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History of Localization
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201 1: Imamura, Yokoyama axiv:1109.4734

Sl@v %Z/l
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History of Localization

on 3-sphere

201 1: Martelli, Passias, Sparks axiv:1100.6400
"hyperbolic” squashed sphere

SUSY on , Z, W

= Integral over Coulomb branch O

+Background field V
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Geometry Is |rrelevant’?:>

“hyperbolic’

N =2 Anomalous Matter—]J s(:

N
= 2 Vector— /da H sinh (\ﬁw& : 0') sinh(1/1/Ima - 0)

>0
(\m; m[l — A _\/ﬁﬂ'a)

p : weight
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+Background field V

?
N G J
N =2 Vector— /da H sinh (\mﬂ'& : 0') sinh(1/1/Ima - 0)

a>0

N =2 Anomalous Matter—]] sb(im; W[l ~ Al Viip- o)
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Metric
ds* = db? + cos? 0d¢® + sin? Ody?

Killing spinor
o (—(COSH + is Sin9)1/2>

(cos§ — issinf)/?

SUSY
0eA,, = —%Xvﬂe, etc

0.0 = 0, etc
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Metric Squashed sphere’s case

ds* = db? + cos? 0d¢® + sin? Ody?
— ds? = f2(0)d6* + 12 cos® 0d¢? + 12 sin? Od x>
Killing spinor

o —(cos 8 + ig)sin ) 1/2
~\ (cos® — ig)sin 0)*/2

<— € =

—(cos @ + isinh)!/?
(cos — isin§)'/?

SUSY
0eA,, = —%Xvue, etc

0.0 = 0, etc



Action (f2(<9) — sin” 6 + ks cos? 9)
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Action (f2( ) = sin0 + — cos® 9)

g2
1

Log =T {%SW/)‘(AM({?VA)\ - gAMA,,A,\) - X\ +2Do|.

1 1 1 1 1
Lyym = .Tr( FFYEL, + DZO'D o+ = (DQJ —|—2 (D + ﬁa)2

. i\ 11

2A — 1—

Lunas = (25]*271) (DD 6 + 606 + D + 0%6 + i

L
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- e - S (Lyge + Tree
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f OA —1
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Action (f2( ) = sin0 + — cos® 9)

g2
1
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1 1 1 1 1
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Action (f2(6’) — sin” 6 + ks cos? 0)

g2
1

21 —
Log =T {%SMVA(AM&/A)\ - gAMA,,A,\) - X\ +2Do|.

1 1 1 2 1 1
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Double sine
(depends on s )
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Related works: Sl®” — 1/
|

NiaN .05 eSOIViﬂg d pUZZ|e for SZ@

Alday, Martelli, Richmond, Sparks uxiv:1307.684¢

<—emergence of double sine function
with a broader class of metrics

Closset, Dumitrescu, Festuccia, Komargodski
arX1v:1309.5876
<—(geometrical) parameter dependence

for partition function in 4D and 3D
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1. Wilson loop

knotted surface? 1/2 BPS
............. AdS,
e N instonton
a little bit

complicated

1/2 BPS
/| — AdS4
@ +1nstanton

analysis 1s simplified?

4D Gravity Field theory



1. Wilson loop

Naive question

, AdS,
(‘ +1nstanton

< ->
AdS,
+1nstanton
« > 9+ 0, n

+ Each surfaces are BPS? (expected so)

- Rotating in internal Sasaki-Einstein/7-mftd?
2013: Farquet, Sparks xivi30407s4




2. Large N reduction?
»

We can construct 1para SUSY on

—|[t guarantees the uses of
Invariant 1-form.
(heeded field redefinition)

Kapustin et. al. case

20] 2: Hc_)nd_a, Yc_)shid_a arXiv:1203.1019
2012: Asano. Ishiki, Okada, Shimasakl axiv:1203.055




3. Other dimension case via AdS/CFT

We construct It
iInspired by AdS/CFT.

AdS,
+instanton
<€ >

4D Gravity Field theory




3. Other dimension case via AdS/CFT

: It may be possible :

tO construct new
examples.

