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Table 1: The scalar mesons, their observed decay modes and their suggested assignment.

Isospin State Decays Nature
1 a0(980) !" , K K K K molecule
0 f 0(980) "" , K K K K molecule
1 a0(1450) !" QQ 0++ nonet
0 f 0(1370) "" , !! , ## QQ 0++ nonet

[f ′

0(Ò1600Ó)] [K K, !! , !! ′] QQ 0++ nonet
1/2 K ∗

0(1430) K " QQ 0++ nonet
0 f 0(1500) "" , !! , !! ′, 4" 0 glueball

8 The Scalar QQ Mesons

Based on the analysis of the previous sections we shall assume that f 0(1500) is mainly
glue and shall examine whether a reasonable scalarQQ nonet can be constructed with
the other scalar mesons, neglecting Þrst the small glue admixture in the two mainly QQ
isoscalars.

As we have seen, there are too many isoscalar 0++ mesons to Þt in theQQ ground
state nonet. A possible classiÞcation of the scalar mesons is shown in table 1. Thea0(980)
and f 0(980) are interpreted asK K molecules, a hypothesis that may be tested at DA! NE
[24]. Thea0(1450), f 0(1370), f ′

0(1600) andK ∗

0(1430) are the members of the ground state
QQ scalar nonet. Note that the masses of the strange andI = 1 members are similar;
this is also the case for some other nonets, in particular 4++ [7].

The Crystal Barrel and Obelix Collaborations at LEAR also report the observation of
a 0++ state decaying to#+ #− and #0#0 in pp annihilation at rest into " + " −3" 0 [54] and
pn annihilation at rest in deuterium into 2" + 3" − [55] (see also [56]). Given that mass
(! 1350 MeV) and width (! 380 MeV) are compatible withf 0(1370), one might assume
that f 0(1370) has been observed here in its## decay mode. The large## branching ratio
points, however, to a large inelasticity in the"" S-wave around 1400 MeV. Thusf 0(1370)
may split into two states, a QQ decaying to"" , K K and !! and another state decaying
to ##, possibly a molecule [57].

The GAMS mesonf 0(1590) [19] decays to!! ′ and !! with a relative branching ratio
of 2.7± 0.8 [7] which, given the large error, is consistent with eqn.18 and 19 forf 0(1500)
(see footnote 1). We shall assume thatf 0(1590) is either identical tof 0(1500) or that it is
the predicted ss state. We are therefore left with one nonet, two to three molecules and
the supernumeraryf 0(1500).

If the ss member lies at 1600 MeV then from the linear mass formula

tg2$ =
4K ∗

0 " a0 " 3f ′

0

3f 0 + a0 " 4K ∗

0
, (61)

where the symbols denote the particle masses, one obtains for the QQ nonet the singlet-
octet mixing angle (59+12

−7 )◦ (or 121◦)). This is not far from ideal mixing, $ = 35.3◦ (or
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Study of K + K ! ! and K + K ! " 0 Þnal states in two photon interactions.

! Many ! c and ! c(2S) decays are still missing or studied with low statistics.
! We make use of two-photon interactions to produce charmonium states.

! We select events in which the e+ and e! beam particles are scattered at small
angles and are undetected in the detector.

! This implies that only resonances with J P C = 0 ±+ , 2±+ , 3++ , 4±+ .... can be
produced.

! In addition the K + K ! ! and K + K ! " 0 states cannot be in a J P = 0 + state.
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Data selection.

! For each Þnal state we select events having the exact number of expected charged
tracks.
! Due to soft photons background we allow the presence of extra low energy ! Õs.
! We select two-photon events by requiring the conservation of the transverse
momentum pT . We require pT < 0.05 GeV/c
! pT distributions for the three reactions.
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! Good agreement with MC simulations.
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E! ciency.

✷ Fitted detection e ! ciency in the cos! vs. m(K + K ! ) plane, where ! is the K +

helicity angle.

✷ E! ciency distributions for the three reactions in the " c mass region.
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✷ E! ciency Þtted using Legendre polynomials moments.

✷ Some e! ciency loss due to low momentum kaons or$0.
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photon events are expected to have low values ofpT ,
we require pT < 0.05 GeV/c . Reaction (3) is a! ected
by background from the reaction !! ! K + K ! where soft
photon background simulates the presence of a low mo-
mentum " 0. We reconstruct this mode and reject events
having a !! ! K + K ! candidate with pT < 0.1 GeV/c .
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FIG. 1: Distributions of pT for (a) !! ! K + K ! " (" ! !! ),
(b) !! ! K + K ! " (" ! #+ #! #0), and (c) !! ! K + K ! #0. In
each Þgure the data are shown as points with error bars,
and the MC simulation is shown as a histogram; the verti-
cal dashed line indicates the selection applied to isolate two-
photon events.

Figure 1 shows the measuredpT distribution for each
of the three reactions in comparison to the corresponding
pT distribution obtained from simulation. A peak at low
pT is observed in all three distributions indicating the
presence of the two-photon process. The shape of the
peak agrees well with that seen in the MC simulation.

IV. EFFICIENCY AND RESOLUTION

To compute the e" ciency, #c and #c(2S) MC signal
events for the di! erent channels are generated using a de-
tailed detector simulation [14] in which the #c and #c(2S)
mesons decay uniformly in phase space. These simulated
events are reconstructed and analyzed in the same man-
ner as data. The e" ciency is computed as the ratio of
reconstructed to generated events. Due to the presence
of long tails in the Breit-Wigner (BW) representation
of the resonances, we apply selection criteria to restrict
the generated events to the#c and #c(2S) mass regions.
We express the e" ciency as a function of them(K + K ! )
mass and cos$, where $ is the angle in the K + K ! rest
frame between the directions of theK + and the boost
from the K + K ! # or K + K ! " 0 rest frame. To smooth
statistical ßuctuations, this e" ciency is then parameter-
ized as follows.

First we Þt the e" ciency as a function of cos$ in sep-
arate intervals of m(K + K ! ), in terms of Legendre poly-
nomials up to L = 12:

%(cos$) =
12!

L =0

aL (m)Y 0
L (cos$), (4)

where m denotesK + K ! invariant mass. For each value
of L , we Þt the mass dependent coe" cients aL (m) with
a seventh-order polynomial inm. Figure 2 shows the re-
sulting Þtted e" ciency%(m, cos$) for each of the three re-
actions. We observe a signiÞcant decrease in e" ciency for
cos$ " ± 1 and 1.1 < m (K + K ! ) < 1.5 GeV/c 2 due to
the impossibility of reconstructing low-momentum kaons
(p< 200 MeV/c in the laboratory frame) which have expe-
rienced signiÞcant energy loss in the beampipe and inner-
detector material. The e" ciency decrease at highm for
#c! K + K ! # (#! " + " ! " 0) (Fig. 2(b)) results from the
loss of a low-momentum" 0 from the # decay.

The mass resolution,# m, is measured as the di! erence
between the generated and reconstructedK + K ! # or
K + K ! " 0 invariant-mass values. Figure 3 shows the# m
distribution for each of the #c signal regions; these de-
viate from Gaussian line shapes due to a low-energy tail
caused by the response of the CsI calorimeter to photons.
We Þt the distribution for the K + K ! # (#! " + " ! " 0) Þ-
nal state to a Crystal Ball function [19], and those for
the K + K ! # (#! !! ) and K + K ! " 0 Þnal states to a sum
of a Crystal Ball function and a Gaussian function. The
root-mean-squared values are 15, 14, and 21 MeV/c 2 at
the #c mass, and 18, 15, and 24 MeV/c 2 at the #c(2S)
mass, for the K + K ! # (#! !! ), K + K ! # (#! " + " ! " 0),
and K + K ! " 0 Þnal states, respectively.

V. MASS SPECTRA

Figure 4(a) shows the K + K ! # mass spectrum,
summed over the two # decay modes, before applying
the e" ciency correction. There are 2950 events in the
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FIG. 4: (a) The K+ K ! ! mass spectrum summed over the two ! decay modes. (b) The K+ K ! " 0 mass spectrum. In each
Þgure, the solid curve shows the total Þtted function and the dashed curve shows the Þtted background contribution.

mass spectrum using the background functionB (m) =
ea1 m+a2 m 2

for m < m 0 and B (m) = eb0+b1 m+b2 m 2
for

m > m 0, where m = m(K +K ! ! 0) and ai , bi , and m0

are free parameters [20]. The two functions and their
Þrst derivatives are required to be continuous atm0, so
that the resulting function has only four independent pa-
rameters. In addition, we allow for the presence of a
residual J/ " contribution modeled as a simple Gaussian
function. Its parameter values are Þxed to those from a
Þt to the K +K ! ! 0 mass spectrum for the ISR data sam-
ple obtained requiring |M 2

rec| < 1 (GeV/c 2)2. Figure 4(b)
shows the Þt to the K +K ! ! 0 mass spectrum, and Ta-
ble I summarizes the resulting#c and #c(2S) parameter
values.

TABLE I: Fitted ! c and ! c(2S) parameter values. The Þrst
uncertainty is statistical and the second is systematic.

Resonance Mass (MeV/c2 ) Γ (MeV)

! c ! K+ K ! ! 2984.1 ± 1.1 ± 2.1 34.8 ± 3.1 ± 4.0
! c ! K+ K ! " 0 2979.8 ± 0.8 ± 3.5 25.2 ± 2.6 ± 2.4
! c (2S)! K+ K ! ! 3635.1 ± 5.8 ± 2.1 11.3 (Þxed)
! c (2S)! K+ K ! " 0 3637.0 ± 5.7 ± 3.4 11.3 (Þxed)

The following systematic uncertainties are considered.
The background uncertainty contribution is estimated by
replacing each function by a third-order polynomial. The
mass scale uncertainty is estimated from Þts to theJ/ "
signal in ISR events. In the case of#c! K +K ! #, we per-
form independent Þts to the mass spectra obtained for
the two # decay modes, and consider the mass di! erence

as a measurement of systematic uncertainty. The di! er-
ent contributions are added in quadrature to obtain the
values quoted in Table I.

VI. BRANCHING RATIOS

We compute the ratios of the branching fractions for#c

and #c(2S) decays to theK +K ! # Þnal state compared to
the respective branching fractions to theK +K ! ! 0 Þnal
state. The ratios are computed as

R =
B(#c/ #c(2S)! K +K ! #)
B(#c/ #c(2S)! K +K ! ! 0)

=
NK + K ! !

NK + K ! " 0

$K + K ! " 0

$K + K ! !

1
B!

.
(5)

For each # decay mode,NK + K ! ! and NK + K ! " 0 repre-
sent the Þtted yields for#c and #c(2S) in the K +K ! # and
K +K ! ! 0 mass spectra,$K + K ! ! and $K + K ! " 0 are the
corresponding e" ciencies, andB! indicates the particu-
lar # branching fraction. The PDG values of the branch-
ing fractions are (39.41± 0.20)% and (22.92± 0.28)% for
the #! %%and #! ! +! ! ! 0, respectively [16]. We esti-
mate $K + K ! ! and $K + K ! " 0 for the #c signals by making
use of the 2-D e" ciency functions described in Sec. IV
and weighting each event by 1/ $(m, cos&). Due to the
presence of non-negligible backgrounds in the#c signals,
which have di! erent distributions in the Dalitz plot, we
perform a sideband subtraction by assigning a weight +1
to events in the signal region and a negative weight to
events in the sideband regions. The weight in the side-
band regions is scaled down to match the Þtted#c sig-
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Branching fractions.

! We compute the ratios of the branching fractions for ! c and ! c(2S) decays to the
K+ K ! ! Þnal state compared to the respective branching fractions to the K+ K ! " 0

Þnal state.

R =
B(! c/! c(2S) ! K+ K ! ! )
B(! c/! c(2S) ! K+ K ! " 0)

=
NK+ K! !

NK+ K! " 0

#K+ K! " 0

#K+ K! !

