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FOREWORD

IWoC 2014 took place on September 14-20, 2014 in Orthodox Academy
of Crete (OAC), located in the exceptionally beautiful place nearby the
Mediterranean Sea beach. The Workshop was devoted to Collective Dy-
namics in Relativistic Heavy Ion Collisions on occasion of 65th anniver-
sary of Professor Laszlo Csernai (University of Bergen, Norway), who
is working in the field for more than 40 years. It brought together 50
Laszlo’s colleagues, many of whom were his former postdocs or students.
Altogether, there were both theoreticians and experimentalists, promi-
nent scientists and PhD students from Brazil, China, Czech Republic,
France, Germany, Hungary, Italy, Netherlands, Norway, Poland, Roma-
nia, Russia, Serbia, Spain and USA.

Thirty-six talks, given during the Workshop, include seven overview
talks of the CERN LHC experiments ALICE, ATLAS and CMS, and
the RHIC BNL experiment STAR. Two talks presented the coming soon
FAIR facility at GSI, and other talks were related to fascinating prob-
lems in low-energy Nuclear Physics, Physics of Relativistic Heavy Ion
Collisions, Quantum Field Theory and Cosmology. The greatest advan-
tages of the OAC as a conference cite is that the participants are the
only guests of the Conference Center, thus providing the possibility to
participants to continue fruitful discussions during the coffee-breaks, on
the beaches and during the meals on the OAC terrace with amazing sea
views.

A rich social program included two concerts of Classical Music, given
by Moscow Trio: Ruben Muradian (piano), Svetlana Nohr (violin) and
Vladimir Nohr (cello), conference excursions to famous Balos and Ela-
fonissi beaches and conference dinner "Cretan Night" with folk dances
and songs.

The conference was really successful, with extremely warm atmo-
sphere, with music and songs on the opened terrace in the evenings,
swimming with the moon under the stars. But the most important was
that young PhD students and postdocs got possibility to discuss with fa-
mous professors the hottest topics in physics, as well as in other subjects.
We hope they found many new ideas and topics to study.

The official Workshop website is http://indico.cern.ch/event/284199/.
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Abstract

The single-particle anisotropy coe�cients measured in PbPb colli-
sions at

√
sNN=2.76 TeV and high-multiplicity pPb collisions at√

sNN=5.02 TeV by the CMS collaboration are presented. These coe�-
cients are obtained from two-particle ∆φ-∆η correlations. The observed
correlations in ultra-central PbPb events are expected to be particularly
sensitive to initial-state �uctuations. The breakdown of factorization
of two-particle correlations into single-particle azimuthal anisotropies
is observed in both colliding systems. This e�ect, recently predicted by
hydrodynamics, is induced due to initial-state �uctuations which could
produce a transverse momentum dependence of event-plane angle even
if hydrodynamic �ow is the only source of correlations.

1. Introduction

Due to the di�erence in pressure gradient, the initial spatial anisotropy
formed in relativistic heavy-ion collisions converts into a momentum
anisotropy. Particles are then preferentially emitted in the plane with
the biggest pressure gradient. Such a plane is the event plane (EP), char-
acterized via a global azimuthal angle Ψn. The azimuthal angle particle
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distribution can be Fourier decomposed as

dN

dφ
∝ 1 + 2

∞∑
n=1

vn cos[n(φ−Ψn)] (1)

where the elliptic �ow (v2) gives the biggest contribution in this expan-
sion. The initial-state �uctuations makes the overlap region not perfectly
lenticular, and thus higher orders Fourier coe�cients appear. The tri-
angular �ow (v3) appears to be a signi�cant source of the overall signal,
especially in the central collisions.

If particles are correlated with the EP, then they are also mutually
correlated. This enables the use of the two-particle correlations to study
collective phenomena in heavy-ion collisions. Two dimensional (2D) par-
ticle correlations in ∆φ and ∆η could be formed. Here, ∆φ and ∆η are
di�erences in azimuthal angle φ and in pseudorapidity η between pairs
of particles. In order to avoid short-range correlations arising from jet
fragmentation, a wide |∆η| >2.0 selection has been applied. A projec-
tion of the constructed 2D particle correlations onto the ∆φ axis could
also be characterized by a Fourier decomposition

dN

d∆φ
∝ 1 + 2

∞∑
n=1

Vn∆ cos(n∆φ) (2)

Fourier coe�cients Vn∆ could be also obtained directly as

Vn∆ = 〈〈cos(n∆φ)〉〉S − 〈〈cos(n∆φ)〉〉B (3)

Here 〈〈...〉〉 means averaging over many pairs and over many events of
interest, while the indices S and B stand for signal and background. The
background is calculated in the same way as the signal but particles
which form a pair are taken from di�erent events with similar multiplic-
ities and vertex positions. The subtraction of the background takes into
account the e�ects of detector non-uniformity.

Up to now, within the hydrodynamics, which could be used to explain
seen phenomena, the usual assumption is that EP angle Ψn does not
depend on pT . This leads to factorization

Vn∆(pT1, pT2) =
√
Vn∆(pT1, pT1)×

√
Vn∆(pT2, pT2)

= vn(pT1)× vn(pT1) (4)
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of the two-particle Fourier coe�cients, Vn∆, from Eq.(2) in a product of
single-particle Fourier coe�cients from Eq.(1). Recently, it was shown
in [1] and [2] that due to the initial-state �uctuations, even if the only
source of the correlations is hydrodynamic motion, the EP angle Ψn

could depends on pT . Thus, the Ψn is not any more a global plane and
Eq.(4) becomes inequality

Vn∆(pT1, pT2) = 〈vn(pT1)vn(pT2) cos[n(Ψn(pT1)−Ψn(pT2))]〉
6=

√
Vn∆(pT1, pT1)×

√
Vn∆(pT2, pT2) (5)

and factorization is broken. A new observable is introduced:

rn =
Vn∆(pT1, pT2)√

Vn∆(pT1, pT1)
√
Vn∆(pT2, pT2)

=
〈vn(pT1)vn(pT2) cos[n(Ψn(pT1)−Ψn(pT2))]〉√

v2
n(pT1)v2

n(pT2)
(6)

In Eq.(6), single-particle anisotropy coe�cients are mainly canceled.
Then, the rn is approximately equal to cos[n(Ψn(pT1) − Ψn(pT2))] and
can measure the magnitude of the factorization breaking e�ect. The
rn achieves value smaller (equal) than one when factorization breaks
(holds). The rn value greater than one means existence of the non-�ow
e�ects.

2. Experiment

The CMS tracker works within 3.8 T magnetic �eld produced by a super-
conducting solenoid. This enable precise measurements of particle mo-
menta. A detailed description of the CMS experiment can be found
in [3]. To perform the analysis presented in this paper, data collected
by CMS experiment at energies of

√
sNN = 2.76 TeV and 5.02 TeV in

PbPb and pPb with integrated luminosities of 160 µb−1 and 35 nb−1,
respectively, have been used.

The data are obtained from the silicon tracker which measures charged
particles with pseudorapidities from the range |η| < 2.5 and transverse
momenta above 0.3 GeV/c. The detailed information on selections used
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in this analysis can be found in [4] and [5]. The multiplicity classes

are determined using track multiplicity, Noffline
trk , where only primary

tracks with |η| <2.4 and pT >0.4 GeV/c are counted. More details on
multiplicity classi�cation can be found in [6].

3. Results and discussion

The factorization breaking has been measured in PbPb collisions at√
sNN=2.76 TeV in [8]. The current analysis, with respect to the one

presented in [8], is expanded to a much wider centrality range. Addi-
tionally, the study is performed for high multiplicity pPb collisions at√
sNN=5.02 TeV too. Using two hydrodynamic models [2, 7], a system-

atic comparison with the experimental data is also included. To quantify
the e�ect of the factorization breaking, rn is plotted as a function of the
di�erence between transverse momenta of particles which form pairs of
interest, ptrigT − passocT , with ptrigT ≥ passocT . By construction, rn = 1 when
trigger and associated particle belongs to the same pT interval.

Due to the limited space, the pT -dependent results on the ratio r2

and r3 in PbPb collisions are not shown in this contribution and corre-
sponding �gures can be found in [5]. The magnitude of the r2 increases
with an increase of ptrigT − passocT , with ptrigT and going from peripheral
to central collisions. The maximal e�ect of ≈20% is achieved in ultra-
central 0− 0.2% collisions. For centralities below 5%, the magnitude of
the e�ect is at the level of few percent. The measured values of the r3

show that the factorization holds better then in the case of the r2, with
a very weak centrality dependence.

The long-range azimuthal correlations, observed in high-multiplicity
pPb collisions, are also analyzed in terms of the r2 and the r3 observables.
The r2 results, as a function of ptrigT − passocT , are shown in Fig. 1. The
analysis is performed for four multiplicity intervals, and four di�erent
trigger's pT . The factorization breaking e�ect has the similar size in all
four multiplicity intervals. As in the case of PbPb collisions, the size
of the e�ect increases with an increase of ptrigT − passocT and with ptrigT .
Maximally, the size of the e�ect reaches only a few percent and it is
much smaller than the one seen in ultra-central PbPb collisions, but it
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is comparable with the r2 values found in those PbPb collisions which
have multiplicities similar to high-multiplicity pPb events.
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Fig. 1: The r2 as a function ptrigT − passocT for di�erent ptrigT and Noffline
trk values in

5.02 TeV pPb collisions. The hydrodynamic predictions for pPb collisions [7] are
shown with blue dot-dashed lines. As the systematic uncertainties are negligible, the
error bars correspond to statistical uncertainties only.

Fig. 2 shows the r3 results. There is no signi�cant factorization break-
ing in very high multiplicity pPb events (185<Noffline

trk <260). For pPb

events with lower multiplicities, particularly for 120< Noffline
trk <150, the

r3 value exceeds one. Hydrodynamic models with a pT -dependent event
plane angle �uctuations, according to Eq. 6, give the r3 which is equal or
less than one. Thus, this is a direct indication that there is a signi�cant
contributions of back-to-back jet correlations in the signal distributions
used to extract the Vn∆ coe�cients from these events.

Together with the experimental data, in Fig. 1 and 2 are shown
predictions from Kozlov et al. hydrodynamic model [7]. This model semi-
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Fig. 2: The r3 as a function of ptrigT − passocT for di�erent ptrigT and Noffline
trk values

in 5.02 TeV pPb collisions. The hydrodynamic predictions for pPb collisions [7] are
shown with blue dot-dashed lines. As the systematic uncertainties are negligible, the
error bars correspond to statistical uncertainties only.

quantitatively describes found results. In the model of Kozlov et al., a
modi�ed MC-Glauber initial-state condition is used. The corresponding
entropy density in the transverse plane has a 2D Gaussian shape whose
width can vary and in such a way to simulate the transverse granularity
of �uctuations. The experimentally found rn ratios are found to be most
sensitive just to that width. The r2 data values are better described with
a width parameter of 0.4 fm, while the width of 0.8 fm gives a rn ratio
practically equal to unity and thus underestimates the e�ect observed
in the data. For both cases, the calculations are found to be nearly
insensitive to di�erent η/s values. This �nding is consistent with the
hydrodynamic calculations [2] used for more central PbPb collisions (see
below). The results for the rn in pPb collisions can provide new insight
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into the hydrodynamic nature of long-range correlations and the role of
initial-state �uctuations in such a small system.

In order to understand better the in�uence of the initial-state condi-
tion and η/s value on the factorization breaking e�ect and pT -dependent
event plane �uctuations in hydrodynamic models, a detailed comparison
of r2 ratios in 0− 0.2% centrality PbPb collisions to hydrodynamic cal-
culations is shown in Fig. 3. The results of the MC-Glauber [9, 10] and
MC-KLN [11] initial conditions are compared, each of which is calculated
with three di�erent η/s values. For each initial state model, the r2 ratios
are found to be nearly insensitive to di�erent values of η/s. This is due to
the de�nition of the rn(paT , p

b
T ) ratio, where the magnitudes of anisotropy

harmonics, which have a stronger sensitivity to η/s, are mostly canceled.
Fluctuations of event plane angle in pT are mainly driven by the lumpy
�uctuations in the initial state. So, the rn data can provide constraints
on the detailed modeling of initial-state condition and its �uctuations of
the medium created in heavy-ion collisions.
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Fig. 3: The r2 dependence of p
trig
T −passocT in bins of ptrigT for 0−0.2% PbPb collisions

at
√
sNN=2.76 TeV compared to viscous hydrodynamic calculations [2] using MC-

Glauber and MC-KLN initial condition models, and three di�erent values of η/s. As
the systematic uncertainties are negligible, the error bars correspond to statistical
uncertainties only.

In order to see how the factorization breaking e�ect depends on mul-
tiplicity in PbPb and pPb collisions, the r2 and r3 ratios are evalu-
ated where the e�ect reaches its maximum (2.5< ptrigT <3.0 GeV/c and
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0.3< passocT <0.5 GeV/c) i.e. for ptrigT −passocT ≈2 GeV/c. The results are
shown in Fig. 4. The centrality axis, applicable only for PbPb collisions,
is also shown at the top of the �gure. The size of the r2 e�ect in PbPb
events increases dramatically as the collisions become more central than
0− 5%. Going from central to peripheral PbPb collisions, the size of the
r2 e�ect quickly decreases to only few percent. The e�ect in r3 remains
at 2− 3% level and it is nearly independent of centrality. The hydrody-
namic model predictions for PbPb collisions [2] with MC Glauber and
MC-KLN initial conditions and η/s =0.12 are also shown in dashed lines
as a function of centrality. Neither of the two used intial-state conditions
can describe the data quantitatively over the entire centrality range, al-
though both of them reproduce the shape of the distribution. Kozlov
et al. model overestimates the size of the e�ect. In the case of pPb
collisions, the r2 ratios show little multiplicity dependence and they are
consistent with predictions of Kozlov et al. hydrodynamic model [7].
The r3 ratios in pPb go signi�cantly above 1 at lower multiplicities, due
to the onset of non-�ow correlations.

4. Summary

The CMS data have been used to study the factorization breaking e�ect
as a function of transverse momentum and multiplicity in PbPb colli-
sions at

√
sNN=2.76 TeV and pPb collisions at

√
sNN=5.02 TeV. The

strongest e�ect of about 20% appears in the case of ultra-central PbPb
collisions. In peripheral PbPb collisions, as well as in high-multiplicity
pPb collisions, the e�ect has a moderate size and is on the level of few
percent. The results are in a semi-quantitative agreement with hydrody-
namic models which incorporate pT -dependent event plane angle �uctu-
ations induced by initial-state �uctuations. So, these results can be used
to constrain the initial-state �uctuations.
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Abstract

Measurements of soft particle production have provided valuable insight
on properties of the Quark Gluon Plasma created in Pb+Pb collisions
at the LHC. In particular, measurements of �ow harmonics based on
the azimuthal angle distributions of low-pT particles probe the strongly
coupled dense medium and test hydrodynamic model descriptions. Re-
cently, the ATLAS experiment obtained results on �ow harmonics and
on the correlations between harmonics of di�erent order using charged
particles produced in p+Pb and Pb+Pb collisions. Results were ob-
tained with the two-particle correlation method and the multi-particle
cumulants, both well suited to probe the collective dynamics of the
system. Comparison of measurements in p+Pb and Pb+Pb collisions
suggests the presence of collective �ow in small systems such as p+Pb
collisions.

1. Introduction

One of the present-day approaches to probe properties of the Quark
Gluon Plasma (QGP) is the study of Fourier harmonics of azimuthal
angle distributions of particles produced in relativistic heavy ion colli-
sions [1]. The Fourier harmonics quantify the large anisotropy observed
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in particle distributions, which is attributed to the asymmetric shape of
the initial interaction region of colliding nuclei. In particular, it is ex-
pected that the second Fourier harmonic (elliptic �ow, v2) is sensitive to
the elliptical shape of the interaction region while higher order harmonics
(v3, v4,...) are sensitive to the initial geometry �uctuations.

The measurements of �ow harmonics performed by ATLAS and pre-
sented in this report, use data samples with integrated luminosity of
7µb−1 for 2.76 TeV Pb+Pb and 28nb−1 for 5.02 TeV p+Pb collisions.
The vn harmonics are measured with charged particles tracks recon-
structed in the ATLAS inner detector [2] (ID) using both the Pixel and
SemiConductor Tracker. The ID tracks are reconstructed over the full
azimuth and in a wide pseudorapidity range, |η| < 2.5. For the centrality
determination in Pb+Pb collisions, the distribution of the total trans-
verse energy measured in both arms of the forward calorimeter (FCal) is
used. The two FCal arms are located along the beam axis, symmetrically
relative to the interaction point [3]. The detector covers pseudorapidity
range of 3.1 < |η| < 4.9, and has a full acceptance in the azimuth. For
p+Pb collisions the centrality (also called the event activity) is deter-
mined using the distribution of the total transverse energy, EPb

T , mea-
sured in one FCal arm, located at the Pb-going side [4]. Additionally,
for p+Pb collisions the number of reconstructed ID tracks, N rec

ch , is used
as an alternative measure of the event activity.

2. Multi-particle cumulant method for Pb+Pb collisions

The ATLAS results on vn measurements obtained using multi-particle
correlations are from Ref. [5]. The method exploits a direct relation be-
tween azimuthal angle correlations of 2k particles and the 2k-th moments
of vn distributions, which is valid when the non-�ow correlations (e.g.
from resonance decays, or jets) are small. Moreover, it was observed [6]
that using higher order cumulants of the multi-particle correlations sup-
presses the contributions of non-�ow e�ects which are typically of lower
order. In the analysis, cumulants were obtained with the Generating
Function Cumulant method [6]. Figure 1 shows the elliptic �ow, v2{2k},
from the two-, four-, six-, and eight-particle cumulants and from the
event plane method, v2{EP}, calculated as a function of transverse mo-
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Fig. 1: The pT-dependence of v2 calculated with the two-, four-, six-, and eight-
particle cumulants and with the event-plane method in di�erent centrality bins [5].

mentum over pseudorapidity range of |η| < 2.5 in 14 centrality intervals.
The event-plane v2{EP} is systematically smaller than v2{2} since it is
less a�ected by short-range two-particle non-�ow correlations. On the
other hand, v2{EP} is larger than v2{4} mainly due to �ow �uctua-
tions. The remaining harmonics v2{2k} with k > 1 are similar within
the uncertainties, for all centrality intervals, indicating that already in
the four-particle cumulants, non-�ow correlations are signi�cantly sup-
pressed. As a function of transverse momentum, the elliptic �ow �rst
increases with pT up to pT ≈ 2�3 GeV, then decreases for pT values up to
about 6 GeV. Beyond pT of about 10 GeV, a much weaker pT-dependence
is observed which may re�ect the variations of the parton energy loss in
the dense, strongly interacting medium due to the anisotropy of the ini-
tial geometry.

The transverse momentum dependence of v3 and v4 from cumulants
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and with the event-plane method for the centrality bin 0�25% (left plot) and 25�60%
(middle plot). The right plot shows results for v4 for the centrality bin 0�25% [5].

and the event plane method is shown in Fig. 2 in the broad centrality
intervals as indicated in the plots. Similarly to v2, contributions from
non-�ow short-rang correlations are smaller in v3,4{EP} than in v3,4{2}.
Non-zero values of the third and fourth �ow harmonics calculated with
four-particle cumulants are observed and their pT-dependence is similar
to the pT-dependence of v2. The v3,4{4} harmonics are by a factor of
2 smaller than v3,4{2}. The small values of v3,4{4} are consistent with
the suppression of non-�ow e�ects for higher order cumulants and strong
event by event �uctuations of v3 and v4 harmonics.
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Fig. 3: The v2{4}, v3{4} and
v4{4} harmonics as a function
of 〈Npart〉. Filled symbols show
the results from the cumulant
method [5] while open symbols
show vcalc

2,3 {4,EbyE} calculated
from the p(v2) and p(v3) distri-
butions [7].

The di�erential �ow harmonics were used to obtain harmonics inte-
grated over the full measured range in η and pT. Figure 3 shows the
integrated v2,3,4{4} as a function of the collision centrality, character-
ized by the average number of participating nucleons, 〈Npart〉. One can
observe a strong centrality dependence of the elliptic �ow with a max-
imum at 〈Npart〉 ≈ 100, while v3{4} and v4{4} are much smaller than
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[8] (open squares). F obtained from the eccentricity distributions of the Glauber [9]
and MC-KLN [10] models are shown by curves.

v2{4} and show a weaker centrality dependence. Figure 3 also shows
vcalc
2,3 {4,EbyE} harmonics calculated from the moments of event-by-event
(EbyE) �ow harmonics distributions, p(vn) [7]. A good agreement be-
tween the two independent measurements is observed.

The cumulant method also allows to measure �ow harmonics �uctua-
tions using the formula F (vn)=

√
(vn{2}2 − vn{4}2)/(vn{2}2 + vn{4}2),

which provides a good estimate of the ratio of the standard deviation,
σvn , to the mean, 〈vn〉 of the p(vn) distribution. When non-�ow corre-
lations are small and σvn << 〈vn〉 one can expect F ≈ σvn/ 〈vn〉. The
non-�ow correlations have the largest e�ect on vn{2}. Therefore, replac-
ing in F , vn{2} by vn{EP} reduces their impact on the estimate of the
�ow harmonics �uctuations. Figure 4 shows centrality dependence of F
for v2, v3 and v4. Large �uctuations are observed for v2 in the central
Pb+Pb collisions and for v3 and v4 in the full accessible centrality range.
For the elliptic �ow, strong centrality dependence of F is observed with
smallest �uctuations in mid-central collisions. A good agreement be-
tween ATLAS and CMS results is observed for v2 and v3 �uctuations
as well as between �uctuations measured with cumulants and with the
EbyE method. The eccentricity �uctuations obtained from Glauber [9]
and MC KLN [10] models do not reproduce the data, as shown in Fig. 4.
Figure 5 shows pT-dependence of v2 �uctuations for Pb+Pb collisions in
di�erent centrality intervals. One can see that F (v2) weakly depends on
pT, except for the 2�5% centrality bin where a signi�cant increase of F
with increasing pT is observed.
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3. Event shape studies in Pb+Pb collisions

To study �ow harmonics correlations in more details the Pb+Pb data
sample was sub-divided into di�erent �ellipticity� classes [11]. To this
end, for each Pb+Pb event an elliptic �ow vector q2 is de�ned using
the FCal tower transverse energies, ET

i, (each tower i covers ∆η ×∆φ
= 0.1 × 0.1): q2 = (ΣEi

T cosφi,ΣE
i
T sinφi)/ΣE

i
T-〈q2〉ev, where φi is

the tower azimuthal angle and 〈q2〉ev removes biases due to detector
e�ects. For a given centrality class (�event size�), the distribution of
the module of the �ow vector is used to divide the event sample into
classes of di�erent ellipticity (or �event shape�). The study of correlations
between harmonics of di�erent orders or correlations of v2 measured in
two di�erent pT ranges as a function of the event shape, as quanti�ed by
q2, provides insight into �uctuations in the initial collision geometry, as
well as into non-linear dynamics in the collective expansion.

Centrality dependence of the correlation between v2(0.5 < pT <
2 GeV) and v2(3 < pT < 4 GeV) is shown by the �boomerang� gray
band in Fig. 6 (left panel). The boomerang-like dependence is charac-
teristic for the viscous dumping e�ects expected in the QGP. Figure 6
(left panel) also shows the same correlation, but in di�erent q2 bins. For
each centrality interval, an approximately linear correlation is observed
between v2 measured in low- and high-pT ranges when q2 is varied. The
linear correlations indicate that the viscous e�ects change very little with
the variation of the event shape, suggesting that viscous e�ects are con-
trolled rather by the system size than by the system shape. The v2 � v3

correlations in the same pT-range of 0.5�2 GeVare shown in Fig. 6 (mid-
dle panel). Without q2 selection, a clear boomerang-like dependence
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Fig. 6: Left plot: The correlation of v2 calculated in 0.5�2 GeV and in 3�4 GeV pT-
ranges in various centrality intervals but without q2 selection (gray band). The data
points show q2-dependence of the correlation in each of the quoted centrality intervals.
Middle and right plots represent the correlations v2 � v3 and v2 � v4 measured in
0.5�2 GeV pT-ranges [11].

(gray band) is also visible for this correlation as a function of central-
ity. However, for each centrality bin, an anti-correlation between v2

and v3 is observed in various q2 intervals. Such dependence is expected
from e.g. the multi-phase transport model predicting anti-correlations of
eccentricities ε2�ε3 and harmonics v2�v3 [11]. The right panel of Fig. 6
shows corresponding v2 � v4 correlations measured in the pT-range of 0.5�
2 GeV. The gray band shows the boomerang-like correlations without q2

selection while solid points connected by lines represent q2-dependence
for a given centrality bin. A clear non-linear q2-dependence of v2�v4

correlations for a given centrality bin is observed, which was found to
disagree with ε2� ε4 correlations predicted by models of the collision
geometry [11].