AdS,
+instanton

4D Gravity Field theory




Thank you
for your attention.
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SUSY on round sphere (ot s

(cos @ — issin 0)1/2

N =2 Vector multiplet | | N =2 Matter multiplet

Z(t) — /[DA o D¢ . ]6%508—75(53—@(&0‘5)

I — 00| steepest decent method around (de-exact) = 0

\Z turns to be exact.
ik qcl  det Af

_ ik g
Z(OO) —/dO’QG CS dot Ay

Ay ~ ia(og) — *df Ay =—f*D* - (2A = 1)ff'Dy — ...

1

Af = —ify" Dy —if (A= )y —

. if’ . 1
Af — zf»y“D'u -+ 7’)/3 -+ ’LO&(O’()) — g

Lym = 0g-exact Lot = 0z-exact



—(cosf + issin§)1/?

° T < (cos — issin 0)1/2 )
SUSY on round sphere o
- _ ((cos@—i—zssm@)/

(cos @ — issin 9)1/2>
N =2 Vector multiplet

Ay ~ 1a(og) — xdf

det Af
Y 1
Af=ify"D, + %’Yg +ia(og) — 357 det A,
ApyB=MB

AsA = MA
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(cos @ — issin 0)1/2
N =2 Vector multiplet

Ay ~ ia(og) — *df

o | det Af
Ap =ify"D, + %’Yg + ia(og) — 25] det Ay

cf. arXiv:1012.3512
Pairing structure

ApyB = MB

AsA = MA
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N =2 Vector multiplet

Ay ~ ia(og) — *df

o | det Af
Ap =ify"D, + %’Yg + ia(og) — 25] det Ay

ctf. arXiv:1012.3512
Pairing structure

AyB = MB
lA — e,
AsA = MA
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SUSY on round sphere (ot s

B

(cos @ — issin 0)1/2
N =2 Vector multiplet

Ay ~ ia(og) — *df

o | det Af
Ap =ify"D, + %’Yg + ia(og) — 25] det Ay

ctf. arXiv:1012.3512
Pairing structure

ApyB = MDB
= f1 (d(fEA) + [iM + a(ag)]evuAd:C“)T

AsA = MA
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N =2 Vector multiplet

Ay ~ ia(og) — *df

o | det Af
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(cos @ — issin 0)1/2
N =2 Vector multiplet

Ay ~ 1a(og) — xdf det A

det Ab
cf. arXiv:1012.3512

. if’ . 1
Ap=1ify"Dy + o 13 + (o) — 25 f

Pairing structure
ApBrep = MpByei ApB=MB

| .

0 AsA = MA
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(cos @ — issin§)1/2

SUSY on round sphere

N =2 Vector multiplet

_ (cos @ + issin )2
€ = L
(cos@ — issin@)1/?

Soraloo) - *if 1 det A

: l :
Af — Zf’y’upu + 7"}/3 + ZO&(O‘Q) — Q det Ab

cf. arXiv:1012.3512

Pairing structure
ApBrei = MyBy e ApB=MB 0

| . T

0 AfA:MA Af‘Arel :MfATel
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SUSY on round sphere

N =2 Vector multiplet

_ (cos @ + issin )2
€ = s 1/2
(cos — issin B)

Soralo) - *if 1 det A

: v :
Af = Zf’y’upu + 7"}/3 + ZO&(O‘Q) — Q det Ab

ct. arXiv:1012.3512

Pairing structure
ApBrei = MyBy e ApB=MB 0
0 AsA = MA AfAyer = MiA, e
M
7=
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m,n < —1 Im,n > 0 except for m =n =0
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(cos @ — issin 0)1/2

N =2 Vector multiplet

det Af L H %
det Ab Mb

m,n

= H 4 sinh(ma(og)) sinh s(ma(og))

aC€A L
Ablgrel — MbBrel 0
T 0 1AfArel — MfArel
Mbm+n+ia-0@| My = —m +n+ta- oo
S S
m,n < —1 Im,n > 0 except for m =n =0
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SUSY on round sphere (ot s

(cos@ — issin@)1/?

