
Better Mass Measurement 
in Cascade Decay 

!
Using the boundary of many-body phase space

Jiang-Hao Yu!
!

University of Texas at Austin

Prateek Agrawal, Can Kilic, Craig White, and JHY,  PRD89(2014)015021!
arXiv: 1308.6560

1

May 5, 2014 
May 13, 2014 @Texas A&M University

Mitchell Workshop on Collider and Dark Matter Physics



Mass Measurement
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• Crucial after discovery of a new particle

• Could discriminate different models and determine parameters 
of a model

• Difficult in SUSY, due to long cascade decay with transverse 
missing energy

• How to measure masses of the immediate particles and final 
state LSP?

In the cascade decay chain, sparticle 
mass in every step is unknown.!
Hard to reconstruct the system.



Simplest Cases
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• Two body decay is trivial

• Three body phase space gives the Dalitz plot

X → 1 + 2 + 3

Due to missing particle 3, m23 
is not measurable. So we only 
know m12 (1D projection)

dΠ3 = const.× dm2
12dm

2
23

• Focus on one cascade decay chain

X → 1 + 2
Due to missing particle 2!
look at transverse mass



1D Projection: Endpoint and Edge
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Hinchliffe, Paige, et.al. 1997
Allanach, Lester, et.al. 2000!

…….



Beyond 3-body Phase Space
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• Basically all known (and hypothesized) particles will decay either 
to two or three final state particles

• Any longer decay chain can factorized as subsequent 2 or 3 
body decays

• Isn’t it good enough to analyze the cascade step by step, looking 
for 1D edges and endpoints in each step?

1D projection does not include the full phase 
space correlations

Hinchliffe, Paige, et.al. 1997
Allanach, Lester, et.al. 2000!

…….

• Consider the full phase space instead of 1D distributions

dPSn(P; p1, . . . , pn) = dPSn−1(P; p1, . . . , pn−1,n)dPS2(pn−1,n; pn−1, . . . , pn)
dm2

n−1,n

2π



4-body Phase Space
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• Simplest case

∆4 = sum of minor of Det

∆4 = 0 Phase space density is enhanced near 
the boundary

• Phase space density in terms of invariant masses (Generalized 
Dalitz phase space)

• The boundary of phase space density

• Five independent variables, but only three are measurable

3n-4(E/p conserv.)-3(rotation inv.) = 3n-7 m2
12, m2

13, m2
23

particle 4 is invisibleX → 1 + 2 + 3 + 4



Classification of 4-body Decay
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X → 1 + 2 + 3 + 4

X → 1 + Y , Y → 2 + Z, Z → 3 + 4

X → 1 + Y , Y → 2 + 3 + 4

X → 1 + 2 + Y , Y → 3 + 4

X → Y + Z, Y → 1 + 2, Z → 3 + 4

• Full 4-body decay (no example)

• 2 + 2 + 2 Decay

• 2 + 3 Decay

• 3 + 2 Decay (same as 2 + 3)

• Others could reduce to 3 body or 2 body decay

• The task is
m2

12, m2
13, m2

23Given the data

falsify mass 
hypothesis

mX , mY , (mZ , ) m4



Examples in SUSY
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• 4-body Decay • Single chain production

Neglect 
combinatorial 

effects

• double chain production 
(focus on one chain)



How to Use the Phase Space Boundary
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• In endpoint/edge method

• How to assign a quality-of-fit to multi-D method?

mass hypothesis
phase space 
boundary

Use data to falsify the mass hypothesis

mass hypothesis endpoint/edge

Use data to falsify the mass hypothesis

• If we only have limited statistics, it is better to 
use all available data, not just edge/endpoint

In 1D method, only the data near the 
true endpoint/edge is useful.



Phase Space Density
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Phase space density is enhanced near 
the boundary

For a event, choose the contour which 
gives larger phase space density 

• Two kinds of false mass hypothesis

• The criteria is (for each mass hypothesis)

Pick up the hypothesis gives the largest value L

L(m̃X , m̃R) =

�
0 if some data outside the boundary ,
�

data
π2

25m̃2
X
(∆4(m̃X , m̃R))−

1
2 if all data inside the boundary .