4. Collective �ow in p+Pb collisions

Collective �ow in p+Pb collisions was studied in ATLAS using the multi-
particle cumulants for low statistics 2012 data [12] and with the two-
particle correlation (2PC) method applied to the full, high-statistics 2013
dataset [4]. In the 2PC method the �per-trigger yield� (PTY) is calcu-
lated, which measures the average number of particles correlated with
each trigger particle. For collisions of higher multiplicity, PTY is cor-
rected for the non-�ow e�ects estimated from PTY in low-activity events
selected by requiring the total number of reconstructed tracks N rec

ch <20
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or the transverse energy EPb
T < 10 GeV. Assuming factorization of the

corrected PTY into product of �ow harmonics, vn × vn, the �ow har-
monics v2, . . . , v5 were calculated as a function of transverse momentum
in di�erent bins of the event activity. Figure 7 shows the pT-dependence
of v2, . . . , v5 in p+Pb collisions of high multiplicity 220 ≤ N rec

ch < 260.
All �ow harmonics follow similar trends, i.e. they increase with pT up
to 3− 5 GeVand then decrease, but remain positive at higher pT. It can
be also seen that ATLAS and CMS elliptic and triangular �ow harmon-
ics are in a good agreement. In Figure 8 the pT-dependence of v2, v3

and v4 is compared between p+Pb collisions of 220 ≤ N rec
ch < 260 and

Pb+Pb collisions of similar N rec
ch corresponding to the 55�60% centrality

bin. One can see that v2, v3 and v4 are higher in Pb+Pb than in p+Pb
collisions. In order to take into account the di�erences in the mean pT
for p+Pb and Pb+Pb collisions at di�erent energies, the pT values of
Pb+Pb data points were rescaled by a factor 1.25 [4]. Additionally, to
compare the shape of the resulting pT-dependence of �ow harmonics,
the Pb+Pb v2 and v4 were scaled down to match p+Pb values. A good
agreement between the shapes of vn(pT) in p+Pb and Pb+Pb collisions
is observed after rescaling.

5. Summary

The ATLAS experiment presented results on v2, v3 and v4 obtained
from multi-particle cumulants in a wide range of transverse momentum
0.5�20 GeV and pseudorapidity |η|<2.5 for Pb+Pb collisions at

√
sNN =

2.76 TeV. The results provide a valuable insight into the �uctuations in
the geometry of the initial interaction region as well as into non-�ow
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Fig. 8: The pT-dependence of v2, v3 and v4 compared between p+Pb collisions
of 220 ≤ Nrec

ch < 260 and Pb+Pb collisions in 55�60% centrality bin. In the right
column, the Pb+Pb data are rescaled horizontally by a factor of 1.25, and v2 and v4

are also down-scaled by an empirical factor of 0.66 to match the p+Pb data [4].

e�ects distorting �ow harmonics measurements. For Pb+Pb collisions,
ATLAS also obtained correlations of v2 (at low-pT) vs. v2 (at high-pT)
and v2�vn for n = 3, 4, 5 in di�erent centrality and q2 bins using the
2PC method. Particularly interesting are the v2�v2 correlations which
suggest that viscous e�ects in QGP are controlled rather by the system
size than by the system shape. The 2PC method was also recently used
to study the collective �ow phenomena in high statistics 5.02 TeV p+Pb
collisions. The results on pT-dependence of vn for n = 2, 3, 4 suggest
that the collective �ow in p+Pb collisions is similar to that observed in
the Pb+Pb system.

This work was supported in part by the National Science Center
grants DEC - 2011/03/B/ST/02631 and DEC-2013/08/M/ST2/00320,
and by PL-Grid Infrastructure.
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Abstract

Heavy quarks (charm and beauty) are sensitive and penetrating probes
to study the dynamical properties of the Quark-Gluon Plasma (QGP).
This state of matter can be recreated, at su�ciently high temperatures
or energy densities, and carefully studied in high-energy heavy-ion col-
lisions. Due to their large mass, heavy quarks are produced predom-
inantly in the (hottest) initial phase of the collision via gluon fusion
processes and therefore allow to explore the complete space-time evo-
lution of the QGP matter. Theoretical models based on perturbative
QCD predict that heavy quarks should experience smaller energy loss
than light quarks, when propagating through the QGP matter, due
to the mass-dependent suppression of gluon radiation at small angles
(the so-called dead-cone e�ect). Of particular interest is the quanti-
tative understanding of fundamental quantities such as the transport
coe�cients.
In this talk, selected highlights on open heavy-�avour production in
lead-lead collisions at CERN's Large Hadron Collider will be presented
and discussed.

1. Heavy-quark production and parton-medium

interaction

A hot and dense medium, consisting of decon�ned quarks and gluons,
is called the Quark-Gluon Plasma (QGP). The QGP can be created
and carefully studied in particle accelerators at ultra-relativistic collision
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energies. The so-called hot nuclear matter e�ects can be investigated by
comparing heavy-�avour production in Pb�Pb collisions with pp and p�
Pb reactions. Proton�proton collisions are used as a reference, while
p�Pb collisions provide a way to detect cold nuclear matter e�ects.

Heavy quarks (charm and beauty) are good probes to investigate the
QGP properties and its evolution, since they are predominantly produced
in hard scattering processes (�avour creation and gluon splitting) during
the early stage of the collision and are expected to be sensitive to its
energy density, through the mechanism of parton energy loss. The QCD
energy loss is expected to occur via both inelastic (medium-induced gluon
radiation or radiative energy loss) [1�4] and elastic (collisional energy
loss) [5, 6] processes. Quarks have a smaller colour coupling factor with
respect to gluons and the "dead-cone e�ect" [7�10] should reduce small-
angle gluon radiation for heavy quarks with moderate energy-over-mass
values so that the energy loss for quarks is expected to be smaller than
for gluons. Other mechanisms, such as in-medium hadron formation and
dissociation [11, 12], play also a role for the production of heavy-�avour
hadrons.

The energy loss and transport or drag coe�cient of the QGP can be
quanti�ed via the nuclear modi�cation factor RAA, which is the ratio
of the yield measured in Pb�Pb to that observed in pp scaled with the
number of binary nucleon-nucleon collisions.

In nuclear collisions, anisotropic patterns originate from the initial
anisotropy in the spatial distribution of the nucleons participating in the
collision. The anisotropy is described by the coe�cient vn = 〈cos[n(φ−
Ψn)]〉 of the Fourier expansion describing the azimuthal angle φ of par-
ticles with respect to the initial state symmetry plane for the considered
harmonic Ψn. For non-central collisions, the overlap region of the col-
liding nuclei has an almond-like shape and the anisotropy is dominated
by the second coe�cient v2 or elliptic �ow. At low pT, charmed hadron
v2 provides a unique opportunity to test whether also quarks with large
mass (mc = 1.3 GeV/c2) participate in the collective expansion dynam-
ics and possibly thermalise in the medium [13]. At low and intermediate
pT, the elliptic �ow of heavy-�avour particles is expected to be sensitive
to the heavy-quark hadronisation mechanism (e.g., recombination). At
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Fig. 1: Left panel: Transverse momentum dependence of the average RAA of D0

mesons in Au+Au collisions at
√
sNN = 200 GeV [14]. The data are compared to

di�erent energy loss model calculations. Right panel: RAA of prompt D mesons and
non-prompt J/ψ versus the number of participants [15].

high pT, it constrains the path-length dependence of the parton energy
loss, complementing the measurement of the nuclear modi�cation factor
RAA.

2. Heavy-quark energy loss

Nuclear e�ects are typically quanti�ed using the nuclear modi�cation fac-
tor RAA where the particle yield in nucleus-nucleus collisions is divided
by the yield in pp reactions scaled by the number of binary collisions.
RAA = 1 would indicate that no nuclear e�ects, such as Cronin e�ect,
shadowing or gluon saturation, are present and that nucleus-nucleus colli-
sions can be considered as an incoherent superposition of nucleon-nucleon
interactions.

The left panel of Fig. 1 shows the transverse momentum dependence
of the nuclear modi�cation factor RAA for D0 mesons in the Au+Au
collisions at

√
sNN = 200 GeV from the STAR experiment at the Rel-

ativistic Heavy Ion Collider [14]. The RAA is enhanced at around 1.7
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GeV/c and shows a strong suppression at pT > 3 GeV/c.

The ALICE experiment has measured the transverse momentum de-
pendence of the nuclear modi�cation factor RAA for prompt D0, D+,
D∗+ and D+

s mesons at mid-rapidity in the 7% most central lead-lead
collisions at

√
sNN = 2.76 TeV [15]. All D mesons show a strong suppres-

sion of their yield (factor of 4-5 at around 10 GeV/c) and follow a similar
trend at low pT, except the D

+
s mesons, which are less suppressed. The

D+
s is of particular interest since it contains a charm and anti-strange

quark. A higher production yield for D+
s mesons at intermediate pT is

expected due to the enhancement of strangeness production and if it
hadronises via recombination in the medium.

The centrality dependence of high-pT prompt D mesons measured by
ALICE [15] and J/Ψ mesons from B decays measured by CMS [16] are
shown in Fig. 1 (right panel). The D and B mesons were selected in a
compatible pT range, namely 〈pBT〉 ≈ 11 GeV/c and 〈pDT〉 ≈ 10 GeV/c.
The data indicate a larger suppression of D mesons in particular for the
most central collisions. This is the �rst clear indication that in-medium
parton energy loss decrease with increasing quark mass. However, further
theoretical developments are needed to directly link these measurements
to the drag di�usion coe�cient of heavy quarks. This quantity was
recently calculated in Lattice QCD [17].

To quantitatively understand the heavy ion data in terms of energy
loss, it is important to disentangle hot nuclear matter e�ects from initial-
state e�ects due to cold nuclear matter, such as the modi�cation of the
parton distribution functions in the nucleus [18] and saturation e�ects
in the heavy �avour sector [19].

3. Cold nuclear matter e�ects

Initial-state e�ects can be investigated by measuring D production in
p-Pb collisions. The nuclear modi�cation factor of the averaged prompt
D0, D+ and D∗+ mesons in minimum bias p-Pb at

√
sNN = 5.02 TeV

from ALICE is depicted in Fig. 2 (left panel). The RAA is compatible
with unity within systematic uncertainties over the full pT range. The
data are compared with pQCD calculations based on the HVQMNR
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Fig. 2: Left panel: RAA of prompt D mesons (averaged) versus pT for the 7.5% most
central Pb-Pb collisions (red triangle) at

√
sNN = 2.76 TeV [15] and minimum bias

p-Pb collisions at
√
sNN = 5.02 TeV (black squares) [21]. Right panel: Azimuthal

angular distribution between heavy �avour decay electrons and charged hadrons for
three di�erent multiplicity classes in p-Pb collisions at

√
sNN = 5.02 TeV [22].

model calculations [20] combined with the EPS09 modi�cations of the
parton distribution functions [18] and with a Color Glass Condensate-
based calculation [19]. Both theoretical models describe the data within
experimental uncertainties. Thus, the strong suppression of the heavy
�avour hadron yield observed in central Pb-Pb collisions is indeed a
�nal-state e�ect and arising from the hot QCD matter.

The right panel of Fig. 2 depicts the azimuthal angular distribution
between heavy �avour decay electrons and charged hadrons for three dif-
ferent multiplicity classes in p-Pb collisions at

√
sNN = 5.02 TeV [22],

measured by the ALICE experiment. It was shown that the correlation
yield for low-pT electrons (1-2 GeV/c) exhibits a long-range correlation in
η direction for the highest multiplicity class (0-20%) compared to the low
multiplicity class (60-100%) and elementary pp interactions. This "dou-
ble ridge-like structure" can be interpreted in terms of hydrodynamic
expansion of the systems or with the Colour Glass Model [19].
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4. Azimuthal anisotropy of heavy-�avour particles

Measurements of the momentum distribution of emitted particles and
comparison with hydro-dynamic model calculations have shown that the
outward steaming particles move collectively, with the patterns arising
from variations of pressure gradients early after the collision. This phe-
nomenon is called azimuthal anisotropy or elliptic �ow and is analogous
to the properties of �uid motion. The study of the azimuthal anisotropy
of heavy-quark particles is particularly interesting as it provides infor-
mation on the degree of thermalisation of heavy quarks in the medium.
Sensitive measurements of the azimuthal anisotropy of electrons from
heavy-�avour decays and prompt open charmed mesons in peripheral
heavy-ion collisions indicate a sizeable �ow of heavy quarks.

The transverse momentum dependence of the elliptic �ow coe�cient
v2 of D mesons [23] is depicted in Fig. 3 (left panel) together with that
of inclusive charged hadrons for the centrality interval 30-50%. Despite
the large uncertainties, the v2 measurement of charmed mesons shows a
sizeable anisotropy (3-5σ), suggesting that charm quarks may take part
in the collective motion generated at the quark level in the decon�ned
stage. The v2 results are confronted with theoretical model calculations
in Fig. 3 (right panel). The models describe the features of the data
reasonably well, but a quantitative description of both energy loss and
elliptic �ow remains challenging for them.

The semi-leptonic decay of D and B mesons, with a branching ratio of
about 10%, also provides an access to study open charm and beauty pro-
duction. The transverse momentum dependence of the heavy �avour de-
cay electron RAA and v2 at midrapidity in lead-lead collisions at

√
sNN =

2.76 TeV in the centrality range 0-10% and 20-40%, respectively, by AL-
ICE are shown in Fig. 4. Muons from heavy-�avour hadron decays at
forward rapidity (−4 < η < −2.5) have, within uncertainties, a simi-
lar RAA as single electrons in the pT range 4-10 GeV/c (not shown in
Fig. 4). Both single electrons and muons are suppressed to the same level
as observed for prompt D mesons for 3 < pT < 7 GeV/c, giving a clear
indication for substantial energy loss of heavy quarks in the medium.
The single electron RAA is higher than the prompt charmed meson RAA
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Fig. 3: Transverse momentum dependence of the elliptic �ow coe�cient v2 of D
mesons for the centrality class 30-50% (full black squares) [23], compared to (left
panel) data for charged hadrons (blue open triangles) and to various theoretical model
calculations (left panel).

for pT > 7 GeV/c due to the beauty contribution. ATLAS measured the
centrality dependence of the RCP of single muons at midrapidity. The
RCP decreases continuously from low to high centralities and reaches
0.4-0.5 at 〈Npart〉 = 350 [24].

The non-zero v2 observed in the 20-40% central lead-lead events
suggests that heavy quarks experience strong re-interactions within the
medium, as for prompt D mesons, and that they may take part in the
collective motion built up at the quark level in the decon�ned stage.
For the �rst time the LHC allows more di�erential, precision measure-
ments of heavy quark production (RAA, v2, its centrality dependence and
heavy �avour particle correlations) in heavy ion collisions. As illustrated
in Fig. 4, a simultaneous description of the nuclear modi�cation factor
and elliptic �ow coe�cient for heavy-�avour particles is challenging for
current theoretical model calculations.

5. Summary and outlook

Heavy quarks (charm and beauty) are particularly good probes to study
the dynamical properties of the Quark-Gluon Plasma, created in high-
energy heavy-ion collisions. LHC measurements in central lead-lead col-
lisions at

√
sNN = 2.76 TeV have shown that the yield of prompt D
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Fig. 4: Transverse momentum dependence of the heavy �avour decay electron RAA

(left panel) and v2 (right panel) at midrapidity in lead-lead collisions at
√
sNN = 2.76

TeV in the centrality range 0-10% and 20-40%, respectively. The data are compared
with di�erent theoretical model calculations.

mesons, with respect to pp interactions, are suppressed to the same level
as observed for light-quark hadrons, leading to the conclusion that these
quark �avours have similar interactions with the medium constituents.
First indications have be found that beauty experiences less energy loss
in the hot QCD medium. More data are needed for the quantitative un-
derstanding of fundamental quantities of the QGP such as the transport
coe�cient. The increase of the interaction rate expected for the LHC
Run-3, after the second long shutdown (2018�19), requires a signi�cant
upgrade of the experimental apparatuses, that will allow a substantial
improvement of the current performances for what concerns the heavy-
�avour reconstruction capabilities, especially at low momenta.
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Prefae

We began to work with Laszlo Csernai more than 20 years ago. Among

other interesting problems, he brought to our attention the issue of

olletive �ow (at that time it was deomposed into in-plane boune-o�

and out-of-plane squeeze-out �ows) and freeze-out in relativisti heavy-

ion ollisions. Sine then the interests of heavy-ion ommunity to the

reation energies made almost a loop from few GeV at SIS and AGS to

the TeV-range at LHC and bak to several GeV at beam energy san

(BES) at RHIC and at oming soon FAIR and NICA failities. Reent

disoveries of STAR ollaboration of the peuliarities in behavior of

proton direted �ow at 7.7GeV ≤ √
s ≤ 39GeV simply on�rm our

old results and preditions. Here we would like to remind some basi

trends in the development of hadroni direted �ow in A+A ollisions

at energies between AGS and SPS.

1. INTRODUCTION

The study of properties of extremely hot and dense nulear matter, and

the searh for antiipated transition to a deon�ned phase of quarks and

gluons, the so-alled Quark-Gluon Plasma (QGP), is one of the main

objetives of heavy ion experiments at ultrarelativisti energies. Both

theorists and experimentalists are looking for genuine QGP �ngerprints,

that annot be masked or washed out by proesses on a hadroni level.
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At present, the expansion of highly ompressed nulear mater in the di-

retion perpendiular to the beam axis of the olliding heavy ions, known

as olletive �ow, is believed to be one of the most promising signals to

detet the reation of the QGP [1℄. Sine the development of �ow is

losely related to the equation of state (EOS) of nulear matter, the

investigation of the �ow an shed light on the transition to the QGP

phase aompanied by its subsequent hadronization [2�8℄. If the transi-

tion from the QGP to hadroni phase is of �rst order, the vanishing of

the pressure gradients in the mixed phase leads to the so-alled softening

of the EOS [3,4℄. The latter should be distintly seen in the behavior of

the exitation funtion of the olletive �ow. This irumstane explains

the great interest in the transverse �ow phenomenon.

The Fourier expansion tehnique is usually employed to study olle-

tive �ow phenomena sine [9℄. The invariant distribution Ed3N/d3p is

presented as

E
d3N

d3p
=

1

2π

d2N

ptdptdy

[

1 + 2

∞
∑

n=1

vn cos(nφ)

]

, (1)

where pt and y are the transverse momentum and the rapidity, and

φ is the azimuthal angle between the momentum of the partile and

the reation plane. The �rst Fourier oe�ients in Eq. (1) are dubbed

direted �ow v1, ellipti �ow v2, triangular �ow v3 and so forth. Sine

all harmonis of the anisotropi �ow depend on rapidity y, transverse
momentum pt, and the impat parameter of an event b (i.e., vn ≡ vn(xj),
where {xj=1,2,3} ≡ {y, pt, b}), the following di�erential distributions are

usually applied

vn(xi,∆xj 6=i) =

∫ x
(2)
j

x
(1)
j

cos(nφ)
d3N

d3xj
d2xj 6=i

/

∫ x
(2)
j

x
(1)
j

d3N

d3xj
d2xj 6=i . (2)

Model alulations suggest that ellipti �ow is built up at the early

phase of nulear ollisions, whereas direted �ow develops until the late

stage of the reation. But it is well known that the partiles with high

transverse momentum are emitted at the onset of the olletive expan-

sion, i.e., their direted �ow an arry information about the EOS of
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the dense nulear phase. The study of the olletive �ow development

is, therefore, losely onneted to the freeze-out piture. The miro-

sopi quark-gluon string model (QGSM) [10,11℄ was employed to inves-

tigate some aspets of the anisotropi �ow formation and evolution in

heavy-ion ollisions at energies from AGS (Elab = 10.7 AGeV) to SPS

(Elab = 40 and 160 AGeV) orresponding to hange of the enter-of-mass

energy from

√
s = 4.7 AGeV to

√
s = 17.4 AGeV.

2. QUARK-GLUON STRING MODEL

The model is based on the 1/Nc (where Nc is the number of quark ol-

ors or �avors) topologial expansion of the amplitude for proesses in

quantum hromodynamis and string phenomenology of partile pro-

dution in inelasti binary ollisions of hadrons. The diagrams of var-

ious topology, whih arose due to the 1/Nc expansion, orrespond at

high energies to proesses with exhange of Regge singularities in the

t-hannel. For instane, planar and ylindrial diagrams orresponds to

the Reggeon and Pomeron exhange, respetively. The QGSM treats

the elementary hadroni interations on the basis of the Gribov-Regge

theory (GRT), similar to the dual parton model [12℄ and the NEXUS

model [13℄. This implies the onsideration of subproesses with quark

annihilation and quark exhange, orresponding to Reggeon exhanges

in two-partile amplitudes in the GRT, and with olor exhange, orre-

sponding to the one and more Pomeron exhanges in elasti amplitudes.

The hh ollision term inludes also single and double di�ration subpro-

esses, antibaryon-baryon annihilation and elasti sattering, as well as

the hard gluon-gluon sattering with large Q2 > 1 (GeV/c)2 momentum

transfer [14℄.

Using the Abramovskii-Gribov-Kanheli (AGK) utting rules [15℄ one

an determine the number of ut soft and hard Pomerons, i.e., the num-

ber of strings and hard jets, in inelasti hh interations. The single

Pomeron exhange leads to the formation of two quark-diquark or quark-

antiquark strings. With rising energy the proesses with multi-Pomeron

exhanges beome more and more important. The ontribution of the

ylinder diagrams to the sattering amplitude inreases like sαP (0)−1
,
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while that of the so-alled hain diagrams orresponding to n-Pomeron

exhanges (n ≥ 2) rises like sn[αP (0)−1]
with αP (0) > 1 being the inter-

ept of a Pomeranhuk pole. Strings, whih are formed in the ourse of

a hh or A+A ollision, deay later into seondary hadrons. Similar to

hadroni ollisions, string fragmentation into hadrons proeeds indepen-

dently in A+A ollision also. However, in the latter ase these hadrons

are allowed to interat with other hadrons after a ertain formation time,

while the valene quarks and diquarks an interat promptly with the

redued ross setions.

The transverse motion of hadrons in the QGSM arises from di�erent

soures: (i) primordial transverse momentum of the onstituent quarks,

(ii) transverse momentum of (di)quark-anti(di)quark pairs aquired at

string breakup, (iii) the transverse Fermi motion of nuleons in olliding

nulei, and (iv) resattering of seondaries. Parameters of the �rst two

soures are �xed by omparison with hadroni data. The Fermi motion

hanges the e�etive transverse distribution of strings formed by the

valene quarks and diquarks of the target and projetile nuleons. Thus,

the original strings are not ompletely parallel to the beam axis. Further

details of the QGSM an be found elsewhere [10,11℄. Below we start from

the study of energy and entrality dependene of the direted �ow.

3. DIRECTED FLOW

The direted �ow of nuleons at BEVALAC/SIS energies (Elab = 0.1
AGeV - 1 AGeV) and at AGS energy (Elab = 10.7 AGeV) has a hara-

teristi S-shape attributed to the standard 〈px/A〉 distribution. It grows
linearly with rising rapidity between the target and projetile fragmen-

tation regions. Conventionally, we will all this type of �ow, for whih

the slope dv1/dycm is positive, normal �ow, in ontrast to the anti�ow

for whih dv1/dycm < 0 in the midrapidity region.

The one-�uid hydrodynami models indiate that deviations from

the straight line behavior of the nuleon �ow an be aused solely by

the softening of the EOS due to the QGP reation [5, 6℄, as shown in

Fig. 1. In mirosopi string model alulations suh deviations were

�rst observed in very peripheral Au+Au ollisions at AGS energy [16℄,
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see Fig. 2. It appeared, however, that the e�et is shifted to more entral

topologies [17�19℄ as the ollision energy inreases.

1

The phenomenon

leading to the formation of a harateristi wiggle struture [21℄ of the

direted �ow is aused by shadowing, whih plays a deisive role in the

ompetition between normal �ow and anti�ow in nonentral nulear ol-

lisions at ultrarelativisti energies.

Fig. 1: 〈px/A〉 vs. .m. rapidity for Au+Au ollisions at 11.6 AGeV/c obtained

in QGSM with b = 3 fm (histogram). Results of Fluid Dynamial Model with b =
5 fm with hadroni and with QGS EOS are shown by dashed and dash-dotted lines,

respetively (from [5℄).

