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First look at γ*γ*→ππ using dispersion relations

3Pere Masjuan

• Look first at γγ→ππ from dispersion relations and identify the 
most relevant pieces (goal is doubly virtual case)
• Starting point: Low-energy theorem to build up the Born amplitude

Mainz, 9th AprilSFB Workshop: g-2 Quo Vadis?

4 Hadronic Light by Light Scattering

In this chapter the process γγ → γγ is studied. This is first done by applying the
optical theorem and then again in section 4.2 by directly evaluating the feynman
diagrams.

4.1 Application of the Optical Theorem

4.1.1 Born Level Diagrams for γγ → ππ
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Figure 4.1: Born level diagrams for γγ → ππ

The low energy leading order contribution for the process γγ → ππ is given by the
born diagrams as shown in Fig. 4.1. The corresponding matrix elements are:

ıMBORN = ıMa + ıMb + ıMc . (4.1)

With the polarization vectors ε and ε′ and momenta q and q′ of the photons and
the momenta pπ+ respectively pπ− for the π+ and π−, one can express the matrix
elements as:

ıMa =εµε
′
ν2ıe

2gµν = 2ıe2
(

ε · ε′
)

, (4.2)

ıMb =ε′ν (−ıe) (−pπ− − q + pπ+)ν
ı

(−q + pπ+)2 −m2 + ıε
εµ (−ıe) (−q + pπ+ + pπ+)µ

=− 2ıe2
1

qpπ+

(ε · pπ+)
(

ε′ · pπ−

)

, (4.3)

ıMc =εµ (−ıe) (−pπ− + q − pπ−)µ
ı

(q − pπ−)2 −m2 + ıε
ε′µ (−ıe) (q − pπ− + pπ+)ν

=− 2ıe2
1

qpπ−

(ε · pπ−)
(

ε′ · pπ+

)

. (4.4)
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7 Hadronic Light by Light Scattering
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Figure 7.2: Kinematics of the process γγ → ππ in the center of mass frame.

In the center of mass system, as shown in Fig. 7.2, the kinematics of the process
are defined as

q · pπ± =EqEp ∓ |$q||$p| cos θ

=

√
s

2

√
s

2
∓

√
s

2
|$p| cos θ

=
s

4
(1∓ β cos θ) , (7.5)

where s is the Mandelstam variable

s =(q + q′)2 . (7.6)

Let Λ be the difference of the helicities λ and λ′ of the two photons:

Λ = λ− λ′ (7.7)

When both photons have the same helicity, so Λ = 0, one can choose

ε =

(

0,−
1√
2
,−

ı√
2
, 0

)

, ε′ =

(

0,+
1√
2
,−

ı√
2
, 0

)

, (7.8)

and the matrix elements become

ıMΛ=0
a =2ie2 , (7.9)

ıMΛ=0
b =2ie2

1
s
4(1− β cos θ)

|$p|2 sin2 θ

2
, (7.10)

ıMΛ=0
c =2ie2

1
s
4(1 + β cos θ)

|$p|2 sin2 θ

2
, (7.11)

ıMΛ=0
BORN =2ıe2

(1− β2)

1− β2 cos2 θ
. (7.12)

And the same for opposite helicities, Λ = 2,

ε =

(

0,−
1√
2
,−

ı√
2
, 0

)

, ε′ =

(

0,−
1√
2
,−

ı√
2
, 0

)

, (7.13)
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MBORN
+� = 2ie2

�(s)2 sin(✓)2

1� �(s)2 cos(✓)2

MBORN
++ = 2ie2

1� �(s)2

1� �(s)2 cos(✓)2
⇤ = �� �0 = 0

⇤ = �� �0 = 2

• Look first at γγ→ππ from dispersion relations and identify 
the most relevant pieces (goal is doubly virtual case)
• Starting point: Low-energy theorem to build up the Born 
amplitude

Warm up γγ→ππ: main pieces

a la Drechsel et al ‘99

Mainz, 9th April
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• Decompose the amplitudes in Partial Waves

Warm up γγ→ππ: main pieces

a la Drechsel et al ‘99

4 Partial Wave Decomposition

Matrix elements can be decomposed into partial waves, and so be separated into the
different quantum states.
The decomposition works as follows:

BJΛ =
1

4ıe2

∫ 1

−1

d cos θ
√
2J + 1

√

(J − Λ)!