1
B!

! Presence of non-negligible backgrounds in the! c signals, which have di! erent
distributions in the Dalitz plot
! We perform a sideband subtraction by assigning a weight w = 1 /#(m, cos$) to
events in the signal region and a negative weight w = " f/#(m, cos$) to events in the
sideband regions.
! The weight in the sideband regions is scaled down by the factor f to match the
Þtted ! c signal/background ratio.
! We obtain the weighted e" ciencies as

#K+ K! ! /" 0 =

! N

i=1 fi
! N

i=1 fi/#(mi, cos$i)

where N indicates the number of events in the signal+sidebands regions.
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FIG. 4: (a) The K+ K−! mass spectrum summed over the two ! decay modes. (b) The K+ K−" 0 mass spectrum. In each
Þgure, the solid curve shows the total Þtted function and the dashed curve shows the Þtted background contribution.

mass spectrum using the background functionB(m) =
ea1 m + a2 m 2

for m < m0 and B(m) = eb0 + b1 m + b2 m 2
for

m > m0, where m = m(K+ K ! ! 0) and ai , bi , and m0

are free parameters [20]. The two functions and their
Þrst derivatives are required to be continuous atm0, so
that the resulting function has only four independent pa-
rameters. In addition, we allow for the presence of a
residual J/" contribution modeled as a simple Gaussian
function. Its parameter values are Þxed to those from a
Þt to the K+ K ! ! 0 mass spectrum for the ISR data sam-
ple obtained requiring |M2

rec | < 1 (GeV/c2)2. Figure 4(b)
shows the Þt to theK+ K ! ! 0 mass spectrum, and Ta-
ble I summarizes the resulting#c and #c(2S) parameter
values.

TABLE I: Fitted ! c and ! c(2S) parameter values. The Þrst
uncertainty is statistical and the second is systematic.

Resonance Mass (MeV/c2 ) ! (MeV)

! c ! K+ K−! 2984.1 ± 1.1 ± 2.1 34.8 ± 3.1 ± 4.0
! c ! K+ K−" 0 2979.8 ± 0.8 ± 3.5 25.2 ± 2.6 ± 2.4
! c (2S)! K+ K−! 3635.1 ± 5.8 ± 2.1 11.3 (Þxed)
! c (2S)! K+ K−" 0 3637.0 ± 5.7 ± 3.4 11.3 (Þxed)

The following systematic uncertainties are considered.
The background uncertainty contribution is estimated by
replacing each function by a third-order polynomial. The
mass scale uncertainty is estimated from Þts to theJ/"
signal in ISR events. In the case of#c! K+ K ! #, we per-
form independent Þts to the mass spectra obtained for
the two # decay modes, and consider the mass di! erence

as a measurement of systematic uncertainty. The di! er-
ent contributions are added in quadrature to obtain the
values quoted in Table I.

VI. BRANCHING RATIOS

We compute the ratios of the branching fractions for#c

and #c(2S) decays to theK+ K ! # Þnal state compared to
the respective branching fractions to theK+ K ! ! 0 Þnal
state. The ratios are computed as

R =
B(#c/#c(2S)! K+ K ! #)
B(#c/#c(2S)! K+ K ! ! 0)

=
NK + K ! !

NK + K ! " 0

$K + K ! " 0

$K + K ! !

1
B!

.

(5)

For each # decay mode,NK + K ! ! and NK + K ! " 0 repre-
sent the Þtted yields for#c and #c(2S) in the K+ K ! # and
K+ K ! ! 0 mass spectra,$K + K ! ! and $K + K ! " 0 are the
corresponding e" ciencies, andB! indicates the particu-
lar # branching fraction. The PDG values of the branch-
ing fractions are (39.41± 0.20)% and (22.92± 0.28)% for
the #! %%and #! ! + ! ! ! 0, respectively [16]. We esti-
mate $K + K ! ! and $K + K ! " 0 for the #c signals by making
use of the 2-D e" ciency functions described in Sec. IV
and weighting each event by 1/$(m, cos&). Due to the
presence of non-negligible backgrounds in the#c signals,
which have di! erent distributions in the Dalitz plot, we
perform a sideband subtraction by assigning a weight +1
to events in the signal region and a negative weight to
events in the sideband regions. The weight in the side-
band regions is scaled down to match the Þtted#c sig-
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TABLE II: Summary of the results from the Þts to the K + K ! ! and K + K ! " 0 mass spectra. The table lists event yields,
e! ciency correction weights, resulting branching ratios a nd signiÞcances. For event yields, the Þrst uncertainty is statistical
and the second is systematic. In the evaluation of signiÞcances, systematic uncertainties are included.

Channel Event yield Weights R SigniÞcance

! c! K + K ! " 0 4518 ± 131 ± 50 17.0 ± 0.7 32 #
! c! K + K ! ! (! ! $$) 853 ± 38 ± 11 21.3 ± 0.6 21 #
B(! c ! K + K ! ! )/ B(! c ! K + K ! " 0) 0.602± 0.032± 0.065
! c! K + K ! ! (! ! " + " ! " 0) 292 ± 20 ± 7 31.2 ± 2.1 14 #
B(! c ! K + K ! ! )/ B(! c ! K + K ! " 0) 0.523± 0.040± 0.083
! c(2S)! K + K ! " 0 178 ± 29 ± 39 14.3 ± 1.3 3.7 #
! c(2S)! K + K ! ! 47 ± 9 ± 3 17.4 ± 0.4 4.9 #
B(! c (2S)! K + K ! ! )/ B(! c (2S)! K + K ! " 0) 0.82 ± 0.21 ± 0.27
%c2! K + K ! " 0 88 ± 27 ± 23 2.5 #
%c2! K + K ! ! 2 ± 5 ± 2 0.0 #

A. Dalitz plot analysis of ! c→K + K −!

We deÞne the ! c signal region as the range 2.922-
3.036 GeV/c 2. This region contains 1161 events with
(76.1 ± 1.3)% purity, deÞned as S/ (S + B ) where
S and B indicate the number of signal and back-
ground events, respectively, as determined from the Þt
(Fig. 4(a)). Sideband regions are deÞned as the ranges
2.730-2.844 GeV/c 2 and 3.114-3.228 GeV/c 2, respec-
tively. Figure 5 shows the Dalitz plot for the ! c signal
region and Fig. 6 shows the Dalitz plot projections.

FIG. 5: Dalitz plot for the ! c! K + K ! ! events in the sig-
nal region. The shaded area denotes the accessible kinematic
region.

We observe signals in theK + K ! projections cor-
responding to the f 0(980), f 0(1500), f 0(1710), and
f 0(2200) states. We also observe a broad signal in the
1.43 GeV/c 2 mass region in theK + ! and K ! ! projec-
tions.

In describing the Dalitz plot, we note that amplitude
contributions to the K + K ! system must have isospin
zero in order to satisfy overall isospin conservation in! c

decay. In addition, amplitudes of the form K " øK must
be symmetrized as (K " + K ! + K "! K + )/

!
2 so that the

decay conserves C-parity. For convenience, these ampli-
tudes are denoted byK " + K ! in the following.

TABLE III: Results of the Dalitz plot analysis of the
! c! K + K ! ! channel.

Final state Fraction % Phase (radians)

f 0(1500)! 23.7 ± 7.0 ± 1.8 0.
f 0(1710)! 8.9 ± 3.2 ± 0.4 2.2 ± 0.3 ± 0.1
K "

0 (1430)+ K ! 16.4 ± 4.2 ± 1.0 2.3 ± 0.2 ± 0.1
f 0(2200)! 11.2 ± 2.8 ± 0.5 2.1 ± 0.3 ± 0.1
K "

0 (1950)+ K ! 2.1 ± 1.3 ± 0.2 -0.2 ± 0.4 ± 0.1
f #

2(1525)! 7.3 ± 3.8 ± 0.4 1.0 ± 0.1 ± 0.1
f 0(1350)! 5.0 ± 3.7 ± 0.5 0.9 ± 0.2 ± 0.1
f 0(980)! 10.4 ± 3.0 ± 0.5 -0.3 ± 0.3 ± 0.1
NR 15.5 ± 6.9 ± 1.0 -1.2 ± 0.4 ± 0.1
Sum 100.0± 11.2 ± 2.5
%2/ & 87/65

The f 0(980) is parameterized as in aBABAR Dalitz
plot analysis of D +

s " K + K ! " + decay [22]. For the
f 0(1430) we use the BES parameterization [23]. For the
K "

0 (1430), we use our results from the Dalitz plot anal-
ysis (see Sec. VII.C), since the individual measurements
of the mass and width considered for the PDG average
values [16] show a large spread for each parameter. The
non-resonant (NR) contribution is parameterized as an
amplitude that is constant in magnitude and phase over
the Dalitz plot. The f 0(1500)! amplitude is taken as

!

"

#

$

Branching fractions.

! We obtain:

R (! c) =
B(! c ! K + K ! ! )
B(! c ! K + K ! " 0)

= 0 .571± 0.025± 0.051

! Consistent with the BESIII measurement of 0 .46 ± 0.23 (6.7 ± 3.2 events for

! c ! K + K ! ! ) (Phys.Rev. D 86 , 092009 (2012) .

! We also obtain:

R (! c(2S)) =
B(! c(2S) ! K + K ! ! )
B(! c(2S) ! K + K ! " 0)

= 0 .82 ± 0.21± 0.27
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spectively. Figure 9 shows the Dalitz plot for the! c signal
region, and Fig. 10 shows the corresponding Dalitz plot
projections. The Dalitz plot and the mass projections
are very similar to the distributions in Ref. [24] for the
decay ! c! K 0

s K ±" ∓.

FIG. 9: Dalitz plot for the events in the ! c! K + K ! " 0 sig-
nal region. The shaded area denotes the accessible kinematic
region.

We observe an enhancement in the low mass region
of the K + K − mass spectrum due to the presence of
the a0(980), a2(1320), and a0(1450) resonances. The
K ±" 0 mass spectrum is dominated by theK ∗

0 (1430) res-
onance. We also observeK ∗(892) signals in the K ±" 0

mass spectrum in both the signal and sideband regions.
We Þt the ! c sidebands using an incoherent sum of am-
plitudes, which includes contributions from the a2(1320),
K ∗(892), K ∗

0 (1430), K ∗
2 (1430), K ∗(1680), andK ∗

0 (1950)
resonances and from an incoherent background. As for
the Dalitz plot analysis described in Sec. VII.A, the re-
sulting amplitude fractions are interpolated into the ! c
signal region and normalized using the results from the
Þt to the K + K −" 0 mass spectrum. The estimated back-
ground contributions are indicated by the shaded regions
in Fig. 10.

We perform a Dalitz plot analysis of ! c! K + K −" 0

using a procedure similar to that described for the
! c! K + K −! analysis in Sec. VII.A. We note that in
this case, the amplitude contributions to the K + K − sys-
tem must have isospin one in order to satisfy isospin con-
servation in ! c decay. As discussed in Sec. VII.A, the
K ∗ øK amplitudes, again denoted asK ∗+ K −, must be
symmetrized in order to conserve C-parity. We take the
K ∗

0 (1430)+ K − amplitude as the reference, and so set its
phase to zero. Thea0(980) resonance is parameterized
as a coupled-channel Breit-Wigner resonance whose pa-
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FIG. 10: The ! c! K + K ! " 0 Dalitz plot projections. The
superimposed curves result from the Dalitz plot analysis de-
scribed in the text. The shaded regions show the background
estimates obtained by interpolating the results of the Dali tz
plot analyses of the sideband regions.

rameters are taken from Ref. [25]. We do not include an
additional S-wave isobar amplitude in the nominal Þt. If
we include aK ∗+

0 (800)K − amplitude, as for example in
Ref. [26], we Þnd that its contribution is consistent with
zero.

Table IV summarizes the amplitude fractions and
phases obtained from the Þt. Using a method similar to
that described in Sec. VII.C, we divide the Dalitz plot
into a number of cells such that the number of expected
events in each cell is at least eight. In this case there are
12 free parameters and we obtain#2/ $ = 212/ 130. We
observe a relatively large#2 contribution ( #2 = 19 for
2 cells) in the lower left corner of the Dalitz plot, where
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TABLE II: Summary of the results from the Þts to the K + K ! ! and K + K ! " 0 mass spectra. The table lists event yields,
e! ciency correction weights, resulting branching ratios a nd signiÞcances. For event yields, the Þrst uncertainty is statistical
and the second is systematic. In the evaluation of signiÞcances, systematic uncertainties are included.

