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Transverse mass (MT)

  

What is MT ? 

● Transverse mass

Transverse mass defined by

* MT is the ‘mass’ in 2+1 dimensions



From MT to MT2 	

Lester & Summers, 1999; Barr, Lester &Stephens, 2003

  

MT2 (S-transverse mass) Lester etal.

➢ Trial N mass, 
➢ Consider all partitions of 

MT2 is the larger of the two MT’s, minimized over all 
partitions of the missing transverse energy. 

USM

*USM=upstream transverse momentum



MT2 for Top decay	


Tutorial: http://pages.uoregon.edu/zyhan/mc4bsm-2014/mc4bsm-2014.html

Missing particles: neutrinos	

 visible particles: b+lepton pairs

http://pages.uoregon.edu/zyhan/mc4bsm-2014/mc4bsm-2014.html


MT2 for Top decay	


Missing particles: neutrinos	

 visible particles: b+lepton pairs

top mass

Tutorial: http://pages.uoregon.edu/zyhan/mc4bsm-2014/mc4bsm-2014.html

http://pages.uoregon.edu/zyhan/mc4bsm-2014/mc4bsm-2014.html


Top mass measurement
Measurement of the top quark mass with the ATLAS detector Giuseppe Salamanna
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Figure 2: Left: distribution of mT2 on the selected events, for collision data and simulation. Right:
Calibration curve based on Monte Carlo simulation of tt̄ events at different input top quark masses
including all expected backgrounds. The uncertainties are statistical only [19].

6. Summary136

In summary, a set of direct top quark mass measurements is available from the ATLAS exper-137

iment at the LHC obtained with two main techniques (template and calibration curve) from all the138

main channels. At the moment, the most precise measurement (from a two-dimensional template139

technique on the lepton+jets signature) attains an uncertainty of 2.4 GeV in total, about 1.4% rela-140

tive to the measured mass value of 174.5 GeV. On-going work is especially aimed at constraining141

the MC model varations with data so to obtain a more realistic estimate of the systematic uncer-142

tainties. An indirect measurement from the tt̄ cross-section was performed in 2010 with 35 pb−1143

of integrated luminosity: mtop = 166.4 +7.8
−7.3 (syst) GeV [20].144
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Use for mass determination

• As a function of the daughter particle’s mass, one 
can use MT2 to determine mother particle’s mass 
if daughter particle’s mass is known.	


• Possible to determine both masses

3

The experimental feasibility of measuring mg̃ and mχ̃0
1

through mmax
T2 depends on the systematic uncertainty as-

sociated with the jet resolution since mmax
T2 is obtained

mostly from the momentum configurations in which some
(or all) quarks move in the same direction. Our Monte
Carlo study indicates that the resulting error is not so sig-
nificant, so that mg̃ and mχ̃0

1
can be determined rather

accurately by the crossing behavior of mmax
T2 . As a spe-

cific example, we have examined a parameter point in the
minimal anomaly mediated SUSY-breaking (mAMSB)
scenario [7] with heavy squarks, which gives

mg̃ = 780.3 GeV, mχ̃0
1

= 97.9 GeV,

and a few TeV masses for sfermions. We have gener-
ated a Monte Carlo sample of SUSY events for proton-
proton collision at 14 TeV by PYTHIA [8]. The event
sample corresponds to 300 fb−1 integrated luminos-
ity. We have also generated SM backgrounds such as
tt̄, W/Z + jet, WW/WZ/ZZ and QCD events, with less
equivalent luminosity. The generated events have been
further processed with a modified version of fast detec-
tor simulation program PGS [9], which approximates an
ATLAS or CMS-like detector with reasonable efficiencies
and fake rates.

The following event selection cuts are applied to have
a clean signal sample for gluino stransverse mass:

1. At least 4 jets with PT1,2,3,4 > 200, 150, 100, 50
GeV.

2. Missing transverse energy Emiss
T > 250 GeV.

3. Transverse sphericity ST > 0.25.

4. No b-jets and no leptons.

For each event, the four leading jets are used to calcu-
late the gluino stransverse mass. The four jets are di-
vided into two groups of dijets as follows. The highest
momentum jet and the other jet which has the largest
|pjet|∆R with respect to the leading jet are chosen as
the two ‘seed’ jets for division. Here pjet is the jet mo-

mentum and ∆R ≡
!

∆φ2 + ∆η2, i.e. a separation in
azimuthal angle and pseudorapidity plane. Each of the
remaining two jets is associated to a seed jet which makes
the smallest opening angle. Then, each group of the di-
jets is considered to be originating from the same mother
particle (gluino).

Fig.1 shows the resulting distribution of the gluino
stransverse mass for the trial LSP mass mχ = 90 GeV.
The blue histogram corresponds to the SM background.
Fitting with a linear function with a linear background,
we get the endpoint 778.0±2.3 GeV. The measured edge
values of mT2(g̃), i.e. mmax

T2 , as a function of mχ is shown
in Fig.2. Blue and red lines denote the theoretical curves
of (13) and (18), respectively, which have been obtained
in this paper from the consideration of extreme momen-
tum configurations. (A rigorous derivation of (13) and

(18) will be provided in the forthcoming paper [6].) Fit-
ting the data points with the curves (13) and (18), we
obtain mg̃ = 776.3±1.3 GeV and mχ̃0

1
= 97.3±1.7 GeV,

which are quite close to the true values, mg̃ = 780.3 GeV
and mχ̃0

1
= 97.9 GeV. This demonstrates that the gluino

stransverse mass can be very useful for measuring the
gluino and the LSP masses experimentally.
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FIG. 1: The mT2(g̃) distribution with mχ = 90 GeV for the
benchmark point of mAMSB with heavy squarks. Blue his-
togram is the SM background.
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FIG. 2: mmax

T2 as a function of the trial LSP mass mχ for the
benchmark point of mAMSB with heavy squarks.