(J + Λ)!
PΛ
J (cos θ)MΛ , (4.1)

where PΛ
J denotes the associated Legendre polynomials.

The inverse transformation to construct a matrix element again reads:

ıMΛ =2ıe2
∑

J≥2

√
2J + 1

√

(J − Λ)!

(J + Λ)!
PΛ
J (cos θ)BJΛ(s) . (4.2)

5
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• Include rescattering effects (FSI)

Warm up γγ→ππ: main pieces

a la Drechsel et al ‘99

⇡0

⇡0
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⇡�

... ...

Mainz, 9th April
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• Include rescattering effects using Omnès representation
• Only ππ (no KK..., no inelasticities)

• Phase shifts from Peláez et al.

• Left-hand cut with pion only

Warm up γγ→ππ: main pieces

a la Drechsel et al ‘99
5 Unitarization in the Omnès

framework

Using dispersion relations, see Chap. 2, final state interactions can be included in the
partial waves of scattering processes using measured phase shifts δIJ , where I is the
isospin.
First of all, the Omnès functions ΩI

J(s) [TODO] are created from the phase shifts:

ΩI
J(s) = exp




s

π

∞∫

s0

ds′
δIJ(s

′)

s′(s′ − s− ıε)





= exp




s

π

∞∫

s0

ds′
δIJ(s

′)− δIJ(s)

s′(s′ − s− ıε)
+

s

π

∞∫

s0

ds′
δIJ(s)

s′(s′ − s− ıε)





= exp




s

π

∞∫

s0

ds′
δIJ(s

′)− δIJ(s)

s′(s′ − s)
+

δIJ(s)

π
ln

(
s0

s0 − s

)


 . (5.1)

The Omnès function has a branch cut on the positive real s-axis starting from s0.
Now, a dispersion relation for

(

F I
JΛ(s)−BI

JΛ(s)
)

ΩI
J(s)

s(s− s0)
J
2

(5.2)

can be written down and the principal value integral, denoted by P can be evaluated
by subtracting the integrand at the pole:

F I
JΛ(s) = ΩI

J(s)

{

BI
JΛ(s) Re

[

(ΩI
J)

−1(s)
]

−
s(s− s0)

J
2

π
P

∞∫

s0

ds′
BI

JΛ(s
′) Im(ΩI

J)
−1(s)

(s′ − s0)
J
2 (s′ − s)

}

=ΩI
J(s)

{

BI
JΛ(s) Re

[

(ΩI
J)

−1(s)
]

+ Im
[

(ΩI
J)

−1(s)
] 1

π
ln

(
s− s0
s0

)

−
s(s− s0)

J
2

π

∞∫

s0

ds′

s′(s′ − s)




BI

JΛ(s
′) Im(ΩI

J)
−1(s′)

(s′ − s0)
J
2

−
BI

JΛ(s) Im(ΩI
J)

−1(s)

(s− s0)
J
2





}

.

(5.3)

6

B!"!2# t ,$%%&!2e2
'2 sin2$%%

1"'2 cos2$%%

. #29&

The partial wave expansion of the Born terms, BJ!"
(t), is

discussed in Appendix B (Eq. #B11&). As the Born ampli-
tudes are only nonzero for the charged pion channel, the two
isospin amplitudes of Eq. #27& are related by

BJ!"

I!0!!2
3BJ!"

, BJ!"

I!2!!1
3BJ!"

. #30&

We now construct the unitarized amplitudes FJ!"

I (t),
starting from the Born amplitudes BJ!"

I (t) and following the
method outlined in Refs. (34,35). We first note that the low-
energy theorem requires for each partial wave that

FJ!"

I

BJ!"

I →1, as t→0. #31&

Next, the invariant amplitude for the process ""→%% is
assumed to have Mandelstam analyticity. Each partial wave
then has a right-hand cut from t!4m%

2 to #* and a left-
hand cut from t!"* to 0. Though the Born amplitude is
real for all values of t, its partial waves are complex below
t!0. The partial waves of the full amplitude have no other
sources of complexity in this region, and so we can write
DR’s for the difference of the full and the Born amplitudes,

FJ!"