Channel Event yield Weights R SigniÞcance

! c! K + K ! " 0 4518 ± 131 ± 50 17.0 ± 0.7 32 #
! c! K + K ! ! (! ! $$) 853 ± 38 ± 11 21.3 ± 0.6 21 #
B(! c ! K + K ! ! )/ B(! c ! K + K ! " 0) 0.602± 0.032± 0.065
! c! K + K ! ! (! ! " + " ! " 0) 292 ± 20 ± 7 31.2 ± 2.1 14 #
B(! c ! K + K ! ! )/ B(! c ! K + K ! " 0) 0.523± 0.040± 0.083
! c(2S)! K + K ! " 0 178 ± 29 ± 39 14.3 ± 1.3 3.7 #
! c(2S)! K + K ! ! 47 ± 9 ± 3 17.4 ± 0.4 4.9 #
B(! c (2S)! K + K ! ! )/ B(! c (2S)! K + K ! " 0) 0.82 ± 0.21 ± 0.27
%c2! K + K ! " 0 88 ± 27 ± 23 2.5 #
%c2! K + K ! ! 2 ± 5 ± 2 0.0 #

A. Dalitz plot analysis of ! c ! K + K ! !

We deÞne the ! c signal region as the range 2.922-
3.036 GeV/c 2. This region contains 1161 events with
(76.1 ± 1.3)% purity, deÞned as S/ (S + B ) where
S and B indicate the number of signal and back-
ground events, respectively, as determined from the Þt
(Fig. 4(a)). Sideband regions are deÞned as the ranges
2.730-2.844 GeV/c 2 and 3.114-3.228 GeV/c 2, respec-
tively. Figure 5 shows the Dalitz plot for the ! c signal
region and Fig. 6 shows the Dalitz plot projections.

FIG. 5: Dalitz plot for the ! c! K + K ! ! events in the sig-
nal region. The shaded area denotes the accessible kinematic
region.

We observe signals in theK + K ! projections cor-
responding to the f 0(980), f 0(1500), f 0(1710), and
f 0(2200) states. We also observe a broad signal in the
1.43 GeV/c 2 mass region in theK + ! and K ! ! projec-
tions.

In describing the Dalitz plot, we note that amplitude
contributions to the K + K ! system must have isospin
zero in order to satisfy overall isospin conservation in! c

decay. In addition, amplitudes of the form K " øK must
be symmetrized as (K " + K ! + K "! K + )/

!
2 so that the

decay conserves C-parity. For convenience, these ampli-
tudes are denoted byK " + K ! in the following.

TABLE III: Results of the Dalitz plot analysis of the
! c! K + K ! ! channel.

Final state Fraction % Phase (radians)

f 0(1500)! 23.7 ± 7.0 ± 1.8 0.
f 0(1710)! 8.9 ± 3.2 ± 0.4 2.2 ± 0.3 ± 0.1
K "

0 (1430)+ K ! 16.4 ± 4.2 ± 1.0 2.3 ± 0.2 ± 0.1
f 0(2200)! 11.2 ± 2.8 ± 0.5 2.1 ± 0.3 ± 0.1
K "

0 (1950)+ K ! 2.1 ± 1.3 ± 0.2 -0.2 ± 0.4 ± 0.1
f #

2(1525)! 7.3 ± 3.8 ± 0.4 1.0 ± 0.1 ± 0.1
f 0(1350)! 5.0 ± 3.7 ± 0.5 0.9 ± 0.2 ± 0.1
f 0(980)! 10.4 ± 3.0 ± 0.5 -0.3 ± 0.3 ± 0.1
NR 15.5 ± 6.9 ± 1.0 -1.2 ± 0.4 ± 0.1
Sum 100.0± 11.2 ± 2.5
%2/ & 87/65

The f 0(980) is parameterized as in aBABAR Dalitz
plot analysis of D +

s " K + K ! " + decay [22]. For the
f 0(1430) we use the BES parameterization [23]. For the
K "

0 (1430), we use our results from the Dalitz plot anal-
ysis (see Sec. VII.C), since the individual measurements
of the mass and width considered for the PDG average
values [16] show a large spread for each parameter. The
non-resonant (NR) contribution is parameterized as an
amplitude that is constant in magnitude and phase over
the Dalitz plot. The f 0(1500)! amplitude is taken as
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TABLE II: Summary of the results from the Þts to the K + K ! ! and K + K ! " 0 mass spectra. The table lists event yields,
e! ciency correction weights, resulting branching ratios a nd signiÞcances. For event yields, the Þrst uncertainty is statistical
and the second is systematic. In the evaluation of signiÞcances, systematic uncertainties are included.

Channel Event yield Weights R SigniÞcance

! c! K + K ! " 0 4518 ± 131 ± 50 17.0 ± 0.7 32 #
! c! K + K ! ! (! ! $$) 853 ± 38 ± 11 21.3 ± 0.6 21 #
B(! c ! K + K ! ! )/ B(! c ! K + K ! " 0) 0.602± 0.032± 0.065
! c! K + K ! ! (! ! " + " ! " 0) 292 ± 20 ± 7 31.2 ± 2.1 14 #
B(! c ! K + K ! ! )/ B(! c ! K + K ! " 0) 0.523± 0.040± 0.083
! c(2S)! K + K ! " 0 178 ± 29 ± 39 14.3 ± 1.3 3.7 #
! c(2S)! K + K ! ! 47 ± 9 ± 3 17.4 ± 0.4 4.9 #
B(! c (2S)! K + K ! ! )/ B(! c (2S)! K + K ! " 0) 0.82 ± 0.21 ± 0.27
%c2! K + K ! " 0 88 ± 27 ± 23 2.5 #
%c2! K + K ! ! 2 ± 5 ± 2 0.0 #

A. Dalitz plot analysis of ! c ! K + K ! !

We define the ! c signal region as the range 2.922-
3.036 GeV/c 2. This region contains 1161 events with
(76.1 ± 1.3)% purity, defined as S/ (S + B ) where
S and B indicate the number of signal and back-
ground events, respectively, as determined from the fit
(Fig. 4(a)). Sideband regions are defined as the ranges
2.730-2.844 GeV/c 2 and 3.114-3.228 GeV/c 2, respec-
tively. Figure 5 shows the Dalitz plot for the ! c signal
region and Fig. 6 shows the Dalitz plot projections.

FIG. 5: Dalitz plot for the ! c! K + K ! ! events in the sig-
nal region. The shaded area denotes the accessible kinematic
region.

We observe signals in the K + K ! projections cor-
responding to the f 0(980), f 0(1500), f 0(1710), and
f 0(2200) states. We also observe a broad signal in the
1.43 GeV/c 2 mass region in the K + ! and K ! ! projec-
tions.
In describing the Dalitz plot, we note that amplitude

contributions to the K + K ! system must have isospin
zero in order to satisfy overall isospin conservation in ! c

decay. In addition, amplitudes of the form K " K̄ must
be symmetrized as (K " + K ! + K "! K + )/

!
2 so that the

decay conserves C-parity. For convenience, these ampli-
tudes are denoted by K " + K ! in the following.

TABLE III: Results of the Dalitz plot analysis of the
! c! K + K ! ! channel.

Final state Fraction % Phase (radians)

f 0(1500)! 23.7 ± 7.0 ± 1.8 0.
f 0(1710)! 8.9 ± 3.2 ± 0.4 2.2 ± 0.3 ± 0.1
K "

0 (1430)+ K ! 16.4 ± 4.2 ± 1.0 2.3 ± 0.2 ± 0.1
f 0(2200)! 11.2 ± 2.8 ± 0.5 2.1 ± 0.3 ± 0.1
K "

0 (1950)+ K ! 2.1 ± 1.3 ± 0.2 -0.2 ± 0.4 ± 0.1
f #

2(1525)! 7.3 ± 3.8 ± 0.4 1.0 ± 0.1 ± 0.1
f 0(1350)! 5.0 ± 3.7 ± 0.5 0.9 ± 0.2 ± 0.1
f 0(980)! 10.4 ± 3.0 ± 0.5 -0.3 ± 0.3 ± 0.1
NR 15.5 ± 6.9 ± 1.0 -1.2 ± 0.4 ± 0.1
Sum 100.0± 11.2 ± 2.5
%2/ & 87/65

The f 0(980) is parameterized as in a BABAR Dalitz
plot analysis of D +

s " K + K ! " + decay [22]. For the
f 0(1430) we use the BES parameterization [23]. For the
K "

0 (1430), we use our results from the Dalitz plot anal-
ysis (see Sec. VII.C), since the individual measurements
of the mass and width considered for the PDG average
values [16] show a large spread for each parameter. The
non-resonant (NR) contribution is parameterized as an
amplitude that is constant in magnitude and phase over
the Dalitz plot. The f 0(1500)! amplitude is taken as
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FIG. 6: The ηc→K + K ! η Dalitz plot projections. The super-
imposed curves result from the Dalitz plot analysis describ ed
in the text. The shaded regions show the background esti-
mates obtained by interpolating the results of the Dalitz pl ot
analyses of the sideband regions.

the reference amplitude, and so its phase is set to zero.
The test of the Þt quality is performed by computing a
two-dimensional (2-D) ! 2 over the Dalitz plot.

We Þrst perform separate Þts to the" c sidebands using
a list of incoherent sum of amplitudes. We Þnd signiÞcant
contributions from the f !

2(1525), f 0(2200), K "
3 (1780),

and K "
0 (1950) resonances, as well as from an incoherent

uniform background. The resulting amplitude fractions
are interpolated into the " c signal region and normalized
to yield the Þtted purity. Figure 6 shows the projections
of the estimated background contributions as shaded dis-
tributions.

For the description of the " c signal, amplitudes are

added one by one to ascertain the associated increase of
the likelihood value and decrease of the 2-D! 2. Table III
summarizes the Þt results for the amplitude fractions and
phases. We note that thef 0(1500)" amplitude provides
the largest contribution. We also observe important con-
tributions from the K "

0 (1430)+ K # , f 0(980)" , f 0(2200)" ,
and f 0(1710)" channels. In addition, the Þt requires a
sizeableNR contribution. The sum of the fractions for
this " c decay mode is consistent with 100%.

We test the statistical signiÞcance of the
K "

0 (1430)+ K # contribution by removing it from
the list of amplitudes. We obtain a change of the
negative log likelihood∆(! 2lnL )=+107 and an increase
of the ! 2 on the Dalitz plot ∆! 2=+76 for the reduction
by 2 parameters. This corresponds to a statistical
signiÞcance of 10.3 standard deviations. We obtain the
Þrst observation of theK "

0 (1430)± " K ± " decay mode.
We test the quality of the Þt by examining a large

sample of MC events at the generator level weighted
by the likelihood Þtting function and by the efficiency.
These events are used to compare the Þt result to the
Dalitz plot and its projections with proper normaliza-
tion. The latter comparison is shown in Fig. 6, and good
agreement is obtained for all projections. We make use
of these weighted events to compute a 2-D! 2 over the
Dalitz plot. For this purpose, we divide the Dalitz plot
into a number of cells such that the expected popula-
tion in each cell is at least eight events. We compute
! 2 =

! N cells

i =1 (N i
obs ! N i

exp )2/N i
exp , where N i

obs and N i
exp

are event yields from data and simulation, respectively.
Denoting by n (= 16) the number of free parameters in
the Þt, we obtain ! 2/ # = 87/ 65 (# = Ncells ! n), which
indicates that the description of the data is adequate.

We compute the uncorrected Legendre polynomial mo-
ments #Y 0

L $ in each K + K # and " K ± mass interval by
weighting each event by the relevant Y 0

L (cos$) func-
tion. These distributions are shown in Figs. 7 and 8.
We also compute the expected Legendre polynomial mo-
ments from the weighted MC events and compare with
the experimental distributions. We observe good agree-
ment for all the distributions, which indicates that the
Þt is able to reproduce the local structures apparent in
the Dalitz plot.

Systematic uncertainty estimates for the fractions and
relative phases are computed in two different ways: 1)
the purity function is scaled up and down by its statisti-
cal uncertainty, and 2) the parameters of each resonance
contributing to the decay are modiÞed within one stan-
dard deviation of their uncertainties in the PDG average.
The two contributions are added in quadrature.