Let us now consider the case that squark mass mq̃ is
smaller than the gluino mass mg̃. In such case, the fol-
lowing cascade decay is open;

g̃ → qq̃ → qqχ̃0
1. (19)

In this case also, we consider two extreme momentum
configurations which are similar to those considered for
three body gluino decay, and construct the corresponding

MT2 “kink”	

Cho, Choi, Kim, Park, 2007



MT2 as a cut in SUSY search
5

ally measures a jet with Lorentz 2+1 vector j′ = αj
(0 < α < 1), and one gains a contribution to /pT

of
(α − 1)jT . In the absence of any other source of missing
momentum, /pT

∥ jT , so mT2 → m< by Lemma 5 or 6.
Similar arguments apply to heavy-quark jets where lep-
tonic decays lead to production of neutrinos close to the
jet axis.

The other backgrounds in Table II are also forced to
small values of mT2. The least restrictive is ≤ mt since
the top is (assumed here to be) the heaviest Standard
Model particle.

What values of mT2 are expected for any new parti-
cles? At the upper end it is clear from Lemma 1, that
mT2 ≤ m0 for the processes in Table II. One needs a sig-
nificant number of events with mT2 > mt to have a signal
region which is relatively free of background. Now if the
correct value of mi were to be used then the upper bound
(m0) would be saturated since there is a significant den-
sity of states with mT2(v1, v2, /pT

, mi, mi) close to m0.
We have chosen to input the lowest conceivable value
mi → 0 rather than the true invisible-particle mass, so
the argument does not prove that the bound is saturated.
However one can see from (1) that, provided mi ≪ |qT |,
then events which are close to maximal when the true
mi is used will also remain close when we replace this by
mi = 0.

We therefore expect to find a large number of signal
events, and very little background, in the region approx-
imately bounded by mt ∼< mT2 ∼< m0, where m0 is the
mass of the new particle.

V. SIMULATION

To illustrate the results of Section III and Section IV
we generate Monte Carlo signal and background samples
with Herwig++ 2.3.2 [15]. The background processes
simulated are QCD, tt̄, W → ℓν+jets, Z → ℓ+ℓ−+jets,
and Z → νν̄+jets. The contribution from diboson+jets
is expected to be very small [6] so is not considered
here. In order to generate sufficient QCD events in the
high-pT region, eight samples were generated in slices
of the pT of the hard scatter. For the SUSY signal,
the SPS1a point [16] is used (m0 = 100 GeV, m1/2 =
250 GeV, A0 = −100 GeV, tan β = 10, µ > 0), as cal-
culated by SPheno 2.2.3 [17]. Table III lists the lead-
ing order cross sections calculated by Herwig++, and
the number of events generated for each of the processes
considered.

We cluster hadrons (and π0s) with fiducial pseudora-
pidity (|η| < 5) and momentum (pT > 0.5 GeV) into jets
using the fastjet [18] implementation of the anti-kT al-
gorithm [19]. We use the E combination scheme and set
R = 0.4 and pmin

T = 10 GeV. To simulate the detector
effects we smear the majority (1 − ϵ) of the jet energies
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FIG. 1: Distribution of mT2 for events with two or more jets
with pT > 50GeV (and no other cuts). For the signal point
the squark masses are in the range 500

∼
< mq̃ ∼

< 600 GeV and
the gluino mass is close to 600 GeV.

by a Gaussian probability density function of width

σ(E)/Ej =

!

0.6/
"

Ej [ GeV]

#

⊕ 0.03

where Ej is the unsmeared jet energy. This resolution
is typical of one of the general-purpose LHC detectors
[6, 14]. Since the tails of the /pT

distribution are of-
ten dominated by badly mismeasured jets, we simulate
pathological energy-loss by applying a different smearing
function to the remaining fraction (ϵ = 0.1%) of the jets6

with probability density:

P (E) =

$

2E/E2
j for (0 < E < Ej)

0 elsewhere
.

The missing transverse momentum is calculated from the
negative vector sum of the visible fiducial hadrons (in-
cluding π0) and is corrected for the jet smearing. We
impose the simple requirement that each event contains
at least two jets with pT > 50 GeV. We then take the two
highest pT jets as j1,2 and calculate mT2(j1, j2, /pT

, 0, 0),

for all events. We normalise to 100 pb−1 (using the lead-
ing order cross sections for both signal and background).
The resulting distribution can be seen in Figure 1.

6 [6] suggests a larger value of ϵ ∼ 1%. We find a smaller value
better matches the tails of the /pT

and mT2 distributions found
in full simulation. The detailed form of the transfer function
clearly needs to be determined from the collision data, but our
findings are not materially altered by changing epsilon from 0.1%
to 1%.

Barr & Gwenlan, 2009



MT2-assisted spin determination	

(cho, choi, Kim & Park, 2008)

momenta. The result shows that the MAOS angular distribution excellently reproduces the

true production angular distribution, with which one can clearly distinguish SUSY from

UED.

To see how much the distribution shape is sensitive to the trial masses, we repeat the

analysis, but now with mχ = 0 and mY = Mmax
T2 (mχ = 0). The result depicted in Fig.

5b shows that the distribution has basically the same shape as the case (Fig. 5a) with

mχ,Y = mtrue
χ,Y .
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FIG. 5: Slepton and KK-lepton production angular distributions constructed with the true

momenta and the MAOS momenta for L = 300 fb−1: (a) mχ,Y = mtrue
χ,Y and (b) mχ = 0,

mY = Mmax
T2 (mχ = 0).