N =2 Vector multiplet

detAf o H %

det Ay o My,
= || 4sinh(ra(o0))sinh s(ra(og))
aEA L
We recover the result on squashed sphere!
Ablgrel — MbBrel 0
. 0 1AfArel — MfArel
Mbm+n+ia-0@| Mf:—m—l—n+ioé-00
S S
m,n < —1 m,n > 0 except for m =n =(
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Z(OO) —/dO’QG CS dot Ay

det Af

det Ay
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CVGA_|_
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N =2 Matter multiplet

Ay = —f*D? — (2A —1)ff'Dg — ...
’ f ( )fji 7 detAf

Ap=—ify" Dy —if (A=) — .. det Ay

Pairing structure

Ap® = M (M — 2io()P
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Ui, Wo: Ay =M, M — 2iog



 _ <—(cos 6 + issin @)1/2)
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(cos ) — issinf)!/?
N =2 Matter multiplet

Ay = —1?D? — (2A — 1) Dy — ...
= —f7 - a1 det A,

Ay = —ify"D, —if' (A — 5)73 — ... det Ay

Pairing structure

ApP@re; = My(Mp — 2i00)Pyer Ap® = M (M — 2ioy)P

| .

MUy =Wy Ay = My, My —2iog Wy, Wy : Ay = M, M — 2iog



 _ <—(cos 6 + issin @)1/2)

(cos@ — issing)'/?
SUSY on round sphere (ot s

(cos ) — issinf)!/?
N =2 Matter multiplet

Ay = —1?D? — (2A — 1) Dy — ...
= —f7 - a1 det A,

Ay = —ify"D, —if' (A — 5)73 — ... det Ay

Pairing structure

ApP@re; = My(Mp — 2i00)Pyer Ap® = M (M — 2ioy)P
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Ay = —1?D? — (2A — 1) Dy — ...
= —f7 - a1 det A,

Ay = —ify"D, —if' (A — 5)73 — ... det Ay

Pairing structure
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N =2 Matter multiplet

Ay = —1?D? — (2A — 1) Dy — ...
= —f7 - a1 det A,

Ay = —ify"D, —if' (A — 5)73 — ... det Ay

Pairing structure
ApDyey :MO)(I)MZ Ap® = M (M — 2ioy)P

| .

MUy =Wyt Ay =D >, V1, Py : Ay = M, M — 2ioyg



 _ (—(COS 6 + issin @)1/2)

SUSY on round sphere| (

(cos @ — issin§)1/2

(cos @ + issin 0)1/2>

(cos@ — issin@)1/?

N =2 Matter multiplet

Ay = —1?D? — (2A — 1) Dy — ...
= —f7 - a1 det A,

Ay = —ify"D, —if' (A — 5)73 — ... det Ay

Pairing structure
ApDyey :MO)(I)MZ Ap® = M (M — 2ioy)P

| .

MUy =Wyt Ay =D >, V1, Py : Ay = M, M — 2ioyg

0 =€V,

Af\prel — Mf\Ijrel
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(cos@ — issing)'/?
SUSY on round sphere (ot s

(cos ) — issinf)!/?
N =2 Matter multiplet

Ap=—f*D? —(2A = 1)ff'Dg — ...

| det Af
A= —=ify" Dy —if (A=) — det A,
cf. arXiv:1012.3512
4 o )
Pairing structure
Aot =(My) TI><ZG0) @ Ay® = M(M — 2i00)® 0=¢eV,.,
M\Ijlz\DQZAf:M,M qfl,\IJQZAf:M,M—QiOQ Af\Iff,ael:Mf\Ifr,nel
M(M — QiO'Q) _ 1
M(M — 2icg)
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(cos@ — issin@)1/?

N =2 Matter multiplet

det A, o My
Ab(I)?“el :MO)(I)TGZ O — E\Ij,’nel
MY, :\I}23Af :M7M qujrel — Mflprel
1 A—2/1 1 A /1
My =1p 00+ -m+n — (——|—1j Mf:ip-ag——m—n——(—+1j
S 2 S S 2 \s
m,n >0 m,n <0
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(cos@ — issin@)1/?

N =2 Matter multiplet

det A My i(y/5 + )
— — . = S (1—A)—+/sp-og
det A H My, pegght ! 1 )

m,n

Ab(I)?“el :MO)(I)TGZ O — E\Ij,’nel

l T

qul:qj?;Afzwi qujrel:Mf\Ijrel
1 A —2 /1 1 A /1

My =1p 00+ -m+n — (——|—1j Mf:ip-ag——m—n——(—+1j
S 2 S S 2 \s

|m7nzo .m,né()
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RN

cos f — issin §)1/2
SUSY on round sphere (ot s

€= (cos@ — issin@)1/?