Hadrons, emitted with small rapidities in the anti�ow area, an

propagate freely, whereas their ounterparts will be absorbed by dense

baryon-rih matter. Another interesting fat is that the anti�ow of pro-

tons at midrapidity emerges in light-ion ollisions in more entral topolo-

gies, ompared to heavy-ion ones. To understand this e�et the spae-

time development piture of baryoni density and veloity of the ells, as

displayed in Fig. 3, was onsidered [16, 22℄. For light systems the early

pre-equilibrium partile emission starts to develop around t = 3−4 fm/c.

1

The last two papers were somehow overlooked by the STAR ollaboration [20℄.
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Fig. 2: Average transverse �ow of protons

vs. redued rapidity alulated in QGSM

for Au+Au ollisions at AGS. Line shows

the linear �t of the data (from [16℄).

Fig. 3: Spae-time evolution of the baryon

density (ontours) and olletive veloity

(arrows) of the ells with volume 3 fm/c,
alulated for peripheral S+S ollisions at

11.6 AGeV/c (from [16℄).

This is de�eted to the opposite side of the reation plane than the ex-

ited spetator matter whih develops later around t = 6 − 9 fm/c, and
whih is also faster, being lose to the target and projetile rapidities.

This pre-equilibrium omponent gets relatively weaker in heavy systems.

The two separated peaks in opposite x-diretions are due to spetators,

whih propagate parallel to the beam and absorb partiles from the hot

emitting soure.

Figure 4 depits the direted �ow of nuleons and pions in two pt
intervals, (a) 0.3 < pt < 0.6 GeV/c and (b) 0.6 < pt < 0.9 GeV/c, for
Pb+Pb ollisions with di�erent entrality. The maximum impat param-

eter for a symmetri system is bmax = 2RA. The value of the redued

impat parameter b̃ = b/bmax in the simulations varies from 0.15 (entral

ollisions) up to 0.9 (most peripheral ollisions). At pt < 0.6 GeV/c the
pioni �ow exhibits the typial anti�ow in both, semientral and periph-
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Fig. 4: (a) Centrality dependene of direted �ow v1(y,∆pt) of nuleons (solid irles)

and pions (open irles) in the transverse momentum interval 0.3 < pt < 0.6 GeV/c
in Pb+Pb ollisions at 160A GeV. (b) The same as (a) but for 0.6 < pt < 0.9 GeV/c
(from [19℄).

eral, ollisions. In the same pt interval the nuleon �ow inreases as the

reation beomes more peripheral. But at b ≈ 8 fm the �ow beomes

softer in the midrapidity range. In very peripheral ollisions the direted

�ow of nuleons shows an anti�ow behavior whih is similar to that of

the pioni direted �ow. It is well known that the presene of even a

small amount of quark-gluon plasma leads to a softening of the equa-

tion of state, whih results in a signi�ant redution of the direted �ow.

However, sine the QGP is expeted to be produed primarily in entral

heavy-ion ollisions, the e�et should be most pronouned in semien-

tral ollisions, where the anti�ow reahes its maximum strength with

the subsequent vanishing in peripheral ones [23℄. In ontrast, shadowing

auses the disappearane of nuleon direted �ow and the development

of anti�ow in the midrapidity region espeially in semiperipheral and

peripheral ollisions, as well as in light systems.

The behavior of direted �ow hanges drastially in the transverse

momentum range 0.6 < pt < 0.9 GeV/c, presented in Fig. 4(b). Al-

though the nuleon direted �ow dereases in the midrapidity range at

b ≥ 10 fm, its normal omponent still dominates over the anti�ow oun-
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terpart. Moreover, even high-pt pions prefer the diretion of normal �ow,

distintly seen in semiperipheral events with 4 ≤ b ≤ 6 fm. This re�ets

again that hadrons with high transverse momenta (pt ≥ 0.6 GeV/c) are
produed mainly at the early stage of nulear ollisions.

4. FREEZE-OUT OF HADRONS

Figure 5 depits the distribution of the emitted nuleons and pions over

longitudinal oordinate and time. Both for light (S+S) and for heavy

(Pb+Pb) olliding systems the distribution of the �nal-state hadrons,

d2N/dtdz, over the (t, z) oordinates of their last interations shows that
the partiles are emitted from the whole available spae-time region. In

this respet the freeze-out piture obtained in QGSM is di�erent from

that of the Landau or Bjorken model [24�26℄, based on sharp freeze-out.

Nevertheless, the shape of the ontours is onave and similar to the

Bjorken proper-time surfae. This is partially due to the fat that the

transverse spaial oordinates (x, y) are integrated over.

For all ases the QGSM predits a high narrow peak oming from

the beginning of the reation (early emitted partiles). However, the

integrated number of partiles oming from the peak is not so high:

there are about 200 pions and 40 nuleons for the heavy Pb+Pb system.

Later on the emissivity drops gradually with inreasing t and z. The
emission region spreads throughout the whole region inside the lightone.

The piture is very di�erent for nuleons and pions in Pb+Pb ollisions.

In addition to the narrow high peak at small values (z, t) for nuleons,
there appears a broad and �at maximum at z = ±5 and t = 17−28 fm/c.
This plateau orresponds to the �thermal" omponent of the nuleon

distribution due to many elasti and inelasti ollisions.

Figure 6 shows the ontributions of the hadrons whih go to the de-

tetor after their last inelasti and elasti ollision or a resonane deay.

In both S+S and Pb+Pb ollisions the dN/dt distributions presented

in Fig. 6 have a sharp peak orresponding to the �rst (whih is also the

last) inelasti ollision. Subsequent elasti resatterings or deays spread

out the distribution to the later times. In Pb+Pb ollisions the ontri-

bution of initial interations is almost entirely washed out for nuleons,
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Fig. 5: d2N/dzdt distribution of the �nal-state hadrons over (t, z) oordinates of their
last elasti and inelasti ollision points. Distributions are presented separately for

nuleons (left panels) and pions (right panels), produed in S+S (upper row) and

Pb+Pb (lower row) entral (b = 0.2 fm) ollisions at 160 AGeV/c. The dotted lines

show the trajetories of the nulear edges (from [28℄).

beause of the large number of resatterings. But even in this ase the

distributions are wide with maxima shifted to later times.

The ontours of the d2N/mT dmTdt distributions of the �nal-state

hadrons in the (mT , t) plane are displayed in Fig. 7. HeremT =
√

p2T +m2
0

is the transverse mass of a partile with rest mass, m0. One an see the

di�erene between pion and nuleon emission in the ase of heavy nu-

lei. The pions with large transverse momenta are emitted only at the

initial stages of the S+S and Pb+Pb reations. They are produed in

inelasti primary NN ollisions. In ontrast to pions the nuleons with

maximal transverse momenta in Pb+Pb ollisions are oming from the

intermediate times (t − t0) = 12 − 14 fm/c. Soft hadrons are emitted

during the whole evolution time. The maximum of the emission rate in

S+S orresponds to the initial time of the reation, while in Pb+Pb it

is shifted to about t− t0 = 14− 18 fm/c beause of many resatterings.

With growing time the mT spetra beome gradually softer, whih an
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Fig. 6: dN/dt distribution of the partiles

over their last ollision time t for kaons

(dashed), pions (solid), nuleons (dotted)

and lambdas (dash-dotted histograms) for

S+S (upper row) and Pb+Pb (lower row)

ollisions. The vertial arrows orrespond

to the average emission times of the speies

(from [28℄).
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Fig. 7: d2N/mT dmTdt/A distribution of

the �nal-state hadrons over transverse

mass mT and the emission time t for nule-
ons (left panels) and pions (right panels).

The yields are divided by the mass num-

ber of the olliding nulei, A = 32 for S+S

(lower row) and A = 208 for Pb+Pb (up-

per row) (from [28℄).

be interpreted as the ooling of the expanding hadroni matter.

In the ase of nuleons in Pb+Pb ollisions the ontribution of the

partiles emitted after the �rst interation is ompletely washed out.

The transverse momenta are generated to a large extent by multiple

resatterings. It is very likely, therefore, that in Pb+Pb ollisions we

indeed are dealing with a more or less thermalized soure. Further details

an be found in [27, 28℄.

5. CONCLUSIONS

In onlusion, direted �ow of pions and nuleons is studied within the

mirosopi transport model QGSM for light- and heavy-ion ollisions at

energies from Elab = 10.7AGeV to Elab = 160AGeV. The �ow is shown

to have a omplex struture in the rapidity range |y| ≤ 1.5, whih is
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strongly dependent on the entrality of the ollision, as well as on the

mass number of olliding nulei. The total direted �ow an be deom-

posed onto the normal omponent, whih follows the outgoing residues

of ollided ions, and the anti�ow omponent, whih develops in the op-

posite diretion, where the baryon matter is more dilute. Although these

partial omponents are relatively large, their mutual anellation leads

to a rather modest signal of the total �ow and even to anti�ow behavior

of nuleon �ow in semiperipheral and peripheral ollisions. The e�et is

aused by almost purely geometrial reasons. Hene, it is more distint

in the ollisions of light ions. - In hydrodynamis the reation of a QGP

is likely to our in heavy Pb+Pb or Au+Au systems rather than in

light-ion systems. The formation even of a small amount of plasma with

the subsequent phase transition to the hadron phase an also produe

the negative slope of the v1-distribution in the midrapidity region. The

e�et, therefore, should essentially be more pronouned in heavy-ion ol-

lisions ompared to ollisions of light ions with the same redued impat

parameter. - With the rise of inident energy the remnants of nulei

move faster thus giving spae for the development of both normal and

anti�ow omponents. The resulting �ow at midrapidity is loser to zero.

Another �nding is that high-pT hadrons, inluding pions, demonstrate

normal-�ow behavior in semiperipheral ollisions in ontrast to low-pT
ones.

Many of these peuliarities are linked to di�erent freeze-out pitures

for baryons and mesons. For instane, the �ows of partiles emitted at

the beginning of the ollision and during the ourse of the reation are

quite di�erent. Thus, olletive �ow and freeze-out of hadrons should

not be treated independently. Change of the sign of proton slope of v1
from positive to negative between

√
s = 7.7GeV and

√
s = 11.5GeV,

aompanied by smooth growth to almost zero with rising energy of

the ollision [20℄, may indeed indiate the softest point of the EOS and

QGP−hadrons �rst-order phase transition. However, to avoid the am-

biguities one has to hek in addition to energy dependene the follow-

ing: (i) entrality dependene of the proton slope of v1 at midrapidity;

(ii) ompare heavy-ion olliding systems to lighter ones, suh as S+S or

Cu+Cu; (iii) study the �ow development separately for high-pT partiles.
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Further investigations of this exiting problem are in order.
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Abstract

In heavy ion collisions, �uctuations of energy density in the initial
state are essential both in transverse and in longitudinal direction. We
present a method to estimate the Event-by-Event (EbE) center of mass
rapidity �uctuations with the help of spectators (using ZDC detec-
tors). This enables to separate �uctuating and the global symmetry
components in the �ow, which is important for the odd �ow harmon-
ics, especially for v1 and v3.

Global Collective �ow patterns, which follow the global symmetries of
the reaction Event-by-Event provide valuable information of the overall
pressure and transport properties of matter. Random �uctuations, espe-
cially in the initial state, can also lead to �ow processes, these however,
are not correlated with the global collision geometry and the correlation
of the major axis of the asymmetry arising from the �uctuation may
have no correlation with the reaction plane at all [1]. Just as the trans-
verse plane �uctuations, the beam directed �uctuations also modify the
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initial shape, the tilt of the longitudinal axis and similarly the center of
mass (CM) position. The center of mass rapidity �uctuation may arise
due to di�erent number of participants in projectile and target. In the
work [2] it is shown that the longitudinal center of mass (CM) rapidity
�uctuations may essentially change the odd �ow signal. Here we describe
the method, which makes the measurements more sensitive to the �ow
patters showing global collective symmetries, by identifying longitudinal
center of mass rapidity �uctuations and then analyzing the collective
�ow harmonics in the event-by-event center of mass frame. This is par-
ticularly important for those harmonic components which are weak and
di�cult to identify.

1. Longitudinal �uctuations

Let us �rst introduce center of mass rapidity. The total 4-momentum
of all measured particles of one event is given by P =

∑M
i=1 pi , where

M is the measured multiplicity of the event. The arising center of mass
rapidity is

yCM =
1

2
ln
E + Pz

E − Pz
. (1)

If we do not have a good mass resolution the determination of Ei, and
therefore of E, may become problematic, so only the pseudo-rapidity of
the CM can be determined:

ηCM =
1

2
ln
|~P |+ Pz

|~P | − Pz

. (2)

If the acceptance covers a large fraction of the momentum space of emit-
ted particles, the initial CM of the system and the measured CM are
nearly identical. If the rapidity acceptance of the detector is limited
(e.g to |η| < 0.9 like ALICE Time Projection Chamber TPC), then the
measured longitudinal single nucleon momentum is constrained while
the transverse momentum is not constrained. Due to this the TPC is
expected to underestimate the CM-rapidity �uctuations.

Center of mass rapidity from spectators can be obtained instead. Let
us consider three subsystems: (A) projectile spectators, (B) participants,
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and (C) target spectators. We can measure the energies of A and C
subsystems in the respective Zero Degree Calorimeters (ZDCs). At the
present LHC Pb-Pb reaction, the beam rapidity is y0 = 7.986 and the
energy and momentum conservation gives:

EB = ETot − EA − EC ,

PzB = −(PzA + PzC) ≈ −(MAsinh(y0) +MCsinh(−y0)) (3)

≈ −(EA − EC), (4)

accounting for that the absolute value of the momentum of the spectators
is the same as their energy with rather good approximation. MA =
APmN and MC = ATmN with projectile and target spectator numbers
AP and AT and neutron mass mN . EA and EC can in principle be
measured. For Pb-Pb at the present LHC energy, the energy per nucleon
is εN = 1.38 TeV/nucleon and ETot = (208 + 208) ∗ εN = 574TeV.

Thus for an event, we can determine the rapidity of subsystem B:

yCM
B = artanh

(
−(EA − EC)

ETot−EA−EC

)
. (5)

In central collisions the spectators contain very few, mainly single nu-
cleons, and thus ZDC energies tend to zero. At higher impact parame-
ters, the spectators will become more massive and the energy deposited
in the ZDCs is increasing. At peripheral collisions, two residue spec-
tators are expected at opposite sides of the participant zone. These
may contain single protons and neutrons as well as bound nuclear frag-
ments. Of these only the single neutrons reach the neutron ZDCs, be-
cause all charged fragments are de�ected away from the beam direction.
The maximum of the total observed neutron energy would be less than
En

Tot = 2 × 126εN = 348 TeV, as one would anticipate from the energy
of all initial neutrons in the system. With increasing impact parameter
the number of bound nuclear fragments in the spectators increases. This
feature was also discussed in [3] in an early simulation for ALICE ZDC,
where incomplete spectator fragmentation is taken into account, and HI-
JING was used as event generator. The correlation between the energy in
the ZDCs versus the number of single spectator neutrons, based on the-
oretical model estimates, raised monotonically up to about 100 neutrons
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and then it dropped rapidly. This rapid change was clearly attributed to
the fact that for higher impact parameters the measured neutron number
did not include neutrons in bound fragments, and thus the ZDC energy
peaks at a critical neutron multiplicity [3].

Now the above evaluation of yCM should be reconsidered because the
ZDCs measure single neutrons only and the number of single neutrons
depends in a special way from the impact parameter due to the formation
of nuclear fragments in the spectators or due to the incomplete dissoci-
ation of the bound spectator nuclear fragment into single nucleons. We
can only do a quantitative estimate of yCM , if we can conclude on the
total spectator energy carried by all neutral and charged fragments to-
gether. In Eqs.(4, 5) the measured EA, EC should be modi�ed, based on
the neutron energies measured in the ZDCs.

We know the asymptotic values of the ETot going from zero to 574
TeV in Pb-Pb, as the impact parameter b increases. Let us �rst consider
that the total collision energy, ETot, is related in the Pb-Pb collision
to the total energy of all neutrons En

Tot as ETot = (208/126)En
Tot. The

simplest approximation is that the total spectator energies, EA and
EC are related the same way to the measured ZDC energies:

EA = (208/126)En
A , EB = (208/126)En

B .

This approximation is satisfactory for central collisions and for small
impact parameters, b, (i.e. b < 0.3 × bmax so, relatively large charged
multiplicities).

We need a better approximation at intermediate or higher impact
parameters. Based on the initial state model [4] we get the number of
participant nucleons (protons and neutrons) for each impact parameter.
126/208 part of these are participant neutrons, shown by dashed blue
line in Fig. 1. The remaining neutrons are in spectators, shown by
the dotted green line. As in ref. [4], we assume that the N/Z ratio is
homogeneous in the whole initial state system.

Since the impact parameter in experiment is not known, we make a
correspondence between impact parameter and centrality based on �uid
dynamical model calculation (see Fig. 3 of [2]). The impact parameters
of the �uid dynamical model calculation can be matched well to the cen-
trality percentages. The correspondence between impact parameter and
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event centrality percentage is impressive for semi-peripheral reactions:
b/bmax = 0.2, 0.3, 0.4, 0.5, 0.6, 0.7 correspond to 5, 13, 21, 29, 37, 45
% centrality percentage, respectively.

The number of single neutrons, measured by each of ZDCs, can be es-

timated as Nn(centrality) =
En

εN
. We can know this experimental value

per centrality as well as theoretical number of all spectators per impact
parameter [4] (see Fig. 1). Given the correspondence between the cen-
trality percentages and impact parameters and theoretical estimation of
total number of spectators, the factor R(b) is introduced, which accounts
for the correction of measured number of spectators for the total number
of spectators. We have to estimate, at a given centrality percentage, the

Fig. 1: The number of participant neutrons from the projectile or from the target
(dashed blue line) and the corresponding number of spectator neutrons (dotted green
line) in one of the spectators (forward or backward) obtained in the initial state
calculation [4]. The neutron distribution is assumed to be homogeneous in the sys-
tem (126/208). The correspondence between the impact parameter and centrality
percentage, based on the FD estimates, are shown.

total energy of the spectator residues (including protons and charged
fragments), EA and EC . Multiplying these numbers by the correction
factor, R(b), we get the spectator numbers, AP,T = N sn

A,CR(b), and spec-
tator energies, including the contributions of single protons and of all
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nucleons bound in composite nuclear fragments:

EA(b) = (A/N)Esn
A R(b)

EC(b) = (A/N)Esn
C R(b) , (6)

where (A/N) = 208/126 is the mass to charge ratio in Pb. The correc-
tion increases for increasing impact parameter, which leads to increased
estimates for yCM �uctuations, on the other hand, the possibilities of
larger systematic errors also increase.

Before we start to study the correlations we have to remove the av-
erage CM rapidity shift from the data as this arises from asymmetries
in detector acceptance. With the corrected E′

A and E′
C we can get the

event by event CM rapidity as in eq. (5)

yBCM ≈ y′BCM = artanh

(
−(E′

A − E′
C)

ETot−E′
A−E′

C

)
− yCM

0 (b) , (7)

where the last term is due to the fact that average CM rapidity might
not be zero because of detector e�ects.

2. Collective �ow measurements with yCM .

The anisotropic particle distribution w.r.t. event plane angle, ΨEP ,
reads:

E
d3N

d3p
=

1

2π

d2N

pTdpTdy
(1 + 2

∑
vn(y, pt)cos(nϕ− nΨEP )), (8)

vn = 〈cos[n(ϕ−ΨEP )]〉, (9)

where the angle brackets denote an average over all particles in all events.
Let us now shift each given event to its own CM by the measured yBCM

so that each particle rapidity yi will be moved to

y′i = yi − yBCM . (10)

The detector acceptance boundaries will change EbE by this shift. This
transformation will not e�ect the azimuth angle of the emitted particles,
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pt,i, nor mt,i, however, the longitudinal momentum and the energy and
hence, a particle rapidity will change y → y′. Here we use approximation
that the pseudorapidity is shifted EbE by the CM rapidity:

η′i = ηi − yBCM (11)

The �ow harmonics is determined by averaging over all particles and
events with EbE shift of particles rapidities:

vn(y′, pt) = 〈cos[n(φi −ΨEP )]〉 . (12)

3. Conclusions

We presented a method how to analyze the collective �ow by consider-
ing the EbE longitudinal rapidity �uctuation of the participants. The
participant CM rapidity can be estimated both from the central tracker
and the ZDC detector. The data from central tracker are constrained
to the pseudorapidity acceptance range, which impairs the CM rapidity
estimate for peripheral reactions. To obtain the estimate for peripheral
reactions from the ZDC data one can use the forward and backward
spectator energies. Using the ZDC data we describe each event in its
own CM frame, and propose to evaluate the collective �ow from these
shifted data.

The method of shifting the system origin EbE to the participant
CM rapidity is e�ective in separating the �ow patterns originating from
random �uctuations, and the �ow patterns originating from the global
symmetry/asymmetry of the initial state.
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Abstrat

HYDJET++model, whih ombines parametrised hydrodynamis with

jets, is employed to study anisotropi �ow in Pb+Pb ollisions at LHC.

It is shown that the ross-talk of ellipti and triangular �ows generated

up to 80% of the signal for higher order �ow harmonis. The strong

ontribution from v2 and v3 to vn, n > 3 an explain the basi trends

in the development of v4, v5, v6, as well as the absene of orrelations

between the higher order spatial eentriities εn and the orresponding

�ow harmonis vn.

1. Introdution

The importane of olletive �ow of hadrons as a tool to study the early

stage of heavy-ion ollisions was �rst mentioned in [1℄. The �ow should

arry the �ngerprints of quark-gluon plasma (QGP) in ase of the olli-

sions at ultra-relativisti energies. Modern analysis of the �ow in the az-
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imuthal plane of the reation is performed in terms of Fourier series [2,3℄

E
d3N

d3p
=

1

2π

d2N

pTdpTdy

{

1 + 2

∞
∑

n=1

vn cos [n(φ−Ψn)]

}

, (1)

where Ψn is the azimuth of the partiipant plane of n-th order, φ is

the azimuthal angle between the partile transverse momentum pT and

the partiipant plane, and y is the partile rapidity. The �ow harmoni

oe�ients are

vn = 〈cos [(n(φ−Ψn)]〉 , (2)

where one has to average over all partiles in a single event and then

over all events, respetively. Harmonis are alled direted (v1), ellip-
ti (v2), triangular (v3), quadrangular (v4), pentagonal (v5), hexagonal
(v6) �ow and so on. The �rst two �ow omponents have been stud-

ied in heavy-ion ollisions at di�erent energies for more than 15 years,

whereas systemati investigation of triangular �ow and higher harmonis

started about 5 years ago. The onept of partiipant triangularity due

to initial-state �utuations was �rst introdued in [4℄. In model simu-

lations, the triangular �ow signal was found to be diretly proportional

to the partiipant triangularity. After that, orrelations were studied

between the higher-order harmoni eentriity oe�ients εn, linked to

partiipant plane angles Φn, and the �nal anisotropi �ow oe�ients vn
and their �nal anisotropi �ow angles Ψn; see, e.g., [5�9℄. One of the

interesting observations is that just the �rst few �ow harmonis survive

after the hydrodynami evolution despite the fat that the initial spaial

anisotropies are of the same order [6℄. It appears that the �nal plane

angles Ψn, n > 3 are unorrelated with the orresponding partiipant

plane angles Φn, n > 3, assoiated with initial anisotropies [10℄. In

ontrast, the response of the ellipti �ow to elliptiity, as well as that

of the triangular �ow to triangularity, is approximately linear [8℄. Our

study within the HYDJET++ model (HYDrodynamis with JETs) in-

diates [11, 12℄ signi�ant ontribution of v2 and v3 to higher order �ow
oe�ients. The ross-talk of ellipti and triangular �ows is able to wash

out the original orrelations between the initial εn and the �nal vn. The
main results are presented below.
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2. HYDJET++ model

Monte Carlo event generator HYDJET++ [13℄ is the �rst model designed

for the simulation of relativisti heavy-ion ollisions whih ontains a hy-

drodynamis oupled to a hard multiparton state. Both soft and hard

states are treated independently. The predeessors of the HYDJET++

in soft and hard setors are FASTMC [14℄ and PYQUEN [15℄ event gen-

erators, respetively. The soft part of the model represents a relativisti

hydrodynamial parametrization of the hemial (single freeze-out se-

nario) or thermal (double freeze-out senario) freeze-out hypersurfaes

with given freeze-out onditions. For the most appropriate sheme with

separated hemial and thermal freeze-out, the partile omposition in

the system is frozen at the stage of hemial freeze-out. The �reball on-

tinues to expand and ools down until the thermal freeze-out stage, where

the ontat between hadrons is lost. The �nal state interations (FSI)

take into aount the two- and three-body deays of the resonanes. The

model bene�ts from the extremely rih table of resonanes with a. 350

partiles taken from the SHARE thermal model [16℄. Note, that HY-

DJET++ employs its own original routine for treatment of resonane

deays.