To conclude, we have proposed a scheme, the MT2-assisted on-shell (MAOS) reconstruc-

tion, to assign 4-momenta to the WIMP pair in generic new physics event of the type (1).

Introducing a trial WIMP mass which is common to the whole event set under consideration,

the transverse MAOS momenta of each event are determined by the transverse momentum

that gives the event variable MT2. On the other hand, the longitudinal MAOS momenta

are determined by the on-shell condition defined with a trial mother particle mass which

is again common to the whole event set. With these MAOS WIMP momenta, one can

construct various kinematic variable distributions which would not be available before, and

extract information on new particle properties from those distributions. In this paper, we

considered an application of the MAOS reconstruction to the 3-body decays of the pair-

produced gluinos and also to the 2-body decays of the Drell-Yan produced charged slepton

9

Slepton vs KK-lepton



Calculating MT2	

Refer http://www.hep.phy.cam.ac.uk/~lester/mt2/

• Special cases: analytical solutions exist	


• No upstream transverse momentum (Kong &Matchev; Barr 
&Lester)	


• Visible particles are massless, and assumed daughter particle 
mass is zero (Lester)	


• Generic case:	


• Minimization using minuit — original approach (Barr etal)	


• Bisection method using kinematic constraints	


• Has a clear physical interpretation	


• faster and more accurate	


• doesn’t need any external libraries (except C++ compiler) 

http://www.hep.phy.cam.ac.uk/~lester/mt2/


Kinematic constraints	


  

Calculate MT2 

– MT2 is the boundary of the allowed region, find the allowed 

region first.

– Consider one decay chain.

● Require the momenta to be physical, the allowed (p1x, 
p1y) is within an ellipse.  The ellipse expand when        

increases. Minimum 
● The other chain gives another ellipse, on (p2x, p2y) plain. 

But (p1x, p1y) and (p2x, p2y) related by missing momentum 

  Another ellipse on ⟹ (p1x, p1y) plain
● Have solutions when two ellipses overlap.

For a given µN , we can examine the mT2 distribution for a large number of events,
which in general has an end point. As discussed in Ref. [9], the mT2 end point gives

the correct mass of the particle Y when the trial mass is equal to the true mass of the
missing particle N , µN = mN . We can therefore use mT2 to determine mY if mN is
known, analogous to the W mass measurement. Moreover, it has recently been shown

[10] that, even if mN is unknown, in some cases, when we plot the mT2 endpoint as a
function of the trial mass µN , there is a kink at µN = mN . Thus both mN and mY can

be determined by studying the mT2 distribution.
We will discuss mass determination using mT2 in Section 3. Before that, we first

give an alternative definition of mT2, using the concept of kinematic constraints.

2.2 mT2 from minimal kinematic constraints

By kinematic constraints, we mean two kinds of constraints imposing on the 4-momenta
of the invisible particles: the mass shell constraints and the measured missing transverse
momentum constraints. Specifically, for the event in Fig. 1, we can write down the

following equations:

p2
1 = p2

2 = µ2
N ,

(p1 + pa)
2 = (p2 + pb)

2 = µ2
Y ,

px
1 + px

2 = /px, py
1 + py

2 = /py, (2.7)

where µY is a trial mass for the particle Y . We call this set of constraints “minimal”
because they correspond to the shortest decay chains. Note that for a given set of
(µN , µY ), the system contains only 6 equations, which are not enough for completely

determining p1 and p2. Nevertheless, Eqs. (2.7) still constrain the possible (µN , µY ).
In particular, we will shortly see that for a given µN , Eqs. (2.7) can be satisfied for

some physical momenta p1 and p2 if and only if µY > mT2(µN). Here, a momentum is
“physical” if all of its components are real and the energy component is positive. In

other words, mT2(µN) can be defined as the boundary of the consistent region on the
(µN , µY ) plane, subject to the minimal constraints in Eqs. (2.7). This fact has been
used in Ref. [12] but without a clear proof.

First, it is easy to show that µY cannot go below mT2 for a fixed µN . For
any (µN , µY ) in the consistent mass region, there exist physical p1 and p2 satisfying

Eqs. (2.7). On the other hand, from Eq. (2.4), we have

µ2
Y = (p1 + pa)

2 = (p2 + pb)
2 ≥ max{(α1 + αa)

2, (α2 + αb)
2}. (2.8)

By definition, mT2 is the minimum of max{(α1 + αa)2, (α2 + αb)2} over all partitions
of the missing transverse momentum. Therefore, we conclude that µY ≥ mT2(µN).

– 6 –

MT2 is the smallest      that can satisfy the above kinematic 
constraints’ —Cheng and Han, 2008

A. The bisection method for calculating mT 2

We describe in this appendix the bisection algorithm for calculating mT2 for the bal-
anced configuration.

First, we need a method to quickly determine if two ellipses intersect, without

solving the quartic equation described in Section 2.3. This is done by calculating the
Sturm sequence for the quartic polynomial, which gives us the number of real solutions

for the quartic equation [14]. When the number of real solutions are zero, either the
two ellipses are outside each other, or one completely contains the other one.

For the balanced configuration, the two ellipses are outside each other for µmin
Y =

µN + max{ma, mb}. When we increase µY , both ellipses expand. It is easy to see that

they always intersect for µY in some range. Thus, we need to guess a point when they
intersect. We do this by first finding a µY such that the two ellipses enclose a same
point, for example, the origin. In this case, either they intersect or one contains the

other one. If it is the former, we have found an intersecting point which is taken as
µmax

Y . If it is the latter, which rarely happens, we need to do a scan from µmin
Y to find

the intersecting point.