N =2 Matter multiplet

detAf o Mf f+ — Vsp- oo
det Ay _H My e peweght ( o)

m,n

We recover the result on squashed sphere!

Ab(I)"rel :MO)(I)TGZ O — E\Ij,’nel

l T

qul:qj?;Afzwi qujrel:Mf\Ijrel
1 A —2 /1 1 A /1

My =1p 00+ -m+n — (——|—1j Mf:’ép-ag——m—n——(—+1j
S 2 S S 2 \s

|m7nzo .m,né()
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(cos @ — issin 0)1/2

N =2 Vector multiplet | | N =2 Matter multiplet

Z(t) — /[DA o D¢ . ]6%508—75(53—@(&0‘5)

I — 00| steepest decent method around (de-exact) = 0
\Z turns to be exact.

det Ay
= H 4 sinh(wa(og)) sinh s(ra(og))

CVGA_|_

Lym = 0g-exact Lot = 0z-exact



How about S&q 7



1 21 _
Lcs = Tr{ﬁs“”/\(Au&,A,\ — ngMAVA,\) — A+ 2Da} = Tr[ 2 70 }

cs—/\/_d% Lcs

2

= (27)* /Siné’cos 0do Tr;— %} :
= (27)* /sin@cos 0do Tr| — 2 & 2}
: s(sin26’—|— 8%6082 9)

= —47’s Tro{  : Equivalent to squashed one



Classical configuration : 4=0X=x=00="D=-75
7 c detA
7 — _ﬁscls f
(00) /dO'() el Tt A,
0 U 0

1

21 _
Los = Tr[—g“”‘(AuayA)\ — gZAMAVAA) — A+ 2D0} = TI‘[ 2 90 }

V9

S&s = /\/gdgx Lcs

= (QW)Q/SiHHCOSHdH Tr_— —}

= (27)* /sin@cos 0de Tr - 2

= —47’s Tro{  : Equivalent to squashed one

s(sin?6 + % cos26)”

|



Classical configuration : 4=0X=x=00="D=-75
7 c detA
7 — _ﬁscls f
(00) /dO'() el Tt A,
0 U 0

1

21 _
Los = Tr[—g“”‘(AuayA)\ — gZAMAVAA) — A+ 2D0} = TI‘[ 2 90 }

V39
00 g0
7 (=37
S&g = /\/gdgx Lcs

= (QW)Q/SiHHCOSHdH Tr_— —}

= (27)* /sin@cos 0de Tr - 2

= —47’s Tro{  : Equivalent to squashed one

s(sin?6 + % cos26)”

|



KH|O
w
~
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1 21 _
ECS — TI'|:—€/“/>\(AH8VA>\ — gZA,UJAVA)\) — A+ 2D0.i| — TI‘[ 2 O-O i|

\/g o o
F (-

S&s = / V& Les

— (2 )2/° 0 cos 0d6 Tr| — 0—8}

= (2 sin @ cos r: 51 :

= (27)* /[sin@cosé’d@ Ir| — 2 -0 2}
: 3(81112 0 + S% cos? 9)

= —47’s Tro{  : Equivalent to squashed one
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F (-
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— (2 )2/° 0 cos 0d6 Tr| — 0—8}

= (2 sin @ cos r: 51 :
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: 3(81112 0 + S% cos? 9)

= —47’s Tro{  : Equivalent to squashed one
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F (-

S&s = / V& Les

— (2 )2/° 0 cos 0d6 Tr| — 0—8}

= (2 sin @ cos r: 51 :

= (27)* /[sin@cosé’d@ Ir| — 2 -0 2]
: 3(81112 0 + S% cos? 9)

= —4ns|Tro{  : Equivalent to squashed one
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(cos @ — issin@)/?
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(cos @ — issin 0)1/2

N =2 Vector multiplet | | N =2 Matter multiplet

Z(t) — /[DA o D¢ . ]6%508—75(53—@(&0‘5)

I — 00| steepest decent method around (de-exact) = 0
\Z turns to be exact.

Z(00) = /dao oin 5 ety

det Af

det Ay
= H 4 sinh(wa(og)) sinh s(ra(og))

CVGA_|_

Lym = 0g-exact Lot = 0z-exact



How about Wilson loop?