B. Dalitz plot analysis of ! c→K + K ! " 0

We deÞne the " c signal region as the range 2.910-
3.030 GeV/c 2, which contains 6710 events with (55.2
± 0.6)% purity. Sideband regions are deÞned as the
ranges 2.720-2.840 GeV/c 2 and 3.100-3.220 GeV/c 2, re-
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FIG. 6: The ! c! K + K ! ! Dalitz plot projections. The super-
imposed curves result from the Dalitz plot analysis describ ed
in the text. The shaded regions show the background esti-
mates obtained by interpolating the results of the Dalitz pl ot
analyses of the sideband regions.

the reference amplitude, and so its phase is set to zero.
The test of the Þt quality is performed by computing a
two-dimensional (2-D) ! 2 over the Dalitz plot.

We Þrst perform separate Þts to the" c sidebands using
a list of incoherent sum of amplitudes. We Þnd signiÞcant
contributions from the f !

2(1525), f 0(2200), K "
3 (1780),

and K "
0 (1950) resonances, as well as from an incoherent

uniform background. The resulting amplitude fractions
are interpolated into the " c signal region and normalized
to yield the Þtted purity. Figure 6 shows the projections
of the estimated background contributions as shaded dis-
tributions.

For the description of the " c signal, amplitudes are

added one by one to ascertain the associated increase of
the likelihood value and decrease of the 2-D! 2. Table III
summarizes the Þt results for the amplitude fractions and
phases. We note that thef 0(1500)" amplitude provides
the largest contribution. We also observe important con-
tributions from the K "

0 (1430)+ K # , f 0(980)" , f 0(2200)" ,
and f 0(1710)" channels. In addition, the Þt requires a
sizeableNR contribution. The sum of the fractions for
this " c decay mode is consistent with 100%.

We test the statistical signiÞcance of the
K "

0 (1430)+ K # contribution by removing it from
the list of amplitudes. We obtain a change of the
negative log likelihood ! (! 2lnL )=+107 and an increase
of the ! 2 on the Dalitz plot ! ! 2=+76 for the reduction
by 2 parameters. This corresponds to a statistical
signiÞcance of 10.3 standard deviations. We obtain the
Þrst observation of theK "

0 (1430)± " K ± " decay mode.
We test the quality of the Þt by examining a large

sample of MC events at the generator level weighted
by the likelihood Þtting function and by the e" ciency.
These events are used to compare the Þt result to the
Dalitz plot and its projections with proper normaliza-
tion. The latter comparison is shown in Fig. 6, and good
agreement is obtained for all projections. We make use
of these weighted events to compute a 2-D! 2 over the
Dalitz plot. For this purpose, we divide the Dalitz plot
into a number of cells such that the expected popula-
tion in each cell is at least eight events. We compute
! 2 =

! N cells
i =1 (N i

obs ! N i
exp )2/N i

exp , where N i
obs and N i

exp
are event yields from data and simulation, respectively.
Denoting by n (= 16) the number of free parameters in
the Þt, we obtain ! 2/ # = 87/ 65 (# = Ncells ! n), which
indicates that the description of the data is adequate.

We compute the uncorrected Legendre polynomial mo-
ments #Y 0

L $ in each K + K # and " K ± mass interval by
weighting each event by the relevant Y 0

L (cos$) func-
tion. These distributions are shown in Figs. 7 and 8.
We also compute the expected Legendre polynomial mo-
ments from the weighted MC events and compare with
the experimental distributions. We observe good agree-
ment for all the distributions, which indicates that the
Þt is able to reproduce the local structures apparent in
the Dalitz plot.

Systematic uncertainty estimates for the fractions and
relative phases are computed in two di#erent ways: 1)
the purity function is scaled up and down by its statisti-
cal uncertainty, and 2) the parameters of each resonance
contributing to the decay are modiÞed within one stan-
dard deviation of their uncertainties in the PDG average.
The two contributions are added in quadrature.

B. Dalitz plot analysis of ! c ! K + K ! " 0

We deÞne the " c signal region as the range 2.910-
3.030 GeV/c 2, which contains 6710 events with (55.2
± 0.6)% purity. Sideband regions are deÞned as the
ranges 2.720-2.840 GeV/c 2 and 3.100-3.220 GeV/c 2, re-
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FIG. 6: The ηc ! K + K ! η Dalitz plot projections. The super-
imposed curves result from the Dalitz plot analysis describ ed
in the text. The shaded regions show the background esti-
mates obtained by interpolating the results of the Dalitz pl ot
analyses of the sideband regions.

the reference amplitude, and so its phase is set to zero.
The test of the Þt quality is performed by computing a
two-dimensional (2-D) ! 2 over the Dalitz plot.

We Þrst perform separate Þts to the" c sidebands using
a list of incoherent sum of amplitudes. We Þnd signiÞcant
contributions from the f !

2(1525), f 0(2200), K "
3 (1780),

and K "
0 (1950) resonances, as well as from an incoherent

uniform background. The resulting amplitude fractions
are interpolated into the " c signal region and normalized
to yield the Þtted purity. Figure 6 shows the projections
of the estimated background contributions as shaded dis-
tributions.

For the description of the " c signal, amplitudes are

added one by one to ascertain the associated increase of
the likelihood value and decrease of the 2-D! 2. Table III
summarizes the Þt results for the amplitude fractions and
phases. We note that thef 0(1500)" amplitude provides
the largest contribution. We also observe important con-
tributions from the K "

0 (1430)+ K # , f 0(980)" , f 0(2200)" ,
and f 0(1710)" channels. In addition, the Þt requires a
sizeableNR contribution. The sum of the fractions for
this " c decay mode is consistent with 100%.

We test the statistical signiÞcance of the
K "

0 (1430)+ K # contribution by removing it from
the list of amplitudes. We obtain a change of the
negative log likelihood ! (−2lnL )=+107 and an increase
of the ! 2 on the Dalitz plot ! ! 2=+76 for the reduction
by 2 parameters. This corresponds to a statistical
signiÞcance of 10.3 standard deviations. We obtain the
Þrst observation of theK "

0 (1430)± →K ± " decay mode.
We test the quality of the Þt by examining a large

sample of MC events at the generator level weighted
by the likelihood Þtting function and by the e" ciency.
These events are used to compare the Þt result to the
Dalitz plot and its projections with proper normaliza-
tion. The latter comparison is shown in Fig. 6, and good
agreement is obtained for all projections. We make use
of these weighted events to compute a 2-D! 2 over the
Dalitz plot. For this purpose, we divide the Dalitz plot
into a number of cells such that the expected popula-
tion in each cell is at least eight events. We compute
! 2 =

! N cells
i =1 (N i

obs − N i
exp )2/N i

exp , where N i
obs and N i

exp
are event yields from data and simulation, respectively.
Denoting by n (= 16) the number of free parameters in
the Þt, we obtain ! 2/ # = 87/ 65 (# = Ncells − n), which
indicates that the description of the data is adequate.

We compute the uncorrected Legendre polynomial mo-
ments ⟨Y 0

L ⟩ in each K + K # and " K ± mass interval by
weighting each event by the relevant Y 0

L (cos$) func-
tion. These distributions are shown in Figs. 7 and 8.
We also compute the expected Legendre polynomial mo-
ments from the weighted MC events and compare with
the experimental distributions. We observe good agree-
ment for all the distributions, which indicates that the
Þt is able to reproduce the local structures apparent in
the Dalitz plot.

Systematic uncertainty estimates for the fractions and
relative phases are computed in two di#erent ways: 1)
the purity function is scaled up and down by its statisti-
cal uncertainty, and 2) the parameters of each resonance
contributing to the decay are modiÞed within one stan-
dard deviation of their uncertainties in the PDG average.
The two contributions are added in quadrature.

B. Dalitz plot analysis of ! c ! K + K ! " 0

We deÞne the " c signal region as the range 2.910-
3.030 GeV/c 2, which contains 6710 events with (55.2
± 0.6)% purity. Sideband regions are deÞned as the
ranges 2.720-2.840 GeV/c 2 and 3.100-3.220 GeV/c 2, re-
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spectively. Figure 9 shows the Dalitz plot for the! c signal
region, and Fig. 10 shows the corresponding Dalitz plot
projections. The Dalitz plot and the mass projections
are very similar to the distributions in Ref. [24] for the
decay ! c→K 0

s K ± " ! .

FIG. 9: Dalitz plot for the events in the ! c! K+ K ! " 0 sig-
nal region. The shaded area denotes the accessible kinematic
region.

We observe an enhancement in the low mass region
of the K + K " mass spectrum due to the presence of
the a0(980), a2(1320), and a0(1450) resonances. The
K ± " 0 mass spectrum is dominated by theK #

0 (1430) res-
onance. We also observeK #(892) signals in the K ± " 0

mass spectrum in both the signal and sideband regions.
We Þt the ! c sidebands using an incoherent sum of am-
plitudes, which includes contributions from the a2(1320),
K #(892), K #

0 (1430), K #
2 (1430), K #(1680), andK #

0 (1950)
resonances and from an incoherent background. As for
the Dalitz plot analysis described in Sec. VII.A, the re-
sulting amplitude fractions are interpolated into the ! c
signal region and normalized using the results from the
Þt to the K + K " " 0 mass spectrum. The estimated back-
ground contributions are indicated by the shaded regions
in Fig. 10.

We perform a Dalitz plot analysis of ! c→K + K " " 0

using a procedure similar to that described for the
! c→K + K " ! analysis in Sec. VII.A. We note that in
this case, the amplitude contributions to the K + K " sys-
tem must have isospin one in order to satisfy isospin con-
servation in ! c decay. As discussed in Sec. VII.A, the
K # øK amplitudes, again denoted asK #+ K " , must be
symmetrized in order to conserve C-parity. We take the
K #

0 (1430)+ K " amplitude as the reference, and so set its
phase to zero. Thea0(980) resonance is parameterized
as a coupled-channel Breit-Wigner resonance whose pa-
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FIG. 10: The ! c! K+ K ! " 0 Dalitz plot projections. The
superimposed curves result from the Dalitz plot analysis de-
scribed in the text. The shaded regions show the background
estimates obtained by interpolating the results of the Dali tz
plot analyses of the sideband regions.

rameters are taken from Ref. [25]. We do not include an
additional S-wave isobar amplitude in the nominal Þt. If
we include aK #+

0 (800)K " amplitude, as for example in
Ref. [26], we Þnd that its contribution is consistent with
zero.

Table IV summarizes the amplitude fractions and
phases obtained from the Þt. Using a method similar to
that described in Sec. VII.C, we divide the Dalitz plot
into a number of cells such that the number of expected
events in each cell is at least eight. In this case there are
12 free parameters and we obtain#2/ $ = 212/ 130. We
observe a relatively large#2 contribution ( #2 = 19 for
2 cells) in the lower left corner of the Dalitz plot, where

15

the momentum of the ! 0 is very small; this may be due
to a residual contamination from "" ! K + K ! events.

TABLE IV: Results of the Dalitz plot analysis of the
! c ! K + K ! " 0 channel.

Final state Fraction % Phase (radians)

K "
0 (1430)

+ K ! 33.8 ± 1.9 ± 0.4 0.
K "

0 (1950)
+ K ! 6.7 ± 1.0 ± 0.3 -0.67 ± 0.07 ± 0.03

a0(980)" 0 1.9 ± 0.1 ± 0.2 0.38 ± 0.24 ± 0.02
a0(1450)" 0 10.0 ± 2.4 ± 0.8 -2.4 ± 0.05 ± 0.03
a2(1320)" 0 2.1 ± 0.1 ± 0.2 0.77 ± 0.20 ± 0.04
K "

2 (1430)
+ K ! 6.8 ± 1.4 ± 0.3 -1.67 ± 0.07 ± 0.03

NR 24.4 ± 2.5 ± 0.6 1.49 ± 0.07 ± 0.03

Sum 85.8 ± 3.6 ± 1.2
#2/ $ 212/130

The Dalitz plot analysis shows a dominance of scalar
meson amplitudes with small contributions from spin-two
resonances. TheK " (892) contribution is consistent with
originating entirely from background. Other spin-one K "

resonances have been included in the Þt, but their con-
tributions have been found to be consistent with zero.
We note the presence of a sizeable non-resonant contri-
bution. However, in this case the sum of the fractions is
signiÞcantly lower than 100%, indicating important in-
terference e! ects. Figure 10 shows the Þt projections
superimposed on the data, and good agreement is ap-
parent for all projections. We compute the uncorrected
Legendre polynomial moments"Y 0

L# in each K + K ! and
K ± ! 0 mass interval by weighting each event by the rel-
evant Y 0

L (cos#) function. These distributions are shown
in Figs. 11 and 12. We also compute the expected Legen-
dre polynomial moments from weighted MC events and
compare them with the experimental distributions. We
observe satisfactory agreement in all distributions, but
we note that there are regions in which the detailed be-
havior of some moments is not well reproduced by the Þt.
This is reßected by the high value of the$2 obtained. We
have been unable to Þnd additional amplitudes that im-
prove the Þt model. This may indicate, for example, that
interference between signal and background is relevant to
the Dalitz plot description.