2+2+2 Cascade Decay
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• Given the mass hypothesis, one could 
reconstruct the invariant masses

mX , mY , mZ , m4

m2
12, m

2
23, m

2
13

• The phase space density is obtained

• Benchmark point

No spin correlation considered!
No background added!

No smearing/detector simulation!
Only consider limited statistics

For both 1D endpoint/edge and multi-D 
phase space method
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• edge of m12

• edge of m123

• Endpoint of m13

• edge of m23

2. Using edges and endpoints

We want to compare the results of this phase space analysis with those obtained from

the endpoint analysis. As noted before, this is not the most optimal analysis for the 2+2+2

topology as the “polynomial method” lets us reconstruct the masses analytically. However,

the comparison we set up in this topology will prepare us for the 2+3 topology considered

in the next subsection.

The mass determination procedure of the endpoint analysis is based on comparing for each

pseudoexperiment the measured position of kinematic features obtained from the data with

those that are predicted based on the mass hypothesis being used. In appendix A, we list all

the formulae the predicted positions of the kinematic edges and endpoints for this topology

using a given mass hypothesis. For the 2+2+2 topology, Y and Z are on-shell, therefore the

m2
12 and m2

23 distributions have an edge. In contrast, the m2
13 and m2

123 distributions have

endpoints. The measured positions of the same kinematic edges and endpoints are defined

simply as the highest value obtained for the observable in question using all the events in

the data set.

We then define the quality-of-fit variable for any mass hypothesis based on a pseudoex-

periment as

Q =

!

"

i=endpts.

#

Oi,predicted !Oi,measured

Oi,measured

$2
%

F , (14)

where the observables Oi = {(m2
123)max, (m2

12)max, (m2
23)max, (m2

13)max} represent the pre-

dicted and measured positions of each edge and endpoint, and the sum is taken over all

relevant edges and endpoints. F = 1 if all measured endpoints are consistent with the

predicted ones, meaning that they occur at smaller (or equal) values of Oi. If any one of

the measured endpoints exceeds the predicted value, the mass hypothesis is rejected (equiv-

alently, F is taken to be " in that case). As we remarked for the phase space analysis,

this sharp step-function behavior will need to be softened once a more realistic model of the

detector with finite resolution is used. It should also be remarked here that while it may

appear somewhat arbitrary to assign the same weight in Q to the contribution of all edges

and endpoints, practically Q is almost always dominated by the position of one of the edges

or endpoints, thus the weighting has no significant impact. We dwell on this point in more

detail in appendix C.
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2+2+2 Decay
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2. Using edges and endpoints

We want to compare the results of this phase space analysis with those obtained from

the endpoint analysis. As noted before, this is not the most optimal analysis for the 2+2+2

topology as the “polynomial method” lets us reconstruct the masses analytically. However,

the comparison we set up in this topology will prepare us for the 2+3 topology considered

in the next subsection.

The mass determination procedure of the endpoint analysis is based on comparing for each

pseudoexperiment the measured position of kinematic features obtained from the data with

those that are predicted based on the mass hypothesis being used. In appendix A, we list all

the formulae the predicted positions of the kinematic edges and endpoints for this topology

using a given mass hypothesis. For the 2+2+2 topology, Y and Z are on-shell, therefore the

m2
12 and m2

23 distributions have an edge. In contrast, the m2
13 and m2

123 distributions have

endpoints. The measured positions of the same kinematic edges and endpoints are defined

simply as the highest value obtained for the observable in question using all the events in

the data set.

We then define the quality-of-fit variable for any mass hypothesis based on a pseudoex-

periment as

Q =

!

"

i=endpts.

#

Oi,predicted !Oi,measured

Oi,measured

$2
%

F , (14)

where the observables Oi = {(m2
123)max, (m2

12)max, (m2
23)max, (m2

13)max} represent the pre-

dicted and measured positions of each edge and endpoint, and the sum is taken over all

relevant edges and endpoints. F = 1 if all measured endpoints are consistent with the

predicted ones, meaning that they occur at smaller (or equal) values of Oi. If any one of

the measured endpoints exceeds the predicted value, the mass hypothesis is rejected (equiv-

alently, F is taken to be " in that case). As we remarked for the phase space analysis,

this sharp step-function behavior will need to be softened once a more realistic model of the

detector with finite resolution is used. It should also be remarked here that while it may

appear somewhat arbitrary to assign the same weight in Q to the contribution of all edges

and endpoints, practically Q is almost always dominated by the position of one of the edges

or endpoints, thus the weighting has no significant impact. We dwell on this point in more

detail in appendix C.
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Histograms in 2+2+2
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Limited statistics!
N = 100 events

1D method, there 
is a flat direction 
due to lack of the 
full phase space 

correlations

true mass!
1D endpoint/edge!

multi-D phase space



2+3 Cascade Decay
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2+2+2: two additional on-shell 
conditions!