I # t &"BJ!"

I # t &

t# t"4m%
2 &J/2

!
1
%!4m%

2

*

dt!
ImFJ!"

I # t!&

t!# t!"4m%
2 &J/2# t!"t &

#32&

with an additional factor of ( t(t"4m%
2 )J/2)"1 providing the

right asymptotics for the convergence of the integral. The
next step is to evaluate the imaginary part of the amplitude in
Eq. #32&. To do this, we exploit the unitarity condition

ImFJ!"

I #""→%%&!+
n

,nFJ!"

I* #""→n &I J
I #n→%%&,

#33&

where ,n are the appropriate kinematical and isospin factors
for the intermediate channels n, and I(n→%%) is a hadronic
amplitude. Below the next inelastic threshold, it follows
from unitarity that the phase -J

I(""→%%) of each partial wave
FJ!"

I is equal to the phase .%%
IJ of the corresponding %%

→%% partial wave,

ImFJ!"

I #""→%%&!,%%FJ!"

I* #""→%%&I J
I #%%→%%&

⇓

-J
I(""→%%)# t &!.%%

IJ # t &. #34&

This fact can be incorporated into the Omnès function, which
is constructed to have the phase of the %% scattering ampli-
tude above %% threshold, and to be real otherwise,

/J
I # t &!exp" t%!4m%

2

*

dt!
.%%
IJ # t!&

t!# t!"t"i0&
# . #35&

The function FJ!"

I (/J
I )"1(t) is by construction real above

the %% threshold, but complex below the threshold due to
the complexity of the Born partial waves BJ!"

I . Hence, we
can write a dispersion relation for (FJ!"

I "BJ!"

I )

$(/J
I )"1(t)/t(t"4m%

2 )J/2,

FJ!"

I # t &!/J
I # t &$ BJ!"

I # t &Re(#/J
I &"1# t &)

"
t# t"4m%

2 &J/2

% !
4m%

2

*

dt!
BJ!"

I # t!&Im(#/J
I &"1# t!&)

t!# t!"4m%
2 &J/2# t!"t &

% .
#36&

For t%4m%
2 , this integral is understood to be a principal

value integral, which we implement by subtracting the inte-
grand at t!!t . In this way we obtain a regular integral,
which can be performed without numerical problems,

FJ!"

I # t &!/J
I # t &$ BJ!"

I # t &"Re(#/J
I &"1# t &)#Im(#/J

I &"1# t &)
1
%
ln& t

4m%
2 "1 ' #

"
t# t"4m%

2 &J/2

% !
4m%

2

* dt!
t!# t!"t &

& BJ!"

I # t!&Im(#/J
I &"1# t!&)

# t!"4m%
2 &J/2

"
BJ!"

I # t &Im(#/J
I &"1# t &)

# t"4m%
2 &J/2

' % . #37&

In our formalism, the s(J!0) and d(J!2) waves are unitarized. For the s- and d-wave %% phaseshifts, we use the solutions
that were determined in Ref. (36). For the higher partial waves, the corresponding %% phaseshifts are rather small and not
known with good precision. Therefore, we will approximate all higher partial waves (J14) by their Born contribution. The
full amplitudes for the charged and neutral channels can then be cast into the forms

DRECHSEL, GORCHTEIN, PASQUINI, AND VANDERHAEGHEN PHYSICAL REVIEW C 61 015204

015204-8

�I(��!⇡⇡)
J (s) = �IJ⇡⇡(s) for 4m2

⇡ < s < 4m2
K

(the right-hand cut is described by Omnès)

Mainz, 9th April
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• Include rescattering effects using Omnès representation
• Only ππ (no KK..., no inelasticities)

• Phase shifts from Peláez et al.

• Left-hand cut with pion only

Warm up γγ→ππ: main pieces

a la Drechsel et al ‘995 Unitarization in the Omnès
framework

Using dispersion relations, see Chap. 2, final state interactions can be included in the
partial waves of scattering processes using measured phase shifts δIJ , where I is the
isospin.
First of all, the Omnès functions ΩI

J(s) [TODO] are created from the phase shifts:

ΩI
J(s) = exp




s

π
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


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


s

π
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s0

ds′
δIJ(s

′)− δIJ(s)

s′(s′ − s− ıε)
+

s

π

∞∫

s0

ds′
δIJ(s)

s′(s′ − s− ıε)





= exp




s

π

∞∫

s0
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+
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π
ln
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. #29&

The partial wave expansion of the Born terms, BJ!"
(t), is

discussed in Appendix B (Eq. #B11&). As the Born ampli-
tudes are only nonzero for the charged pion channel, the two
isospin amplitudes of Eq. #27& are related by

BJ!"