Systematic uncertainty estimates on the fractions and
relative phases are obtained by procedures similar to
those described in Sec. VII.B.

C. Determination of the K !
0 (1430) parameter

values

In the Dalitz plot analyses of %c! K + K ! % and
%c! K + K ! ! 0, we perform a likelihood scan to obtain
the best-Þt parameters for theK "

0 (1430). We use this
approach because, in the presence of several interfering
scalar-meson resonances, allowing the parameters of the
K "

0 (1430) to be free results in Þt instabilities. The best

measurements of theK "
0 (1430) parameters have been ob-

tained by the LASS experiment [8], in which the mass
value m = 1435 ± 5 MeV/c 2 and width value " =
279± 6 MeV were found for theK "

0 (1430) [9]. First, we Þx
the mass to 1435 MeV/c 2 and examine$ 2 ln L as a func-
tion of the K "

0 (1430) width. We Þnd that the function has
a minimum at 210 MeVfor both %c decay modes. We de-
termine the uncertainty by requiring # ($ 2 ln L ) = 1. We
obtain " = 210 ± 20 MeV and " = 240+60

! 50 MeV from the
%c! K + K ! ! 0 and %c! K + K ! %scans, respectively. Fix-
ing the width to 210 MeV, we then scan the likelihood for
the K "

0 (1430) mass and obtainm = 1438± 8 MeV/c 2 for
the %c! K + K ! ! 0 decay mode. Figure 13 shows the re-
sults of the likelihood scans. For the%c! K + K ! %mode,
we obtain a minimum at 1435 MeV, but the limited size
of the event sample does not permit a useful evaluation of
the uncertainty. We evaluate systematic uncertainties for
the K "

0 (1430) parameters by repeating the%c! K + K ! ! 0

scans for di! erent values of parameters in the ranges of
their statistical uncertainties obtaining

m(K "
0 (1430)) = 1438± 8 ± 4 MeV/c 2

" (K "
0 (1430)) = 210 ± 20± 12 MeV.

(10)

The mass value agrees well with that from the LASS ex-
periment, but the width is approximately three standard
deviations smaller than the LASS result.

VIII. K ! /K " BRANCHING RATIO FOR THE
K !

0 (1430)

The observation of the K "
0 (1430) in the K %and K ! 0

decay modes permits a measurement of the correspond-
ing branching ratio. Taking into account the systematic
uncertainty on the fractions of contributing amplitudes,
the Dalitz plot analysis of %c! K + K ! %decay gives a to-
tal K "

0 (1430)+ K ! contribution of

f ! K = 0 .164± 0.042± 0.010. (11)

Similarly, the Dalitz plot analysis of the %c! K + K ! ! 0

decay mode gives a totalK "
0 (1430)+ K ! contribution of

f ! 0
K

= 0 .338± 0.019± 0.004. (12)

Using the measurement ofR(%c) from Eq. (6), we obtain
the K "

0 (1430) branching ratio

B(K "
0 (1430)! %K )

B(K "
0 (1430)! ! K )

= R(%c)
f ! K

f " K
= 0 .092± 0.025± 0.010,

(13)
where f " K denotes f ! 0

K
after correcting for the K 0!

decay mode.
We note, however, that in the Dalitz plot analyses

the amplitude labelled ÒNRÓ may be considered to rep-
resent an S-wave K ! or K % system in an orbital S-
wave state with respect to the bachelor kaon. As such,
the NR amplitude has structure similar to that of the
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The K !
0 (1430) parameters.

! In the ! c ! " 0K + K " Dalitz plot analysis we scan the likelihood as a function of
the K !

0 (1430) mass and width.
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! We obtain:

m(K !
0 (1430)) = 1438 ± 8 ± 4 MeV/c 2

! (K !
0 (1430)) = 210 ± 20± 12 MeV
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K∗
0 (1430) branching fraction.

! We note that the amplitude labelled ÒNRÓ may be considered to represent an

S-wave, similar to that of the K∗
0 (1430)+ K− amplitudes

! We remove the non-resonant contribution in both the ! c ! K+ K−! and

! c ! K+ K−" 0 Dalitz plot analyses.
! We obtain signiÞcant variation of the K∗

0 (1430)+ K− fraction in the ! c ! K+ K−" 0

Þnal state (" a factor 2) which is included in the evaluation of the systema tic
uncertainty.

! The LASS experiment studied the reaction K−p ! K−! p at 11 GeV/c. The K−!
mass spectrum is dominated by the presence of theK∗

3 (1780) resonance with no

evidence forK∗
0 (1430) ! K! decay.

! However, from PDG:

! (K∗
0 (1430) ! K" )/! (K∗

0 (1430)) = 0 .93 ± 0.04 ± 0.09

! Not in conßict with the presence of a small branching fractio n for the K! decay
mode.
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K !
0 (1430) branching fraction.

! First observation of K !
0 (1430) ! K ! .

! The observation of K !
0 (1430) in both K ! and K " 0 decay modes allows a

measurement of the relative branching fraction.
! The Dalitz plot analysis of ! c ! K + K " ! decay gives a total K !

0 (1430)+ K "

contribution of

f ! K = 0 .164± 0.042± 0.010

! The Dalitz plot analysis of the ! c ! K + K " " 0 decay mode gives a total
K !

0 (1430)+ K " contribution of

f " 0 K = 0 .338± 0.019± 0.004

! Using the measurement of R (! c), we obtain the K !
0 (1430) branching ratio

B(K !
0 (1430) ! ! K )

B(K !
0 (1430) ! " K )

= R (! c)
f ! K

f " K
= 0 .092± 0.025+0 .010

" 0.025

where f " K denotes f " 0 K after correcting for the K 0" decay mode.
! Asymmetric systematic uncertainty.

17
¥! @)*26-,)*"*%'"?(#$%>3-'tNRu'/"*'6-(6-,-*%'"'V24"<-' 0"  )6'0!  ,+,%-?'

6-,>#7*U'$*'/)66-#"7)*'I-%4--*' +@G'P6-#"7<-'(5",-R'"*3''f"& . $
$

+@GW"/2 U$<-, f"& =(33.3fBAbR`'"*3'+@GWQ"/2 U$<-, f"& =(67.0fFAFR`'
$

¥! q//)>*%-3'.)6'$*',+,%-?"7/'>*/-6%"$*7-,'I+'6-?)<$*U'@G'/)*%6$I>7)*'
"*3'/"#/>#"7*U'%5-'/5"*U-,').'%5-'*-U"7<-'#)U'#$:-#$5))3'.)6'! /à'0102" 0''
"*3' ! /à'0102! 'A'

Phys.	
  Rev.	
  D	
  89,	
  112004	
  (2014)	
  



H)*/#>,$)*'

¥! p$6,%')I,-6<"7)*').' ! / '"*3' ! /PFVR'$*'%5-'0102! '"*3' 0102" 0 
/5"**-#'(6)3>/-3'$*'%4)2(5)%)*'$*%-6"/7)*,A'

'

¥! p$6,%'!"#$%&'(#)%'"*"#+,$,').' ! /à0102!  "*3' ! /à0102" 0 .$
Ð!!)?$*"*/-').',/"#"6'?-,)*'6-,)*"*/-,A'

'
¥! p$6,%')I,-6<"7)*').'0OCPBDQCR'",'"'c6-$%29$U*-6'(-":'$*' 0!  

"*3' 0" .$
Ð! !-%-6?$*"7)*').'0O CPBDQCR'("6"?-%-6,'"*3'I6"*/5$*U'.6"/7)*'6"7)A'

'

'

FCBD2BB2BB' G"/5" 'H5-"$IE'J/K$##'L*$<-6,$%+' B['

Phys.	
  Rev.	
  D	
  89,	
  112004	
  (2014)	
  



cqH0'LN'VS8!dV'

FCBD2BB2BB' G"/5"'H5-"$IE'J/K$##'L*$<-6,$%+' Be'



¥!S)/"%-3'"%'VSqH'@"7)*"#'
q//-#-6"%)6'S"I)6"%)6+'

¥!q,+??-%6$/'-1- 2'/)##$,$)*,'"%'
HJ'-*-6U+').'BCA[b'K-m'A''''

¥!!"%"'/)##-/7)*'Bggg'%)'FCCbA''''''''''''''''''''

48   fb-1 

514   fb-1 

424  fb-1 
28    fb-1 
14    fb-1 

1040   fb-1 

Data and physics productivity 

4 

! ""# $ %#�: 
�$�$
$ pairs 

! &"# $ %#�: 
�$�$
$ pairs 

!"#$%&�M�M
$ '()"*)##+ &
background 

Journal submissions in 2012: 
¥ BaBar: 31 
¥ Belle: 29 

! 100 luminosity upgrades: 
¥ SuperB: recently cancelled 
¥ Belle-II: on-track 

X)%"#'$*%-U6"%-3'#>?$*),$%+E'"%'%5-''''''''''''''''''
,( *V) (*WFEQEDR 6-,)*"*/-E').' 123#452A'

FCBD2BB2BB' G"/5" 'H5-"$IE'J/K$##'L*$<-6,$%+' B\'

arXiv:1403.7051	
  Phys.	
  Rev.	
  D	
  89,	
  112004	
  (2014)	
  

c"c"6 'dT(-6$?-*%Y'



J",,'G-,)#>7)*'
¥! - ? '$,'%5-'3$v-6-*/-'I-%4--*'%5-'U-*-6"%-3'"*3'6-/)*,%6>/%-3'0102" 0 "*3'

0102! $*<"6$"*%'?",,A''
¥! !$,%6$I>7)*'i%'4$%5'"'H6+,%"#'c"##'.>*/7)*'.)6'0102!, ! à" +" >Ù" 0'"*3'"',>?'

).'"'H6+,%"#'c"##'"*3'K">,,$"*'.)6'0102!, ! à ## "*3' 0102" 0E'" 0à ##A'

'

¥! V"?-'iw*U'(6)/-3>6-'.)6' ! / 'PFVR'4$%5'6A?A,AWBbE'B[E'"*3'FD'J-mn/F'A'

$
FCBD2BB2BB' G"/5" 'H5-"$IE'J/K$##'L*$<-6,$%+' Bb'

!

"

#

$

Experimental resolution.

! We make use of MC simulations to obtain the experimental resolution for each
channel.

! Resolution functions Þtted with the sum of a Crystal Ball and a Gaussian function.
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Implications for the pseudoscalar meson mixing angle.

! No evidence for K !
0 (1430) or K !

2 (1430) production in the reaction K " p ! K " ! p at
11 by LASS experiment with an upper limit

B(K !
2 (1430) ! K ! )/ B(K !

2 (1430) ! K " ) < 0.92% at 95% C.L.

! This small value is understood in the context of an SU(3) mode l with octet-singlet
mixing of the ! and ! #.
! For even angular momentum l (i.e., D-type coupling), it can be shown that a
consequence of the resultingK ! øK ! couplings is

Rl =
B(K !

l ! K ! )
B(K !

l ! K " )
=

1
9

(cos#p + 2 á
"

2 ásin #p)2 á(qK ! /q K " )2l +1

where qK ! (qK " ) is the kaon momentum in the K ! (K " ) rest frame at the K ! mass
and #p is the SU(3) singlet-octet mixing angle for the pseudoscalar meson nonet.
! We note that Rl equals zero if

tan #p = # [1/ (2 á
"

2)]( i.e., #p = # 19.7$)
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Implications for the pseudoscalar meson mixing angle.