After obtaining µmin
Y and µmax

Y , we bisect the interval (µmin
Y , µmax

Y ) and check if the

two ellipses intersect at the middle point of the interval µmid
Y = (µmin

Y + µmax
Y )/2. If yes,

we set the new µmax
Y = µmid

Y ; otherwise, µmin
Y = µmid

Y . We repeat this procedure until
the size of the interval is smaller than the precision we want.

The algorithm has been implemented in c++ and available at Ref. [20] or from the
authors. The code has been tested for 250k events. These include 5 datasets with 50k

events each corresponding to the tt̄ production in the dilepton channel, and the two
SUSY mass points discussed in Section 3. For the SUSY points, events with UTM (from
squark pair production and decay) and without UTM (from direct χ̃0

2 pair production)

are tested separately. The tests are performed for a variety of trial masses µN . The
results have been compared with Ref. [21], showing good agreement in the numerical

values of mT2: the possibility is O(10−5 ∼ 10−4) for the two programs to yield values
that differ by 1 GeV or more, and O(10−4 ∼ 10−3) for 0.1 GeV or more. For the events

that give small differences, our code is showing more accurate results, which can be
verified in Mathematica by examining when the two ellipses are tangent to each other.
Our code is also much faster (5–9 times as fast as Ref. [21]), making it advantageous

when mT2 needs to be repeatedly calculated, for example, in evaluation of the mTGen

variable [13].

– 19 –

p is 4-momentum

Polynomial (Kinematic constraints) methods are a super set of MT2, 
the latter is equivalent to the ‘minimal’ kinematic constraints.



MT2 as the boundary of the allowed mass 
region

  

MT2 as boundary of allowed region for the 

“minimal” constraints (with Hsin-Chia Cheng)

MT2

Allowed = consistent with observed visible/missing momentum



Calculate MT2 from kinematic 
constraints

  

Calculate MT2 

– MT2 is the boundary of the allowed region, find the allowed 
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Calculate MT2 

– MT2 is the boundary of the allowed region, find the allowed 

region first.

– Consider one decay chain.

● Require the momenta to be physical, the allowed (p1x, 
p1y) is within an ellipse.  The ellipse expand when        

increases. Minimum 
● The other chain gives another ellipse, on (p2x, p2y) plain. 
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* Physical momentum->(p1x, p1y) 
within an elliptical region, for 
given 	


* ellipse expands for increasing 
mother particle mass	


* ellipse becomes a point when 

  

Calculate MT2 

– MT2 is the boundary of the allowed region, find the allowed 

region first.

– Consider one decay chain.

● Require the momenta to be physical, the allowed (p1x, 
p1y) is within an ellipse.  The ellipse expand when        

increases. Minimum 
● The other chain gives another ellipse, on (p2x, p2y) plain. 

But (p1x, p1y) and (p2x, p2y) related by missing momentum 

  Another ellipse on ⟹ (p1x, p1y) plain
● Have solutions when two ellipses overlap.

One decay chain:

For the reverse direction we need to prove that for a given µN , the point (µN , mT2(µN))
is indeed in the consistent mass region. By the definition of mT2, there exist physical

2+1 dimensional momenta satisfying

α2
1 = α2

2 = µ2
N ,

m2
T2 = (α1 + αa)

2 ≥ (α2 + αb)
2,

px
1 + px

2 = /px, py
1 + py

2 = /py. (2.9)

Note that if (α1 + αa)2 < (α2 + αb)2, we can simply exchange the labels. Given α1

and α2, we can arbitrarily choose p1z and p2z (or equivalently, the rapidities η1, η2) of
particles 1 and 2, and Eqs. (2.9) are still satisfied. In particular, we can choose a p1z

such that η1 = ηa. In this case we have (p1 + pa)2 = (α1 + αa)2 = m2
T2. As for the

other decay chain, if (α2 +αb)2 = m2
T2, we choose η2 = ηb; if (α2 +αb)2 < m2

T2, we have
(p2 + pb)2 < m2

T2 when η2 = ηb, and (p2 + pb)2 → ∞ when η2 → ±∞, as a result, there

exists an η2 such that (p2 + pb)2 = m2
T2. In this way we obtain physical momenta p1

and p2 which satisfy Eqs. (2.7) with µY = mT2(µN). This concludes our proof.

2.3 Calculating mT2

In the previous subsection, we have shown that mT2 is the boundary of the mass region

consistent with the minimal kinematic constraints. This provides us not only a way to
understand mT2, but also an effective method of calculating it.

We start by discussing how to determine if a mass pair (µN , µY ) is consistent

with the constraints in Eqs. (2.7). Note that mT2 is invariant under any independent
longitudinal boosts for the particles a and b. This allows us to set pz

a and pz
b to zero for

convenience. We also assume ma > 0 and mb > 0 for the moment.
We first consider the decay chain involving particles 1 and a. From the mass shell

constraints p2
1 = µ2

N and (p1 + pa)2 = µ2
Y , we can express E1 in terms of px

1 and py
1:

E1 =
px

a

Ea
px

1 +
py

a

Ea
py

1 +
µ2

Y − µ2
N − m2

a

2Ea
. (2.10)

In order to have p1 physical, we must have

−pz2
1 = −(E2

1 − px2
1 − py2

1 − µ2
N) ≤ 0. (2.11)

