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Motivation

Recently a charged resonance-like structure Z±c (3900) has been
observed at BESIII, and was confirmed shortly by Belle and CLEO
collaborations.

The mass of this state is close to the DD∗ threshold.

Is Z±c (3900) a molecular bound state formed by the D and D̄∗ mesons?

CLQCD, Y. Chen et al.,Phys.Rev. D89, 094506 (2014), [1403.1318]
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Lattice setup

Nƒ = 2 twisted mass gauge field configurations generated by ETMC
collaboration.

Three different pion mass: 300 MeV, 420 MeV and 485 MeV.

Lattice spacing: 0.067fm.

Volume: 323 × 64 (∼ 2.15 fm).
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Scattering on lattice

Matrix elements related to scattering information is not directly
accessible in Euclidean formulations of Lattice QCD.

Lüscher’s finite volume technique.

L p a few fm

L » a few fm

E = EHp1L + EHp2L

E = EHp1L + EHp2L + DE

p1

p2 p1p2
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Interpolating operators

Z±c (3900) is observed in J/Ψπ± final states → G(JPC) = 1+(1+−).
We use the positive charged operator : D̄∗0D+ +D∗+D̄0.

The operators are constructed in T1 irreducible representation of the Oh
group.

Oα(t) =
∑

R∈G
[D∗+(R ~pα , t + 1) D̄0(−R ~pα , t) + D̄∗0(R ~pα , t + 1)D+(−R ~pα , t)].

For ordinary periodic boundary condition, ~pα =
2π
L ~n.

~n = (0,0,0), (0,0,1), (0,1,1).

2π/L ∼ 550 MeV → too large to study low energy scattering.
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Twisted boundary condition

Twisted boundary condition:

Ψθ(~+ L ~ε, t) = eθΨθ(~, t),

where θ is called the twist angle. The discretized momentum on the
lattice is modified as

~p =
2π

L
(~n+

~θ

2π
).

~θ = (0,0, π/8), (0,0, π/4), (0,0, π), and (π, π,0).

Parity mixing

The Oh symmetry is reduced to it’s subgroups depending on the
particular choice of ~θ.
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Extract the energies

Construct the matrix of correlators

Cj(t) = 〈0|O(t)O†
j (0)|0〉 =
∑

n
Zn Z

n∗
j e−Ent .

Solve the generalized eigenvalue problem

Cj(t)nj = λn(t)Cj(t0)
n
j

Eigenvalues: λn(t)→ e−Ent(1+O(e−ΔE t))
Energy shift:

λn(t)

< DD† >< D∗D∗† >
∼ e−ΔEnt

Four point function contractions:
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Extract the energies
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Extract the scattering parameters

Lüscher’s formula gives a direct relation of k2 and the elastic scattering
phase shift, where k2 is defined by ΔE =

Æ

m2
1 + k

2 +
Æ

m2
2 + k

2 −m1 −m2.

For the s-wave:

q cot δ0(k) =
1

π3/2
Z00(1;q2), q2 = k2(L/2π)2. (1)

When s-wave and p-wave mix ( ~θ = (0,0, π4 ) and (0,0, π8 )) :

[q cot δ0(k)−m00(q2)][q3 cot δ1(k)−m11(q2)] =m2
01(q

2), (2)

where m00, m11 and m01 are known functions of q2.

Effective range expansion:

k cot δ0(k) =
1

0
+
1

2
r0k2 + · · · , k3 cot δ1(k) =

1

1
+
1

2
r1k2 + · · · . (3)
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Results
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μ = 0.003 -0.67(1)
μ = 0.006 -2.1(1)
μ = 0.008 -0.51(7)
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Conclusion: NO evidence for a DD̄∗ bound state.

Questions:
É Will a bound state appear at physical pion mass?

É Will the results change if the coupled channel effects are taken into account?

É How significant are the effects of finite volume and finite lattice spacing?