! No evidence for K !
0 (1430) or K !

2 (1430) production in the reaction K " p → K " ! p at
11 by LASS experiment with an upper limit

B(K !
2 (1430) → K ! )/ B(K !

2 (1430) → K " ) < 0.92% at 95% C.L.

! This small value is understood in the context of an SU(3) mode l with octet-singlet
mixing of the ! and ! #.
! For even angular momentum l (i.e., D-type coupling), it can be shown that a
consequence of the resultingK ! øK ! couplings is

Rl =
B(K !

l → K ! )
B(K !

l → K " )
=

1
9

(cos#p + 2 á
√

2 ásin #p)2 á(qK! /qK" )2l+1

where qK! (qK" ) is the kaon momentum in the K ! (K " ) rest frame at the K ! mass
and #p is the SU(3) singlet-octet mixing angle for the pseudoscalar meson nonet.
! We note that Rl equals zero if

tan #p = −[1/ (2 á
√

2)]( i.e., #p = −19.7$)
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FIG. 7: Legendre polynomial moments for ! c ! K +K ! ! as a function of K +K ! mass. The superimposed curves result from
the Dalitz plot analysis described in the text.
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Dalitz plot analysis described in the text. The correspondi ng K +! and K ! ! distributions are combined.
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FIG. 7: Legendre polynomial moments for ! c→K + K ! ! as a function of K + K ! mass. The superimposed curves result from
the Dalitz plot analysis described in the text.
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Dalitz plot analysis described in the text. The correspondi ng K + ! and K ! ! distributions are combined.
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FIG. 11: Legendre polynomial moments for ! c→K+ K ! " 0 as a function of K+ K ! mass. The superimposed curves result from
the Dalitz plot analysis described in the text.
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FIG. 11: Legendre polynomial moments for ! c ! K +K ! " 0 as a function of K +K ! mass. The superimposed curves result from
the Dalitz plot analysis described in the text.
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the Dalitz plot analysis described in the text. The correspo nding K +" 0 and K ! " 0 distributions are combined.
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resultingS-wave andP -wave fractions computed for three
K! K" mass regions. The last column of TableII shows the
measurements of the relative overall rate (N

Ntot
) deÞned as

the number of events in theK! K" mass interval over the
number of events in the entire Dalitz plot after efÞciency-
correction and background-subtraction.

B. S-wave parametrization at theK! K" threshold

In this section we extract a phenomenological descrip-
tion of the S wave assuming that it is dominated by the
f 0#980$resonance while theP wave is described entirely
by the ! #1020$resonance. We also assume that no other
contribution is present in this limited region of the Dalitz
plot. We therefore perform a simultaneous Þt of the three
distributions shown in Figs.5(a)Ð5(c) using the following
model:

dNS2

dmK! K"
% jCf 0#980$Af 0#980$j2;

dNP 2

dmK! K"
% jC! A! j2;

dN! SP

dmK! K"
% arg#Af 0#980$ei" $ " arg#A! $;

(14)

whereC! , Cf 0#980$, and" are free parameters and

A! %
Fr FD

m2
! " m2 " im! !

& 4pq (15)

is the spin 1 relativistic BW parametrizing the! #1020$
with ! expressed as

! % ! r

!
p
pr

"
2J! 1

!
Mr

m

"
F2

r : (16)

Here q is the momentum of the bachelor# ! in the
K! K" rest frame. The parameters in Eqs. (15) and (16)
are deÞned in Sec.VI below.

For Af 0#980$ we Þrst tried a coupled channel BW (Flatte«)
amplitude [17]. However, we Þnd that this parametrization
is insensitive to the coupling to the## channel. Therefore,
we empirically parametrize thef 0#980$with the following
function:

Af 0#980$ %
1

m2
0 " m2 " im0! 0$KK

; (17)

where$KK % 2p=m, and obtains the following parameter
values:

m0 % #0:922 ' 0:003stat$GeV=c2;

! 0 % #0:24 ' 0:08stat$GeV:
(18)

The errors are statistical only. The Þt results are super-
imposed on the data in Fig.5.

In Fig. 5(c), the S-P phase difference is plotted twice
because of the sign ambiguity associated with the value
of ! SP extracted fromcos! SP . We can extract the mass-
dependentf 0#980$ phase by adding the mass-dependent
! #1020$BW phase to the! SP distributions of Fig.5(c).
Since theK! K" mass region is signiÞcantly above the
f 0#980$central mass value of Eq. (18), we expect that the
S-wave phase will be moving much more slowly in this
region than in the! #1020$ region. Consequently, we re-
solve the phase ambiguity of Fig.5(c) by choosing as the
physical solution the one which decreases rapidly in the
! #1020$peak region, since this reßects the rapid forward
BW phase motion associated with a narrow resonance. The
result is shown in Fig.5(d), where we see that theS-wave
phase is roughly constant, as would be expected for the tail
of a resonance. The slight decrease observed with increas-
ing mass might be due to higher mass contributions to the
S-wave amplitude. The values ofjSj2 (arbitrary units) and
phase values are reported in TableIII , together with the
corresponding values ofjP j2.

In Fig. 6(a) we compare theS-wave proÞle from this
analysis with the S-wave intensity values extracted
from Dalitz plot analyses ofD0 ! "K0K! K" [18] and
D0 ! K! K" # 0 [19]. The four distributions are normal-
ized in the region from threshold up to1:05 GeV=c2. We
observe substantial agreement. As thea0#980$andf 0#980$
mesons couple mainly to theu "u=d"d and s"s systems, re-
spectively, the former is favored inD0 ! "K0K! K" and
the latter inD!

s ! K! K" # ! . Both resonances can con-
tribute in D0 ! K! K" # 0. We conclude that theS-wave
projections in theK "K system for both resonances are
consistent in shape. It has been suggested that this feature
supports the hypothesis that thea0#980$ and f 0#980$ are
4-quark states [20]. We also compare theS-wave proÞle
from this analysis with the# ! # " S-wave proÞle
extracted fromBABARdata in a Dalitz plot analysis of
D!

s ! # ! # " # ! [4] [Fig. 6(b)]. The observed agreement
supports the argument that only thef 0#980$ is present in
this limited mass region.

C. Study of theK" ! ! S wave at threshold

We perform a model-independent analysis, similar to
that described in the previous sections, to extract theK#
S-wave behavior as a function of mass in the threshold
region up to1:1 GeV=c2. Figure7 shows theK" # ! mass
spectrum in this region, weighted byY0

k#cos%$ %###########################
#2k ! 1$=4#

p
Pk#cos%$, with k % 0, 1, and 2, corrected

TABLE II. S-wave andP -wave fractions computed in three
K! K" mass ranges around the! #1020$peak. Errors are statis-
tical only.

mK! K" (MeV=c2) f S-wave (%) f P -wave (%) N
Ntot

(%)

1019:456 ' 5 3:5 ' 1:0 96:5 ' 1:0 29:4 ' 0:2
1019:456 ' 10 5:6 ' 0:9 94:4 ' 0:9 35:1 ' 0:2
1019:456 ' 15 7:9 ' 0:9 92:1 ' 0:9 37:8 ' 0:2
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resultingS-wave andP -wave fractions computed for three
K! K" mass regions. The last column of TableII shows the
measurements of the relative overall rate (N

Ntot
) deÞned as

the number of events in theK! K" mass interval over the
number of events in the entire Dalitz plot after efÞciency-
correction and background-subtraction.

B. S-wave parametrization at theK! K" threshold

In this section we extract a phenomenological descrip-
tion of the S wave assuming that it is dominated by the
f 0#980$resonance while theP wave is described entirely
by the ! #1020$resonance. We also assume that no other
contribution is present in this limited region of the Dalitz
plot. We therefore perform a simultaneous Þt of the three
distributions shown in Figs.5(a)Ð5(c) using the following
model:

dNS2

dmK! K"
% jCf 0#980$Af 0#980$j2;

dNP 2

dmK! K"
% jC! A! j2;

dN! SP

dmK! K"
% arg#Af 0#980$ei" $ " arg#A! $;

(14)

whereC! , Cf 0#980$, and" are free parameters and

A! %
Fr FD

m2
! " m2 " im! !

& 4pq (15)

is the spin 1 relativistic BW parametrizing the! #1020$
with ! expressed as

! % ! r

!
p
pr

"
2J! 1

!
Mr

m

"
F2

r : (16)

Here q is the momentum of the bachelor# ! in the
K! K" rest frame. The parameters in Eqs. (15) and (16)
are deÞned in Sec.VI below.

For Af 0#980$ we Þrst tried a coupled channel BW (Flatte«)
amplitude [17]. However, we Þnd that this parametrization
is insensitive to the coupling to the## channel. Therefore,
we empirically parametrize thef 0#980$with the following
function:

Af 0#980$ %
1

m2
0 " m2 " im0! 0$KK

; (17)

where$KK % 2p=m, and obtains the following parameter
values:

m0 % #0:922' 0:003stat$GeV=c2;

! 0 % #0:24 ' 0:08stat$GeV:
(18)

The errors are statistical only. The Þt results are super-
imposed on the data in Fig.5.

In Fig. 5(c), the S-P phase difference is plotted twice
because of the sign ambiguity associated with the value
of ! SP extracted fromcos! SP . We can extract the mass-
dependentf 0#980$ phase by adding the mass-dependent
! #1020$BW phase to the! SP distributions of Fig.5(c).
Since theK! K" mass region is signiÞcantly above the
f 0#980$central mass value of Eq. (18), we expect that the
S-wave phase will be moving much more slowly in this
region than in the! #1020$ region. Consequently, we re-
solve the phase ambiguity of Fig.5(c) by choosing as the
physical solution the one which decreases rapidly in the
! #1020$peak region, since this reßects the rapid forward
BW phase motion associated with a narrow resonance. The
result is shown in Fig.5(d), where we see that theS-wave
phase is roughly constant, as would be expected for the tail
of a resonance. The slight decrease observed with increas-
ing mass might be due to higher mass contributions to the
S-wave amplitude. The values ofjSj2 (arbitrary units) and
phase values are reported in TableIII , together with the
corresponding values ofjP j2.

In Fig. 6(a) we compare theS-wave proÞle from this
analysis with the S-wave intensity values extracted
from Dalitz plot analyses ofD0 ! "K0K! K" [18] and
D0 ! K! K" # 0 [19]. The four distributions are normal-
ized in the region from threshold up to1:05 GeV=c2. We
observe substantial agreement. As thea0#980$andf 0#980$
mesons couple mainly to theu "u=d"d and s"s systems, re-
spectively, the former is favored inD0 ! "K0K! K" and
the latter inD!

s ! K! K" # ! . Both resonances can con-
tribute in D0 ! K! K" # 0. We conclude that theS-wave
projections in theK "K system for both resonances are
consistent in shape. It has been suggested that this feature
supports the hypothesis that thea0#980$ and f 0#980$ are
4-quark states [20]. We also compare theS-wave proÞle
from this analysis with the# ! # " S-wave proÞle
extracted fromBABARdata in a Dalitz plot analysis of
D!

s ! # ! # " # ! [4] [Fig. 6(b)]. The observed agreement
supports the argument that only thef 0#980$ is present in
this limited mass region.

C. Study of theK" ! ! S wave at threshold

We perform a model-independent analysis, similar to
that described in the previous sections, to extract theK#
S-wave behavior as a function of mass in the threshold
region up to1:1 GeV=c2. Figure7 shows theK" # ! mass
spectrum in this region, weighted byY0

k#cos%$ %###########################
#2k ! 1$=4#

p
Pk#cos%$, with k % 0, 1, and 2, corrected

TABLE II. S-wave andP -wave fractions computed in three
K! K" mass ranges around the! #1020$peak. Errors are statis-
tical only.

mK! K" (MeV=c2) f S-wave (%) f P -wave (%) N
Ntot

(%)

1019:456' 5 3:5 ' 1:0 96:5 ' 1:0 29:4 ' 0:2
1019:456' 10 5:6 ' 0:9 94:4 ' 0:9 35:1 ' 0:2
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resultingS-wave andP -wave fractions computed for three
K! K" mass regions. The last column of TableII shows the
measurements of the relative overall rate (N

Ntot
) deÞned as

the number of events in theK! K" mass interval over the
number of events in the entire Dalitz plot after efÞciency-
correction and background-subtraction.