I!0!!2
3BJ!"

, BJ!"

I!2!!1
3BJ!"

. #30&

We now construct the unitarized amplitudes FJ!"

I (t),
starting from the Born amplitudes BJ!"

I (t) and following the
method outlined in Refs. (34,35). We first note that the low-
energy theorem requires for each partial wave that

FJ!"

I

BJ!"

I →1, as t→0. #31&

Next, the invariant amplitude for the process ""→%% is
assumed to have Mandelstam analyticity. Each partial wave
then has a right-hand cut from t!4m%

2 to #* and a left-
hand cut from t!"* to 0. Though the Born amplitude is
real for all values of t, its partial waves are complex below
t!0. The partial waves of the full amplitude have no other
sources of complexity in this region, and so we can write
DR’s for the difference of the full and the Born amplitudes,

FJ!"

I # t &"BJ!"

I # t &

t# t"4m%
2 &J/2

!
1
%!4m%

2

*

dt!
ImFJ!"

I # t!&

t!# t!"4m%
2 &J/2# t!"t &

#32&

with an additional factor of ( t(t"4m%
2 )J/2)"1 providing the

right asymptotics for the convergence of the integral. The
next step is to evaluate the imaginary part of the amplitude in
Eq. #32&. To do this, we exploit the unitarity condition

ImFJ!"

I #""→%%&!+
n

,nFJ!"

I* #""→n &I J
I #n→%%&,

#33&

where ,n are the appropriate kinematical and isospin factors
for the intermediate channels n, and I(n→%%) is a hadronic
amplitude. Below the next inelastic threshold, it follows
from unitarity that the phase -J

I(""→%%) of each partial wave
FJ!"

I is equal to the phase .%%
IJ of the corresponding %%

→%% partial wave,

ImFJ!"

I #""→%%&!,%%FJ!"

I* #""→%%&I J
I #%%→%%&

⇓

-J
I(""→%%)# t &!.%%

IJ # t &. #34&

This fact can be incorporated into the Omnès function, which
is constructed to have the phase of the %% scattering ampli-
tude above %% threshold, and to be real otherwise,

/J
I # t &!exp" t%!4m%

2

*

dt!
.%%
IJ # t!&

t!# t!"t"i0&
# . #35&

The function FJ!"

I (/J
I )"1(t) is by construction real above

the %% threshold, but complex below the threshold due to
the complexity of the Born partial waves BJ!"

I . Hence, we
can write a dispersion relation for (FJ!"

I "BJ!"

I )

$(/J
I )"1(t)/t(t"4m%

2 )J/2,

FJ!"

I # t &!/J
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I # t &Re(#/J
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dt!
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2 &J/2# t!"t &

% .
#36&

For t%4m%
2 , this integral is understood to be a principal

value integral, which we implement by subtracting the inte-
grand at t!!t . In this way we obtain a regular integral,
which can be performed without numerical problems,

FJ!"

I # t &!/J
I # t &$ BJ!"

I # t &"Re(#/J
I &"1# t &)#Im(#/J

I &"1# t &)
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ln& t
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"
BJ!"

I # t &Im(#/J
I &"1# t &)
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' % . #37&

In our formalism, the s(J!0) and d(J!2) waves are unitarized. For the s- and d-wave %% phaseshifts, we use the solutions
that were determined in Ref. (36). For the higher partial waves, the corresponding %% phaseshifts are rather small and not
known with good precision. Therefore, we will approximate all higher partial waves (J14) by their Born contribution. The
full amplitudes for the charged and neutral channels can then be cast into the forms
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9Pere Masjuan SFB Workshop: g-2 Quo Vadis?

• Include rescattering effects using Omnès representation
• Only ππ (no KK..., no inelasticities)

• Phase shifts from Peláez et al.

