX) = 0.435

Mexp

μx
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Spectroscopy
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Spectroscopy 

• MS-bar mass mb,MS (with d3)for renormalon cancelation
• scale choice by minimum sensitivity criterion
• convergence of pert. corr. ( from N2LO to N3LO)
• agreement with exp. in stracture except 33Pj (j-averaged)
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Summary
• quarkonium mass formula in perturbative QCD 
is computed to NNNLO for n2s+1L J
- written by rational numbers, transcendental numbers and finite sums

- Bethe logarithm in one-parameter integral, and easy to evaluate

• Bottomonium spectroscopy at NNNLO
- convergence  for perturbative series seen, except 3P state

- global structure up to 3S state is satisfactory

- spin splitting unsatisfactory　→　improvement
๏ improved static potential 
๏ renormalization group
๏ charm  mass effect
๏ non-perturbative effect

future works:
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 Backup
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�0| 1
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|0� = G0 −
�

G0V1G0

�
−

�
G0V2G0 − G0V1G0V1G0

�

−
�

G0V3G0 − G0V2G0V1G0 − G0V1G0V2G0 + G0V1G0V1G0V1G0

�

S2 ≡ ��S2� = s(s + 1)

XLS ≡ ��L · �S�
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1
2
�
j(j + 1)− �(� + 1)− s(s + 1)

�

DS ≡
�

3(�̂r · �S)2 − �S2

�

dlarge−β0
3 ≈ 993.37 (nl = 4)

•transcendental /trænsendéntl/ numbers: ζ(n)
•large beta0 value:
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