B. S-wave parametrization at theK! K" threshold

In this section we extract a phenomenological descrip-
tion of the S wave assuming that it is dominated by the
f 0#980$resonance while theP wave is described entirely
by the ! #1020$resonance. We also assume that no other
contribution is present in this limited region of the Dalitz
plot. We therefore perform a simultaneous Þt of the three
distributions shown in Figs.5(a)Ð5(c) using the following
model:

dNS2

dmK! K"
% jCf 0#980$Af 0#980$j2;

dNP 2

dmK! K"
% jC! A! j2;

dN! SP

dmK! K"
% arg#Af 0#980$ei" $ " arg#A! $;

(14)

whereC! , Cf 0#980$, and" are free parameters and

A! %
Fr FD

m2
! " m2 " im! !

& 4pq (15)

is the spin 1 relativistic BW parametrizing the! #1020$
with ! expressed as

! % !r

!
p
pr

"
2J! 1

!
Mr

m

"
F2

r : (16)

Here q is the momentum of the bachelor# ! in the
K! K" rest frame. The parameters in Eqs. (15) and (16)
are deÞned in Sec.VI below.

For Af 0#980$ we Þrst tried a coupled channel BW (Flatte«)
amplitude [17]. However, we Þnd that this parametrization
is insensitive to the coupling to the## channel. Therefore,
we empirically parametrize thef 0#980$with the following
function:

Af 0#980$ %
1

m2
0 " m2 " im0!0$KK

; (17)

where$KK % 2p=m, and obtains the following parameter
values:

m0 % #0:922' 0:003stat$GeV=c2;

!0 % #0:24 ' 0:08stat$GeV:
(18)

The errors are statistical only. The Þt results are super-
imposed on the data in Fig.5.

In Fig. 5(c), the S-P phase difference is plotted twice
because of the sign ambiguity associated with the value
of ! SP extracted fromcos! SP . We can extract the mass-
dependentf 0#980$ phase by adding the mass-dependent
! #1020$BW phase to the! SP distributions of Fig.5(c).
Since theK! K" mass region is signiÞcantly above the
f 0#980$central mass value of Eq. (18), we expect that the
S-wave phase will be moving much more slowly in this
region than in the! #1020$ region. Consequently, we re-
solve the phase ambiguity of Fig.5(c) by choosing as the
physical solution the one which decreases rapidly in the
! #1020$peak region, since this reßects the rapid forward
BW phase motion associated with a narrow resonance. The
result is shown in Fig.5(d), where we see that theS-wave
phase is roughly constant, as would be expected for the tail
of a resonance. The slight decrease observed with increas-
ing mass might be due to higher mass contributions to the
S-wave amplitude. The values ofjSj2 (arbitrary units) and
phase values are reported in TableIII , together with the
corresponding values ofjP j2.

In Fig. 6(a) we compare theS-wave proÞle from this
analysis with the S-wave intensity values extracted
from Dalitz plot analyses ofD0 ! "K0K! K" [18] and
D0 ! K! K" # 0 [19]. The four distributions are normal-
ized in the region from threshold up to1:05 GeV=c2. We
observe substantial agreement. As thea0#980$andf 0#980$
mesons couple mainly to theu "u=d "d and s"s systems, re-
spectively, the former is favored inD0 ! "K0K! K" and
the latter inD!

s ! K! K" # ! . Both resonances can con-
tribute in D0 ! K! K" # 0. We conclude that theS-wave
projections in theK "K system for both resonances are
consistent in shape. It has been suggested that this feature
supports the hypothesis that thea0#980$ and f 0#980$ are
4-quark states [20]. We also compare theS-wave proÞle
from this analysis with the# ! # " S-wave proÞle
extracted fromBABARdata in a Dalitz plot analysis of
D!

s ! # ! # " # ! [4] [Fig. 6(b)]. The observed agreement
supports the argument that only thef 0#980$ is present in
this limited mass region.

C. Study of theK" ! ! S wave at threshold

We perform a model-independent analysis, similar to
that described in the previous sections, to extract theK#
S-wave behavior as a function of mass in the threshold
region up to1:1 GeV=c2. Figure7 shows theK" # ! mass
spectrum in this region, weighted byY0

k#cos%$ %###########################
#2k ! 1$=4#

p
Pk#cos%$, with k % 0, 1, and 2, corrected

TABLE II. S-wave andP -wave fractions computed in three
K! K" mass ranges around the! #1020$peak. Errors are statis-
tical only.

mK! K" (MeV=c2) f S-wave (%) f P -wave (%) N
Ntot

(%)

1019:456' 5 3:5 ' 1:0 96:5 ' 1:0 29:4 ' 0:2
1019:456' 10 5:6 ' 0:9 94:4 ' 0:9 35:1 ' 0:2
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determine the relative amplitudes and phases of intermedi-
ate resonant and nonresonant states.

The likelihood function is written as

L !
YN

n! 1

!
f sig " ! #x; y$

P

i;j
ci c%

j Ai #x; y$A%
j #x; y$

P

i;j
ci c%

j IAi A%
j

& #1 ' f sig$

P

i
ki Bi#x; y$
P

i
ki IBi

"
; (19)

where
(i) N is the number of events in the signal region;
(ii) x ! m2#K& K' $andy ! m2#K' " & $;
(iii) f sig is the fraction of signal as a function of the

K& K' " & invariant mass, obtained from the Þt to
theK& K' " & mass spectrum [Fig.2(a)];

(iv) ! #x; y$ is the efÞciency, parametrized by a third
order polynomial (Sec.IV);

(v) the Ai#x; y$describe the complex signal amplitude
contributions;

(vi) the Bi #x; y$ describe the background probability
density function contributions;

(vii) ki is the magnitude of thei-th component for the
background. Theki parameters are obtained by
Þtting the sideband regions;

(viii) IAi A%
j

!
R

Ai#x; y$A%
j #x; y$! #x; y$dxdy and IBi

!
R

Bi#x; y$dxdy are normalization integrals.
Numerical integration is performed by means of
Gaussian quadrature [21];

(ix) ci is the complex amplitude of thei-th component
for the signal. Theci parameters are allowed to vary
during the Þt process.

The phase of each amplitude (i.e. the phase of the
corresponding ci ) is measured with respect to the
K& !K%#892$0 amplitude. Following the method described
in Ref. [22], each amplitudeAi #x; y$is represented by the
product of a complex BW and a real angular termT
depending on the solid angle" :

A#x; y$ ! BW#m$ ( T#" $: (20)

For aDs meson decaying into three pseudoscalar mesons
via an intermediate resonancer (Ds ! rC, r ! AB),
BW#MAB$is written as a relativistic BW:

FIG. 6 (color online). (a) Comparison betweenK !K S-wave intensities from different charmed meson Dalitz plot analyses.
(b) Comparison of theK !K S-wave intensity fromD&

s ! K& K' " & with the " & " ' S-wave intensity fromD&
s ! " & " ' " & .
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BW!MAB" #
FrFD

M2
r $ M2

AB $ i!ABMr

; (21)

where !AB is a function of the invariant mass of system
AB (MAB), the momentum pAB of either daughter in the
AB rest frame, the spin J of the resonance and the
mass Mr, and the width !r of the resonance. The explicit
expression is

!AB # !r

!
pAB

pr

"
2J%1

!
Mr

MAB

"
F2
r ; (22)

pAB #

#################################################################
!M2

AB $ M2
A $ M2

B"2 $ 4M2
AM

2
B

q

2MAB
: (23)

The form factors Fr and FD attempt to model the
underlying quark structure of the parent particle and the
intermediate resonances. We use the Blatt-Weisskopf
penetration factors [23] (Table IV), which depend on a
single parameter R representing the meson ‘‘radius.’’ We
assume RD%

s
# 3 GeV$ 1 for the Ds and Rr # 1:5 GeV$ 1

for the intermediate resonances; qAB is the momentum of
the bachelor C in the AB rest frame:

qAB #

#####################################################################
!M2

Ds
%M2

C $ M2
AB"2 $ 4M2

Ds
M2

C

q

2MAB
: (24)

pr and qr are the values of pAB and qAB when mAB # mr.
The angular terms T!"" are described by the following

expressions:

Spin 0: T!"" # 1;

Spin 1: T!"" # M2
BC $ M2

AC $
!M2

Ds
$ M2

C"!M2
B $ M2

A"

M2
AB

;

Spin 2: T!"" # a21 $
1

3
a2a3; (25)

where

a1 # M2
BC $ M2

AC %
!M2

Ds
$ M2

C"!M2
A $ M2

B"

M2
AB

;

a2 # M2
AB $ 2M2

Ds
$ 2M2

C %
!M2

Ds
$ M2

C"2

M2
AB

;

a3 # M2
AB $ 2M2

A $ 2M2
B %

!M2
A $ M2

B"2

M2
AB

:

(26)

Resonances are included in sequence, starting from
those immediately visible in the Dalitz plot projections.
All allowed resonances from Ref. [10] have been tried, and
we reject those with amplitudes consistent with zero. The
goodness of fit is tested by an adaptive binning ! 2.
The efficiency-corrected fractional contribution due to

the resonant or nonresonant contribution i is defined as
follows:

fi #
jcij2

R
jAi!x; y"j2dxdy

R
j
P

j
cjAj!x; y"j2dxdy

: (27)

The fi do not necessarily add to 1 because of interference
effects. We also define the interference fit fraction between
the resonant or nonresonant contributions k and l as:

fkl #
2

R
< &ckc'

l Ak!x; y"A'
l !x; y"(dxdy

R
j
P

j
cjAj!x; y"j2dxdy

: (28)

Note that fkk # 2fk. The error on each fi and fkl is
evaluated by propagating the full covariance matrix ob-
tained from the fit.

Background parametrization

To parametrize the D%
s background, we use the D%

s

sideband regions. An unbinned maximum likelihood fit is
performed using the function:

L #
YNB

n# 1

$
P

i
kiBi

P

i
kiIBi

%
; (29)

where NB is the number of sideband events, the ki
parameters are real coefficients floated in the fit, and the
Bi parameters represent Breit-Wigner functions that are
summed incoherently.
The Dalitz plot for the two sidebands shows the presence

of " !1020" and #K' !892"0 (Fig. 8). There are further struc-
tures not clearly associated with known resonances and due
to reflections of other final states. Since they do not have
definite spin, we parametrize the background using an
incoherent sum of S-wave Breit-Wigner shapes.

VII. DALITZ PLOT ANALYSIS OF D%
s ! K%K$ ! %

Using the method described in Sec. VI, we perform an
unbinned maximum likelihood fit to the D%

s ! K%K$ # %

decay channel. The fit is performed in steps, by adding

TABLE IV. Summary of the Blatt-Weisskopf penetration form
factors. qr and pr are the momenta of the decay particles in the
parent rest frame.