GE(WHSOH loop) = O]

V

Wilson loop = Trr’P exp ( 7{
C

dt(iA,i" + a|j;\))



A
[5 (Wilson loop) = ] /
A\

Wilson loop = TrrP exp (7{ dt(tA,z" + 0|x\ \

QL



/

A
Ge(Wﬂson loop) = ] /
A A

y
Wilson loop = TrrP exp (7{ dt(1 A, 2" + Um)) \
C \)\/ D

DN



/

A
Ge(Wﬂson loop) = ] /
A A

y
Wilson loop = TrrP exp (7{ dt(1 A, 2" + Um)) \
C \)\/ D

DN

\4

0 (Wilson loop) X E(’Y,ujf'u =+ ‘33‘) A



A

0z(Wilson loop) = 0 /

A

/- \
Wilson loop = TrrP exp (7{ dt(tA,z" + (7|37D)
C

N Y
V A

0 (Wilson loop) X E(’VM.CI.Z"M -+ ‘QED A =0

Equations for the Wilson loop’s contour!

/




A

0z(Wilson loop) = 0 /

A

/- \
Wilson loop = TrrP exp (7{ dt(tA,z" + Um))
C

N Y
V A

X E(yud” £+ |2]) =0

Equations for the Wilson loop’s contour!

/

Torus knot Y

S

NN

]
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det Af

det Ay
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CVGA_|_

Lym = 0g-exact Lot = 0z-exact
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Lym = 0g-exact Lot = 0z-exact



In_Introduction

Is It possible to get deformed results
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In_Introduction

Is It possible to get deformed results

even on ?

Now

The answer I1s YES.
(Based on direct check)
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SUSY on round sphere

N =2 Vector multiplet

- SUSY transformation

— Just Replacing usual Killing spinors
with our unusual Killing spinors.

1 — (

5€A/_L — —5)\’)’“6, 5514/1 — —ég’)’ﬂ/\,
| - 1
Dl = -2—)\6, 0z0 = +§E/\,
| 21
O\ = 5’7‘“’6FW — De 4 iv"eDy 0 + gzofy“Due, 0\ =0,
_ W 21
0eA=0, O0z\= 57’“’3&,, + D€ — iy"eDy o — gza’y“D#E,

0D = +—;—D“X'y“e - —;—[Xe, o] + %X’y“Due,égD = —-;—Efy“Du/\ + %[E)\,a] — %Du?y”)\.



SUSY on round sphere

N =2 Vector multiplet

- SUSY transformation

— Just Replacing usual Killing spinors
with our unusual Killing spinors.

v, A, same definition in
©,.,a Hama, Hosomichi, Lee

{6, 0e}A, = w0, A, +i0,v" A, + DA, (
{0, 0c}o = iv*0,0 + i|A, O

{6c, 63N = v O i@,wy‘“’)\ i[A, A] + @,

{66, 63N = ivFON + %@u,,wx +i[A ] — X,
{6¢,0¢} D = iwh8,D + i[A, D],



matter



SUSY on round sphere

N =2 Matter multiplet

- SUSY transformation

— Just Replacing usual Killing spinors
with our unusual Killing spinors.

66¢ = Oa 5€¢ = €¢,
665 — 6@7 555 — Oa
. . 21 ~
0c) = iv"'eD,p + ieod 3 YDuep, 0eyp =F€F,
ey T e . ¢ 1
oW = Fe, Ogp =1iv"eD,¢ + igoe qb’y”Due

%(ZA — l)D'uﬁ’Y“w, égF — O,

5F =0, 0:F =e(iv" D, — idho + ip)) + %(QA — 1)D, &y .

0 F = e(iYFDyyp — iop —irg) +



SUSY on round sphere

N =2 Matter multiplet

- SUSY transformation

— Just Replacing usual Killing spinors
with our unusual Killing spinors.

{56, 5g}¢ — iv“@uqb -1 zA(b — Aaqb,
{0e, 02} = WH 0,0 — ipA + Aag,

{0, 0} = 00,8 + 20,V + il + (1 — A)as,

{6., 0} = ivh D, + %@,wfwa{p' _ A + (A — 1)ad,
{6c,0c} F = iv*0,F + iAF + (2 — A)aF,
{0¢, 0} F = iv*O, F —iFA + (A — 2)aF,
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What is the spirit of localization?