In hard setor the model propagates the hard partons through the

expanding quark-gluon plasma and takes into aount both gluon radia-

tion loss and ollisional loss beause of the parton resattering. For eah

hard nuleon-nuleon (NN) ollision the PYQUEN routine starts with

generation of initial parton spetra and prodution vertexes at a given

impat parameter. In reent version of the model [11, 12℄ the tune Pro-

Q20 of PYTHIA is used. After the resattering stage aompanied by

radiative and ollisional energy loss the partons and in-medium emitted

gluons are hadronized aording to the Lund string model. The hard

event inludes also jets. Their number is proportional to the produt of

number of binary NN ollisions in an event at given impat parameter

and the integral ross setion of the hard proesses in NN ollision with

the minimal transverse momentum transfer, pmin
T .

The �ow omponents are implemented in the HYDJET++ as follows.

For nonentral ollisions the transverse radius of the overlap region is a
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funtion of impat parameter b, azimuthal angle φ and spatial eentri-

ity ǫ(b) = (R2
y −R2

x)/(R
2
y +R2

x) [14℄,

Rell(b, φ) = Rfr.−out(b)

√

1− ǫ2(b)

1 + ǫ(b) cos 2φ
(3)

with

Rfr.−out(b) = R0

√

1− ǫ(b) . (4)

Parameter R0 ≡ Rfr.−out(0) is the freeze-out radius of the �reball in

a entral ollision. The momentum anisotropy arises from the pressure

gradients, whih are stronger in the diretion of short axis of the ellipsoid.

Then, the azimuthal angle φfl in HYDJET++ does not oinide with the

azimuthal angle φ as in the ase of transverse isotropi parametrization.

Instead, both angles are linked via the nonzero �ow anisotropy parameter

δ(b) as [14℄

tan φfl

tanφ
=

√

1− δ(b)

1 + δ(b)
. (5)

Parameters ǫ(b) and δ(b) are proportional to the initial spatial anisotropy
ǫ0 = b/(2RA). Triangular �ow in the model is obtained by further mod-

i�ation of the transverse radius [11℄

Rtriang(b, φ) = Rell(b, φ){1 + ǫ3(b) cos [3(φ−Ψ3)]} . (6)

Position of the plane Ψ3 in the generated events is isotropially dis-

tributed w.r.t. the plane Ψ2 in aord with the experimental data. A

new free parameter ǫ3(b) is responsible for appearane of triangularity in

the system. All higher eentriities ǫn, n ≥ 4 are absent. This enables

us to study the pure ontributions of v2 and v3 to higher �ow harmonis.

3. Higher �ow harmonis

Systemati study of higher �ow harmonis vn, n > 3 started relatively

reently. The following theoretial estimates are obtained within the

framework of relativisti hydrodynamis at high transverse momenta:

v4 ≃
1

2
v22 [17℄, v5 ≃ v2 · v3 [9℄ and v6 ≃

1

6
v32 +

1

2
v23 [12℄.
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Fig. 1: Pentagonal �ow of harged hadrons in Pb+Pb ollisions at

√
s = 2.76TeV

(from [11℄). See text for details.
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Fig. 2: Hexagonal �ow of harged hadrons in Pb+Pb ollisions at

√
s = 2.76TeV

(from [11℄).
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Pentagonal and hexagonal �ow oe�ients in non-entral lead-lead

ollisions at

√
s = 2.76TeV are shown as funtions of pT in Figs. 1 and

2, respetively. Here the HYDJET++ results are ompared to CMS

data [18℄, restored by the event-plane (EP) method (full squares) and

2-partile umulants (full irles). Histograms represent v5(6)(Ψ
RP
3 ) and

open irles in Fig. 1 display pentagonal �ow v5{EP}, respetively, for
HYDJET++ alulations. Beause of absene of genuine eentriities

ε5(6) and related to it reation planes Ψ5(6) in the present version of the

model, the generated harmonis shown in Figs. 1 and 2 arise only as a

result of interplay of v2 and v3. Diret hek in HYDJET++ reveals

that v5 = 0 if either ellipti or triangular �ow is absent. If, however,

the event-plane method is applied to generated partile spetra, the re-

onstruted pentagonal �ow in the model appears to be very lose to

the distributions extrated from the experimental data, espeially for

semi-peripheral events.

The situation with the hexagonal �ow is even more urious, beause

the v6 emerging in the model is not a produt but rather a sum of inde-

pendent ontributions oming from v2 and v3. This leads to a non-trivial
orrelations between the (Ψ2,Ψ6) and (Ψ3,Ψ6) event planes. Triangular
�ow weakly inreases with rising non-entrality of the ollisions, whereas

ellipti �ow is almost zero for entral 0-5% ollisions and quikly rises up

as the reations beome more peripheral. As a result, for entral events

hexagonal �ow is mainly determined by the v3, and Ψ6 plane should

be loser to Ψ3 plane. In semi-peripheral and peripheral ollisions the

situation is opposite. Here ellipti �ow dominates over the triangular

�ow, thus Ψ6 is elongated loser to Ψ2 rather than to Ψ3 [12℄. This

tendeny is learly seen in Fig. 3, where hexagonal �ow averaged in sev-

eral pt intervals is shown as a funtion of entrality in both Ψ2 and Ψ3

planes. In the {Ψ2} plane v6 is weak in semientral ollisions but gradu-

ally inreases for more peripheral reations, whereas v6{Ψ3} is maximal

in semientral ollisions and then drops. Similar behavior was observed

in plane orrelators 〈cos 6(Ψ2 −Ψ6)〉 and 〈cos 6(Ψ3 −Ψ6)〉 in [19℄.

Saling is observed for the ratios R = v4{Ψ2}/(v2{Ψ2})2 at di�er-

ent entralities shown in Fig.4. Experimental data plotted onto the ob-

tained results are redued by fator varying from 1.56 (10%-20%) to 1.38
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plane as a funtion of transverse momen-

tum for harged partiles in HYDJET++

hydro (full irles) and hydro+jets (full tri-

angles) alulations of Pb+Pb ollisions at√
s = 2.76TeV at four di�erent entral-

ities. Data shown by open triangles are

taken from [20℄.
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Fig. 5: Ratio v
1/6
6 /v

1/2
2 as a funtion of pT

in the Ψ2 event plane for harged partiles,

originated from (a) soft proesses only and

(b) both soft and hard proesses, in HY-

DJET++ simulations of Pb+Pb ollisions

at

√
s = 2.76TeV for four seleted entrali-

ties. Solid lines in both plots show the pre-

dition of ideal hydrodynamis for this ra-

tio at high pt, v
1/6
6 /v

1/2
2 = (1/6)1/6 ≈ 0.74

(from [12℄).
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(40%-50%) [21, 22℄. For the diretly produed partiles in hydro part of

the HYDJET++ the ratio R equals to 0.5. Feed-down from resonanes

inreases it to 0.6, and jet ontribution makes it as high as 0.7. Prob-

ably, the most important feature is the rise of R at pT ≥ 2.5GeV/c.
Hydrodynamis provides almost �at signal, therefore this rise an be at-

tributed to jet proesses only. Similar saling is obtained in the model for

v
1/6
6 {Ψ2}/v1/22 {Ψ2} ratios [12℄, as displayed in Fig.5. In ontrast, for the

ratios v
1/6
6 {Ψ3}/v1/33 {Ψ3} the saling is not observed [12℄. These predi-

tions an be easily heked experimentally. Again, jets inrease the ratio

of about 10% and ause the rise of the high-pT tail at pT ≥ 3GeV/c.

4. Conlusions

The interplay of v2 and v3 is studied in almost ideal onditions. We

demonstrate that signi�ant part of the �ow harmonis v4, v5, v6, et.
omes from the ellipti and triangular �ows. Therefore, it is di�ult

to onsider the higher harmonis as independent harateristis of the

early phase of ultrarelativisti heavy ion ollisions. To investigate the

genuine �ow harmonis related to higher-order eentriities εn one has

to study more entral events, where at least the ellipti �ow is weak.

Saling of the ratios v
1/n
n {Ψ2}/v1/22 {Ψ2} is observed for even harmonis.

Jets aount for inrease of these ratios of about 10-15% and formation

of rising high-pT tails. These phenomena deserve further investigations.
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Abstract

Hard partons which are produced copiously in nuclear collisions at the
LHC, deposit most of their energy and momentum into the surround-
ing quark-gluon plasma. We show that this generates streams in the
plasma and contributes importantly to �ow anisotropies. With the help
of event-by-event three-dimensional perfect hydrodynamic simulations
we calculate the observable azimuthal anisotropies of hadronic distribu-
tions and show that the proposed mechanism is capable of generating
non-negligible part of the observed signal. Hence, it must be taken into
account in quantitative studies in which one tries to extract the values
of viscosities from the comparison of simulated results with measured
data.

1. Introduction

Expansion of matter excited in ultrarelativistic nuclear collisions pro-
vides access to its collective properties: Equation of State and trans-
port coe�cients. More detailed study of them is possible if one looks
at azimuthal anisotropies of hadron distributions. They are caused by
anisotropic expansion of the �reball (for reviews see e.g. [1, 2]).

Indeed, the slope of a transverse-momentum hadron spectrum is in-
�uenced by transverse expansion through a Doppler blue-shift. If we
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select particles with certain momentum there is a speci�c part of the
expanding �reball which dominates the production of this momentum.
Most naturally this would be that part of the �reball which co-moves
with the hadrons within our focus. Emission of this momentum from
other parts�i.e. those moving in other directions�is suppressed. Thus
we have radiating source moving towards the detector. The blue-shift of
the radiation is translated into enhanced production of higher pt. There-
fore the spectrum of an expanding source becomes �atter. The range
of source velocities co-determines�together with the temperature�the
�atness of the spectrum.

If the �reball expands with di�erent velocities in di�erent directions
this is usually put into connection with inhomogeneities in the initial
state determined by various kinds of �uctuations of energy deposition
during the initial impact. By hydrodynamically propagating these in-
homogeneities and comparing thus calculated hadron distributions with
measured data one tries to determine the properties of matter which
enter the evolution model.

One of the problems with this programme is that the initial conditions
are only known from various model calculations. Moreover, any other
mechanism which in�uences the �ow anisotropies hinders the determina-
tion of transport coe�cients and must be controlled in good quantitative
studies.

We propose here another mechanism which clearly leads to anisotropy
in the collective expansion of the �reball. It must be well understood
quantitatively if further progress in determination of matter properties
is desired.

2. Flow anisotropy from hard partons

In nuclear collisions at collider energies non-negligible part of the energy
is initially released in the form of partons with high transverse momen-
tum. At the LHC we have several pairs of partons with transverse mo-
mentum above a few GeV per event. Usually, one would refer to them
as seeds of minijets and jets. In most cases all of their momentum and
energy, however, is transferred into the surrounding quark-gluon-plasma
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over some period of time. This creates streams in the bulk which lead
to anisotropies in collective expansion.

It is quite conceivable that such a mechanism can lead to �ow aniso-
tropies which �uctuate from event to event. Below we will estimate the
e�ect with the help of hydrodynamic simulation. A priori it is not clear,
however, whether this mechanism is oriented fully randomly or whether
it is correlated with the geometry of the collision and also contributes to
event-averaged anisotropies.

The latter is the case. Let us �rst explain how the mechanism works.
In a non-central collision the �reball is initially elongated in the direction
perpendicular to the reaction plane (which is spanned by the beam direc-
tion and the impact parameter). If two dijets are produced and directed
both along the reaction plane, they both contribute to the elliptic �ow
anisotropy, as pictured in Fig. 1 left. Their contribution is positive, be-

reaction plane

Fig. 1: Left: two dijets produced both almost parallel to the reaction plane. Blue
arrows represent generated streams within quark-gluon plasma. Right: Two dijets
produced in directions out of reaction plane.

cause due to larger pressure gradient stronger �ow usually develops along
the reaction plane even without any hard partons. If, however, two hard
partons are directed out of the reaction plane, the chance is higher that
two jet-induced streams will meet. Then they merge and continue in
direction determined by energy and momentum conservation, see Fig. 1.
Such a merger is more likely in this case since here the streams pass each
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other along the narrow direction of the �reball and have less space to
avoid the merger.

Note that via this mechanism isotropically produced hard partons
couple to anisotropic shape of the �reball and generate anisotropy of the
collective expansion.

An early study mimicking such a mechanism indicated that it will
lead to elliptic �ow, indeed [3].

3. Hydrodynamic simulations

In order to test our ideas in more realistic simulations we have con-
structed 3D hydrodynamic model [4]. We assumed perfect �uid. Simu-
lations including viscosity are planned for the future. Note that it is
important that the simulation is three-dimensional. Lower-dimensional
models assume some kind of symmetry: boost-invariance in case of 2D
and additional azimuthal symmetry in case of 1D. Inclusion of hard
partons, however, breaks these symmetries and thus full simulation is
needed.

Hard partons may deposit large amount of energy into a small volume
and its evolution may lead to shock waves. Thus the model must exploit
an algorithm capable of handling such a situation. We use SHASTA [5,6].

First we have shown that in a static medium hard partons induce
streams which can merge if they come into contact [4].

Then we ran simulations of collisions of Pb nuclei at full LHC energy√
sNN = 5.5 TeV. Initial energy density pro�le is smooth and follows

from the optical Glauber model. The initial positions of hard partons
follow the distribution of binary nucelon-nucleon collisions. Energy and
momentum deposition from hard partons into plasma is described as
∂µT

µν = Jν with the force term

Jν = −
∑
i

1

(2π σ2i )
3
2

exp

(
−(~x− ~xjet,i)2

2σ2i

) (
dEi
dt

,
d ~Pi
dt

)
(1)

where the sum runs over all hard partons in the event. We did not
study the microscopic mechanism of energy transfer from hard partons to
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plasma and only assumed that it is localised within Gaussian distribution
with σi = 0.3 fm.

The energy loss per unit of length scales with the entropy density

dE

dt
≈ cdE

dx
,

dE

dx
=

s

s0

dE

dx

∣∣∣∣∣
0

(2)

where s0 corresponds to energy density of 20 GeV/fm3 and dE/dx|0 is a
parameter of the simulation for which we tested a few values. Details of
the model can be found in [7].

4. Results

Due to �ow �uctuations �ow anisotropies are generated even in most
central collisions. They are observable if one does not average over
many events. We �rst looked at the contribution of our mechanism to
anisotropies in central collisions. To this end we simulated 100 central
events with included hard partons and then ran THERMINATOR2 [8]
�ve times in order to generate hadrons for each of the obtained freeze-out
hypersurfaces.

In Fig. 2 we show 2nd and 3rd order anisotropy coe�cients v2 and
v3. Results are compared to simulations with no hard partons which
indeed show no anisotropies. We studied the dependence on the value of
dE/dx|0. Surprisingly results seem not to depend on the particular value
of the energy loss. Note that the total amount of the energy deposited
into plasma is the same in both cases. They di�er by how fast this process
runs. The reason may be that in most cases all energy is deposited from
hard partons into plasma already at the beginning. We also measure
the anisotropies in simulations where hard partons were replaced by hot
spots, i.e. local depositions of additional energy density in the initial
conditions. They are chosen in such a way that onto the smooth energy
density pro�le the same amount of energy is added as the hard partons
would deposit during the whole time. We see that the e�ect generating
�ow anisotropies is smaller than with hard partons where also momentum
is deposited.
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Fig. 2: Top: Second order anisotropy coe�cient v2 of hadronic distributions in ultra-
central collisions. Lower data are from simulation with no �uctuations. Upper two
sets of data are from simulations with hard partons with di�erent values of dE/dx|0.
Crosses in between of these data sets show results from simulations with hot spots
instead of hard partons. Bottom: same as top panel but for v3.

As a cross-check, we con�rmed that no anisotropies of hadron spectra
are generated from azimuthally symmetric �reball with smooth initial
conditions and no �uctuations.

We also checked how this mechanism is aligned with the geometry
in non-central collisions. To this end we simulated �reballs with impact
parameter b = 6.5 fm and compared anisotropies in cases with or without
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hard partons, see Fig. 3. Hard partons indeed enhance the elliptic �ow;
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Fig. 3: Azimuthal anisotropy coe�cients v2 and v3 from simulations of 30-40% cen-
trality class (impact parameter b = 6.5 fm). Simulations with hard partons are
compared to simulations with only smooth initial conditions and no hard partons
(without jets).

this con�rms the alignment with collision geometry thanks to merging
of the streams. Triangular �ow (v3) is solely generated by hard partons.
It is absent in non-central collisions with smooth initial conditions in
accord with the symmetry constraints.

5. Conclusions

There are several studies similar to ours documented in the literature.
In [9] the authors study the response of expanding �reball to only

one dijet. As we argued previously, this cannot lead to the alignment
with the geometry since it is caused by merging of the induced streams.

Simulations in [10] are performed in 2D. We argued that using boost-
invariance in this case may be inappropriate.

Finally, in [11,12] the authors only study the in�uence of hard partons
on radial �ow and did not touch elliptic �ow anisotropies.

Our results show that the contribution to �ow anisotropies from hard
partons may be relevant in quantitative studies aimed at the determi-
nation of the transport coe�cients. More precise studies will require
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inclusion of three-dimensional viscous hydrodynamic model and other
sources of �uctuations.
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Abstract

Peripheral heavy ion reactions at ultra relativistic energies have large
angular momentum that can be studied via two particle correlations
using the Di�erential Hanbury Brown and Twiss method. We analyze
the possibilities and sensitivity of the method in a rotating system.
We also study an exact rotating and expanding solution of the �uid
dynamical model of heavy ion reactions

1. Introduction

Collective �ow is one of the most dominant observable features in heavy
ion reactions up to the highest available energies, and its global symme-
tries as well as its �uctuations are extensively studied. Especially at the
highest energies for peripheral reaction the angular momentum of the
initial state is substantial, which leads to observable rotation according
to �uid dynamical estimates [1]. Furthermore the low viscosity quark-
gluon �uid may lead to to initial turbulent instabilities, like the Kelvin
Helmholtz Instability (KHI), according to numerical �uid dynamical es-
timates [2], which is also con�rmed in a simpli�ed analytic model [3].
These turbulent phenomena further increase the rotation of the system,
which also leads to a large vorticity and circulation of the participant
zone one order of magnitude larger than from random �uctuations in
the transverse plane [4�6].
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The two particle correlation method is used to determine the space-
time size of the system emitting the observed particles, thus provid-
ing valuable information on the exploding and expanding system at the
freeze out stage of a heavy ion collision. This method is based on the
Hanbury Brown and Twiss (HBT) method, originally used for the deter-
mination of the size of distant stars [7, 8].

The Di�erential Hanbury Brown and Twiss (DHBT) method has been
introduced in [9]. The method has been applied to a high resolution
Particle in Cell Relativistic (PICR) �uid dynamical model [10]. We also
look at the values from the exact hydro model [11, 12] and determine
the e�ect rotation has on the correlation functions (CF) for detectors at
di�erent positions.

2. The two particle correlation

The pion correlation function is de�ned as the inclusive two-particle dis-
tribution divided by the product of the inclusive one-particle distribu-
tions, such that [13]:

C(p1, p2) =
P2(p1, p2)

P1(p1)P1(p2)
, (1)

where p1 and p2 are the 4-momenta of the pions and k and q are the
average and relative momentum respectively.

We use a method for moving sources presented in Ref. [15]. In the
formulae the ~ = 1 convention is used and k and q are considered as the
wavenumber vectors. The correlation function is:

C(k, q) = 1 +
R(k, q)∣∣∫ d4xS(x, k)

∣∣2 , (2)

where

R(k, q) =

∫
d4x1 d

4x2 cos[q(x1−x2)]S(x1, k+ q/2)S(x2, k− q/2) . (3)

Here R(k, q) can be calculated [15] via the function and we obtain the
R(k, q) function as

R(k, q) = Re [J(k, q) J(k,−q)] (4)
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The corresponding J(k, q) function will become

J(k, q) =

∫
d4x S(x, k) exp

[
−q · u(x)

2T (x)

]
exp(iqx) . (5)

For the phase space distribution we frequently use the J�uttner (rel-
ativistic Boltzmann) distribution, in terms of the local invariant scalar
particle density the J�uttner distribution is [16]

fJ(x, p) =
n(x)

Cn
exp

(
−p

µuµ(x)

T (x)

)
, (6)

where Cn = 4πm2TK2(m/T ). We assume a spatial distribution:

G(x) = γn(x) = γns exp

(
−x

2 + y2 + z2

2R2

)
. (7)

Here ns is the average density of the Gaussian source, s, (or �uid cell)
of mean radius R.

2.1. Asymmetric Sources
We have seen in few source model examples [9] that a highly symmetric
source may result in correlation functions that are sensitive to rotation,
however, these results were not sensitive to the direction of the rotation,
which seems to be unrealistic. We saw that this result is a consequence of
the assumption that both of the members of a symmetric pair contribute
equally to the correlation function even if one is at the side of the system
facing the detector and the other is on the opposite side. The expansion
velocities are also opposite at the opposite sides. The dense and hot
nuclear matter or the Quark-gluon Plasma are strongly interacting, and
for the most of the observed particle types the detection of a particle
from the side of the system, � which is not facing the detector but points
to the opposite direction, � is signi�cantly less probable. The reason is
partly in the diverging velocities during the expansion and partly to the
lower emission probability from earlier (deeper) layers of the source from
the external edge of the timelike (or spacelike) FO layer.

For the study of realistic systems where the emission is dominated
by the side of the system, which is facing the detector, we cannot use the
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assumption of the symmetry among pairs or groups of the sources from
opposite sides of the system. Even if the FO layer has a time-like normal
direction, σ̂µ the (kµσ̂µ) factor yields a substantial emission di�erence
between the opposite sides of the system.

3. The DHBT method and �uid dynamical results

The correlation function, C(k, q) is always measured in a given direction
of the detector, ~k. Obviously only those particles can reach the detector,
which satisfy kµσ̂µ > 0. Thus in the calculation of C(k, q) (see Fig.

1) for a given ~̂k- direction we can exclude the parts of the freeze out
layer where kµσ̂µ < 0 (see Eq. (10) of Ref. [17] or Ref. [19]. For
time-like FO a simplest approximation for the emission possibility is
Pesc(x) ∝ kµuµ(x) [18].
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 k = 0 . 2  / f m
 k = 5  / f m

C(
k,q

)

q  ( 1 / f m )

t = 3 . 5 6  f m / c

Fig. 1: (color online) The dependence of the standard correlation function in the ~k+
direction from the collective �ow, at the �nal time.

Based on the few source model results the Di�erential HBT method
[9] was introduced by evaluating the di�erence of two correlation func-
tions measured at two symmetric angles, forward and backward shifted
in the reaction plane in the participant c.m. frame by the same angle,
i.e. at η = ±const., so that
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∆C(k, q) ≡ C(k+, qout)− C(k−, qout). (8)

The sensitivity of the standard correlation function on the �uid cell
velocities decreases with decreasing distances among the cells. So, with a
large number of densely placed �uid cells where all �uid cells contribute
equally to the correlation function, the sensitivity on the �ow velocity
becomes negligibly weak.

Thus, the emission probability from di�erent ST regions of the system
is essential in the evaluation. This emission asymmetry due to the local
�ow velocity occurs also when the FO surface or layer is isochronous or
if it happens at constant proper time.
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Fig. 2: (color online) The di�erential correlation function ∆C(k, q) at the �nal time
with and without rotation.

We studied the �uid dynamical patterns of the calculations published
in Ref. [2], where the appearance of the KHI is discussed under di�erent
conditions. We chose the con�guration, where both the rotation [1], and
the KHI occurred, at b = 0.7bmax with high cell resolution and low
numerical viscosity at LHC energies, where the angular momentum is
large, L ≈ 106~ [14]. Fig. 2 shows the DHBT for the FD model.



71

4. Di�erential HBT for exact hydro model.

The density for the exact hydro model [12] is given by

N(rρ, ry) = NB
Cn
V

exp(−r2ρ/R2) exp(−r2y/Y 2) (9)

or using the scalar variables in the out (ρ, R), side (ϕ, Θ), long
(y, Y ) directions

N(sρ, sy) = NB
Cn
V

exp(−sρ/2) exp(−sy/2), (10)

where sρ = r2ρ/R
2 and sy = r2y/Y

2.
We use the �nite size cylindrical shape source as described in eq. (10)

of [12] ∫ ∞
0

∫ ∞
−∞

∫ 2π

0
rρdrρdrydϕ =

πR2Y√
2

∫ 1

0

∫ 1

0

∫ 2π

0

dsydsρdϕ√
sy

(11)

and the integral J(k, q) for this model with the scaling variables will be

J(k, q) ∝
∫ 1
0

∫ 1
0

∫ 2π
0 wsγs

(
k0 + ~k · ~vs

)
× (12)

exp
[
− γs
Ts

((k0 + q0/2)− (~k + ~q/2) · ~vs)
]

exp(i~q · ~x)esρ/2esy/2
dsydsρdϕ√

(sy)

where k0 =
√

2mπ
~c + k2 and q0 =

~k · ~q
k0

, ws is a weight function, ws ∝
kµσµ, and the temperature pro�le is �at with a value of 250 MeV.