2+3: only one additional on-shell 
condition

• Benchmark point

• The phase space density could be 
obtained by integrating over m34

• Not enough to determine all invariant 
masses involved in missing particle 4

Always one unknown (m34 or m24)
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• edge of m12

• edge of m123

• Endpoint of m13

• edge of m23

2. Using edges and endpoints

We want to compare the results of this phase space analysis with those obtained from

the endpoint analysis. As noted before, this is not the most optimal analysis for the 2+2+2

topology as the “polynomial method” lets us reconstruct the masses analytically. However,

the comparison we set up in this topology will prepare us for the 2+3 topology considered

in the next subsection.

The mass determination procedure of the endpoint analysis is based on comparing for each

pseudoexperiment the measured position of kinematic features obtained from the data with

those that are predicted based on the mass hypothesis being used. In appendix A, we list all

the formulae the predicted positions of the kinematic edges and endpoints for this topology

using a given mass hypothesis. For the 2+2+2 topology, Y and Z are on-shell, therefore the

m2
12 and m2

23 distributions have an edge. In contrast, the m2
13 and m2

123 distributions have

endpoints. The measured positions of the same kinematic edges and endpoints are defined

simply as the highest value obtained for the observable in question using all the events in

the data set.

We then define the quality-of-fit variable for any mass hypothesis based on a pseudoex-

periment as

Q =

!

"

i=endpts.

#

Oi,predicted !Oi,measured

Oi,measured

$2
%

F , (14)

where the observables Oi = {(m2
123)max, (m2

12)max, (m2
23)max, (m2

13)max} represent the pre-

dicted and measured positions of each edge and endpoint, and the sum is taken over all

relevant edges and endpoints. F = 1 if all measured endpoints are consistent with the

predicted ones, meaning that they occur at smaller (or equal) values of Oi. If any one of

the measured endpoints exceeds the predicted value, the mass hypothesis is rejected (equiv-

alently, F is taken to be " in that case). As we remarked for the phase space analysis,

this sharp step-function behavior will need to be softened once a more realistic model of the

detector with finite resolution is used. It should also be remarked here that while it may

appear somewhat arbitrary to assign the same weight in Q to the contribution of all edges

and endpoints, practically Q is almost always dominated by the position of one of the edges

or endpoints, thus the weighting has no significant impact. We dwell on this point in more

detail in appendix C.
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2+2+2 Decay
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2. Using edges and endpoints

We want to compare the results of this phase space analysis with those obtained from

the endpoint analysis. As noted before, this is not the most optimal analysis for the 2+2+2

topology as the “polynomial method” lets us reconstruct the masses analytically. However,

the comparison we set up in this topology will prepare us for the 2+3 topology considered

in the next subsection.

The mass determination procedure of the endpoint analysis is based on comparing for each

pseudoexperiment the measured position of kinematic features obtained from the data with

those that are predicted based on the mass hypothesis being used. In appendix A, we list all

the formulae the predicted positions of the kinematic edges and endpoints for this topology

using a given mass hypothesis. For the 2+2+2 topology, Y and Z are on-shell, therefore the

m2
12 and m2

23 distributions have an edge. In contrast, the m2
13 and m2

123 distributions have

endpoints. The measured positions of the same kinematic edges and endpoints are defined

simply as the highest value obtained for the observable in question using all the events in

the data set.

We then define the quality-of-fit variable for any mass hypothesis based on a pseudoex-

periment as

Q =

!

"

i=endpts.