É Other channels?
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A new study – outlook

Nƒ = 2+ 1+ 1 configurations with various lattice spacing, volume, and
pion mass.
É Lattice spacing: 0.06 fm ∼ 0.09 fm

É Volume: 2 fm ∼ 3 fm

É Pion mass: Physical ∼ 400 MeV

Stochastic LapH smearing → all-to-all propagators.

Enlarged operator basis.

Coupled channels.
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Configurations available for this study:

A.2. Hadron-Hadron scattering from lattice QCD
C. Liu / C. Urbach 73

Table 3.1: The ensembles to be used for this project. The notation of Ref. [27] is used for labeling the
ensembles.

ensemble β aµℓ aµσ aµδ L/a

A30.32 1.90 0.0030 0.150 0.190 32
A40.24 1.90 0.0040 0.150 0.190 24
A40.32 1.90 0.0040 0.150 0.190 32
A50.32 1.90 0.0050 0.150 0.190 32
A60.24 1.90 0.0060 0.150 0.190 24
A80.24 1.90 0.0080 0.150 0.190 24
A80.24s 1.90 0.0080 0.150 0.197 24
A100.24 1.90 0.0100 0.150 0.190 24
A100.24s 1.90 0.0100 0.150 0.197 24
B25.32 1.95 0.0025 0.135 0.170 32
B35.32 1.95 0.0035 0.135 0.170 32
B55.32 1.95 0.0055 0.135 0.170 32
B75.32 1.95 0.0075 0.135 0.170 32
B85.24 1.95 0.0085 0.135 0.170 24
D15.48 2.10 0.0015 0.120 0.1385 48
D20.48 2.10 0.0020 0.120 0.1385 48
D30.48 2.10 0.0030 0.120 0.1385 48

There are several routes to approach the computation of these contributions: firstly, one can invent
effective noise reduction techniques, as for instance the hopping parameter noise reduction method.
More efficient is the so-called point-to-point method [28], which one of the applicants has successfully
applied to the evaluation of the η′ meson mass in Nf = 2 flavor lattice QCD. In the same reference
a method specifically designed for twisted mass fermions was introduced, which was of great help in
order to make the so far most precise estimation of the η′ meson mass for two flavor QCD.
Secondly, one can try to maximize the overlap of the trial state – hence the operators in the correlation
matrix – to the state one is interested in. This is usually reached by smearing, and particular version
of it, the distillation method [29, 30] looks rather promising. Also, the lowest modes of the Dirac
operator can be treated explicitly, see Ref. [31]. In a recent study, these methods have been applied
to the case of I = 1 pion-pion scattering and promising results have been obtained [8]. In our study,
these methods will be investigated and applied where helpful in order to get a good control of the
disconnected diagrams.
As a code for generating the propagators needed to produce the correlation functions the tmLQCD
software suite will be used [32]. It is an open software publicly available and optimized for many
architectures like for instance the Blue Gene P architecture. Most importantly, we have tmLQCD
running on the Tianhe-1A super computer in Tian-Jin, China, the world’s second fastest computer at
the time of writing this proposal.
The codes needed for the contractions of the propagators need to be written and tested. But they
can build on a general code environment called ahmidas [33], which is again open source software
developed by members of the ETM collaboration. For the analysis we use methods such as correlator
fitting, solving of the generalized eigenvalue problem [34, 3, 35] and Bayesian methods, which are all
in use for other projects of ours. For the extrapolation in the quark mass towards the physical point we
shall rely on Chiral perturbation theory, where the corresponding formulae are available. Additionally,
we can rely on a large expertise in chiral perturbation theory within the CRC.

12 / 11



D∗D∗ : εjk d̄γjc c̄γk,

DD∗ : d̄γc c̄γ5+ ̄γc c̄γ5d,

J/Ψπ : c̄γc d̄γ5,

ηcρ : c̄γ5c d̄γ.
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