We have the single particle distribution integral∫
d4xS(x, k) ∝

∫
wsγs

(
k0 + ~k · ~vs

)
×

exp
[
− γs
Ts

(k0 − ~k · ~vs)
]
esρ/2esy/2

dsydsρdϕ√
(sy)

, (13)

and the correlation function is eq. 2 so the constants outside the integrals
will cancel.

The velocity consists of a radial expansion in the out direction, a
longitudinal expansion in the long direction and also a angular velocity,
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where the rotation is in the reaction plane. The velocity in the x, y, z
directions where x is the direction of the impact parameter, y is the
longitudinal (rotation) axis and z is the (beam) collision axis

~vs =
(
Ṙ
√
sρ sin(ϕ) +Rω

√
sρ cos(ϕ),

Ẏ
√
sy, Ṙ

√
sρ cos(ϕ)−Rω√sρ sin(ϕ)

)
. (14)

T a b l e 1: Time dependence of some characteristic parameters of the
�uid dynamical calculation presented in ref. [12].

t Y Ẏ ω R Ṙ ϕ

(fm/c) (fm) (c) (c/fm) (fm) (c) (Rad)

0. 4.000 0.300 0.150 2.500 0.250 0.000
3. 5.258 0.503 0.059 3.970 0.646 0.307
8. 8.049 0.591 0.016 7.629 0.779 0.467

Together with the equations above, eq. 8 and the values from the
table we can calculate the DCF, see Fig. 3.
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Fig. 3: Di�erential Correlation Function for the exact hydro model with R = 7.629
fm, Ṙ = 0.779 c, Y = 8.049 fm, Ẏ = 0.591 fm, ω = 0.016 c/fm, t = 8.0 fm/c. The
solid black line is for k = 0.2 fm−1, the dashed red line is for k = 1 fm−1 and the

dotted blue line is for k = 5 fm−1. The detector is at ~k = (
√

7
8
k, 0, 1

2
√
2
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5. Conclusion

It is important to take into account that the particles reaching the detec-
tor cannot reach it with equal probability from the near side and the far
side of the emitting object. With this fact considered we could obtain
correlation functions, which re�ect the properties and also the direction
of the �ow.

These analytic results provide deeper insight to the methods of study-
ing rotation in highly energetic systems. Several aspects of the sensitivity
and observability can be discussed based on these analytic results which
are not easily accessible in a fully realistic and complex reaction model.

The model calculations show that the Di�erential HBT method can
give a good measure of rotation in this exact hydro model. The di�er-
ential correlation function is dependent on shape, temperature, radial
velocity and angular velocity. If we eliminate rotation or the radial ex-
pansion the DCF vanishes in the model.
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Abstract

The vorticity development is studied in the reaction plane of peripheral
relativistic heavy ion reactions, at high energies as well as the energies
just above the threshold of transition to Quark Gluon Plasma (QGP).
We use an initial state with substantial angular momentum and it is
maintained in the development of the �uid dynamics. The expanding
system rotates and Kelvin Helmholtz Instability (KHI) would happen,
which can lead to signi�cant initial vorticity and circulation. In low
viscosity QGP this vorticity remains still signi�cant at the time of freeze
out of the system, although it is damped by the explosive expansion
and the dissipation. In the reaction plane the vorticity arises from the
initial angular momentum, and it is stronger than in the transverse
plane where vorticity is caused only by random �uctuations.

1. Introduction

Fluid dynamical processes are studied in heavy ion collisions for a long
time [1�3], and their use is becoming more dominant and widening at
the same time [4] in recent years. With the increase of collision energy,
the hadronic matter may transit into strongly interacting Quark-gluon
plasma (QGP) state [5], which has raised many interesting questions
about the physics of ultra dense hot matter produced in high energy
heavy ion collisions. Many transport and hydrodynamic models [6] are
popular in studying the development of the viscous QGP and its prop-
erties. In peripheral heavy ion reactions the tilted initial state of the
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collision [7] has big shear �ow velocity due to large initial angular mo-
mentum which may lead to rotation [8] and Kelvin Helmholtz Instability
(KHI) [9] for low viscosity QGP [10, 11]. The angular momentum is as-
sumed to have signi�cant e�ects on the longitudinal �ow velocity and
on its distribution in the transverse plane, thus it leads to vorticity and
polarization [12].

Fig. 1 shows the 3-dimensional view of peripheral heavy ion collisions
where two colliding nuclei are Lorentz contracted and inter penetrate
each other. The participant cylinder in the middle is divided into streaks
with di�erent velocity, which are slowed down by the large string rope
tension. This process takes about 3-5 fm/c for heavy nuclei depending
on the impact parameter, later on local equilibration is reached and the
�uid dynamical evolution starts. Then we study the vorticity of �ow by a
Computational Fluid Dynamical (CFD) model where the space is divided
into grid cells and lagrangian Particles in Cells Relativistically (PICR)
are considered. This work may provide an insight into the possibilities of
using vorticity to precision studies of the transport properties of QGP.

Projectile 
spectators

Target 
spectators

Participants

X

Y

Z

Fig. 1: The 3-dimensional view of peripheral heavy ion collision just after a few fm/c
time after the impact [13]. The middle red cylinder represents the participants, which
have an almond shape pro�le and tilted end surfaces. The two blue shapes stand for
spectators moving to opposite directions.
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T a b l e 1: Average weighted vorticity (c/fm) calculated for Pb+Pb
reactions at

√
sNN = 2.76 TeV, di�erent impact parameters and cell sizes.

Time b/bmax = 0.5, dx=0.585fm b/bmax = 0.7, dx=0.4375fm
(fm/c) Relativistic Classical Relativistic Classical

Reaction plane

0.17 0.02415 0.05839 0.11846 0.14343
3.56 0.01677 0.01622 0.07937 0.04845
6.94 0.01295 0.00606 0.05116 0.01555

All layers

0.17 0.07241 0.09442 0.19004 0.1971
3.56 0.05242 0.03086 0.10685 0.0538
6.94 0.0344 0.01185 0.05881 0.0159

2. The vorticity

Classically in 3-dimensional space the vorticity is de�ned as:

ω =
1

2
∇× v , (1)

where the factor 1/2 is introduced for symmetrization [13]. The �ow
circulation can be related to vorticity and it is de�ned as

Γ =

∮
C
vdl =

∫
2ωdS ,

where S is the closed surface element surrounded by the curve C.
In relativistic case the vorticity is de�ned as

ωµν =
1

2
(∂νuµ − ∂µuν) , (2)

where ∂ν = (∂0, ∂x, ∂y, ∂z) and uµ = γ(1,−vx,−vy,−vz). The unit of
vorticity is c/fm. In our PICR hydrodynamical model the �uid cells are
in 3 dimensions and we calculate the vorticity in the y direction for all
[x, z] layers:

ωy(Cl.) =
1

2
(∂zvx − ∂xvz) , (3)

ωy(Re.) =
1

2
(∂zγvx − ∂xγvz) , (4)
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where "Cl."denotes classical case and "Re." denotes the relativistic case.
The latter one takes into account the role of γ factor. The reaction
plane corresponds to the y = 0 layer. After collision the system expands
and it becomes highly non-homogeneous, the number of cells �lled with
particles is increasing, and the energy per cell is decreasing due to energy
conservation. The vorticity is weighted by the energy density since the
cells with higher energy density should contribute more to it.

We studied the average vorticity for Pb+Pb collisions with di�er-
ent impact parameters (b = 0.7 and 0.5 bmax), see table 1. For more
peripheral collisions (b = 0.7 bmax), the average velocity is larger since
the initial condition is favoring more the KHI. For more central collision
(b = 0.5 bmax) the average vorticity is smaller. The time developments
of the vorticity are also shown in table 1, as we can see the vorticity
decreases rapidly due to the system expansion and dissipation. The con-
�gurations with smaller cell size, which corresponds to smaller viscosity
have less dissipation.

Then we show the vorticity distribution in �g. 2. The center of mass
energies are respectively 2.76 TeV for LHC, 200 GeV for RHIC, 9.3 GeV
for NICA and 8 GeV for FAIR. More results of the �ow vorticty are
shown in [13, 14]. The peak vorticity calculated in the reaction plane is
bigger than the one obtained in the transverse, [x-y], plane [15], which
only has a maximum of 0.2 c/fm. As we can see in �g.2(a) and (b),
the vorticity has a peak around 0.45 c/fm even for the reactions with a
few GeV collision energy. This is because the vorticity calculated in the
reaction plane is induced by the large initial angular momentum for high
energy peripheral collisions while in the transverse plane it is induced
only by random �uctuations.

We studied the lower energy collisions in order to study the possibility
of vorticity and circulation in dense plasma at lower temperatures. For
lower energy collision the system has less possibility to form QGP state.
The large hadronic pressure will lead to earlier and more rapid expansion,
thus the rotational energy will be reduced faster and converted into more
explosive expansion. In our study we �nd that although the magnitude
is smaller than the one obtained for higher energy, the vorticity still
remains signi�cant, see �g. 2 (c) and (d).
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Fig. 2: (color online) The weighted vorticity distribution calculated in the reaction
[x-z] plane. The top two �gures are calculated relativistically for high energy collisions
and the bottom �gures are calculated classically for energies just above the transition
to quark-gluon plasma. The cell size dx = dy = dz are respectively 0.4375 fm (a),
0.4295 fm (b), 0.575 fm (c) and 0.61 fm (d).

As discussed above we predict a substantial average vorticity and
peak vorticity. It is possible to observe the consequences of this rotation
and its sensitivity to turbulent con�gurations.

3. Thermal Vorticity

Similar with the vorticity calculation in Eq. (2), the thermal vorticity is
de�ned as

$µν =
1

2
(∂νβµ − ∂µβν) . (5)
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where β is the inverse temperature 4-velocity �eld:

βµ(x) =
uµ(x)

T
. (6)

In the following the β �eld is multiplied by ~ thus the thermal vorticity
is dimensionless. We introduced the weighting factor the same way as
done for normal vorticity since at late stages the energy density or the
net baryon density tend to zero in the middle, which domain then should
not be taken into account.
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Fig. 3: (color online) The energy density weighted thermal vorticity distribution
calculated in the reaction [x-z] plane for relativistic high energy collisions. The cell
sizes are the same as in �g. 2 (a) and (b).

The thermal vorticity can be used to evaluate polarization because
the spin-orbit interaction aligns the spins and the orbital momentum,
while the random thermal motion works against this alignment. As
shown in Ref. [16] by assuming weakly interacting particles, the polar-
ization formula turned out to be proportional to the thermal vorticity,
where the local spin degrees of freedom and its equipartition with rota-
tion are assumed. The polarization can be used to detect the rotation
of the expanding matter [17] thus it is necessary to evaluate the thermal
vorticity.

Fig. 3 shows the thermal vorticity distribution calculated for Pb+Pb
collisions at LHC energy and for Au+Au collisions at RHIC energy.
As one can see the central region is mainly positive, while the forward
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T a b l e 2: Averaged weighted relativistic thermal vorticity calculated
for the Reaction Plane for LHC and RHIC energies.

Pb+Pb @ 2.76 TeV Au+Au @ 200 GeV)

t 〈T 〉 〈Ωzx〉 t 〈T 〉 〈Ωzx〉
(fm/c) (MeV) (1) (fm/c) (MeV) (1)

3.72 379 0.0301 1.19 285 0.0976
5.59 299 0.0237 1.86 261 0.0915
7.62 246 0.0172 2.54 237 0.0851
11.34 201 0.0077 3.72 204 0.0664
15.24 186 0.0027 4.74 183 0.0453

and backward peripheral regions have small negative vorticities. In the
previous section we saw that vorticity is larger for higher energies while
for thermal vorticity this is not true. It is smaller for LHC energy when
we compare it with the RHIC energy. One can also see the di�erence of
the maxima: 0.9 for RHIC and 0.5 for LHC.

In table 2 we show the average thermal vorticity as the function of
time for both LHC and RHIC energies. The average thermal vorticity is
smaller for LHC energy when we compare it with the ones calculated at
RHIC energy and also with the normal vorticity calculated for the same
LHC energy collisions (see table 1). This phenomenon is reasonable since
at ultra-relativistic energies the velocities approach the speed of light,
which means that the initial state velocity distributions are essentially
identical. At the same time the initial energy density is much higher
at LHC, thus the angular momentum and the initial temperature are
also higher. As a consequence the thermal vorticity is smaller since
the temperature is in the denominator. On the other hand the �nal,
freeze out temperatures should not be too di�erent, although at higher
expansion speed the freeze out temperature is also expected to be higher.

4. Summary

The �ow vorticity and thermal vorticity are studied in peripheral heavy
ion collisions. The vorticity is signi�cant for peripheral collisions and
it decreases with time due to expansion and dissipation of the system.
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The thermal vorticity is not proportional to the collision energy since the
temperature plays a counter-e�ect to the thermal velocity �eld. Based on
these vorticity studies we can use the polarization to detect the collective
properties of the QGP, such as rotation and the KHI.
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Abstract

These proceedings present recent results from transport-
hydrodynamics-hybrid models for heavy ion collisions at relativistic
energies. The main focus is on the absorption of (anti-)protons in the
hadronic afterburner stage of the reaction, di-lepton production at
SPS and heavy quark dynamics.

1. Introduction

A major theme in todays high energy heavy ion physics is to explore
the phases of Quantum Chromodynamics (QCD) at very high densities
and temperatures. To connect ab-initio information on the properties
of QCD-matter, e.g., the Equation of State (EoS) or transport coe�-
cients like the viscosities with experimentally observable quantities one
has to rely on transport approaches that describe the time evolution of
the hot and dense matter created until the system has ceased to interact.
Transport models and hydrodynamic approaches have a long tradition
in providing this link. Unfortunately, the areas of application of both
approaches seems mutually exclusive: Boltzmann equation based trans-
port simulations are well suited for the less dense stages of the reaction
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Fig. 1: Left: Modi�cation of the �nal particle ratios as a function of the transistion
energy density εCF for the Cooper-Frye prescription in Pb+Pb collisions at

√
sNN =

2.76 TeV [13]. Right: Corrected temperature of the freeze-out points on the phase
diagram [15,16].

or for lower energies, while hydrodynamic simulations are only justi�ed
during the most dense stages of the reaction's evolution or at very high
collision energies.

2. Model description

For the present studies we use the UrQMD model v3.3 in hybrid mode
[1�3]. This model couples the �uctuating initial state [4] generated event-
by-event by the hadron and string dynamics from UrQMD to an ideal
hydrodynamic evolution. For the evolution of the hydrodynamic part
di�erent equations of state can be applied, including a hadron gas EoS
and a chiral EoS with a transition to a quark-gluon plasma. At the end
of the hydrodynamic evolution, de�ned by a transition energy density,
the hydrodynamic cells are converted to particles with a Cooper-Frye
prescription [5], and the decoupling stage is handled by the UrQMD
hadronic cascade [6]. For similar approaches by other groups we refer
to [7�12] and references therein.
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3. Matter and Antimatter

The e�ect of the hadronic afterburner can be seen directly in the yields
of the protons and anti-protons in nuclear collisions at the LHC. Fig.1
(left) shows the modi�cations of the particle yields due to the hadronic
corona as a function of the energy density at which the Cooper-Frye
particlization is applied. One observes that for realistic transition energy
densities around εCF = 5ε0 the proton and anti-proton yields are reduced
by approximately 50% in line with the observed values at the LHC [13].
A similar conclusion is also reached if the back reaction 5π → pp̄ is
included [14]. The systematic error, if the back reaction is neglected
is on the order of 10% [14]. Fig. 1 (right) shows the temperatures
extracted from chemical �ts for di�erent centralities in Pb+Pb reactions
at

√
sNN = 2.76 TeV. The temperature di�erences ∆T are obtained from

the temperature di�erences between uncorrected �ts and `corrected' �ts
(i.e., corrected for baryon absorption in the hadronic corona as given by
UrQMD) to the model data [15,16].

4. Hanburry-Brown�Twiss Correlations

Let us next explore the e�ect of di�erent equations of state. One expects
that a phase transition to a quark-gluon plasma (and back to the hadron
gas) should result in a delay of the expansion of the system depending on
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the magnitude of the latent heat. To explore this e�ect we compare hy-
brid simulations for di�erent equations of state using Hanburry-Brown�
Twiss (HBT) correlations [17]. Fig. 2 (left) provides a comparison of
various equations of state (hadron gas EoS, chiral EoS, bag model EoS,
and a pure UrQMD cascade simulation). One observes that the pure
UrQMD simulation, the hadron gas EoS and the chiral EoS provide a
reasonable description of the data, while the bag model EoS clearly over-
shoots the data. The data and the simulations are summarized in Fig.
2 (right) for the Rout/Rside ratio for di�erent beam energies. Here one
clearly observes the expected maximum in the life time of the system in
case of the bag model EoS. However, the data seem to favor a transition
with a small latent heat without a substantial time delay as provided by
the hadron gas EoS and the chiral EoS.

5. Dileptons

As a next step let us investigate the temperature and density evolution
with penetrating probes. To this aim we compare coarse-grained trans-
port simulations to hybrid-model calculations to explore di�erences due
to the assumption of local equilibration and due to di�erent spectral
functions. Fig. 3 left shows the hybrid-model calculation [18] (Eletsky
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dynamics [25]. Right: Parton cascade calculation. Figure taken from [26].

spectral function) for dimuon production in In+In reactions in com-
parison to the NA60 data [19]. One observes that the hybrid model
provides a good description of the experimental data, however with a
slight overestimation of the yield around the ρ peak. We compare this
to the coarse-grained transport simulation [20] in Fig. 3 (right). In this
case we show in addition a comparison to the Rapp-Wambach spectral
function [21�23]. Generally we observe a very good description of the
NA60 data [19]. The main di�erences between both approaches seem to
be caused by the di�erent spectral functions, with the Rapp-Wambach
spectral function providing a better description of the data. The hybrid-
model results also show an excess above the data of the ρ around its
pole mass. This mainly stems from the initial and �nal stage which are
handled by the hadronic cascade and where (in contrast to the hydro-
dynamic phase) no explicit medium modi�cations of the spectral shape
are considered.

6. Charm

An alternative way to explore the properties of the created matter is
to investigate its transport properties in terms of drag and di�usion
coe�cients. To this aim we model the propagation of heavy quarks,
i.e., charm quarks through the matter created in the hybrid approach.
In Fig. 4 we compare the results for the D-meson elliptic �ow v2 in
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Pb+Pb collisions at the LHC based on the hybrid model [25] (left �gure)
with the results obtained from a recent parton cascade [26] study (right
�gure). For both cases we observe a similar quality for the description of
the experimental data. This indicates that the density and temperature
distribution and evolution in the hybrid approach and the parton cascade
approach seem to be very similar. This may indicate that a substantial
amount of local equilibrium is achieved in such collision as the dynamics
of the heavy quarks does not seem to depend on the details of the system
evolution.

7. Summary

In summary, hybrid models combining a hydrodynamic simulation for
the hot and dense stages of the reaction coupled to Boltzmann dyna-
mics for the early and late stage of the evolution provide an excellent
tool to investigate the properties of QCD matter created at SPS, RHIC
and LHC. For these proceedings we have discussed the modi�cations
of the (anti-)proton yields due to absorption e�ects in the �nal state
hadronic afterburner. We have then explored the temperature and den-
sity evolution by means of dilepton radiation and charm dynamics. In
comparison to available data and alternative approaches, we concluded
that the hybrid approach provides a reliable and sensible basis for these
investigations.
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Abstract

The well-known hydrodynamic representation of the Schr�odinger equa-
tion is reformulated in terms of variational form introducing Nelson-
Yasue's stochastic variational method. In this approach, the �uid �ow
is composed by the two stochastic processes from the past and the
future. We show that this formulation can be extended in a straight-
forward way to the quantization of scalar �elds.

1. Introduction

Variational approach is very useful both in conceptual or practical side in
many branch of physical phenomena, including the ideal hydrodynamics.
The role of coarse-graining with respect to the resolution of collective
�ow observables is explicitly implemented in the variational form [1]. It
is shown that non-relativistic Navier-Stokes equation can also be derived
from the variational principle, if we extend the dynamical variable to the
stochastic one [2].

It has been long time that the Schr�odinger equation can be cast into
the form of an ideal �uid, with additional quantum mechanical poten-
tial [3]. In this paper, we derive the action of the Schr�odinger equation
by introducing the two stochastic processes, �rst introduced by [4,5] and
later developed by Yasue in the variational form [6,7]. Here we propose
an alternative representation of the stochastic quantization requiring the
maximum of the entropy associated with stochastic trajectories in order
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to accommodate the boundary conditions within the variational formu-
lation.

The present paper is organized as follows. In Sec.2, we introduce
the two Brownian motions necessary in the variational formulation and
postulate the maximum entropy principle. In Sec.3, the action of this
combined �uid is shown to be equivalent to that of quantum mechanics.
In Sec.4, an application of the present approach to the �eld quantization
is discussed. Sec.5 is devoted to the summary and discussion.

2. Brownian motion

Let us consider a Brownian motion of a particle (or Lagrangian �uid
element) due to some unknown external factor. In classical �uids, such a
�uctuation occurs as the in�uence of the nature of �uid elements which
consist of many internal degrees of freedom [2]. On the other hand, the
origin of the stochasticity in quantum mechanics is not known. Here, we
will not discuss what is this origin, but show that such a stochasticity
can generate the internal energy.

In order to introduce the stochasticity, we suppose that the particle
trajectory obeys a Brownian motion, which is characterized by

dr = uF (r, t) dt+ ~ξF , dt > 0. (1)

where ~ξF is the Gaussian noise de�ned by the probability distribution
function,

P (ξ) =
1√

2πσ2
e−

~ξ2

2σ2 , (2)

where σ2 = ν |dt| with ν is a constant parameter which characterizes the
intensity of the noise and has a dimension of L2/T . We refer Eq.(1) as
forward stochastic di�erence equation (FSDE).

The particle distribution of this Brownian motion is calculated from
FSDE and given by the following Fokker-Planck equation,

∂ρF
∂t

+∇ · jF = 0, (3)
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where

ρF (r, t) = 〈δ (r− r (t))〉F , (4)

jF (r, t) = ρF (uF − ν∇ ln ρF ) . (5)

Here 〈O (t)〉F represents the average of O at the instant t over the whole
events of the ensemble satisfying Eq(1). This equation, for a given uF ,
could be solved forward in time as an initial value problem. However,
when we want to formulate the dynamics in terms of variational ap-
proach, we need to �x not only the initial but also the �nal particle
distributions. The solution of the above Fokker-Planck equation does
not satisfy a given �nal distribution in general. One possible way to con-
trol the �nal distribution, we think of a stochastic process backward in
time. That is, instead of FSDE (1), we consider the backward stochastic
di�erential equation (BSDE),

dr = uB (r, t) dt+ ~ξB, dt < 0. (6)

where ~ξB is the Gaussian noise as before obeying the probability dis-
tribution function, Eq.(2). The corresponding Fokker-Plank equation
is

∂ρB
∂t

+∇ · jB = 0, (7)

where
jB = ρB (uB + ν∇ ln ρB) . (8)

Note that the sign of the second term is opposite to Eq. (5).
How can we construct a set of stochastic processes which satisfy the

both initial and �nal conditions by using these two Brownian motions?
First let us consider trajectories which obey FSDE with a given initial
condition and pass in the vicinity of r at a certain time t which satisfys
tI < t < tF . The number of the trajectories should be proportional to
ρF (r, t). Similarly, the number of the backward trajectories which pass
the same domain starting from the �nal distribution should be propor-
tional to ρB (r, t). Therefore, for a given set of two distribution functions,
{ρF (r, t) , ρB (r, t)} there are N ∝ ρF (r, t) ρB (r, t) ways to construct a
trajectory which combines these two should be proportional to the prod-
uct of the densities.
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At this stage, we require that the law of Nature describes the situation

where this combined number is maximal for any instant t. In other words,
the entropy associated with this combination of trajectories should be
maximum. We then de�ne the entropy

S[ρF , ρB] ≡
∫
d3rN lnN. (9)

From the variation of this entropy δS = 0 with the following constraint
conditions, ∫

d3rρF (r, t) =

∫
d3r ρB (r, t) = 1, (10)

we obtain
ρF (r, t) = ρB (r, t) . (11)

Therefore the density of trajectories ρ which satify the two boundary
conditions is given by

ρ (r, t) = ρF (r, t) = ρB (r, t) . (12)

Once we establish Eq.(11), we get from Eqs.(3,7)

ρ (uF − ν∇ ln ρ)− ρ (uB + ν∇ ln ρ) = ∇χ+∇×A, (13)

where A is an arbitrary time-dependent vector �eld [2] and χ is a scalar
function which satis�es ∇2χ = 0. In the presence of A, the velocity
�eld should contain a vortex which is related to a singularity in space.
Similarly, since lim|r|→∞∇χ → 0, χ = const. , if χ has no singularity.
Here, for simplicity, we assume ∇χ = A = 0. Then we obtain

uF − uB = 2ν∇ ln ρ. (14)

This is nothing but the same relation called the consistency condition in
SVM [2,6].