Simple but interesting example (¢ = 1,2) ¥ € M (2D manifold)

Bosonic d.o.f :(z*,p,,)

Ferminic d.o.f :(¢*, ¢ ,)

SUSY: 2+ % ok 2 0
) )

Partition function :

Z(t) = /Hdpﬂda:“dw“dﬂue_‘wo_t‘w
7

Vo : a certain function
V = i@uv”(aﬁ)

v#(x) : a certain vector field on M

t : “coupling constant”
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SUSY: 2+ % ok 2 0

%ﬁpﬂ‘io

Nilpotent
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What is the spirit of localization?

Simple but interesting example (1 = 1,2) xz* € M (2D manifold)

. 2
Bosonic d.o.f :(z",p,) ppe /d /g R

Ferminic d.o.f :(¢",1,)
SUSY: % ¢t %0

U, 5 pu = 0 L @ m e
52 = 0| Nilpotent — @

0 —2
Partition function : t — 00 _>2i /d%d?@bd% o= 5 v (@) itV 0 P, P
70
Z(t) = / 1| dpudatdytdip, e~V Steepest decent method is exact
7

Vo : a certain function
V = i@uv”(az)

v#(x) : a certain vector field on M

t : “coupling constant”



What is the spirit of localization?

Simple but interesting example (¢ = 1,2) ¥ € M (2D manifold)

Bosonic d.o.f :(z*,p,,)

Ferminic d.o.f :(¢",1,)

SUSY: 2+ % ok 2 0

@ i>]9M5%O

%
N\
|
-
=

Partition function :

Nilpotent

2
47T/dx\/_R

QQ

L — 00

_)i/d2$d2¢d2@ o= 5 v (@) itV 0 P, P
2T

_ / T1 dp.datdypt dip,e=*Vo~'5V
L

Vo : a certain function

— Z‘Euvﬂ (37)

v#(x) : a certain vector field on M

t : “coupling constant”

Z det 0,,v" (xp)
et 0,0" (a,)

vk (x,)=0



What is the spirit of localization?

Simple but interesting example (1 = 1,2) xz* € M (2D manifold)

. 2
Bosonic d.o.f :(z",p,) pp /d r+\/gR

Ferminic d.o.f :(¢",1,)

_X
SUSY: 2+ % ot 2 0

t =20

Nilpotent

>
&
|
-

Partition function : t — 00 »%/d%d%d?@ o= 5 v (@) itV 0 P, P
7
Iz det 0,,v" (xp) ‘_%_’ %X KE
v vy W
Vo : a certain function v (27)=0 \det a/ﬂf (xp)‘ _|_1 1
— ’L'EM’U'LL(Q?) o

v#(x) : a certain vector field on M

t : “coupling constant”



What is the spirit of localization?

Simple but interesting example (1 = 1,2) xz* € M (2D manifold)

Bosonic d.o.f :(z",p,) = /de\/§R

Ferminic d.o.f :(¢",1,)
SUSY: % ¢t %0

U, 5 pu 0 L @ m ®
52 = 0| Nilpotent — COD )

.-y . . 1 — t2 2 . v o
Partition function : . — 00 _>2— /d%d%dzw o~ TV (@) FitV v e, 1
70

Z(t) = /Hdpuda:“dw“dﬂue_wo_t‘w ‘ ‘ x A ;TMK
a Z det 9, v" (x) ‘_‘%::’ %X Kf

Vo : a certain function ot (o =0 \det 8MUV(;UP)‘ ¥ v Wy

V = i@uv“(a:) +1 —1

v#(x) : a certain vector field on M ‘
t : “coupling constant” v
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What is the spirit of localization?

Simple but interesting example (1 = 1,2) xz* € M (2D manifold)

Bosonic d.o.f :(z",p,) = /de\/§R

Ferminic d.o.f :(¢",1,)
SUSY: % ¢t %0

Dy > o 0 - O m S
52 = 0|Nilpotent — COD L

. . 1 — t2 2 : VT
Partition function : . — 00 .-)% /d%d%dzw o~ TV (@) FitV v e, 1
Z(t) = / 1] dp.datdytdip,e=*Vo= oV H A M
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