• Left-hand cut with pion only

Warm up γγ→ππ: main pieces

a la Drechsel et al ‘99

f⇤=0(s, cos(✓))2ie
2M++(s, cos(✓)) (1)

f⇤=2(s, cos(✓))2ie
2M+�(s, cos(✓)) (2)

✓
d�

d cos(✓)

◆

CM

=

�(s)

32⇡s

�
|F⇤=0|2 + |F⇤=2|2

�
(3)

✓
d�

d cos(✓)

◆

CM

=

�(s)

64⇡
p
X(s,Q2

1, Q
2
2)

�
|F⇤=0|2 + |F⇤=2|2

�
(4)

F⇤=0(s, cos(✓)) =
X

J�0

p
2J + 1PJ(cos(✓))FJ0(s) (5)

F⇤=2(s, cos(✓)) =
X

J�2

p
2J + 1

s
(J � 2)!

(J + 2)!

P 2
J (cos(✓))FJ2(s) (6)

⌫(s,Q2
1, Q

2
2) =

1

2

(s+Q2
1 +Q2

2) (7)

X(s,Q2
1, Q

2
2) = ⌫2 �Q2

1Q
2
2 (8)

M++(s, cos(✓), Q
2
1, Q

2
2) = e2F1(Q

2
1)F2(Q

2
2)

✓
2� s�(s)2⌫

1� cos(✓)2

⌫2 �X(s,Q2
1, Q

2
2)�(s)

2
cos(✓)2

◆

F (f2)
J=2 ,⇤=2(s) = �⇡↵

r
2

15

gf2��gf2⇡⇡
m2

f2

s2�2

s�m2
f2

+ imf2�(s)
(9)

�(f2 ! ⇡⇡) =
1

40⇡
g2f2⇡⇡

⇣q
m2

f2
/4�m2

⇡

⌘5

m4
f2

(10)

1

f⇤=0(s, cos(✓))2ie
2M++(s, cos(✓)) (1)

f⇤=2(s, cos(✓))2ie
2M+�(s, cos(✓)) (2)

✓
d�

d cos(✓)

◆

CM

=

�(s)

32⇡s

�
|F⇤=0|2 + |F⇤=2|2

�
(3)

✓
d�

d cos(✓)

◆

CM

=

�(s)

64⇡
p
X(s,Q2

1, Q
2
2)

�
|F⇤=0|2 + |F⇤=2|2

�
(4)

F⇤=0(s, cos(✓)) =
X

J�0

p
2J + 1PJ(cos(✓))FJ0(s) (5)

F⇤=2(s, cos(✓)) =
X

J�2

p
2J + 1

s
(J � 2)!

(J + 2)!

P 2
J (cos(✓))FJ2(s) (6)

⌫(s,Q2
1, Q

2
2) =

1

2

(s+Q2
1 +Q2

2) (7)

X(s,Q2
1, Q

2
2) = ⌫2 �Q2

1Q
2
2 (8)

M++(s, cos(✓), Q
2
1, Q

2
2) = e2F1(Q

2
1)F2(Q

2
2)

✓
2� s�(s)2⌫

1� cos(✓)2

⌫2 �X(s,Q2
1, Q

2
2)�(s)

2
cos(✓)2

◆

F (f2)
J=2 ,⇤=2(s) = �⇡↵

r
2

15

gf2��gf2⇡⇡
m2

f2

s2�2

s�m2
f2

+ imf2�(s)
(9)

�(f2 ! ⇡⇡) =
1

40⇡
g2f2⇡⇡

⇣q
m2

f2
/4�m2

⇡

⌘5

m4
f2

(10)

1

f⇤=0(s, cos(✓))2ie
2M++(s, cos(✓)) (1)

f⇤=2(s, cos(✓))2ie
2M+�(s, cos(✓)) (2)

✓
d�

d cos(✓)

◆

CM

=

�(s)

32⇡s

�
|F⇤=0|2 + |F⇤=2|2

�
(3)

✓
d�

d cos(✓)

◆

CM

=

�(s)

64⇡
p
X(s,Q2

1, Q
2
2)

�
|F⇤=0|2 + |F⇤=2|2

�
(4)

F⇤=0(s, cos(✓)) =
X

J�0

p
2J + 1PJ(cos(✓))FJ0(s) (5)

F⇤=2(s, cos(✓)) =
X

J�2

p
2J + 1

s
(J � 2)!