#

Oi,predicted !Oi,measured

Oi,measured

$2
%

F , (14)

where the observables Oi = {(m2
123)max, (m2

12)max, (m2
23)max, (m2

13)max} represent the pre-

dicted and measured positions of each edge and endpoint, and the sum is taken over all

relevant edges and endpoints. F = 1 if all measured endpoints are consistent with the

predicted ones, meaning that they occur at smaller (or equal) values of Oi. If any one of

the measured endpoints exceeds the predicted value, the mass hypothesis is rejected (equiv-

alently, F is taken to be " in that case). As we remarked for the phase space analysis,

this sharp step-function behavior will need to be softened once a more realistic model of the

detector with finite resolution is used. It should also be remarked here that while it may

appear somewhat arbitrary to assign the same weight in Q to the contribution of all edges

and endpoints, practically Q is almost always dominated by the position of one of the edges

or endpoints, thus the weighting has no significant impact. We dwell on this point in more

detail in appendix C.
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Histograms in 2+3 Decay
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true mass!
1D endpoint/edge!

multi-D phase space



Results
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Flat direction
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Flat Direction

35

• We observe there is a flat direction, where all hypothesis masses 
are raised or lowered together

• It is easy to see the improvement in this flat direction

!  In the endpoint method, there are bias along this flat direction

!  In our method,  bias doesn’t exist (always peaked at true values)

The data samples on which we run both the endpoint and the phase space analyses are

generated at the parton level using MadGraph 5 [89]. As mentioned in the introduction, in

order to separate the e!ects of spin-correlations from the e!ects of the phase space density,

we choose all particles as scalars in the MadGraph model, and we choose one specific mass

spectra to use as benchmarks in the analysis of each one of the two decay topologies. All

analyses rely on parton-level events as we have chosen to work with a detector with perfect

resolution.

A. The 2+2+2 Topology

We work with the benchmark spectrum

MX = 500 GeV , MY = 350 GeV ,

MZ = 200 GeV , M4 = 100 GeV ,

m1 = m2 = m3 = 5 GeV , (23)

and for each pseudoexperiment we use data samples with Nevents = 100.

In both the phase space and the endpoint analyses, we also need a set of mass hypotheses

{m̃!} from which one is chosen as the winner of each pseudoexperiment. In order to get an

accurate picture of the uncertainty in the mass measurement, we check that the range of

the set of mass hypotheses is large enough such that a further enlargement would have no

e!ect. In particular, we verify that the flat direction does not extend past the boundaries of

the chosen set of mass hypotheses. Below we list how we choose the set of mass hypotheses

for both analysis methods, and we later confirm as we list the results of our analysis that

the chosen sets indeed satisfy this criterion.

We choose a set of mass hypotheses for the analysis such that the expected flat direction,

where all hypothesis masses are raised or lowered together, is well populated and finely

scanned. Thus, instead of generating a set of mass hypotheses that lie on a (hyper)cubic

lattice in the {m̃X , m̃Y , m̃Z , m̃4} basis, we generate a lattice along a di!erent set of axes,

namely:

m̃! = M! + (100 GeV)
!

!V (1)
! + "V (2)

! + #V (3)
! + $V (4)

!

"

% = {X, Y, Z, 4} , (24)

19

where

V (1)
! = {1, 1, 1, 1},

V (2)
! = {1,!1, 0, 0},

V (3)
! = {1, 1,!1,!1},

V (4)
! = {0, 0, 1,!1} . (25)

Note that these vectors are chosen to give an orthogonal basis. V (1)
! is the vector that

corresponds to the flat direction. For the endpoint analysis, we use the following scan for

!, ", #, $,

! " [!1, 7],

", #, $ " [!0.3, 0.3],

!! = !" = !# = !$ = 0.02 . (26)

Any choice of (!, ", #, $) is discarded for which the inequality m̃X > m̃Y > m̃Z > m̃4 > 0 is

violated. We have chosen to scan a much wider interval for ! in order to accurately sample

the flat direction.

