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Fragmentation: prediction at large pT

• At large pT, quarkonium production is dominated by single-parton fragmentation      
Collins, Soper 81

• NRQCD conjecture:                                                                              Bodwin, Braaten, Lepage 95

| {z } | {z }
parton cross sections, 
typical scale = pT

fragmentation functions 
typical scale = m or lower

d�[H +X] =
X

i

d�̂[i+X]⌦Di!H(z) Braaten, Cheung,  Yuan 93

Di!H(z) =
X

n

di!(QQ̄)n(z) hOH
n i

| {z }
perturbative frag. fcts 
typical scale = m

NRQCD matrix elements 
typical scale = mv or lower

| {z }

the fragmentation function can be expressed as a sum of perturbative 
functions times non-perturbative constants

predictive power 
is increased 

• Next-to-leading power (NLP) of m2/pT2 : double-parton fragmentation                                                                            

accuracy is increased at moderate pT

Kang, Qiu, Sterman, 11
Fleming, Leibovich, 
Mehen, Rothstein, 12

see talk by Hong Zhang
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Fragmentation: prediction at large pT

• NRQCD + NLP fragmentation: expected to deliver higher accuracy at large pT

• Cross sections are expressed as a triple expansion: αs, v,  m/pT

• At LO in αs  for all relevant NRQCD channels, 

• So far very little is known about the fragmentation functions at NLO in αs 

• In this work, I will present the first NLO calculation of a fragmentation function 
whose form at LO is a non-trivial fct of z: 

- all single-parton fragmentation functions are known,

- all double-parton fragmentation functions are known

Braaten, Cheung,  Yuan 93, 
Braaten,  Yuan 93

Ma, Qiu, Zhang 14

- single-parton fragmentation functions:  

g → 3S1[8] is known in a complete analytical form
c → 3S1[1] has been extracted numerically from non-factorized calculation

- double-parton fragmentation functions: ?  

Braaten,  Lee 00

Gong, Li, Wang 11

g → 1S0[1]
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LP fragmentation: formal definition

single-parton fragmentation functions can be defined as matrix 
elements of a non-local operator:      Collins, Soper 81

✓gauge invariance is manifest (Wilson line),
✓Lorentz invariance is manifest.

sum of all cut diagrams with an eikonal 
line extending from the gluon-field-
strength operator on the RHS to the 
gluon-field-strength operator on the LHS

Feynman rules in momentum space: 

specific Feynman rules for the source, 
sink, gluon-eikonal vertex, eikonal 
propagator, cut through eikonal line

  : light-like vector nµ
i

q.n+ i"
eikonal line couples to gluons (color 
connections with products of 
fragmentation)

valuable features to calculate 
the NLO correction}
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Gluon fragmentation into 1S0[1]

Leading-order in αs (and v): 4 cut-diagrams

+3 other cut diagrams

D(LO)

g!QQ̄
(z) = NCS

Z
d�Born ABorn

sum of the 4 αs2 

cut-diagrams 
phase-space integration 
over final-state gluon
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1S0[1]
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process-independent prefactorz}|{
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Real NLO correction
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Real NLO correction

kinematics:

p = momentum of either of the heavy quarks

q1, q2 = momenta of the light partons

2 of the 408 
cut-diagrams:

q2

q1

p p
q1

q2

D(NLO,real)
g!QQ̄

(z) = NCS

Z
d�real Areal

sum of αs3 cut-diagrams with 2 
light partons crossing the cut 

phase-space integration 
over light parton momenta

| {z }| {z }
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sum of αs3 cut-diagrams with 2 
light partons crossing the cut 

phase-space integration 
over light parton momenta

q1.q2 = 0
q 1
.n
=
0q

2 .n
=
0

(2
p
+
q 1
)2
/s
=
0 (2p

+
q
2 ) 2
/s
=
01

εUVεIR
1

εUVεIR

1
ε2IR

1
ε2IR

1
εUV

1
εUV

1
εIR

1
εIR

1
εIR

boundaries leading to poles

Real NLO correction: anatomy of the poles

two collinear light partons 

Divergent behavior:  IR poles in ε (dimensional regularization)