(J + 2)!

P 2
J (cos(✓))FJ2(s) (6)

⌫(s,Q2
1, Q

2
2) =

1

2

(s+Q2
1 +Q2

2) (7)

X(s,Q2
1, Q

2
2) = ⌫2 �Q2

1Q
2
2 (8)

M++(s, cos(✓), Q
2
1, Q

2
2) = e2F1(Q

2
1)F2(Q

2
2)

✓
2� s�(s)2⌫

1� cos(✓)2

⌫2 �X(s,Q2
1, Q

2
2)�(s)

2
cos(✓)2

◆

F (f2)
J=2 ,⇤=2(s) = �⇡↵

r
2

15

gf2��gf2⇡⇡
m2

f2

s2�2

s�m2
f2

+ imf2�(s)
(9)

�(f2 ! ⇡⇡) =
1

40⇡
g2f2⇡⇡

⇣q
m2

f2
/4�m2

⇡

⌘5

m4
f2

(10)

1

Unitarized
amplitude

Unitarized partial wave

Mainz, 9th April



10Pere Masjuan SFB Workshop: g-2 Quo Vadis?

• Include rescattering effects using Omnès representation
• Only ππ (no KK..., no inelasticities)

• Phase shifts from Peláez et al.

• Left-hand cut with pion only

Warm up γγ→ππ: main pieces

a la Drechsel et al ‘99
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11Pere Masjuan SFB Workshop: g-2 Quo Vadis?

• Include f2(1270) resonance with a Breit-Wigner representation

Warm up γγ→ππ: main pieces

a la Drechsel et al ‘99
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γ*γ*→ππ: flux factor
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γ*γ*→ππ: form factor
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Figure 7.7: Born diagrams for γγ → ππ with form factors

7.4.2 Form Factors

To model quantum corrections for the in the photon to pion coupling for virtual
photons one can introduce form factors F wich could in general depend on the vir-
tuality of the photon Q2

i and on the mass of the virtual pion p2 for the three-vertex
and on the virtualities and the mandelstam variables for the four-vertex. With the
abbreviations

F (Q2
i , p

2) =: F p2

i ,

F (Q2
1, Q

2
2, s, t) =: FG

1,2 ,

the introduction of the form factors can be visualized by

p′

p
µ

π+
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→ qi
p′

p

µ

π+

π+

F (p′)2

i ,

ν

µ

→
q2

q1

ν

µ

FG
1,2 .

The born diagrams become as shown in Fig. 7.7. The form factors are constrained
by the following conditions:

1. gauge invariance must be retained

2. in the limit where the photons are real the point like interaction must be restored
which means F → 1

The matrix element for the sum of the three diagrams in Fig. 7.7 is

M =ε1,µε2,νM
µν , (7.71)

εi ≡ε(qi,λi) , (7.72)

Mµν =− e2(2p1 − q1)
µF t

1

1

(p1 − q1)2 −m2
π

(−2p2 + q2)
νF t

2

− e2(−2p2 + q1)
µF u

1
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(−p2 + q1)2 −m2
π

(2p1 − q2)
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2

+ 2e2FG
1,2g

µν . (7.73)
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γ*γ*→ππ: amplitudes
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7.4 Application of the Optical Theorem for Virtual Photons

Now everything is prepared to calculate the matrix elements:
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7.4 Application of the Optical Theorem for Virtual Photons

Now everything is prepared to calculate the matrix elements:
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The partial wave decomposition of these matrix elements is:
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both photons are longitudinal
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F1, F2 form factors
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γ*γ→ππ: main pieces

18Pere Masjuan

unitarized
Born

Improvements:
- KK threshold: better description around 1 GeV (less dependence on the phase shift)
- include helicity 0 f2
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γ*γ*→ππ: conclusions

23Pere Masjuan

• First glance into γ*γ*→ππ
• Longitudinal photon contribution

• Interesting region around and up to Q2 = 1 GeV2

SFB Workshop: g-2 Quo Vadis?

Improvements:
- KK threshold: better description around 1 GeV
(less dependence on the phase shift)
- include helicity 0 f2
- Use data at low-energies for subtracting

Thank you!
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