For the phase space analysis, we provide results from a much finer scan in a narrow range

(after verifying that all winning hypotheses indeed lie in this narrow range). For this case

we choose

! " [!1.5 # 10!2, 1.5# 10!2] !! = 10!3,

", #, $ " [!1.5 # 10!3, 1.5# 10!3] !" = !# = !$ = 10!4. (27)

Having chosen a benchmark spectrum and a set of mass hypotheses, we proceed to run

both the phase space and endpoint analyses on O(103) pseudoexperiments. The winner of

each pseudoexperiment is chosen in the two analyses as explained in detail in the previ-

ous section. In figure 5 and 6 we plot the distribution of winning mass hypotheses in the

two analyses. We also list the mean and standard deviation in the distribution of these

quantities in table I. The di"erence in sensitivity between the two analysis methods is dra-

matic. Perhaps most importantly, one can observe that the phase space analysis based on

the four-body phase space has much better resolution along the flat direction that causes

the endpoint analysis results to acquire an enormous spread and bias.

20

 [GeV]Xm
400 600 800 1000 12000

0.2

0.4

0.6

0.8

1
N = 100 

 [GeV]Ym
200 400 600 800 1000 12000

0.2

0.4

0.6

0.8

1
N = 100 

 [GeV]Zm
200 400 600 800 10000

0.2

0.4

0.6

0.8

1
N = 100 

 [GeV]4m
0 200 400 600 8000

0.2

0.4

0.6

0.8

1
N = 100 

FIG. 5: The distribution of winning mass hypotheses across pseudoexperiments using the

phase space analysis (blue) and endpoint analysis (cyan) for the “2+2+2” topology. The

true mass values in the benchmark spectrum used to generate the data are shown by

dashed red lines.

We use the following set of mass hypotheses for both the phase space and the endpoint

analyses:

m̃! = M! + (100 GeV)
!

!V (1)
! + "V (2)

! + #V (3)
!

"

$ = {X, Y, 4} , (29)

where

V (1)
! = {1, 1, 1}
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FIG. 6: The distribution of winning mass hypotheses across pseudoexperiments using the

phase space analysis (blue) and endpoint analysis (cyan) for the “2+2+2” topology in

terms of {!, ", #, $}. The true mass values in the benchmark spectrum used to generate

the data are shown by dashed red lines.

V (2)
! = {0, 1,!1}

V (3)
! = {2,!1,!1} . (30)

Once again, V (1)
! corresponds to the flat direction. For the phase space analysis, we choose

the scan

! " [!1, 1] !! = 0.01,
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FIG. 5: The distribution of winning mass hypotheses across pseudoexperiments using the

phase space analysis (blue) and endpoint analysis (cyan) for the “2+2+2” topology. The

true mass values in the benchmark spectrum used to generate the data are shown by

dashed red lines.

We use the following set of mass hypotheses for both the phase space and the endpoint

analyses:

m̃! = M! + (100 GeV)
!

!V (1)
! + "V (2)

! + #V (3)
!

"

$ = {X, Y, 4} , (29)

where

V (1)
! = {1, 1, 1}
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Flat direction
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Why does 1D fail?

15

Look at the minimal chi square for each mij in 1D method

m13 (green) drives the best fit towards 
higher value at low statistics

m13 (green) m12(red) drives the best 
fit towards lower value at low statistics



Conclusion
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• The endpoint/edge is just the 1D 
projection of the full phase space 
boundary, lack of full phase space 
correlation

• Our multi-D method using the full phase 
space boundary greatly improves the 
efficiency for mass measurement at low 
statistics

• Toy simulations show there is no flat direction in multi-D 
method

• Extend the multi-D analysis to the double chain case

• More realistic considerations (smearing, backgrounds, 
combinatorial effects) are on the way



Thank you!



Back up



Towards a Realistic Analysis

• Detector resolution, smearing

• Including backgrounds

• Effect of spin in the matrix element

• Combinatorial effects for single chain

• Extend to symmetric double chain



Longer Cascade Decays
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• N-body phase space

Is the enhancement in n= 4 a generic feature?

• Factorization and Jacobian

(1) X -> 1 + Y,  Y -> 2 + Z, Z -> 3 + K, K -> 4 + 5

(2) X -> 1 + Y,  Y -> 2 + Z, Z -> 3 + 4 + 5

Naively, the enhancement goes away

Factorize to 4-body and/or less

For example, X -> 1 + Y,  Y -> (2 + 3) + Z, Z -> 4 + 5

Jacobian factors appear if there are on-shell resonances

(3) X -> 1 + Y,  Y -> 2 + 3 + Z, Z -> 4 + 5



Some Details
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The end