Eq. (2.11) imposes a constraint on possible px
1 and py

1. It is straightforward to show
that the allowed (px

1, py
1) is the region enclosed by an ellipse. We will distinguish an

ellipse and the region that it encloses by calling the latter an “elliptical region.” The

size of the ellipse depends on µY monotonically. In particular, it shrinks to zero when
µY = µN + ma, in which case all three particles have the same velocity.
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* However, 	
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For a given µN , we can examine the mT2 distribution for a large number of events,
which in general has an end point. As discussed in Ref. [9], the mT2 end point gives

the correct mass of the particle Y when the trial mass is equal to the true mass of the
missing particle N , µN = mN . We can therefore use mT2 to determine mY if mN is
known, analogous to the W mass measurement. Moreover, it has recently been shown

[10] that, even if mN is unknown, in some cases, when we plot the mT2 endpoint as a
function of the trial mass µN , there is a kink at µN = mN . Thus both mN and mY can

be determined by studying the mT2 distribution.
We will discuss mass determination using mT2 in Section 3. Before that, we first

give an alternative definition of mT2, using the concept of kinematic constraints.

2.2 mT2 from minimal kinematic constraints

By kinematic constraints, we mean two kinds of constraints imposing on the 4-momenta
of the invisible particles: the mass shell constraints and the measured missing transverse
momentum constraints. Specifically, for the event in Fig. 1, we can write down the

following equations:

p2
1 = p2

2 = µ2
N ,

(p1 + pa)
2 = (p2 + pb)

2 = µ2
Y ,

px
1 + px

2 = /px, py
1 + py

2 = /py, (2.7)

where µY is a trial mass for the particle Y . We call this set of constraints “minimal”
because they correspond to the shortest decay chains. Note that for a given set of
(µN , µY ), the system contains only 6 equations, which are not enough for completely

determining p1 and p2. Nevertheless, Eqs. (2.7) still constrain the possible (µN , µY ).
In particular, we will shortly see that for a given µN , Eqs. (2.7) can be satisfied for

some physical momenta p1 and p2 if and only if µY > mT2(µN). Here, a momentum is
“physical” if all of its components are real and the energy component is positive. In

other words, mT2(µN) can be defined as the boundary of the consistent region on the
(µN , µY ) plane, subject to the minimal constraints in Eqs. (2.7). This fact has been
used in Ref. [12] but without a clear proof.

First, it is easy to show that µY cannot go below mT2 for a fixed µN . For
any (µN , µY ) in the consistent mass region, there exist physical p1 and p2 satisfying

Eqs. (2.7). On the other hand, from Eq. (2.4), we have

µ2
Y = (p1 + pa)

2 = (p2 + pb)
2 ≥ max{(α1 + αa)

2, (α2 + αb)
2}. (2.8)

By definition, mT2 is the minimum of max{(α1 + αa)2, (α2 + αb)2} over all partitions
of the missing transverse momentum. Therefore, we conclude that µY ≥ mT2(µN).
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For the reverse direction we need to prove that for a given µN , the point (µN , mT2(µN))
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2,
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2 = /py. (2.9)

Note that if (α1 + αa)2 < (α2 + αb)2, we can simply exchange the labels. Given α1

and α2, we can arbitrarily choose p1z and p2z (or equivalently, the rapidities η1, η2) of
particles 1 and 2, and Eqs. (2.9) are still satisfied. In particular, we can choose a p1z

such that η1 = ηa. In this case we have (p1 + pa)2 = (α1 + αa)2 = m2
T2. As for the

other decay chain, if (α2 +αb)2 = m2
T2, we choose η2 = ηb; if (α2 +αb)2 < m2

T2, we have
(p2 + pb)2 < m2

T2 when η2 = ηb, and (p2 + pb)2 → ∞ when η2 → ±∞, as a result, there

exists an η2 such that (p2 + pb)2 = m2
T2. In this way we obtain physical momenta p1

and p2 which satisfy Eqs. (2.7) with µY = mT2(µN). This concludes our proof.

2.3 Calculating mT2

In the previous subsection, we have shown that mT2 is the boundary of the mass region

consistent with the minimal kinematic constraints. This provides us not only a way to
understand mT2, but also an effective method of calculating it.

We start by discussing how to determine if a mass pair (µN , µY ) is consistent

with the constraints in Eqs. (2.7). Note that mT2 is invariant under any independent
longitudinal boosts for the particles a and b. This allows us to set pz

a and pz
b to zero for

convenience. We also assume ma > 0 and mb > 0 for the moment.
We first consider the decay chain involving particles 1 and a. From the mass shell

constraints p2
1 = µ2

N and (p1 + pa)2 = µ2
Y , we can express E1 in terms of px

1 and py
1:

E1 =
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a

Ea
px

1 +
py
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1 +
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2Ea
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In order to have p1 physical, we must have

−pz2
1 = −(E2

1 − px2
1 − py2

1 − µ2
N) ≤ 0. (2.11)

Eq. (2.11) imposes a constraint on possible px
1 and py

1. It is straightforward to show
that the allowed (px

1, py
1) is the region enclosed by an ellipse. We will distinguish an

ellipse and the region that it encloses by calling the latter an “elliptical region.” The

size of the ellipse depends on µY monotonically. In particular, it shrinks to zero when
µY = µN + ma, in which case all three particles have the same velocity.
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Figure 2: The unbalanced solution (left) and the balanced solution (right). The red

(dashed) ellipse and the red point are the two ellipses when µY = µN +ma. For the unbalanced

solution, the point is inside the red ellipse, and mT2 = µN + ma. For the balanced solution,

the point is outside the red ellipse, and mT2 is given when the two ellipses (solid blue) are

tangent to each other.