Because of this condition, the two Fokker-Planck equations are re-
duced to the simple continuity equation,

∂tρ+∇(ρuT ) = 0, (15)

where

uT =
uF + uB

2
. (16)
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3. Action principle and quantum mechanics

In the previous section, we introduce the stochastic process which is
characterized by the two Brownian motions. As is in the hydrodynamic
variational approach [8], the properties of these Brownian motions can
be incorporated as the constraint condition in the variational approach.
That is, once we know the kinetic term T and potential term U , the
action which we should optimize is given by

Iq =

∫
dt

∫
d3r ρ

{
T − U − κλ̇− κ∇λ · uT

}
. (17)

Here the Fokker-Planck equations (15) is taken into account as the con-
straint conditions with a Lagrange multipliers, λ.

From Eq.(15), we can identify the velocity uT with that of the trans-
lational motion of the �uid. Therefore, the translational kinetic energy
T should be

T =
m

2
u2
T . (18)

On the other hand, the relative velocity,

ur = uF − uB, (19)

is irrelevant to the translational motion of the �uid element but should
be associated with its internal energy. Note that such a situation occurs
also in the case of the kinetic derivation of hydrodynamics, where the
momentum of microscopic constituent particles are separated into two
parts; one is to the �uid velocity and the other contributes to the internal
energy [9]. Following this idea, the potential term is expressed as

U =
meff

2
u2
r + V = 8α2ν2m (∇ ln

√
ρ)2 + V, (20)

where meff = α2m is an e�ective mass with α a still undetermined
constant and V is the external potential.

By using these results, the action 17 is a functional of the three
independent functions form Iq = Iq [ρ,uT , λ], but the variation with
respect to uT gives the relation

meffuT = κ∇λ, (21)
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and substituting back to the action eliminating uT , we arrive at the
following expression,

Iq [ρ, λ] =

∫
dt

∫
d3~r ρ

{
− 1

2m
(κ∇λ)2 − U − κλ̇

}
. (22)

Since κ is an arbitrary constant, we can always choose it so as to satisfy

κ = 4ανm. (23)

Now, instead of the two scalar variables, ρ and λ, let us introduce a
complex variable

ψ =
√
ρeiλ. (24)

Then the above action is further re-expressed as

Iq [ρ, λ] =

∫ tf

ti

dt

∫
d3r ψ∗

{
iκ
∂

∂t
− Ĥ

}
ψ, (25)

where

Ĥ = − κ2

2m
∇2 + V. (26)

If the parameter κ is identi�ed with ~, Eq.(25) is the well-known form
of the action for the Schr�odinger Equation. In fact, the variation for ρ
and λ leads to [

iκ∂t −
(
− κ2

2m
∇2 + V (r)

)]
ψ (r, t) = 0. (27)

It should be noted that our result of the variation becomes non-linear if
the parameter does not satisfy Eq. (23). For such a nonlinear equation,
see for example in Ref. [10]. However, because of the ambiguity for the
de�nition of the phase λ, we can always �nd a parameter set satisfying
Eq. (23) and thus a non-linear dynamics can be cast into the form of
the linear equation (see also Ref. [11]). In other words, it seems that the
wave function is a convenient representation but is not necessarily the
fundamental element to construct quantum mechanics. This will be dis-
cusses in Sec. VI. In the following, we will refer this linear representation
as ψ-representation.
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4. Application to Field Quantization

The stochastic quantization procedure in terms of variational principle
in the previous sections can be extended in a straightforward way for
any system described by a vector variable, say ~φ in stead of r. As an
example, we sketch in below how the present formulation can be applied
to the quantization of a scalar �eld.

For this, we introduce the spatial lattice representation. Then we
assign the �eld con�guration φ (~x) to a vector,

φ (~x)→ ~φ, (28)

in such a way that the scalar product of two functions is de�ned by

(f, h) =

∫
d3xf (~x)h (~x)→ ∆3x ~f · ~h (29)

with ∆3x being the lattice volume.
In this representation, the classical action for the scalar �eld φ (~x) can

be written as

Ic.f.

=

∫ tf

ti

dt

 1

2c2
∆3x

(
d~φ

dt

)2

+
1

2
∆3x ~φ ·∆x

~φ− V
(
~φ
) ,

(30)

where V is the potential containing the mass term and ∆x is the matrix
corresponding to the discretized Laplacian operator [12]. By denoting a
formal correspondence ~r → ~φ, d3~r → dN

3~φ ≡ [Dφ], we can repeat the
analogous procedure in the previous sections. Finally we obtain

Iq.f.

=

∫ tf

ti

dt

∫
[Dφ]ρ [φ]

×

[∫
d3x

(
(κc)2

2

{(
δλ

δφ (x)

)2

−
(
δ ln
√
ρ

δφ (x)

)2
}

+
1

2
φ (x)∇2φ (x)

)
− V [φ]− κ∂tλ

]
. (31)
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In the above, the notation of the continuum limit is used,
(
∆3x

)−1∇~φ →
δ/δφ (x) . ρ [φ] represents the functional distribution of �eld con�gura-
tion φ.

As before, in terms of wave functional,

Ψ [φ] ≡ √ρeiλ, (32)

the above action is expressed as

Iq.f. =

∫ tf

ti

dt

∫
[Dφ] Ψ∗ [φ]

[
iκc∂ct − Ĥ

]
Ψ [φ] , (33)

where

Ĥ =

∫
d3x

{
−κ

2c2

2

(
δ

δφ (x)

)2

− 1

2
(∇φ (x))2

}
+ V. (34)

Taking variations with respect to the two functionals ρ [φ] and λ [φ] , we
arrive at the functional Schr�odinger equation [12]

i κc ∂ctΨ [φ] = ĤΨ [φ] . (35)

Note that, for the scalar �eld system, the corresponding condition to
Eq.(23) determines the relation between the noise intensity and the uni-
versal constant, κc2.

5. Summary and Discussion

In this work, we formulated the quantization of one-particle classical
system in terms of the variational approach. There are three require-
ments in the present derivation; 1) quantum �uctuation is expressed as
stochastic noises of the Brownian motion, 2) the two stochastic �ows
from the past and the future are characterized by the maximum of the
entropy associated with the number of combinatory possibilities which
connect the initial and �nal distributions, and 3) the action of the sys-
tem is given by the same form of a classical ideal �uid, but contains
a contribution from the internal energy. Under these assumptions, we
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showed that this �uid action can be cast into the action principle for
the Schr�odinger equation. One of the advantages of the present varia-
tional form is that operators associated with physical observables in the
ψ−representations are de�ned by Noether's theorem [13]. Accordingly,
eigenvalues and eigenstates of the physical observables are consistently
de�ned. We further showed that the present formulation can be applied
to the system of scalar �eld. The applicability to the quantization of the
fermion �eld still remains as an open question.

In the present formulation, the dynamics of �uid is always irrota-
tional, as seen from Eq.(21) if λ has no singularity. This is the principal
question to identify the �uid representation to the ψ−representation as
pointed out by Takabayashi and Wallstrom. The usual hydrodynamic
representation of the Schr�odinger equation cannot treat the cases where
the phase of wave functions becomes multi-valued, such as the eigenstates
of the angular momentum unless introducing an additional condition
which requires that the vortex number is quantized [14,15]. However, in
the �eld quantization, the vorticity in question refers to the �ow in the
functional space. For example, quantized angular momentum should be
understood as the stationary state of the classical �eld. For the case of
the scalar �eld, the hydrodynamic equations in the functional space can
be derived from the variation of Eq.(31) and the �ow in the functional
space can be taken always irrotational. In particular for the free Klein-
Gordon case, we obtain the correct energy eigenvalues as the stationary
states without resort to the ψ− representation in functional space [12].
To our knowledge, it is not clear that the Takabayashi-Wallstrom crit-
icism is still valid for the functional �uid representation of quantized
�elds.

It is interesting to note that the intensity of the noise for the �eld
quantization is given uniquely by the universal constant κc2 = ~c2 as seen
from Eqs.(33,34). This suggest that the �eld variables and the space-
time structure were born simultaneously in such a way that quantum
mechanics and relativity have the same origin, just as if the macroscopic
variables and the noise on them. If this is the case, we would need to
reconsider the meaning of quantization of gravity.

We have assumed that the stochasticity is characterized by the Gaus-
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sian white noise. This reminds us the well-known the central limit the-
orem and suggests that there may exist another hypermicro-stochastic
process which is reduced to the Gaussian white noise only after taking
the central limit theorem. This aspect seems to be consistent with the
maximum entropy postulate which we have adopted, since the average
of large micro-stochastic process should lead to certain statistical equi-
librium.
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Abstrat

The hydrodynami modeling of the system evolution in relativisti

heavy-ion ollisions has been very suessful in desribing the olle-

tive �ow patterns observed experimentally. However, the matter re-

ated initially in suh ollisions has small sales in spae and ontains

large �utuations as addressed by 'lumpy' initial onditions. Therefore,

the theoretial justi�ation for the hydrodynami approah is still an

open question. We disuss the role of the oarse-graining proedure and

the measure of loal thermal equilibrium required for a hydrodynami

modeling. In order to investigate how the hydrodynami behavior an

appear in heavy-ion ollisions we use a mirosopi model whih is on-

struted on the basis of Kadano�-Baym dynamis without assuming

loal equilibrium. The Parton-Hadron-String Dynamis (PHSD) ap-

proah is suitable for this purpose sine it aounts for multipartile

e�ets by means of 'resummed' selfenergies. From the properties of the

energy-momentum tensor in the loal rest frame, we disuss the degree

of the loal thermal equilibrium in this model and related equilibration

times.
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1. Introdution

Heavy-ion ollision experiments have allowed to study the properties of

matter under extreme onditions of density and temperature. The ob-

servations from these experiments indiate that the system reated in

suh violent ollisions behaves in a olletive way [1�4℄. In partiular,

the anisotropi �ow of the produed partiles observed via the Fourier

oe�ients vn of the azimuthal angular distribution as a funtion of

the transverse momentum (pt) has been shown to be an important sig-

nal of this olletive evolution, hene transfering the initial geometri

anisotropy in the overlap region between the two inident nulei into a

�nal momentum anisotropy. Moreover, reent experimental results suh

as the 'ridge' observed in two-partile orrelations also suggests an ini-

tial state nature [5℄. Thus, a relativisti hydrodynami modeling of the

system evolution in heavy-ion ollisions has been very suessful in de-

sribing the experimental measurements [6�9℄. However, one needs to be

areful with all the assumptions required for a hydrodynami desription

and a preise analysis of the pro�le of the dynamis may furnish informa-

tions about the properties of the matter as well as the initial ondition

of the ollision (f. the disussions in Ref. [10℄).

2. Coarse-graining Sale in Hydrodynami Modeling

In the hydrodynami modeling one generally needs a losed system of

equations for loal marosopi variables, based on onservation laws for

the energy-momentum tensor and the onserved urrents, with additional

equations to desribe some well de�ned thermodynamial properties of

the matter in question, i.e. the equation of state (EoS) and relaxation

equations with transport oe�ients (if neessary). The fundamental

hypothesis for suh a situation is the loal thermodynamial equilibrium

whih eliminates all mirosopi degrees of freedom. Nevertheless, in the

ase of relativisti heavy-ion ollisions, where we have a violent proess

(and short time sale) and large �utuations in a very small volume, it

is not guaranteed that suh onditions will always be satis�ed. Thus,

if the hydrodynami approah is able to desribe the observed ensemble
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averages of experimental data, the natural question arising is how preise

are we looking at the system's pro�le. If the observables investigated

do not have a good resolution of the marosopi dynamis, then the

properties of the matter that we dedue may also not be preise but just

an e�etive desription (e�etive EoS). The onept of a oarse-grainig

sale in hydrodynami modeling an thus be thought as a resolution for

whih one an support �true� hydrodynami desription, i.e., one event

hydrodynamis rather than an ensemble average over many events.

Hydrodynamis an be regarded as an e�etive theory based on vari-

ational priniple [11℄ and the formulation of dissipative proesses an

be ahieved by treating the e�ets of mirosopi degrees of freedom as

�random noise� (stohasti di�erential equation, SDE). The quantum me-

hanial variational ation an be identi�ed with the ation of a lassial

�uid with noises, onsistent to the boundary ondition with maximum

probability of the produt of the systems with forward and bakward

noises.

3. Hydrodynami Representation of Mirosopi

Dynamis

In order to investigate whether a hydrodynami pro�le might emerge

from the mirosopi dynamis of a system, whih ontains many-body

interations (ompression e�ets), one an evaluate the properties of the

energy-momentum tensor T µν(~r) de�ned by the partiles of the system

in the neighborhood of some spae point ~r:

T µν(~r) =
∑

i

pµi p
ν
i

p0i
W (~r − ~ri;h), (1)

where pαi are the omponents of the four-momentum of partile i and
W (~r−~ri;h) is some kernel funtion whih de�nes the range of the neigh-

borhood of interest, satisfying the normalization ondition:

∫

d~rW (~r − ~ri;h) = 1. (2)

We have tested two types of kernel funtion: (a) a simple retangular

box in whih W=1/(∆x∆y∆z) if the partile is inside the box andW=0
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if it is outside, with ∆x=∆y being the transverse lengths and ∆z(t) the
longitudinal length of the box; (b) a 3D gaussian with harateristi

lengths de�ned by the widths ht in the transverse diretion and hz(t)
in the longitudinal diretion. For both ases, the longitudinal length

is a funtion of time and follows the system expansion by keeping a

onstant rapidity window. One the T µν(~r, t) is known, a diagonaliza-

tion proedure is applied suh that the resulting tensor is of the type

[TL]
µν
=diag {ε, PT , PT , PL}. The diagonalization an be identi�ed with

a Lorentz transformation Λ(~β) plus a spatial rotation R. Therefore, this
proedure allows the extration of the �ow pro�le, i.e. the veloity �eld

(

~β), the loal energy density (ε) and the pressure omponents (Pi).

The model adopted to perform this analysis is the Parton-Hadron-

String Dynamis (PHSD) approah [12�16℄. This model is partiularly

suitable for this type of study sine it treats the mirosopi transport

during the system evolution using e�etive (resummed) strongly inter-

ating dynamial quasi-partiles and o�-shell hadrons as degrees of free-

dom [12�14,17℄. The dynamis of many-body interations for eah event

simulated in PHSD is omputed via mean-�eld potentials, whih are de-

termined by the partiles of a number of parallel events starting from the

same initial ondition. Therefore, by inreasing the number of parallel

events used to alulate the mean-�eld potentials, whih we refer here as

NUM, one also inreases the e�et of the potentials in the dynamis of

the system evolution. The plots in Fig. 1 show the longitudinal pro�les

of the omponents of the partile veloity for two snapshots of the evo-

lution (the open irles represent the mean values of the distributions)

for one PHSD event of a Au+Au ollision at

√
sNN = 200 GeV.

We have omputed the energy-momentum tensor during the evolu-

tion of an event generated with PHSD using both kernel funtion dis-

ussed before. The left plot in Fig. 2 shows the dependene of the loal

energy density as a funtion of time for the retangular box (red urve)

and the gaussian kernel (blak urve). Here we ompute the energy-

momentum tensor in the neighborhood of the origin (x=0, y=0, z=η=0),
with a rapidity window ∆η=0.1. Note, that we hose the sizes for eah

kernel to be of roughly the same order, though, they are not exatly

equivalent. Both ases present a very similar behavior, with the gaus-



105

z [fm]
-0.1 -0.05 0 0.05 0.1

tβ

0

0.2

0.4

0.6

0.8

1

-110

1

10

t = 0.1169 [fm/c]

z [fm]
-0.1 -0.05 0 0.05 0.1

zβ

-1

-0.5

0

0.5

1

1

10

210t = 0.1169 [fm/c]

z [fm]
-1 -0.5 0 0.5 1

tβ

0

0.2

0.4

0.6

0.8

1

1

10

210
t = 1.0326 [fm/c]

z [fm]
-1 -0.5 0 0.5 1

zβ

-1

-0.5

0

0.5

1

1

10

210

t = 1.0326 [fm/c]

Fig. 1: Snapshots of the longitudinal pro�le of the partile veloity in PHSD for two

di�erent time-steps of the evolution for a Au+Au ollision at

√
sNN = 200 GeV.

sian kernel being smoother and more strongly orrelated (as expeted).

Therefore, we abandoned the retangular box in our subsequent tests

and varied the harateristi lenght in the gaussian kernel. The plot on

the r.h.s. of Fig. 2 shows the dependene of the ratios of the longitu-

dinal (PL) and transverse (PT ) omponents of the pressure with respet

to the loal energy density ǫ as a funtion of the system evolution. In

this ase we have omputed the T µν
in the neighborhood of the point

(x, y, z)=(1, 0, 0) (avoiding the divergene at the origin) and we tested

four di�erent sizes of the longitudinal length of the gaussian kernel, dis-
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Fig. 2: Dependene of the loal energy density ǫ with the time evolution for two

di�erent types of kernel funtions (left plot); dependene of the longitudinal and

transverse pressure omponents with the system evolution onsidering di�erent har-

ateristi lenghts in the longitudinal diretion (right plot).

played in the legend of the plot by ∆η and orresponding to the range

of −σ to +σ around the gaussian peak. The transverse length was kept

�xed to 0.3 fm (whih orresponds to 1σ of the gaussian kernel). For all

situations tested we observe that the transverse and longitudinal ompo-

nents of the pressure starts very low and very high, respetively, and then

inrease or derease starting in the very initial stages of the evolution

(t∼0.2 fm/). The important point in this plot is the onvergene be-

tween the pressure omponents observed for ∆η=0.3 (dotted lines). As

an be seen, this is the only ase where the pressure beomes isotropi

and it lasts for an interval of only about 2 − 3 fm/, starting at t∼1.0
fm/. With a further inrease of the longitudinal length of the gaussian

kernel, the isotropy of the pressure omponents does not hold anymore.

We have also tested di�erent sizes of the transverse length of the kernel

without observing any important hange in the behavior. In addition,

in the ontext of this work, the number of events used in the alula-

tion of the mean-�eld potential may also be thought as being related

to the oarse-graining sale for the olletivity of the system during its

evolution. We have tested di�erent situations for the parameter NUM

(1, 2, 5, 10, 20 and 30) and found that the general behavior onverges
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for NUM>5 (the �utuations are very large otherwise), thus we used

NUM=20 and NUM=10 in the analysis shown in the left and right plots

of Fig. 2, respetively.

We also tested the events produed with PHSD to hek whether the

initial spatial anisotropy, omputed as:

εn =
〈rn cos (n [φ− Φn])〉

rn
, with

{

φ = arctan (y/x)

Φn = 1
n
arctan

(

〈rn sin(nφ)〉
〈rn cos(nφ)〉

) , (3)

is transferred to a �nal momentum anisotropy, given by the �ow oe�-

ients alulated with respet to the initial eentriity angle:

vn = 〈cos (n [ψ −Ψn])〉, with
{

ψ = arctan (py/px)
Ψn = Φn + π/n

. (4)

The left plot in Fig. 3 shows the behavior of the oe�ients ε2 and v2 as
a funtion of the evolution of the system for a single PHSD event. The
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Fig. 3: Time evolution of the spatial eentriity ε2 and the ellipti �ow oe�ient v2
for a single event (left plot); the distribution of ε2 vs v2 (right plot) for many events.

The red line represents the average 〈v2〉.

plot on the r.h.s. shows the distribution of the �nal v2 versus the initial

ε2 oe�ients for a sample of many events. The positive orrelation

observed indiates that the system behaves olletively. Moreover, the

relevant transfer of the anisotropy from the initial to the �nal states

ours during the initial (partoni) stages.
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Fig. 4: Time evolution of the spatial εn and the momentum vn anisotropy oe�ients

for entral (left plots) and peripheral (right plots) events. From top to bottom, the

plots show the results for the seond, third and fourth harmonis, respetively.
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Higher harmonis show a similar behavior for entral and intermedi-

ate ases (see Fig. 4), but the �quality� of the transfer beomes poor for

the most peripheral ases. We note that very similar results have been

observed in ideal hydrodynami alulations as disussed in Refs. [18,19℄,

whih demonstrates that even if omplete loal equilibrium is not present,

the usual observables for the system olletivity are similar and not sen-

sitive to deviations from equilibrium. Therefore, further developments

are still neessary to help to understand the details of the evolution of

the system formed in heavy-ion ollisions.

4. Summary

We have tested the oarse-graining sale for a hydrodynami desription

within the mirosopi dynamis as provided by the PHSD approah

and found that the system seems to approah �equilibrium� only for

very spei� situations. We also notied a very lear separation of the

�ow pro�le into longitudinal and transverse omponents, similar to what

has been observed in studies about the very initial �eld on�guration in

Refs. [20, 21℄. Although the ondition of loal thermal equilibrium may

not be perfetly satis�ed, the orrelation observed between the initial

spatial anisotropy and the �nal momentum anisotropy is onsistent with

a olletive evolution of the system. Therefore, the development of new

observables that are sensitive to deviations from equilibrium of the mat-

ter during the system evolution is of great interest to understand the

olletive properties of heavy-ion ollisions and the evolutionof olletiv-

ity.
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Abstrat

In this talk we hallenge the assumption of brownian motion for harm

quarks and ompare the dynamial evolution of harm and bottom

quarks in a Fokker-Plank approah and in a Boltzmann Transport

one. We show that while for bottom the motion appears quite lose to

a Brownian one, this does note seems to be the ase for harms quarks.

We study the bak-to-bak azimuthal orrelation of harm quarks pro-

dued in relativisti heavy-ion ollisions within both Boltzmann and

Langevin dynamis. We have found that Boltzmann approah gives rise

a larger spreading of c̄ orrelation in omparison with the Langevin

approah.

1. Introdution

One of the primary aims of the ongoing nulear ollisions at Relativisti

Heavy Ion Collider (RHIC) and Large Hadron Collider (LHC) energies is

to reate a new state of matter where the bulk properties of the matter

are governed by the light quarks and gluons. In this ontext, the heavy

quarks (HQ), mainly harm and bottom, play a ruial role sine they

do not onstitute the bulk part of the matter due to their larger mass

with respet to the temperature reated in ultra-relativisti heavy-ion
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ollisions (uRHIC's) [1℄. Due to their large masses HQ an at as a

type of external probe to investigate the bulk of the QGP medium and

are a�eted by its density, temperature and olletive expansion thereby

arrying the information of the reated plasma.

In the next setion, we will fous on the theoretial approahes to

desribe the dynamial evolution of the HQ omparing the most om-

monly used Fokker-Plank approah to the Boltzmann transport equa-

tion. In setion III we disuss the evolution of the HQ spetra in a stati

medium. Setion IV is devoted for single heavy quark di�usion in mo-

mentum spae. In setion V the results for cc̄ orrelation are presented.

Setion IV ontain the summary and onlusions.

2. Boltzmann vs Langevin dynamis

The propagation of HQ in QGP has been quite often treated within

the framework of Fokker-Plank equation [1, 2℄. The main reason is

that it was believed that their motion an be assimilated to a Brow-

nian motion due to their perturbative interation and large mass that

should generially lead to ollisions su�iently forward peaked and/or

with small momentum transfer. Under suh onstraints it is known that

the Boltzmann transport equation redues to a Fokker-Plank dynamis,

whih onstitutes a signi�ant simpli�ation of the in medium dynam-

is. Suh a sheme has been very widely employed inluding some of the

authors [2�5,10,11℄ in order to alulate the experimentally observed nu-

lear suppression fator (RAA) [7�9℄ and their large ellipti �ow (v2) [7℄
for the non-photoni single eletron spetra. Along with the Fokker-

Plank approah in some work a desription of HQ within a relativisti

Boltzmann transport approah has been developed [6, 12�14, 18℄.

