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‘ 1. Introduction

Similarity between 2d and 4d gauge theories

generation of mass gap , asymptotically free, anomaly ==-

m . non-perturbative effects
4d theory 2d thoery

e Yang-Mills instanton e vortex

# 2d models are “toy modesl|” of 4d gauge theories

Lessons on 4d instantons from 2d vortices




relation between 4d instanton and 2d vortex counting

/

e SUpersymmetry === smilarities # exact relations

4d U(N) gauge theory 2d U(k) gauge theory
+ N fund. hypers one ad. + N find. chirals

D4: 4d theory D2: 2d theory
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» root of Higgs branch DO: YM instantons
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a=m = vortex on vortex string




relation between 4d instanton and 2d vortex counting

Zyg(@=m — ellz, T) = A Z2d(7ﬁ7 Ea 7')

» €; : Omegadeformation parameters

- 1 - o
o k :magnetic flux of vortex strings %/F= H-k
. =~ : €2 2 d=m—erk
o €2 — 0 limit We — Wy, = lim | —==log =—
@20\ 2T " 2y g
[Chen-Dorey-Hollowood-Lee, 2011]
- oy~ =\ 1, o0
° 61,2—)0 limit elllzllm(W,;—Wp) = —%(k—k)-%,}"

» exact correspondence of 2d kink and 4d monopole masses [Dorey, 1998]




‘ 2. Vortex partition function

Al el dimensional reduction from 4d

ds® = |dz — iz(edw + &dw)|* + |dw|?> < two torus

o background connections for R- and flavor symemtries

Vidz® = —%(edw+€dw) > (Vi—1iVi)e=0
A%ds' = m°dw + mdw m

e The form of the SUSY transformations are the same as 4d N=1




vortex partition function 0% —¢ (J _ %R) +myF,, QV=0I=0

Z = /[Dgo] exp (—QV + I) -+ invariant under deformations of V'

fermions

QV =8 — T/F » N=(2,2) action without topological term
e— 0

Q-closed operator W — ¢y} constant T === topological term

T ---background twisted superfield lim 7=20 lim = 79 = const.
|z| =00 e—0

21T

I= / dz2d0dOW = o + O(e)

€




QV = (0 saddle points

Dipo = 0, 2iF,: + ¢*(|pal> —7) = 0 €10, = By + ie(20, + 70,)

Killing vector

Feg = Fey = Fez = Dedy = Depy = 0
saddle points = BPS vortex configurations

Qba — ﬁe_%wzk7 AE — _%82¢7 AE = —Mgyg — ke — o = —Mg — kE
QV = 6BTAgd® + SV AR + - - -

Z ox det Z ox 27Ti0'7' 1
p(1 det P € det(—iDy)

short multiplets = solutions of linearized vortex equation

short



solutions of linearized eq. ==+ holomorphic polynomials

= \/re” 2 [ a(2) — %Awha(z)] : Aha(z) = an,lzl
=0

each monomial ==+ eigenmode —tDg = 0 + m, + le

- I ~ (%) I (2
det( zDg) a—l—m —|—le e) - € )

a=11=0

zeta function regularization

F(U_Us) 0s = —Mmy, — ke
€

- ool % _ le"p (_ 27m€'07') ﬁlr (0 +€ma)




value at the saddle point o — 0s = —m, — ke #

7. — 2d0 exp ( 27rw7'>ﬁr(0—|—mb)
Cl, TTLE b1 /]\
. O = —MNy
expectation value of 0
C1
— lim (——0, log Z, )
<> €1—I>I(% 27'(' Og looooooz\)
agree with known results [ D’Adda et al, Witten, = = *] o= —|m1

general gauge group and matter representation

= T () oo () [ (50)] T e (27)

a=1 pLER,




do  _2mior o+ my
Zog= [ —e "¢ r
omie. H ( € )

o shift of thecontour 0 — 0 +€ o o o o)