The other decay chain is completely analogous, and we obtain another elliptical

region for (px
2, py

2). However, the two decay chains are related by the measured /pT .
Therefore, we can eliminate px

2 and py
2 to put the second elliptical region also on the

(px
1 , py

1) plane. In order to satisfy all the constraints, the two elliptical regions must

overlap. Since that the two ellipses both expand as we increase µY , mT2 will be given
by the minimal µY when the two elliptical regions start to overlap. To proceed we need

to distinguish two cases, which are illustrated in Fig. 2 and discussed below.

We assume ma ≥ mb for the invariant masses of a and b without loss of generality.
We see that we must have µY ≥ µN + ma, otherwise the first ellipse vanishes. When

µY = µN + ma, the first ellipse becomes a point, while the second ellipse has a finite
size (or is also a point if ma = mb). If the point (first ellipse of zero size) is within the
second elliptical region, then mT2 is simply given by mT2 = ma + µN . This is called

the “unbalanced configuration” in Ref. [13].

The other possibility is that the point representing the zero-sized first ellipse when
µY = µN + ma is outside the second ellipse. In this case, we have to increase µY until

the two elliptical regions overlap to obtain solutions. mT2 is then given by the value
of µY when the two ellipses are tangent to each other. This is dubbed the “balanced
configuration” [13].

Now it is clear how to calculate mT2. For a given µN , we first check if the two

ellipses give us an unbalanced configuration when µY = µN + ma. If so, we have
mT2 = µN + ma. Otherwise, we need to look for the µY when they are tangent.
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Last ingredients- Sturm sequence and 
bisection

• Unbalanced configuration is trivial	


• Balanced configuration, find       when two ellipses 
are tangent:	


• two ellipses tangent -> discrimination =0 -> Solve 12th order 
polynomial equation: slow and not reliable. (No UTM case, 
12th order polynomial simplify to 4th order—analytical sols)	


• test if two ellipses intersect using Sturm sequence (D. Eberly)	


• Bisection: start from an interval                   , two ellipses are 
separate for        , intersecting for          . Bisect the interval, 
update whether we have a new lower bound or upper bound. 
Repeat until interval small enough.

A. The bisection method for calculating mT 2

We describe in this appendix the bisection algorithm for calculating mT2 for the bal-
anced configuration.

First, we need a method to quickly determine if two ellipses intersect, without

solving the quartic equation described in Section 2.3. This is done by calculating the
Sturm sequence for the quartic polynomial, which gives us the number of real solutions

for the quartic equation [14]. When the number of real solutions are zero, either the
two ellipses are outside each other, or one completely contains the other one.

For the balanced configuration, the two ellipses are outside each other for µmin
Y =

µN + max{ma, mb}. When we increase µY , both ellipses expand. It is easy to see that

they always intersect for µY in some range. Thus, we need to guess a point when they
intersect. We do this by first finding a µY such that the two ellipses enclose a same
point, for example, the origin. In this case, either they intersect or one contains the

other one. If it is the former, we have found an intersecting point which is taken as
µmax

Y . If it is the latter, which rarely happens, we need to do a scan from µmin
Y to find

the intersecting point.

After obtaining µmin
Y and µmax

Y , we bisect the interval (µmin
Y , µmax

Y ) and check if the

two ellipses intersect at the middle point of the interval µmid
Y = (µmin

Y + µmax
Y )/2. If yes,

we set the new µmax
Y = µmid

Y ; otherwise, µmin
Y = µmid

Y . We repeat this procedure until
the size of the interval is smaller than the precision we want.

The algorithm has been implemented in c++ and available at Ref. [20] or from the
authors. The code has been tested for 250k events. These include 5 datasets with 50k

events each corresponding to the tt̄ production in the dilepton channel, and the two
SUSY mass points discussed in Section 3. For the SUSY points, events with UTM (from
squark pair production and decay) and without UTM (from direct χ̃0

2 pair production)

are tested separately. The tests are performed for a variety of trial masses µN . The
results have been compared with Ref. [21], showing good agreement in the numerical

values of mT2: the possibility is O(10−5 ∼ 10−4) for the two programs to yield values
that differ by 1 GeV or more, and O(10−4 ∼ 10−3) for 0.1 GeV or more. For the events

that give small differences, our code is showing more accurate results, which can be
verified in Mathematica by examining when the two ellipses are tangent to each other.
Our code is also much faster (5–9 times as fast as Ref. [21]), making it advantageous

when mT2 needs to be repeatedly calculated, for example, in evaluation of the mTGen

variable [13].
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squark pair production and decay) and without UTM (from direct χ̃0

2 pair production)

are tested separately. The tests are performed for a variety of trial masses µN . The
results have been compared with Ref. [21], showing good agreement in the numerical

values of mT2: the possibility is O(10−5 ∼ 10−4) for the two programs to yield values
that differ by 1 GeV or more, and O(10−4 ∼ 10−3) for 0.1 GeV or more. For the events

that give small differences, our code is showing more accurate results, which can be
verified in Mathematica by examining when the two ellipses are tangent to each other.
Our code is also much faster (5–9 times as fast as Ref. [21]), making it advantageous

when mT2 needs to be repeatedly calculated, for example, in evaluation of the mTGen

variable [13].
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Performance

• 5-9 times faster than code using minimization 
(maintained by Barr and Lester)	


• Stand alone, simple code structure, no external 
dependence.	


• Gives more accurate results when small 
differences exist between our code and Barr and 
Lester — can be verified with Mathematica	


• Can be easily extended to other cases.



Extensions (Bai, Cheng, Gallicchio, Gu, 2012)

• Motivation: diletonic top decays, one lepton 
missing, as a background to single-lepton search of 
stops	


• Different daughter particle masses, 	


• one side: b-l as visible particle, neutrino as missing; the 
other side: b as visible particle, W as missing	


• With more constraints, 	


• with W mass shell constraints, elliptical becomes an 
ellipse.