The Boltzmann equation for the HQ distribution funtion an be

written in a ompat form as:

pµ∂µfQ(x, p) = C[fQ](x, p) (1)

where C[fQ](x, p) is the relativisti Boltzmann-like ollision integral where

the phase-spae distribution funtion of the bulk medium appears as

an integrated quantity in C[fQ], see for example Ref.s [17℄, while we
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are interested to the evolution of the heavy quarks distribution funtion

fQ(x, p).
The Boltzmann equation is solved numerially dividing the spae

into a three-dimensional lattie and using the test partile method to

sample the distributions funtions. The ollision integral is solved by

mean of a stohasti implementation of the ollision probability P =
vrelσg+Q→g+Q ·∆t/∆x [16, 17℄.

The non-linear integro-di�erential Boltzmann equation an be signif-

iantly simpli�ed employing the Landau approximation whose physial

relevane an be assoiated to the dominane of soft satterings with

small momentum transfer |k| respet to the partile momentum p. Un-

der this assumption the non-linear integro-di�erential Boltzmann equa-

tion redued to the Fokker-Plank equation (for detail see Ref [15℄):

∂f

∂t
=

∂

∂pi

[

Ai(p)f +
∂

∂pj
[Bij(p)]

]

(2)

where Ai and Bij are diretly related to the so alled drag and di�usion

oe�ient. The Fokker-Plank equation an be solved by a stohasti

di�erential equation i.e the Langevin equation, an be written as [1,2,4℄:

dxi =
pi
E
dt,

dpi = −Apidt+ (
√

2B0P
⊥
ij +

√

2B1P
‖
ij)ρj

√
dt (3)

where dxi and dpi are the oordinate and momentum hanges in eah

time step dt. A is the drag fore and B the longitudinal and transverse

di�usions, ρ is a stohasti variable Gaussian distributed. in terms of

independent Gaussian-normal distributed random variables ρj , and

P⊥
ij = δij −

pipj
p2

, P
‖
ij =

pipj
p2

. (4)

are the transverse and longitudinal tensor projetors. We will employ

the ommon assumption, B0 = B1 = D [2�6, 10℄.

3. Numerial results

We now disuss the evolution of momentum distributions of harm and

bottom quarks interating with a bulk medium at T = 0.4GeV with
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Fig. 1: Ratio between the Langevin (LV) and Boltzmann (BM) spetra as a funtion

of momentum for mD = gT GeV at di�erent time. Left:harm quarks; Right: bottom

quark.

sattering proesses determined by the sattering matries disussed

in the previous setion. The initial distribution of heavy quarks are

f(p, t = 0) = (a + b p)−n
with a = 0.70 (57.74), b = 0.09 (1.00) and

n = 15.44 (5.04) for harm and bottom quarks respetively. The above

funtion gives a reasonable desription of D and B meson spetra in

the p-p ollision at highest RHIC energy. For the sake of omparison,

we solve both the Langevin equation and the Boltzmann equation as

desribed in the above Setion. Our purpose is to ompare the time

evolution starting from the same initial momentum distribution for the

both ases. The di�erential ross setion dσ/dΩ, main ingredient of the

Boltzmann equation, and the drag and di�usion oe�ients, key ingre-

dient of the Langevin equation, both originated from the same satter-

ing matrix. The elasti ollisions of heavy quarks with gluon has been

onsidered within the pQCD framework to alulate the drag, di�usion

oe�ients and di�erential ross setion. In the present alulation we

used αs = g2/4π = 0.35 and the Debye sreening mass as mD = gT . We

have plotted the results as a ratio between Langevin to Boltzmann at

di�erent times to quantify how muh the ratio deviates from 1. In Fig 1

(Left) the ratio of Langevin to Boltzmann spetra for the harm quark

with mD = gT GeV has been displayed as a funtion of momentum at

di�erent time. From Fig 1 it is observed that for t = 4 fm the devia-

tion of Langevin from Boltzmann is around 40% and for t = 6 fm the

deviation is around a 50% at p = 5 GeV, whih suggests the Langevin
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Fig. 2: Evolution of harm quark momentum distribution within Boltzmann equation

onsidering for a harm quark initially at p=10 GeV. Right: Langevin dynamis. Left:

Boltzmann dynamis.

approah overestimates the average energy loss onsiderably due to the

approximation it involves. We now move to the alulation for bottom

quarks. In Fig. 1 (Right) the results for bottom quark are displayed for

mD = gT GeV. It is observed that the ratio stays pratially around one

for bottom quark for all the time evolution onsidered in the manusript.

4. Heavy quark di�usion in momentum spae

A more thorough investigation of the heavy quark evolution implied by

a Langevin and a Boltzmann approah, we study the heavy quark mo-

mentum evolution onsidering the initial harm quark distribution as a

delta distribution at p = 10 GeV for the ase with mD = gT GeV. The

momentum evolution of the harm quarks are displayed in Fig. 2 (left)

within the Langevin dynamis. As known the Langevin dynamis on-

sists of a shift of the average momenta with a �utuation around that

inludes also the possibility to gain energy for the HQ as we see from the

tail of the momentum distribution that overshoots the initial momentum

p = 10GeV at t = 2 fm/c, blak solid line in Fig.2 (left).

In Fig. 2 (right) we present the momentum distribution for harm

quark within the Boltzmann equation, is evident a very di�erent evolu-

tion of the partiles momentum already at t = 2 fm/c has a very di�erent
spread in momentum with a long tail at low momenta orresponding to

some probability to loose a quite large amount of energy and in general

a global shape that is not at all of Gaussian form. This essentially indi-
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ates that for a partile with M ∼ 〈p〉 ∼ 3T as it is for the harm quark

at a temperature T = 0.4GeV, the evolution is not of Brownian type.

5. Azimuthal orrelations of heavy quarks

In the initial hard satterings heavy quark pairs are produed bak-to-

bak at leading order due to momentum onservation and this leads to

a bak-to-bak orrelation in azimuthal angle. These produed heavy

quarks pairs move in opposite diretion and hene su�er di�erent inter-

ation. This would drastially alter their initial bak-to-bak orrela-

tion [19, 20℄. We have studied the azimuthal orrelation of the c̄ pairs

within both the Boltzmann and Langevin dynamis in a box. We initial-

ize the c̄ pairs at the boundary of the box having momentum px = pz=0
and py=10 GeV. Hene the initial azimuthal orrelation will be a delta

around dφ = 0. As a onsequene of the interation with the thermal

bath this initial azimuthal orrelation will broaden around dφ = 0.

In Fig 3 the azimuthal orrelation of c̄ within Langevin dynamis

(left) and Boltzmann one (right) has been displayed at di�erent mo-

mentum uts. A larger spreading of momentum distribution in ase of

Boltzmann equation give rise a signi�ant di�erene spreading of cc̄ or-
relation at dφ = 0 in omparison with the Langevin dynamis. This

an be used as a observable in experiment at RHIC and LHC to study

whether harm quark exeute brownian motion or not.
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Fig. 3: Azimuthal orrelation of cc̄ within Boltzmann equation at di�erent momentum

uts. Right: Langevin evolution; Left: Boltzmann evolution.
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6. SUMMARY AND CONCLUSIONS

In this proeeding we have presented a study of the approximations in-

volved by Langevin equation making a diret omparison with the full

ollisional integral within the framework of Boltzmann transport equa-

tion in a box at T=0.4 GeV. We have found that the Langevin ap-

proah is a good approximation for bottom quark whereas for harm

quark Langevin approah deviates around 40% for the standard pQCD

inputs. More spei�ally, we have found that the underlying dynamis of

the single heavy quarks are indeed quite di�erent between the Boltzmann

and the Langevin approah and it does not appear to be simply a shift

in momentum with a Gaussian �utuations around it. As a onsequene

the Boltzmann approah gives rise to a larger spreading of cc̄ orrelation
in omparison with the Langevin one at dφ = 0.
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Abstrat

Chiral thermodynamis of harmed mesons is formulated at �nite tem-

perature within a 2+ 1+ 1-�avored e�etive Lagrangian inorporating

heavy quark symmetry. The hiral mass splittings are shown to be less

sensitive to the light-quark �avors, attributed to the underlying heavy

quark symmetry. Consequently, hiral symmetry restoration is more

aelerated in the strange harmed-mesons than in the strange light

mesons, and this is in striking ontrast to the hiral SU(4) result.

1. Introdution

Heavy �avors are produed at the initial stage of the high-energy heavy-

ion ollisions, so that they are expeted to arry the dynamial history of

a reated matter, the Quark-Gluon Plasma (QGP). Reent experimen-

tal observations have revealed that harm quarks are thermalized [1�4℄,

ontrary to earlier antiipation. Charge �utuations alulated in lat-

tie QCD also indiate that the harmed mesons are deon�ned together

with light-�avor mesons [5℄. Given those observations, omprehensive

exploration for the hiral aspets of the heavy-light hadrons inreases its

importane.

In onstruting e�etive Lagrangians for the heavy-light mesons, be-

sides spontaneous hiral symmetry breaking, heavy quark symmetry is

119



120

a vital ingredient [6℄. The pseudo-salar D and vetor D∗
states �ll

in the same multiplet H, forming the lowest spin partners. Their low-

energy dynamis is dominated by interations with Nambu-Goldstone

(NG) bosons, pions [7�10℄. Introduing the multiplet inluding D and

D∗
inevitably aompanies another multiplet G whih ontains a salar

D∗
0 and axial-vetor D1 states. Those parity partners, H and G, beome

degenerate when the hiral symmetry is restored [11, 12℄.

Aside from the hiral SU(4) approah where the harm setor suf-

fers from a huge expliit breaking of the extended �avor symmetry, a

self-onsistent study for the thermal harmed-mesons with implement-

ing heavy quark symmetry has reeived little attention. In Ref. [13℄,

a hiral e�etive theory for the light and heavy-light mesons has been

formulated in the presene of a medium. Below, we will brie�y disuss

in-medium masses of the heavy-light mesons near the hiral rossover.

2. Chiral E�etive Theory

When the harmed-meson mean �elds are introdued to a hiral e�e-

tive theory in the standard fashion, they at as an extra soure whih

breaks the hiral symmetry expliitly. Consequently, an unrealistially

strong mixing between the light-�avor and the harmed meson setor

is indued. This defet an be avoided if e�etive interations depend-

ing on temperature are introdued. Those intrinsi modi�ations an

be extrated from the hiral ondensates alulated in lattie QCD. The

obtained oupling of the strange harmed meson to the sigma meson,

gsπ(T ), beomes quenhed as temperature is inreased toward the hiral

pseudo-ritial point Tpc = 154 MeV. E�etive harmed-meson masses in

hot matter are shown in Fig. 1. The parity partners approah eah other

as temperature is inreased both in the non-strange and strange setor,

in onsistent with the hiral restoration. The two pseudo-salar states

have the same trend that their masses are inreasing with temperature,

although the non-strange meson mass exhibits a rather weak modi�a-

tion. On the other hand, the two salar states drop signi�antly; the

non-strange meson mass by ∼ 200 MeV and the strange meson mass by

∼ 100 MeV. The mass splittings between the non-strange and strange
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Fig. 1: In-medium masses of the non-strange (top) and strange (bottom) harmed-

mesons with positive and negative parity [13℄.

states are around 200 MeV above Tpc due to the fat that the hiral sym-

metry in the strange setor is not restored yet. Nevertheless, the hiral

mass splittings between the salar and pseudo-salar states are almost

of the same size,

δMD(Tpc) ∼ δMDs
(Tpc) ∼ 200MeV , (1)

i.e. the hiral mass di�erenes in the heavy-light setor are blind to the

light �avors. This is a striking di�erene from the hiral properties of the

light mesons, and is attributed to the heavy quark symmetry possessed

by the leading-order Lagrangian in 1/mQ expansion. In ontrast, the

hiral SU(4) model, where the harmed mesons are treated on the equal
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footing to the non-strange and strange mesons, yields a qualitatively

di�erent result from Eq. (1); δMD is muh smaller than δMDs
, similar

to the light meson masses [14℄.

3. Conlusions

Tthe hiral mass splittings are shown to be essentially insensitive to the

light-quark �avors, in spite of a non-negligible expliit breaking of the

hiral SU(3) symmetry. This �blindness� of the harm quark to the

light degrees of freedom is ditated by the heavy quark symmetry. In

ontrast, the kaon and its hiral partner masses beome degenerate at a

higher temperature than Tpc, indiating a delay of the SU(3) symmetry

restoration. In the heavy-light setor, on the other hand, the strange

harmed meson aptures the onset of hiral symmetry restoration more

strongly than the strange light meson does. The quenhed gsπ(T ) leads
also to a strong suppression of the salar Ds deay toward Tpc, on top

of the suppression due to the small isospin violation. The same should

be arried over to the B and Bs mesons with whih the heavy quark

symmetry is more reliable.

Within the same theoretial framework, thermal �utuations and

orrelations between the light and heavy-light mesons have also been

explored [15℄. It is shown that various heavy-light �avor orrelations

indiate a remnant of the hiral ritiality in a narrow range of tem-

perature where the hiral suseptibility exhibits a peak. The onset of

the hiral rossover, in the heavy-light �avor orrelations, is therefore

independent from the light �avors. This indiates that the �utuations

arried by strange harmed mesons an also be used to identify the hiral

rossover, whih is dominated by the non-strange light quark dynamis.
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Abstrat

The parton and hadron asade model PACIAE 2.1 (f. Comput. Phys.

Commun. 184 (2013) 1476) has been upgraded to the new issue of PA-

CIAE 2.2. By this new issue the lepton-nuleon and lepton-nuleus

(inlusive) deep inelasti satterings an be investigated. As an exam-

ple, the PACIAE 2.2 model is enabled to alulate the spei� harged

hadron multipliity in the e−+p and e−+D semi-inlusive deep-inelasti

sattering at 27.6 GeV eletron beam energy. The alulated results are

well omparing with the orresponding HERMES data. Additionally,

the e�et of model parameters α and β in the Lund string fragmentation

funtion on the multipliity is studied.

1. Introdution

The lepton inlusive and semi-inlusive deep inelasti sattering (DIS

and SIDIS) o� nulear target are the most ative frontiers between

nulear and the partile physis sine the eighties of the last entury.

They have greatly ontributed to the parton struture of hadron [1℄, the

parametrization of parton distribution funtion (PDF) [2, 3℄, and the

extration of polarization-averaged fragmentation funtion (FF) [4, 5℄.
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They also play important role in the hadronization of initial partoni

state and the spae-time evolution of the fragmentation proess [5℄.

Two new eletron ion ollider (EIC) programs of the eRHIC at BNL

and ELIC at Je�erson Laboratory (JLab) are evolved in the USA [6℄.

They are aimed at reahing the highly variable enter of mass (ms) en-

ergies of ∼ 20 - 150 GeV and the high ollision luminosity of ∼ 1033−34

m

−2
s

−1
. Meanwhile, a similar program of LHeC is also progressed at

CERN in Europe [7℄. The ollision ms energy and luminosity of LHeC

may ahieve ∼1 TeV and ∼ 1033m−2
s

−1
, respetively . Both the eRHIC

(ELIC) and LHeC are able to yield great insight into the nuleon stru-

ture, suh as how partons share the spin, mass, and magneti moment

of a nuleon, et. To onfront this expeted new DIS era, an upgraded

PACIAE 2.2 model, being able to investigate the l-p and l-A DIS, is intro-

dued. For a reliable extration of the FF with the quark fragmentation

Fig. 1: (olor online) Lowest order (Born approximation) Feynman diagram of the

neutral urrent (NC) and harged urrent (CC) eletron DIS.

funtion Dh
q , distinguished from the antiquark one, Dh

q̄ , the data of spe-

i� harged hadron (π+
, π−

, K+
, K−

) multipliity in the unpolarized

SIDIS are highly needed [4,8℄. Reently, the HERMES ollaboration has

measured the multipliity of harged pions and kaons in the 27.6 GeV

eletron beam SIDIS o� proton and deuteron [8℄. As an example, the

PACIAE 2.2 model is employed for alulating the DIS normalized to

π+
, π−

, K+
, and K−

multipliities in the above eletron SIDIS o� pro-

ton and the deuteron. The alulated results are well omparing with

the orresponding HERMES data [8℄.
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2. Models

The PACIAE model [9℄ is based on PYTHIA [10℄. However, the PYTHIA

model is for high energy elementary ollisions (e+e−, lepton-hadron, and
hadron-hadron (hh) ollisions) only, but PACIAE is for lepton-nuleus

and nuleus-nuleus ollisions also. In the PYTHIA model a hh olli-

sion, for instane, is deomposed into parton-parton ollisions. The hard

parton-parton ollision is desribed by the LO-pQCD parton-parton in-

terations with the modi�ation of parton distribution funtion in a

hadron. The soft parton-parton ollision, a non-perturbative proess,

is onsidered empirially. The initial- and �nal-state QCD radiations

as well as the multiparton interations are taken into aount. So the

onsequene of a hh ollision is a partoni multijet state omposed of

diquarks (anti-diquarks), quarks (antiquarks), and gluons, besides a few

hadroni remnants. It is followed by the string onstrution and frag-

mentation, thus a �nal hadroni state is obtained for a hh (pp) ollision
�nally.
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Fig. 2: (olor online) pp, γp, and e−p (DID) total ross setions.

In the PACIAE model [9℄, the nuleons in a olliding nuleus are �rst

randomly distributed aording to the Woods-Saxon distribution in the
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spatial spae. The partiipant nuleons, resulted from Glauber model

alulation, are required to be inside the overlap zone, formed when two

olliding nulei path through eah other at a given impat parameter.

The spetator nuleons are required to be outside the overlap zone but

inside the nuleus-nuleus ollision system. If the inident beam is in the

z diretion, we set px = py = 0 and pz = pbeam for the projetile nuleons,

px = py = pz = 0 for the target nuleons in the laboratory framework

as well as px = py = 0 and pz = −pbeam for the target nuleons in the

ollider framework.

We then deompose a nuleus-nuleus ollision into nuleon-nuleon

(NN) ollisions aording to nuleon straight-line trajetories and the

NN total ross setion. Eah NN ollision is dealt by PYTHIA with

the string fragmentation swithed-o� and the diquarks (anti-diquarks)

broken into quark pairs (anti-quark pairs). A partoni initial state (om-

posed of the quarks, antiquarks, gluons, and a few hadroni remnants)

is obtained for a nuleus-nuleus ollision after all of the NN ollision

pairs were exhausted.

This partoni initial stage is followed by a parton evolution stage.

In this stage the parton resattering is performed by the Monte Carlo

method with 2 → 2 LO-pQCD ross setions [11℄. The hadronization

stage follows the parton evolution stage. The Lund string fragmentation

model and a phenomenologial oalesene model are provided for the

hadronization. However, the string fragmentation model is seleted in

these alulations. The resattering among produed hadrons is then

dealt with the usual two body ollision model [9℄. In this hadroni evo-

lution stage, only the resatterings among π, K, ρ(ω), φ, p, n, ∆, Λ, Σ,
Ξ, Ω, and their antipartiles are onsidered for simpliity.

PACIAE 2.2 has three versions: PACIAE 2.2a desribing the rel-

ativisti elementary ollision (pp, p̄p, e+e−, and lepton-nuleon) and

PACIAE 2.2b as well as PACIAE 2.2 desribing the relativisti nulear-

nuleus ollision (p+A and A+B) and lepton-nuleus DIS. In the PA-

CIAE 2.2b model the partoni initiation, partoni resattering, hadroniza-

tion, and the hadroni resattering are performed for eah hh ollision

pairs independently until all the hh ollision pairs are ollided. Oppo-

sitely, in the PACIAE 2.2, the partoni initiation is �rst performed for
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all the hh ollision pairs. This full initial partoni state is proeeded

to the partoni resattering stage, then the hadronization stage, and at

last the hadroni resattering stage. Therefore, PACIAE 2.2b and 2.2

are similar in the physial ontents but are di�erent in the topologial

struture.

For p+p and p+A (A+p) ollisions, the overlap zone is not intro-

dued presently. We deal the l+p and l+A DIS like the p+p and p+A

ollisions, respetively, but instead of the nuleon-nuleon ross setion

the lepton-nuleon DIS ross setion is used. In the PYTHIA model,

the e−+p (e++p ), µ−
+p (µ+

+p ), and τ−+p (τ++p ) DIS have two

options of 'e−' ('e+'), 'µ−
' ('µ+

'), and 'τ−' ('τ+') as well as 'gamma/e−'
(gamma/e+), 'gamma/µ−

' ('gamma/µ+
'), and 'gamma/τ−' ('gamma/τ+'),

respetively, in the spei�ation of beam and target partile. However,

the neutrino-nuleon (antineutrino-nuleon) DIS has only the �rst op-

tion. In order to be more onsistent and to have a better running stability

the �rst option is hosen for all the lepton-nuleon DIS in the PACIAE

2.2 model.

Fig. 1 shows the leading order (Born approximation) Feynman dia-

grams for the neutral urrent (NC, the exhange of γ/Z boson, left panel)

and harged urrent (CC, the exhange of W±
boson, right panel) e−+p

DIS. There are two verties in the left panel of Fig. 1, for instane. At

the upper boson vertex the initial state QED and weak radiations have

to be onsidered. At the lower boson vertex, not only the leading order

parton level proess of V ∗q → q (V ∗
refers to γ/Z/W ) but also the �rst

order QCD radiation of V ∗g → qg as well as the boson-gluon fusion pro-

ess of V ∗g → qq̄ have to be onsidered. Furthermore, the parton shower

approah has been introdued to take higher than �rst order QCD ef-

fets into aount [12℄. Therefore the DIS ross setion an be formally

expressed as

σNC(CC) = σBorn
NC(CC)(1 + δqed

NC(CC))(1 + δweak
NC(CC))(1 + δqcd

NC(CC)) (1)

[13℄, where σBorn
NC(CC) is the Born ross setion, δqed

NC(CC), δ
weak
NC(CC), and

δqcd
NC(CC) are, respetively, the QED, weak, and the QCD radiative or-

retions.
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Fig. 3: (olor online) Multipliity of DIS normalized spei� harged hadron as a

funtion of z in the e−+p (upper panel) and e−+D (lower panel) DIS at 27.6 GeV

eletron beam energy.

In the lowest-order perturbative QCD theory, the NC/CC DIS Born

ross setion of the unpolarized eletron on an unpolarized nuleon an

be expressed by the struture funtions F1, F2, F3 as follows [14℄

d2σI
dxdy

=
4πα2

xyQ2
ηI

((

1− y − x2y2M2

Q2

)

F I
2 + y2xF I

1

)

∓ 4πα2

xyQ2
ηI

((

y − y2

2

)

xF I
3

)

(2)

where the mass of the inident and sattered leptons are negleted. In

the above equation, I denotes NC or CC. α stands for the �ne struture
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onstant. x ≡ xB and y are the Bjorken saling variable and fration

energy of γ/Z/W boson, respetively. Q2
is the negative squared 4-

momentum transfer. M refers to the mass of target nuleon. ηNC = 1,
ηCC = (1± λ)2ηW , and

ηW =
1

2

(

GFM
2
W

4πα

Q2

Q2 +M2
W

)

(3)

GF =
e2

4
√
2sin2θWM2

W

(4)

where MW and θW are the mass of W boson and the Weinberg angle,

respetively. λ = ±1 is the heliity of the inident lepton.

The struture funtions above an be expressed by the parton dis-

tribution funtion of nuleon in the quark-parton model [15℄. Presently

we an not alulate PDF from the �rst priniples and PDF an only be

extrated from the QCD �ts with a measure of the agreement between

the experimental data of lepton-nuleon DIS ross setions and the the-

oretial models [16℄. With the PDFs at hand, we are able to alulate

the lepton-nuleon DIS ross setion. The blak urve in Fig. 2 gives

the unpolarized e−+p DIS total ross setion alulated with HERA-

PDF1.5 LO [17℄ PDF set [18℄. In the alulation the uts are �rst set

for Q2 > 1 GeV and W 2 > 1.96 Gev (W 2
is the squared invariant mass

of the photon-nuleon system) and then the uts in x and y are derived

aording to the relationships among kinemati variables and cos2θ ≤ 1.
The red and blue data points in Fig. 2 are, respetively, the total ross

setion of pp and γp ollisions opied from [14℄.

One knows well that the inident proton, in the p+Au ollisions at

RHIC energies for instane, may ollide with a few (∼2-5) nuleons when
it passes through the gold target. Sine the e−+p DIS total ross setion

is a few order of magnitude smaller than the pp ollision at the range of√
s <1000 GeV (f. Fig. 2), one may expet that the inident eletron,

in this energy range, may su�er at most one DIS with the nuleon when

it passes through the target nuleus. The struk nuleon is the one with

lowest approahing distane from the inident eletron. This is the same

for other inident leptons beause the lepton-nuleon DIS total ross

setion is not so muh di�erent among the di�erent leptons [18℄.
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Therefore in the pioneer studies [19℄ for the lepton-nuleus DIS by

PYTHIA + BUU transport model, the FRITIOF 7.02 model [20℄ or

PYTHIA 6.2 [21℄ was employed to generate a lepton-nuleon DIS event.