Spin Fr FD

0 1 1

1
################
1%!Rrpr"2

p
###################
1%!RrpAB"2

p
###################
1%!RD%

s
qr"2

p
#####################
1%!RD%

s
qAB"2

p

2
################################
9%3!Rrpr"2%!Rrpr"4

p
#####################################
9%3!RrpAB"2%!RrpAB"4

p
######################################
9%3!RD%

s
qr"2%!RD%

s
qr"4

p
##########################################
9%3!RD%

s
qAB"2%!RD%

s
qAB"4

p
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BW!MAB" #
Fr FD

M2
r $ M2

AB $ i ! ABMr
; (21)

where! AB is a function of the invariant mass of system
AB (MAB), the momentumpAB of either daughter in the
AB rest frame, the spinJ of the resonance and the
massMr , and the width! r of the resonance. The explicit
expression is

! AB # ! r

!
pAB

pr

"
2J%1

!
Mr

MAB

"
F2

r ; (22)

pAB #

#################################################################
!M2

AB $ M2
A $ M2

B"2 $ 4M2
AM2

B

q

2MAB
: (23)

The form factorsFr and FD attempt to model the
underlying quark structure of the parent particle and the
intermediate resonances. We use the Blatt-Weisskopf
penetration factors [23] (Table IV), which depend on a
single parameterR representing the meson ÔÔradius.ÕÕ We
assumeRD%

s
# 3 GeV$ 1 for the Ds andRr # 1:5 GeV$ 1

for the intermediate resonances;qAB is the momentum of
the bachelorC in theAB rest frame:

qAB #

#####################################################################
!M2

Ds
% M2

C $ M2
AB"2 $ 4M2

Ds
M2

C

q

2MAB
: (24)

pr andqr are the values ofpAB andqAB whenmAB # mr .
The angular termsT!" " are described by the following

expressions:

Spin0: T!" " # 1;

Spin1: T!" " # M2
BC $ M2

AC $
!M2

Ds
$ M2

C"!M2
B $ M2

A"

M2
AB

;

Spin2: T!" " # a2
1 $

1
3

a2a3; (25)

where

a1 # M2
BC $ M2

AC %
!M2

Ds
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C"!M2
A $ M2
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M2
AB

;

a2 # M2
AB $ 2M2

Ds
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!M2
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$ M2

C"2

M2
AB

;

a3 # M2
AB $ 2M2

A $ 2M2
B %

!M2
A $ M2

B"2

M2
AB

:

(26)

Resonances are included in sequence, starting from
those immediately visible in the Dalitz plot projections.
All allowed resonances from Ref. [10] have been tried, and
we reject those with amplitudes consistent with zero. The
goodness of Þt is tested by an adaptive binning! 2.

The efÞciency-corrected fractional contribution due to
the resonant or nonresonant contributioni is deÞned as
follows:

f i #
jci j2

R
jAi !x; y"j2dxdy

R
j
P

j
cj Aj !x; y"j2dxdy

: (27)

Thef i do not necessarily add to 1 because of interference
effects. We also deÞne the interference Þt fraction between
the resonant or nonresonant contributionsk andl as:

f kl #
2

R
< &ckc'

l Ak!x; y"A'
l !x; y"(dxdy

R
j
P

j
cj Aj !x; y"j2dxdy

: (28)

Note that f kk # 2f k. The error on eachf i and f kl is
evaluated by propagating the full covariance matrix ob-
tained from the Þt.

Background parametrization

To parametrize theD%
s background, we use theD%

s
sideband regions. An unbinned maximum likelihood Þt is
performed using the function:

L #
YNB

n# 1

$
P

i
kiBi

P

i
ki IBi

%
; (29)

where NB is the number of sideband events, theki
parameters are real coefÞcients ßoated in the Þt, and the
Bi parameters represent Breit-Wigner functions that are
summed incoherently.

The Dalitz plot for the two sidebands shows the presence
of " !1020" and #K' !892"0 (Fig. 8). There are further struc-
tures not clearly associated with known resonances and due
to reßections of other Þnal states. Since they do not have
deÞnite spin, we parametrize the background using an
incoherent sum ofS-wave Breit-Wigner shapes.

VII. DALITZ PLOT ANALYSIS OF D%
s ! K%K$ ! %

Using the method described in Sec.VI , we perform an
unbinned maximum likelihood Þt to theD%

s ! K%K$ # %

decay channel. The Þt is performed in steps, by adding

TABLE IV. Summary of the Blatt-Weisskopf penetration form
factors.qr andpr are the momenta of the decay particles in the
parent rest frame.
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1%!Rr pAB"2

p
###################
1%!RD%

s
qr "2

p
#####################
1%!RD%

s
qAB"2

p

2
################################
9%3!Rr pr "2%!Rr pr "4

p
#####################################
9%3!Rr pAB"2%!Rr pAB"4

p
######################################
9%3!RD%

s
qr "2%!RD%

s
qr "4

p
##########################################
9%3!RD%

s
qAB"2%!RD%

s
qAB"4

p
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g! i
2 !

m! " ! i

#i$m! %
. $11%

The factorsBl(qi) are the damping factors&23,24' . The total
width " ! is the sum of the partial widths divided by phase
space evaluated atm! . Equation$9%is derived from the
expression for two-body scattering, which is described by the
transition matrixT:

Tl ! $1" iK l#%" 1Kl . $12%

For production the annihilation vertex of thepøp system is
described by a complex coupling( !! replacing oneg! i in the
K matrix:

( ! !
( !!

! ) ig! i
2

! a! exp$i * ! %, $13%

and so

Pi! )
!

( !! g! i

m!
2" m2

Bl$qi %

Bl$q! i %
. $14%

The expressions$9%and$12%both involve the K matrix and
directly relate resonance production in two-body scattering
and pøp annihilation. Equations$8%Ð$13%may be considered
as a concise formulation of the isobar model for protonium
annihilation into three mesons via two-meson intermediate
resonances. The free parameters are the massesm! , cou-
plings g! i and ( ! (a! ,* ! ) of the resonance contributions.
One phase per initial state is set to zero since it is not ob-
servable.

The total transition amplitude squared describes the event
density Ni

theo at each positioni of the three-body phase
space. The Dalitz plot is Þtted using the+2-minimization
method based on theMINUIT &25' program package. The+2

for a Poisson process is formulated as in Ref.&26' :

+2! 2)
i

&yi" ni# ni ln$ni /yi %' , $15%

with ni the number of events in thei th Dalitz plot bin andyi
the number of events predicted by the model in thei th bin.
Neglecting bins at the Dalitz plot boundary, 730 cells enter
the calculation. The transition amplitude for a partial wavel
squared and integrated over phase space gives its fractional
contribution in the absence of interferences between various
chains. Hence, in general, the sum of the individual contri-
butions is not equal to 1.

We now present the Þrst Þt based on well established
resonances only. TheK! (892) resonance is parametrized as
a relativistic Breit-Wigner amplitude since only theK,
channel is open. The chargedK! $ mass is found in all Þts
with the stable positionm0! (891$ 3) MeV/c2 and " 0
! (61$ 3) MeV/c2. The freely Þtted mass difference be-
tweenK! 0 andK! $ is - m! (7$ 2) MeV/c2. The width is
affected by the mass resolution. m! 12 MeV/c2 at theK!

mass, according to simulation. Replacing the Breit-Wigner
by the folding of a Breit-Wigner and a Gaussian$Voigtian

function%gives a resonance width ofm! (52$ 3) MeV/c2.
The parameters agree well with measurements of other ex-
periments in Ref.&20' .

The enhancement at theKøK threshold$Fig. 4%is gener-
ated by thea0(980) resonance which couples to, / andKøK.
Therefore, it is parametrized by a 2%2 K matrix reducing to
the well known Flatte« formula &27' :

F0! ( 0!
!g1

g2
"

m0
2" m2" i$#1g1

2# #2g2
2%

. $16%

It was previously used in the analysis of the, 0, 0/ Dalitz
plot &1,28' for which g1! g, / was determined to beg1
! 353 MeV. There the information about the two couplings
in the , / channel was extracted from the cusp-like shape of
the , / intensity which is caused by the opening of theKøK
threshold and introduces a correlation between the couplings.

For thea2(1320) we used a relativistic Breit-Wigner am-
plitude. It can be produced from the (I ! 0)1S0pøp initial
stateÑthe angular distributions has a W shapeÑand the (I
! 1)3S1 initial stateÑa U-shaped angular distribution peak-
ing at the Dalitz plot boundary&see Figs. 5$d%and 5$j%'.

In addition to theK, P wave we expect aI ! 1
2 S wave

which contains theK! (1430). The parameters of theK, S
wave were determined by Þtting a scattering amplitudeT
! (1/#)sin 0ei0, Eq. $12%based on the K matrix to the phase
shift of the LASS experiment&29' . It is purely elastic in the
region of interest. We used the following ansatz:

K!
g0

2

m0
2" m2 # c1# c2m. $17%

This form also includes the low-energy (K, ) scattering. The
Þt yielded the constantsc1! 1.45 andc2!" 0.55/GeV and
m0! (1342$ 10) MeV/c2, " 0! (400$ 20) MeV/c2. The
resonance mass and width extracted from the T matrix in the
complex energy plane arem! (1428$ 10) MeV/c2 and "
! (280$ 15) MeV/c2, in close agreement with LASS&29' .
In the Dalitz plot analysis using Eq.$9%these values were
then Þxed. Alternatively, the K matrix was formulated in
terms of a scattering length including one resonance pole:

K!
am

2# abq2 #
g0

2

m0
2" m2 $18%

with a the scattering length andb the effective range. A Þt of
this form gives a! (2.58$ 0.21) GeV" 1 and b! (1.81
$ 0.25) GeV" 1. The K-matrix values (m0," 0) and the T-
matrix pole are, within errors, the same as before. For the
transition from theI ! 1 1S0 state one obtains destructive
interference between the two charges; from1S0 I ! 0 the
interference is constructive. The Þt to the data shows that the
pole term in the K matrix is the dominant part. TheI ! 1 1S0
initial state can also decay via theI ! 3

2 K, S wave. So far no
resonance has been observed in this system&20' . If the I
! 3

2 wave has a similar energy dependence as theI ! 1
2 wave,

they cannot be distinguished in theK0K$ , & Þnal state.
Hence we refrain from including it.
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spectively. Figure 9 shows the Dalitz plot for the! c signal
region, and Fig. 10 shows the corresponding Dalitz plot
projections. The Dalitz plot and the mass projections
are very similar to the distributions in Ref. [24] for the
decay ! c! K 0

s K ± " ∓.

FIG. 9: Dalitz plot for the events in the ! c ! K + K ! " 0 sig-
nal region. The shaded area denotes the accessible kinematic
region.

We observe an enhancement in the low mass region
of the K + K − mass spectrum due to the presence of
the a0(980), a2(1320), and a0(1450) resonances. The
K ± " 0 mass spectrum is dominated by theK ∗

0 (1430) res-
onance. We also observeK ∗(892) signals in the K ± " 0

mass spectrum in both the signal and sideband regions.
We Þt the ! c sidebands using an incoherent sum of am-
plitudes, which includes contributions from the a2(1320),
K ∗(892), K ∗

0 (1430), K ∗
2 (1430), K ∗(1680), andK ∗

0 (1950)
resonances and from an incoherent background. As for
the Dalitz plot analysis described in Sec. VII.A, the re-
sulting amplitude fractions are interpolated into the ! c
signal region and normalized using the results from the
Þt to the K + K −" 0 mass spectrum. The estimated back-
ground contributions are indicated by the shaded regions
in Fig. 10.

We perform a Dalitz plot analysis of ! c! K + K −" 0

using a procedure similar to that described for the
! c! K + K −! analysis in Sec. VII.A. We note that in
this case, the amplitude contributions to the K + K − sys-
tem must have isospin one in order to satisfy isospin con-
servation in ! c decay. As discussed in Sec. VII.A, the
K ∗ øK amplitudes, again denoted asK ∗+ K −, must be
symmetrized in order to conserve C-parity. We take the
K ∗

0 (1430)+ K − amplitude as the reference, and so set its
phase to zero. Thea0(980) resonance is parameterized
as a coupled-channel Breit-Wigner resonance whose pa-
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FIG. 10: The ! c ! K + K ! " 0 Dalitz plot projections. The
superimposed curves result from the Dalitz plot analysis de-
scribed in the text. The shaded regions show the background
estimates obtained by interpolating the results of the Dalitz
plot analyses of the sideband regions.

rameters are taken from Ref. [25]. We do not include an
additional S-wave isobar amplitude in the nominal Þt. If
we include aK ∗+

0 (800)K − amplitude, as for example in
Ref. [26], we Þnd that its contribution is consistent with
zero.

Table IV summarizes the amplitude fractions and
phases obtained from the Þt. Using a method similar to
that described in Sec. VII.C, we divide the Dalitz plot
into a number of cells such that the number of expected
events in each cell is at least eight. In this case there are
12 free parameters and we obtain#2/ $ = 212/ 130. We
observe a relatively large#2 contribution ( #2 = 19 for
2 cells) in the lower left corner of the Dalitz plot, where