D(NLO,real)
g!QQ̄

(z) = NCS

Z
d�real Areal| {z }| {z }
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sum of αs3 cut-diagrams with 2 
light partons crossing the cut 

phase-space integration 
over light parton momenta

q1.q2 = 0
q 1
.n
=
0q

2 .n
=
0

(2
p
+
q 1
)2
/s
=
0 (2p

+
q
2 ) 2
/s
=
01

εUVεIR
1

εUVεIR

1
ε2IR

1
ε2IR

1
εUV

1
εUV

1
εIR

1
εIR

1
εIR

Real NLO correction: anatomy of the poles

one parton collinear to n 

Divergent behavior:  IR poles in ε (dimensional regularization)

boundaries leading to poles

D(NLO,real)
g!QQ̄

(z) = NCS

Z
d�real Areal| {z }| {z }
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sum of αs3 cut-diagrams with 2 
light partons crossing the cut 

phase-space integration 
over light parton momenta

q1.q2 = 0
q 1
.n
=
0q

2 .n
=
0

(2
p
+
q 1
)2
/s
=
0 (2p

+
q
2 ) 2
/s
=
01

εUVεIR
1

εUVεIR

1
ε2IR

1
ε2IR

1
εUV

1
εUV

1
εIR

1
εIR

1
εIR

Real NLO correction: anatomy of the poles

one soft gluon 

Divergent behavior:  IR poles in ε (dimensional regularization)

boundaries leading to poles

D(NLO,real)
g!QQ̄

(z) = NCS

Z
d�real Areal| {z }| {z }

10

Thursday 13 November 14



sum of αs3 cut-diagrams with 2 
light partons crossing the cut 

phase-space integration 
over light parton momenta

q1.q2 = 0
q 1
.n
=
0q

2 .n
=
0

(2
p
+
q 1
)2
/s
=
0 (2p

+
q
2 ) 2
/s
=
01

εUVεIR
1

εUVεIR

1
ε2IR

1
ε2IR

1
εUV

1
εUV

1
εIR

1
εIR

1
εIR

Real NLO correction: anatomy of the poles

one hardly recoiling gluon

Divergent behavior:  UV poles in ε (dimensional regularization)

boundaries leading to poles

sensitivity to momentum scales much 
larger than m, removed by renormalization 

D(NLO,real)
g!QQ̄

(z) = NCS

Z
d�real Areal| {z }| {z }
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sum of αs3 cut-diagrams with 2 
light partons crossing the cut 

phase-space integration 
over light parton momenta

q1.q2 = 0
q 1
.n
=
0q

2 .n
=
0

(2
p
+
q 1
)2
/s
=
0 (2p

+
q
2 ) 2
/s
=
01

εUVεIR
1

εUVεIR

1
ε2IR

1
ε2IR

1
εUV

1
εUV

1
εIR

1
εIR

1
εIR

Real NLO correction: anatomy of the poles

one hardly recoiling gluon, 
with momentum collinear to n

Divergent behavior:  mixed poles in ε (dimensional regularization)

boundaries leading to poles

D(NLO,real)
g!QQ̄

(z) = NCS

Z
d�real Areal| {z }| {z }
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D(NLO,real)
g!QQ̄

(z) = NCS

Z
d�real Areal

Real NLO correction: extraction of the poles

= NCS

Z
d�real

"
Areal �

5X

i=1

Di

#
+

5X

i=1

NCS

Z
d�realDi.

q1.q2 = 0
q 1
.n
=
0q

2 .n
=
0

(2
p
+
q 1
)2
/s
=
0 (2p

+
q
2 ) 2
/s
=
0

D1
D2

D5

D3

D4

subtraction method

Di = local subtraction term, 
matches the poles (UV and/
or IR) in the one of the 5 
singular boundaries, point-
by-point in the phase space

| {z } | {z }
FINITE, integrated in 4 dim, 
by means of Monte Carlo 
methods

DIVERGENT, analytical 
extraction of the poles
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Real NLO correction: subtraction terms

Di = 4⇡µ2✏ V i
µ⌫ Aµ⌫

Born,i

Construction of the subtraction terms:

LO amplitude with 
uncontracted Lorentz indices

prefactor, 
universal (?)