€
N
do _2ri(etor o+my_ [0+ my
Z e —e_ € P
* 2T1E H € €
b=1
N N 6—I—mb .
— e—27ri7- (H o —I—Gmb> Za - [H eQmT Za, —0

b=1

. €
differential operator o -Or
271

e—0

. €
» vortex partition functions Z, (a =1,2,---,N) [(0)a =lim (—%31 log Za>
are linearly independent regular solutions

regular in the limit




G=UQ1)"xG
/H doz 271'2'6’-7"’
2me €
physical 73 are defined only for U(1) parts
B forall the Cartan parts  §; = L (¢=1,---,7)
271 87'7; ’ ’
r=rank G
r independent differential equations
[A(é + eNP;(E) — P X exp {2m (7 + ﬁw)} A(G — eX)P;(g)] Z=0



‘ 3. Vortex counting on vortex worldsheet

N < Ng <2N
4d N = 2 U(N) gauge theory = F = 5
N fundamental hypermutiplets 1M

o €1, €2 : 4d omega deformation parameters

» root of Higgs branch @ = m — €1k

—

) 1 — - .
o magnetic flux o /F =H- -k, k = |k| : number of vortex strings
7

effective worldsheet theory of k-vortex strings

2d N = (2, 2) U(k) gauge theory




‘ effective vortex worldsheet theory [Hanany-Tong, 2003]

2d N = (2,2) U(k) gauge theory one adjoint + N fundamental

e Higgs branch ==+ moduli space of vortices

» k :label of vacua (in mass and omega deformed theory)

o €2 :2d omega deformation parameter

o €1 : mass for adjoint chiral ==+ positions of vortex strings

vortex on vortex worldsheet = Yang-Mills instanton

Z. 4d, instanton “ Z 2d, vortex




vortex partition function in vortex worldsheet effective theory

integral representation adjoint fundamental
y !
do- 2wio; T F (0-7‘ = 61) g; —|_ ™m
Z(Tl’”"T’“):/H[zmeze 2 ]H r(22) HHF( )

i#£] i=1 a=1
Kgauge

» each pole is labeled by N Young tableaux Y, = (AL, A2 ... \re)

Y:z - (47 37 27 2)
k, =4 (height)

0, =—mg+ (J — ko)e1 — Meg

o perturbative part (vacuum = empty Young tableaux)
N kg

s = o [ (3= @ R} | [T T T (=0 =52%)

a=1 j=1 b=1 €2




double gamma function D[a(x|e1,€2) = T'(z/€1)Ta(x + €1]€1, €2)

7m7' 2 AR mab_j_k)el
Z4d pert — €XP 62 H H I

a=1 b=1 j3=1
Z 2d,pert

\ L

independent of choice of vacuum k



instanton (vortex) part Z = Zpert Z o2mil¥lr Z;
Y
k 2mio;T;
differential equations Zog(T1, ++ ,Th) = Zexp (_Zl 622 z) Z;
Y =

lH(ma + (“7,,)] [H (6,, — 62 — 61) (6'7,, — 6'7, + 62)

a=1 i#En

Zog =

63’62“7:7" [H (&n - 6} + 61) (&n — 6‘,, — 62) sz

i#£n

|Y’| = |Y| + 1 --- vortex (instanton) number

Zg = 2 [H (0i —0; —€2)(0i —0; — M)] [H €

i (0; —0j)(0; —0j — €1 — €3) SOt Me — €

Zy




[Kanno-Matsuo-Zhang, 2013]

m) Simplifiesat @ = m — 1k
/'I-Y[' dd; ey <1>2 (c1>2 e2) ﬂ &, — m,
Zaay = omi 6162 —e2)(P7 . —€3) - (®; — ag)(ag + € — P;)

1

poles ==+ positions of boxes (4,5) in Young tableaux
®, =aa-|-(j—1)61-l-(i—1)62 » ma+(j—ka—1)€1+(i—1)€2

residue at ®; = my, vanishes box at (¢,7) = (ka+1,1)

=

# same recursion relation

Y, = (4,3,2,2)
Zad, full = A Zaq tull k, =4 (height)




4. Summary

vortex partition function in general 2d N = (2,2) models

do IioT\ o+m
integral representation Z,= [ ——exp (— ) [T ( ”)
b=1

o, 2Ti€ € €

Zo=0

. . . . . a-_‘_mb T
differential equation (recursion relation) [H — e?
b=1

relation between 2d vortex counting and 4d instanton counting

— _)

Z4d(6_i =m — 61]€, ’T) — A ZZd(m7 E) T)