Figure 2: The Feynman diagram for the tt̄ background in the (dominant) dilep-
tontic channel. The dashed lines represent missing particles at colliders, including
a lost lepton that would otherwise exclude it as a background to our semileptonic
stop signal.

for the semileptonic stop signal. We want to design variables for the background
topology in order to suppress it. The variables are M b

T2, M bl
T2 and MW

T2. For all
three variables, we pretend that the mass of the top is unknown and calculate
some minimal compatible mass for the top. The difference between the three is
the amount of information we make use of for each event. The most important
common feature of these variables is that since the true mass of top (173 GeV)
must be compatible with all the events, the distributions should have an end point
at or below the true top mass (for a perfect detector).

5.1 M b
T 2

M b
T2 is the mT2 with the visible lepton treated as being invisible as well. In this

case, we have the exact topology as the one in section 2, with the twoW bosons
being the missing particles, and the effective missing transverse momentum is the
vector sum of the missing transverse momentum and the visible lepton’s trans-
verse momentum. The input mass ofW is chosen to be its on-shell value.

5.2 M bl
T 2

ForM bl
T2, instead of adding the visible lepton to the total missing momentum, we

combine it with the b-jet on the same side. Hence, we have asymmetrical 1-step

9

decay chains. On the side with the visible lepton, we have an effective visible
particle obtained by combining the 4-momenta of the b-jet and the lepton, and
the missing particle is the neutrino which can be treated as being massless; on the
side with the invisible lepton, the visible particle is the b-jet, the missing particle
is the W and we use its on-shell mass value. As discussed in section 2, mT2 can
be applied to the case with different missing particle mass, andM bl

T2 is defined to
be the asymmetricalmT2 for this case.

5.3 MW
T 2

For a given event, MW
T2 is defined as the minimal mass of the top (pretending its

mass is unknown) that is compatible with all the visible momenta and the total
missing transverse momentum of the event, and the on-shell condition of the two
W bosons, also with neutrinos treated as being massless. The chain with the visi-
ble lepton is a two-steps decay chain with the neutrino being the missing particle.
The chain with the invisible lepton can be treated as an one-step decay chain, with
the W being the missing particle. Having discussed the kinematic constraints of
the 1-step decay chain and the 2-steps decay chain, it is straightforward to apply
them to this asymmetric case. Let’s denote the momentum of the neutrino paired
with the visible lepton as p1, and the momentum of the missingW as p2, we have
an ellipse in the (p1x, p1y) plane and an elliptical region in the (p2x, p2y) plane.
We can transform the elliptical region to the (p1x, p1y) plane using the knowledge
of the total missing transverse momentum, and we get the following set of con-
straints:

a1 p
2

1x + 2b1 p1xp1y + c1 p
2

1y + 2d1 p1x + 2f1 p1y + g1 = 0, (24)
a2 p

2

1x + 2b2 p1xp1y + c2 p
2

1y + 2d2 p1x + 2f2 p1y + g2 ! 0, (25)

where a1, ..., g1 and a2, ..., g2 are coefficients that depend on the masses and
visible quantities, as described in section 2 & 3. For ellipse 1 (with coefficients
a1, ..., g1), only points on the ellipse equation is allowed. For ellipse 2 (with co-
efficients a2, ..., g2), any point on or inside the ellipse is allowed, and we call it
an “elliptical region.” Because we assume the W s are on shell and the neutrinos
can be treated as being massless, the only free parameter in the coefficients are
mt. A trial value of mt is compatible with the event if either ellipse 1 is inside
ellipse 2, or the two ellipse intersects. For the first case, any point on ellipse 1
must be within ellipse 2; if an arbitrary point on ellipse 1 is within the elliptical
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Stop search (Bai, Cheng, Gallicchio, Gu, 2012)

an on-shell W . This variable is defined as

M bℓ
T2 = min

⎧

⎪

⎨

⎪

⎩

⋃

p⃗T
1
+p⃗T

2
=E⃗miss

T

max
[

MT (p⃗b1 + p⃗ℓ, p⃗
T
1 ),MT (p⃗b2 , p⃗

T
2 )

]

⎫

⎪

⎬

⎪

⎭

. (2)

The two b-jet candidates are chosen by the same procedure as in the previous case. There are two

ways to pair the lepton with one of the two b-jets, and the combination which produces a smaller M bℓ
T2

is chosen. A diagram illustrating the calculation, along with signal and background distributions are

shown in Fig. 4.
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Figure 4: Schematic of M bℓ
T2, along with its signal and background event distributions. As compared

to our previous variable M b
T2, the 4-momentum of the visible lepton and b-jet are combined together

as one effective visible particle, and p2 is treated as an “invisible on-shell W” when calculating MT

for that side. Again, all events in the plot have Emiss
T > 150 GeV and MT > 100 GeV.

Each of the two MT2 variables defined above did not fully utilize the information available for the

background event topology: the two intermediate W bosons are on-shell and one of them produces

the observed lepton together with a neutrino. We can define a new kinematic variable as the minimal

mother particle mass (the top quark mass in this case) which can be compatible with all the transverse

momentum and mass-shell constraints of that topology for a given event. Here, the top quark mass is

not explicitly used, only implicitly bounded by the event. This is in the same spirit as interpretingMT2

as the minimal mother particle mass compatible with the minimal kinematic constraints [47] except

that all mass-shell constraints on the cascade decay chain are used 4. One might expect to get a variable

4The mass-shell constraints are not sufficient to fully reconstruct each event.