Extraction of the poles: 

(analog to Catani, Seymour 97)

(analog to Catani, Seymour 97)

1. factorize the phase-space:

2. integrate over the 1-particle measure:
Z

d�1V
i
µ⌫ = (�gµ⌫)Vi

contains IR + 
UV poles 

✓ local,

✓ covariant,

✓ poles factorized 
over the Born (up 
to convolution),

✓ paves the way to 
automation.

d�
real

= d�
Born

⌦ d�
1
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D(NLO,real)
g!QQ̄

(z) = NCS

Z
d�real Areal

Real NLO correction: checks

= NCS

Z
d�real

"
Areal �

5X

i=1

Di

#
+

5X

i=1

NCS

Z
d�realDi.

subtraction method

| {z } | {z }

• integration with different phase-
space parametrizations

• checked against results from 
non-local subtraction terms

• very simple integrals for the 
integration over the 1-particle 
phase-space

• produces the expected poles for 
each singular limit
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virtual NLO correction
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D(virtual)

g!Q ¯Q
(z) = N

CS

Z
d�

Born

Z
dDl

(2⇡)D
A

virtual

1. analytical tensor reduction into one-loop 
scalar integrals (based on Lorentz invariance)

2. evaluation of the scalar loop integrals into 
one-loop scalar integrals (in particular those 
with one eikonal propagator)

Evaluation of the 1-loop integrals:

sum of 1-loop αs3 cut-
diagrams 

example of 1-loop 
cut-diagram

All the poles are then explicit 

Virtual NLO correction
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After the loop integration, all the poles factorize over the Born 
amplitude:

contains all IR, UV and mixed poles

Virtual NLO correction: poles

D(virtual)

g!Q ¯Q
(z) =

↵s

2⇡
B✏NCS

Z
d�

Born

[f
pole

A
Born

+ A
finite

]

B✏ = �(1 + ✏)

✓
⇡µ2

m2

◆✏

the poles can be cancelled before integrating over the Born phase space

the finite piece is integrable over the Born phase-space (intricate 
cancellation among different scalar integrals)

(thanks to the subtraction procedure for the real NLO correction)
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Renormalization

1. Renormalization of the fields, the strong coupling constant  
and the heavy quark mass

αs :  MSbar scheme

m :  on-shell sheme

2. Renormalization of the operator defining the fragmentation 
function in the MSbar scheme

D(operator)

g!QQ̄
(z) = �↵s

2⇡
B✏


1

✏UV
+ log

4m2

µ2
F

� Z 1

z

dy

y
Pgg(y)D

(LO)

g!QQ̄
(z)

B✏ = �(1 + ✏)

✓
⇡µ2

m2

◆✏

D(counter)

g!Q ¯Q
(z) =

↵s

2⇡
B✏NCS

Z
d�A

Born

h
Ceikonal + Cg + 2CgQ ¯Q + CQ(s)

i
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Numerical results
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LO+NLO

• NLO correction is substantial 

• large sensitivity with respect to

• the fragmentation function at NLO accuracy is integrable over z

↵s(2mb) = 0.181

mb = 4.75 GeV

nf = 4
µF = 2m

µR

m < µR < 4m

PRELIMINARY

Dependence on renormalization scale
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Numerical results

-0.001

-0.0005

 0

 0.0005

 0.001

 0.0015

 0.002

 0  0.2  0.4  0.6  0.8  1

m
b3  D

g 
A

 d
b(z

)/<
O

> 1
(1 S 0

)>
d

b

z

LO
LO+NLO

↵s(2mb) = 0.181

mb = 4.75 GeV

µR = 2m

m < µF < 4m

• large negative corrections at the end points z=0 and z=1, 

• expected to be cancelled by the         dependence in the short 
distance coefficient (large cancellation in the MSbar scheme ?)

µF

nf = 4

PRELIMINARY

Dependence on factorization scale

21

Thursday 13 November 14



Conclusion

• I presented the calculation of the fragmentation function g → 1S0[1] at NLO

• The extraction of the poles and their cancellation can be organized in an 
efficient way by extending the Catani & Seymour subtraction method to the 
case of fragmentation processes

• Such an approach looks promising for the other fragmentation functions at 
NLO 

• The numerical results indicate that the NLO correction could have a large 
impact on the phenomenology

• Prospects: 

- quark fragmentation function at αs3 accuracy + other NRQCD channels

- convolution with the parton cross section (pT spectrum of physical states)

- evolution of the fragmentation function (resummation of logs of pT/m)

- ... 22

Thursday 13 November 14