7

which is more sensitive to this background topology because of the additional kinematic information

applied in the definition. Specifically, the variable MW
T2 (where the superscript W represents the on-

shell intermediate W information is included when combining lepton and neutrino) can no longer be

cast into the “maximum of two side’s MT ” form, but is instead defined directly as the minimization 5

MW
T2 = min

!

my consistent with:

"

p⃗T1 + p⃗T2 = E⃗miss
T , p21 = 0 , (p1 + pℓ)2 = p22 = M2

W ,
(p1 + pℓ + pb1)

2 = (p2 + pb2)
2 = m2

y

#$

.(3)
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Figure 5: Schematic of MW
T2, along with its signal and background event distributions. Here all of the

information is used, including theW -on-shell mass condition on both sides. As with the other variables,
p2 is the entire missing on-shell W , but p1 is the neutrino that gets paired with the visible lepton to
form the other on-shell W . All the events in the plot have Emiss

T > 150 GeV and MT > 100 GeV. The
events with no compatible top mass under 500GeV are placed in the last bin.

The diagram, along with signal and background distributions are shown in Fig. 5. We use the same

method as before to pick the two b-jets, and a method similar to that for M bℓ
T2 is used to choose which

b-jet gets paired with the visible lepton. Calculating this variable can be done efficiently in a similar

way as the MT2 calculation in Ref. [47] by generalizing the method there to this case. For perfect

measurements, this variable for the dileptonic tt̄ backgrounds is less than the true top quark mass

since the top mass should be compatible with all background events. On the other hand, the signal

events do not need to satisfy such a bound, because of its different topology and additional missing

massive particles χ̃. For some of the signal events we may not even be able to find a compatible

mass because we apply the variable to a wrong topology with the wrong mass-shell conditions. The

5The programs for calculating all new variables defined in this paper can be downloaded at
https://sites.google.com/a/ucdavis.edu/mass/
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More particles, more constraints

  

What if masses unknown?

Different methods for 
different topologies.

  

What if masses unknown?

Different methods for 
different topologies.



3 visible particles per decay chain

• Assumptions: two decay chains in the event involve 
the same particles; we have a sample of events 
containing the same decay chains.	


• Can simultaneously determine all unknown 
masses.

  

Reduce the systematic errors

● Average over 10 Monte Carlo sets,
mN = 94.1 ± 2.8 GeV, mX = 138.8 ± 2.8 GeV,
mY = 179.0 ± 3.0 GeV, mZ = 561.5 ± 4.1 GeV.
● Much fewer events required than the edge/endpoint method.



2 Visible particles per decay chain

• Event reconstructable if all masses known, 
example: ttbar in the dileptonic channel	


• Determine spin of ttbar resonance (Bai & ZH, 
2008)

Therefore, we examine the opening angle φ between the ℓ+ direction in the t rest frame and

the ℓ− direction in the t̄ rest frame. The parton level distribution for the opening angle has a

form
1

σ

dσ

d cos φ
=

1

2
(1 − D cos φ) , (10)

where D is a constant depending on the t t̄ polarizations, and hence model details. At particle

level, the distribution is affected by the experimental resolutions and wrong solutions from

event reconstruction. In Fig. 4, we show the particle level distributions of cos θ and cos φ for

θcos
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Figure 4: Distributions of the Collins-Soper angle θ (left) and the opening angle φ (right) at
particle level for different resonances with a mass of 2 TeV and the SM backgrounds. A mass
window cut (1600 GeV, 2400 GeV) is applied on all solutions.

4 different t t̄ resonances: a scalar, a pseudo-scalar, a vector boson that couples to left- and

right-handed quarks equally, and a KK graviton in the RS model. The cuts described in Sec. 2.2

are applied with mTcl
> 1500GeV. A mass window cut of (1600 GeV, 2400 GeV) is also applied

on the solutions to increase S/B. From the left panel of Fig. 4, we see significant suppressions

in the forward and backward regions of cos θ, due to the kinematic cuts. Except that, both the

scalar and the pseudo-scalar have a flat distribution in cos θ and are hard to be distinguished

from each other. The cos θ distributions for the vector boson and the graviton show the biggest

difference with respect to each other. As shown in the right panel of Fig. 4, the slope of the

pseudo-scalar distribution in cosφ has an opposite sign to all others, which can be used to
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2 Visible particles per decay chain

• Can also be used for mass determination 
(Cheng, Gunion, Han, Marandella, McElrath, 2007)
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Figure 9: Contours for the number of solved events in the mN ∼ mY plane with 2000

events. The number of events is the maximum value obtained after varying mX . Contours

are plotted at intervals of 75 events, beginning with a maximum value of 1975. The red star

is the position for the correct masses and the blue cross is the position of the fitted masses.

The green dots correspond to a set of one-dimensional fits.

computationally intensive.

The recursive procedure does not provide an easy way to evaluate the errors in the

mass determination. For this purpose, we generate 10 different data samples and apply
the procedure to each sample. As above, each sample corresponds to 1900 experimental
data points after cuts. Then, we estimate the errors of our method by examining the

statistical variations of the 10 samples. This yields central masses and rms errors of

mY = 252.2 ± 4.3 GeV, mX = 130.4 ± 4.3 GeV, mN = 86.2 ± 4.3 GeV. (4.2)
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Conclusion

• MT2 is useful for mass/spin determination in 
events with missing particles; can also be used as a 
cut to discover new physics	


• MT2 can be interpreted as the “minimal” kinematic 
constraints imposed on an event with two one-
step decay chains	


•  We obtain an algorithm for calculating MT2, which 
is the fastest and the most accurate.	


• Kinematic constraints lead to more methods/
applications. 