The generated hadroni �nal state was then input into the BUU (Boltzmann-

Uehling-Uhlenbek) equation [22℄ onsidering the �nal state hadroni

interation (hadroni resattering). This PYTHIA + BUU transport

model suessfully desribed the HERMES data of the ratio of DIS nor-

malized harged hadron multipliity in the lepton-A (nuleus) DIS to the

one in the lepton-deuteron DIS, for the 27.5 GeV eletron beam energy

e++14
N and e++84

Kr DIS [23℄.

3. Results

As mentioned in [8, 24℄ the measured hadron multipliity in SIDIS has

�rst to be orreted for the radiative e�ets, the limitations in geometri

aeptanes, and the detetor resolution. The Born-level multipliity

is then obtained. Therefore, the DIS (total yield) normalized Born-level

multipliity of the h type hadrons as a funtion of z (the frational energy
of hadron h) in the lepton SIDIS o� a nulear target an be expressed as

1

NDIS

dNh

dz
=

1

NDIS

∫

d5Nh(xB , Q
2, z, Ph⊥

, φh)dxBdQ
2dPh⊥

dφh (5)

[8℄, where NDIS refers to the DIS total yield, Ph⊥ is the omponent

of the hadron momentum Ph, transverse to q (the 4-momentum of the

mediator γ/Z/W ) and φh stands for the azimuthal angle between the

lepton sattering plane and the hadron prodution plane. Thus one may

ompare the alulated

1
NDIS

dNh

dz
in the full kinemati phase spae with

the HERMES data, like done in [8, 24℄.

In the PACIAE 2.2 model simulations, the model parameters are

all �xed the same as the default values given in PYTHIA. Figure 3

gives the omparison of the HERMES

1
NDIS

dNh

dz
data (solid irles) [8℄

to the orresponding results of the PACIAE 2.2 model (open irles),

HLMC (solid line), and the LOQCD (dashed line). Here HLMC refers

to the HERMES Lund Monte Carlo. HLMC is a ombination of the

DIS event generator Lepto [12℄ based on JETSET 7.4 and PYTHIA
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Fig. 4: (olor online) The e�et of parameter α (left panels) and β (right panels) in

the Lund string fragmentation funtion on

1
NDIS

dN
h

dz
in the e−+p (upper panels) and

e−+D (lower panels) DIS at 27.6 GeV eletron beam energy.

5.7 [25℄, the detetor simulation program based on GEANT [26℄, and the

HERMES reonstrution program [24℄. The HLMC results in Fig. 3 were

alulated with �tting thirteen model parameters to the multipliity as a

funtion of z, pT (transverse momentum), and η (pseudorapidity) of the

π−
, K−

, and p̄ [24℄. The LOQCD results in Fig. 3 were alulated in the

framework of ollinear fatorization at the leading order perturbative

QCD [8, 27℄. In Fig. 3 one sees that the default PACIAE fairly well

reprodues the HERMES data. Meanwhile, the e�et of α and β
parameters in the Lund string fragmentation funtion [10℄

f(ẑ) ∝ 1

ẑ
(1− ẑ)α exp(−βm2

T

ẑ
) (6)
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T a b l e 1: DIS normalized multipliity of π+
, π−

, K+
and K−

in the

e−+p DIS.

E�et of α with default β=0.58 E�et of β with default α=0.3
α π+ π− K+ K− β π+ π− K+ K−

0.2 1.331 0.9591 0.1164 0.04406 0.39 1.355 0.9834 0.1204 0.04828

0.3 1.339 0.9666 0.1177 0.04646 0.58 1.339 0.9666 0.1177 0.04646

0.45 1.351 0.9785 0.1196 0.04732 0.87 1.315 0.9419 0.1132 0.04161

T a b l e 2: DID normalized multipliity of π+
, π−

, K+
and K−

in the

e−+D DIS.

E�et of α with default β=0.58 E�et of β with default α=0.3
α π+ π− K+ K− β π+ π− K+ K−

0.2 1.314 1.364 0.1203 0.05538 0.39 1.351 1.407 0.1269 0.06116

0.3 1.326 1.383 0.1219 0.05696 0.58 1.326 1.383 0.1219 0.05696

0.45 1.345 1.399 0.1239 0.05919 0.87 1.288 1.342 0.1161 0.05192

on the multipliity is investigated. In the above equation ẑ refers to the

fration lightone variable taken by the fragmented hadron out of the

fragmenting partile and m2
T = p2T + m2

0 where m0 refers to the rest

mass of the fragmented hadron. The results are given in the tables 1

and 2 as well as in �gure 4. We see here that the multipliity inreases

(dereases) with α (β) inreasing. The e�et shown in the di�erential

observable

1
NDIS

dNh

dz
is weak but visible, as shown in Figs 4.

4. Conlusions

In summary, we have upgraded the the parton and hadron asade model

PACIAE 2.1 to a new issue PACIAE 2.2 involving the lepton-nuleon and

lepton-nuleus DIS. The PACIAE 2.2 is then employed investigating the

DIS normalized spei� harged hadron multipliity as funtion of z,
1

NDIS

dNh

dz
, in the 27.6 GeV eletron beam energy e−+p and e−+D SIDIS.

The PACIAE 2.2 results alulated with default parameters reprodue

fairly well the orresponding HERMES data [8℄.

Additionally, we have investigated the e�et of model parameters α
and β in the Lund string fragmentation funtion. It turned out that
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the partile multipliity inreases (dereases) with α (β) inreasing. The
e�et on the global observable yield is not small, but on the di�erential

observable of

1
NDIS

dNh

dz
is just visible. These e�ets are expeted to be

inreased with inreasing reation energy and system size.
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Abstrat

The PYTHIA 6.4 model and the extended parton and hadron asade

model PACIAE 2.2 are utinized to omparatively investigate the DIS

normalized spei� harged hadron multipliity in the eletron semi-

inlusive deep-inelasti sattering o� proton and deuteron at 27.6 GeV

beam energy. The PYTHIA and PACIAE results alulated with de-

fault model parameters not well and fairly well reprodue the orre-

sponding HERMES data, respetively. In addition, we have studied

the e�ets of the di�erenes between the PYTHIA and PACIAE mod-

els on the multipliity.

1. Introdution

Sine the eighties of last entury the lepton inlusive and semi-inlusive

deep inelasti sattering (DIS and SIDIS) o� nulear target have beome

one of the most ative frontiers between the nulear and partile physis.

They have greatly ontributed to the partoni struture of hadron [1℄, the

parametrization of parton distribution funtion (PDF) [2℄, and the nu-

lear medium e�et on PDF (EMC e�et) [3℄. They also play important

136
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role in the hardronization of initial partoni state, the spae-time evo-

lution of the fragmentation proess, and the extration of polarization-

averaged fragmentation funtion (FF) [4, 5℄.

The multipliity data of spei� harged hadron (π+
, π−

, K+
, K−

)

in the unpolarized SIDIS are ruial for distinguishing the quark frag-

mentation funtion of Dh
q (z,Q

2) from the antiquark one of Dh
q̄ (z,Q

2) (z
and Q2

are de�ned in Tab. 1 where the kinemati variables often used

in DIS are listed). Thus those multipliity data are important for a re-

liable extration of the FF. Reently, the HERMES ollaboration has

measured the harged pions and kaons multipliity in the 27.6 GeV ele-

tron SIDIS o� proton and deuteron [6℄. Meanwhile, they have ompared

their DIS normalized data to the HERMES Lund Monte Carlo (HLMC)

simulations with thirteen model parameters tuned to the multipliity

as a funtion of z, pT (hadron transverse momentum), and η (hadron

pseudorapidity) of the π−
, K−

, and p̄ [6, 7℄. HLMC is a ombination of

the DIS event generator Lepto [8℄ (based on JETSET 7.4 and PYTHIA

5.7 [9℄), the detetor simulation program (based on GEANT [10℄), and

the HERMES reonstrution program [7℄.

Fig. 1: (olor online) Leading order (Born approximation) Feynman diagram of the

neutral urrent (NC, left panel) and harged urrent (CC, right panel) e−+p DIS.

In this paper the PYTHIA 6.4 [11℄ model and on whih based model

of PACIAE 2.2 [12℄ (simpli�ed as PYTHIA and PACIAE, respetively,

later) are employed to alulate the DIS normalized π+
, π−

,K+
, andK−

multipliities in the 27.6 GeV eletron SIDIS o� the proton and deuteron

targets. The PACIAE 2.2 model is a new issue of the PACIAE model

updated presently from PACIAE 2.1 [13℄ in order to over the lepton-

nuleon and lepton-nuleus DIS (SIDIS). The DIS normalized spei�
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T a b l e 1: Kinemati variables in the lepton-nuleon DIS.

k =
(

E,~k
)

, k′ =
(

E′, ~k′

)

inident, sattered lepton 4-momentum

P
lab
=

(

M,~0
)

4-momentum of the target nuleon

q = k − k′
squared 4-momentum transfer (4-momentum of the

virtual photon)

Q2 = −q2
lab≈ 4EE′sin2

(

θ
2

)

Negative squared 4-momentum transfer

ν = P ·q

M

lab
= E − E′

Energy transfer to the target nuleon

W 2 = (P + q)2 Squared invariant mass of the photon-nuleon system

y = P ·q

P ·k

lab
= v

E
Frational energy of the virtual photon (inelastiity)

z = P ·Ph

P ·q

lab
= Eh

ν
Frational energy of hadron h

xB = Q2

2P ·q

lab
= Q2

2M·ν
Bjorken saling variable

φh Azimuthal angle between the lepton sattering

plane and the hadron prodution plane

Ph⊥

lab
=

|~q×~Ph|
|~q|

Component (transverse to q) of the hadron momentum (Ph)

harged hadron multipliity as a funtion of z in the e−+p and e−+D
SIDIS at 27.6 GeV beam energy alulated by PYTHIA and PACIAE

with default model parameters is not well and fairly well onsistent with

the HERMES data [6℄, respetively. The default PYTHIA results in

e−+D SIDIS is alulated as the average of the default PYTHIA results

in e−+p and e−+n (neutron) SIDIS at the same beam energy.

2. Models

The PACIAE model [13℄ is based on PYTHIA [11℄. However, the PYTHIA

model is for high energy elementary ollision (e+e−, hadron-hadron (hh)
ollisions, and lepton-hadron DIS) but PACIAE is also for lepton-nulear

and nulear-nulear ollisions. In the PYTHIA model a hh ollision,

for instane, is desribed in term of parton-parton ollisions. The hard

parton-parton ollision is dealt by the LO-pQCD parton-parton ross se-

tion with the modi�ation of parton distribution funtion in a hadron.

The soft parton-parton ollision, a non-perturbative proess, is onsid-
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Fig. 2: (olor online) Next to leading order Feynman diagrams of NC and CC e−+p
DIS.

ered empirially. The initial- and �nal-state QCD radiations as well

as the multiparton interations are taken into aount. So the onse-

quene of a hh ollision is a partoni multijet state omposed of the

diquarks (anti-diquarks), quarks (antiquarks), and the gluons, besides a

few hadroni remnants. It is followed by the string onstrution and frag-

mentation, thus a �nal hadroni state is obtained for a hh (pp) ollision
eventually.

In the PACIAE model, the nuleons in a olliding nuleus are �rst

randomly distributed in the spatial oordinate spae aording to the

Woods-Saxon distribution. The partiipant nuleons, resulted from Glauber

model alulation for a nuleus-nuleus ollision, are required to be in-

side the overlap zone, formed when two olliding nulei path through

eah other at a given impat parameter. The spetator nuleons are

required to be outside the overlap zone but inside the nuleus-nuleus

ollision system. If the beam diretion is set on z axis, then px = py = 0
and pz = pbeam are set for nuleons in the projetile for both the �xed

target and ollider. px = py = pz = 0 and px = py = 0 as well as

pz = −pbeam are set for nuleons in the target for both the �xed target

and ollider, respetively.

A nuleus-nuleus ollision is then deomposed into nuleon-nuleon

(NN) ollision pairs aording to the nuleon straight-line trajetories

and the NN total ross setion. Eah NN ollision is dealt by PYTHIA
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Fig. 3: (olor online) The total ross setion of pp and γp ollisions as well as leading

order e−p DIS.

with string fragmentation swithed-o� and diquarks (anti-diquarks) bro-

ken into quarks (anti-quarks). A partoni initial state (omposed of the

quarks, antiquarks, gluons, and a few hadroni remnants) is obtained for

a nuleus-nuleus ollision after all the NN ollision pairs were ollided.

This partoni initial stage is followed by a parton evolution stage.

In this stage, the partoni resattering is performed by the Monte Carlo

method with 2 → 2 LO-pQCD parton-parton ross setions [14℄. The

hadronization stage follows the parton evolution stage. The Lund string

fragmentation model and a phenomenologial oalesene model are pro-

vided for the hadronization. However, the string fragmentation model is

seleted in the present alulations.

Then the resattering among produed hadrons is dealt with usual

two body ollision model [13℄. In this hadron evolution stage, only the

resatterings among π, K, ρ(ω), φ, p, n, ∆, Λ, Σ, Ξ, Ω, and their

antipartiles are onsidered for the simpliity.

For p+p and p+A (A+p) ollisions, the overlap zone is not intro-

dued presently. We deal with the l+p (l+n) and l+A DIS (SIDIS) like

the p+p and p+A ollisions, respetively. However, instead of the NN
total ross setion, the lepton-nuleon DIS total ross setion is used



141

10
-2

10
-1

10
0

1/
N

D
IS

dN
h /d

z

0.2 0.4 0.6 0.8
z

10
-3

10
-2

10
-1

1/
N

D
IS

dN
h /d

z

HERMES
HLMC (tuned)
PYTHIA (default)
PACIAE (default)

0.2 0.4 0.6 0.8
z

e
-
+P  27.6 GeV

K
+ K

-

π+ π-

Fig. 4: (olor online) Multipliity of DIS normalized spei� harged hadron as a

funtion of z in the e−+p SIDIS at 27.6 GeV beam energy.

and the lepton is assumed not resolvable in the PYTHIA and PACIAE

models.

Fig. 1 shows the leading order (Born approximation) Feynman dia-

gram for the neutral urrent (NC, the exhange of γ/Z boson, left panel)

and harged urrent (CC, the exhange of W±
boson, right panel) e−+p

DIS. The next to leading order ontribution (as shown in Fig. 2) and the

higher order ontributions are usually negligible [15℄.

There are two verties in the left panel of Fig. 1, for instane. At

the upper boson vertex the initial state QED and weak radiations have

to be onsidered. At the lower boson vertex, not only the leading order

parton level proess of V ∗q → q (V ∗
refers to γ/Z/W ) but also the �rst

order QCD radiation of V ∗g → qg as well as the boson-gluon fusion

proess of V ∗g → qq̄ have to be introdued. Furthermore, the parton

shower approah has been introdued to take higher than �rst order QCD

e�ets into aount [8℄. Therefore the DIS ross setion an be formally
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expressed as

σNC(CC) = σBorn
NC(CC)(1 + δqed

NC(CC))(1 + δweak
NC(CC))(1 + δqcd

NC(CC)) (1)

[15℄, where σBorn
NC(CC) is the Born ross setion, δ

qed

NC(CC) and δweak
NC(CC) are,

respetively, the QED and weak radiative orretions, the QCD radiative

orretion of δqcd
NC(CC) is formally introdued in this paper. In the lowest-

order perturbative QCD theory, the NC/CC DIS Born ross setion of

the unpolarized eletron on an unpolarized nuleon an be expressed by

the struture funtions F1, F2, F3 as follows [16℄

d2σI
dxdy

=
4πα2

xyQ2
ηI

((

1− y − x2y2M2

Q2

)

F I
2 + y2xF I

1

)

∓ 4πα2

xyQ2
ηI

((

y − y2

2

)

xF I
3

)

(2)

where the mass of the initial and sattered leptons are negleted. In the

above equation, I denotes NC or CC. x ≡ xB and y are the Bjorken

saling variable and fration energy of γ/Z/W boson (f. Tab. 1), re-

spetively. α stands for the �ne struture funtion, M for the mass of

target nuleon. ηNC = 1, ηCC = (1± λ)2ηW , and

ηW =
1

2

(

GFM
2
W

4πα

Q2

Q2 +M2
W

)

(3)

GF =
e2

4
√
2sin2θWM2

W

(4)

where MW and θW are the mass of W boson and Weinberg angle, re-

spetively. λ = ±1 is the heliity of the inident eletron.

The struture funtions above an be expressed by the parton distri-

bution funtion of nuleon in the quark-parton model [17℄. Although the

PDF an not be alulated by �rst priniple, it an be extrated from

the QCD �ts by a measure of the agreement between the experimental

data of lepton-nuleon DIS ross setion and the theoretial models [18℄.

The e−+p DIS total ross setion alulated with HERAPDF1.5 LO [19℄
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PDF set, is given in Fig. 3 by blak urve [20℄. The red and blue irles in

this �gure are, respetively, the total ross setion of pp and γp ollisions

opied from [16℄. One knows well that the inident proton, in the p+Au

ollisions at RHIC energies for instane, may ollide with a few (∼3-5)
nuleons when it passes through the gold target. Sine the e−+p DIS

total ross setion is a few order of magnitude small than pp ollision at

the

√
s range of

√
s <1000 GeV, one may expet that the inident ele-

tron, in this energy range, may su�er at most one DIS with the nuleon

when it passes through the target nuleus. The struk nuleon is the one

with lowest approahing distane from the inident eletron. This is the

same for other inident leptons beause the DIS total ross setion is not

so muh di�erent among the di�erent leptons [20℄.
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Fig. 5: (olor online) Multipliity of DIS normalized spei� harged hadron as a

funtion of z in the e−+D SIDIS at 27.6 GeV beam energy.

3. Results

As mentioned in [6, 7℄ the measured hadron multipliity in the e−+p
and e−+D SIDIS at 27.6 GeV beam energy has �rst to orret for the
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radiative e�ets, limitations in geometri aeptanes, and the dete-

tor resolution. The Born-level multipliity is then obtained in order to

bene�t the PDF extration, et. Then they normalized this Born-level

multipliity by the total DIS yield to redue the unertainties in the

orretions above. This is of bene�t to the omparison among the di�er-

ent experimental measurements and between the experiment and theory.

The Born-level multipliity of the type h hadrons as a funtion of z in

the lepton SIDIS o� a nulear target, for instane, an be expressed as

1

NDIS

dNh

dz
=

1

NDIS

∫

d5Nh(xB , Q
2, z, Ph⊥

, φh)dxBdQ
2dPh⊥

dφh. (5)

Therefore, we an ompare the default PYTHIA and PACIAE results of

1
NDIS

dNh

dz
alulated in the full kinemati phase spae to the DIS nor-

malized HERMES data, like in [6, 7℄.

In the default PYTHIA and PACIAE model simulations, the model

parameters are unhanged. The default PYTHIA (blak dashed line)

and PACIAE (blue open irles) results of

1
NDIS

dNh

dz
are ompared with

the HERMES data (blak solid irles) as well as the results of HLMC

(blak line) in the Figure 4 for π+
(upper left panel), π−

(upper right),

K+
(lower left), andK−

(lower right) in the e−+p SIDIS at the 27.6 GeV
beam energy. One sees in this �gure that the default PACIAE results

reprodue HERMES data nearly as good as HLMC (with thirteen tuned

model parameters). However, the default PYTHIA results disagree with

HERMES data. Figure 5 is the same as Fig. 4 but for e−+D SIDIS at

the same beam energy. For Fig. 5 one may draw a similar onlusion like

Figure 4.

Table 2 lists the disrepanies between the PYTHIA and PACIAE

models. In the event generation there is no extra requirement in the

PYTHIA model but is requirement of having one parton (quark, anti-

quark, or gluon) at least in eah event in the PACIAE model. In the

Figs. 6 and 7, the blak dashed line is the default PYTHIA results, the

blue irles are the default PACIAE results, and the red dash-dotted line

is the results of PACIAE without both the PRS and HRS resatterings.

The later two are lose to eah other, whih really proves the small e�et

of both the PRS and HRS in the e−+p and e−+D SIDIS, beause the

reation systems here are quite small.
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Fig. 6: (olor online) Multipliity of DIS normalized spei� harged hadron as a

funtion of z in the e−+p SIDIS at 27.6 GeV beam energy.

The blak open triangles, in the �gures 6 and 7, are the default PA-

CIAE results alulated without the requirement of having one parton

at least in eah generated event. These results are not di�erent so muh

from the blue open irles (default PACIAE results alulated with event

requirement). Thus the initial partoni state, introdued in the PACIAE

model but not in PYTHIA, should be the main reason of the large dis-

repany between the default PYTHIA and PACIAE results. This dif-

ferene auses the dynamial simulation proess in the PACIAE model

is quite di�erent from the one in the PYTHIA model.

In the Figures 6 and 7 the blak solid lines are alulated by the

default PYTHIA model with the requirement of having one pion or kaon

at least in eah generated event. One sees here that the default PYTHIA

results with the requirement (blak solid line) is onsiderably larger than

the one without the requirement (blak dashed line). It may mean the

event generated by the default PYTHIA is not ompletely DIS, whih

has to be study further.
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funtion of z in the e−+D SIDIS at 27.6 GeV beam energy.

4. Conlusion

In summary, We have employed the PYTHIA 6.4 and the extended

parton and hadron asade model PACIAE 2.2 to investigate the DIS

normalized spei� harged hadron multipliity,

1
NDIS

dNh

dz
, measured by

HERMES in the e−+P and e−+D SIDIS at 27.6 GeV bean energy. The

PYTHIA and PACIAE results, alulated with default model parame-

ters, not well and fairly well reprodue the HERMES data [6℄, respe-

tively.

Additionally, we have investigated the e�ets of the di�erenes be-

tween the PYTHIA and PACIAE models, i.e the e�et of both the ini-

tial state PRS and �nal state HRS as well as the event requirement. It

turned out that the e�et of both the PRS and HRS is weak beause of

the small reation system of e−+p and e−+D SIDIS. The event require-

ment of having one parton (quark, antiquark, or gluon) at least in eah

generated initial partoni state introdued in the PACIAE model plays a

visible role. However the e�et of the requirement of having at least one
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T a b l e 2: Disrepanies between the PYTHIA and PACIAE models

item PYTHIA PACIAE

Partoni initial state not introdued introdued

Initial state PRS no yes

Final state HRS no yes

Event requirement no yes

pion or kaon in eah event generated by the PYTHIA model is relatively

strong. The main reason, whih auses a disrepany between the de-

fault PACIAE and PYTHIA results, should be attributed to the initial

partoni state, introdued in the PACIAE model but not in PYTHIA.
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Abstract

We discuss gluon collective modes (plasmons) in a weakly anisotropic
quark-gluon plasma. The momentum distribution of plasma con-
stituents is obtained by squeezing or stretching an isotropic distribution
in one direction. The dispersion equations are solved analytically and
numerically. The number of solutions, which depends on the length and
orientation of the wave vector, is found by means of a Nyquist analysis.

1. Introduction

The spectrum of collective excitations is a fundamental characteristic
of any many-body system. It carries a great deal of information about
the thermodynamic and transport properties of an equilibrium system,
and also controls to a large extent the temporal evolution of a non-
equilibrium one. In the quark-gluon plasma there are collective modes
that correspond to plasma particles, that is, quarks and (transverse)
gluons, and there are also collective excitations which are genuine many-
body phenomena like longitudinal gluon modes (longitudinal plasmons)
and phonons. We present here some results of our very detailed study [1]
on longitudinal and transverse gluon collective modes - plasmons, which
play a crucial role in the dynamics of quark-gluon plasma.

The quark-gluon plasma (QGP) occurs as a transient state in rel-
ativistic heavy-ion collisions, see e.g. [2]. The momenta of the partons
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produced at the earliest stage of the collisions are mostly along the beam,
which means that the characteristic longitudinal momentum is bigger
than the transverse one. The momentum distribution is thus elongated
along the beam - it is prolate. The distribution evolves - mostly due to
the free streaming - and, as discussed in e.g. [3], it becomes squeezed
along the beam or oblate with the characteristic transverse momentum
bigger than typical longitudinal momenta. The system moves towards
an isotropic local equilibrium state. The equilibration process is not
fully understood but it is clear that the spectrum of collective excita-
tions of preequilibrium quark-gluon plasma is a key ingredient of any
thermalization scenario.

Plasmons in anisotropic quark-gluon plasma have been studied re-
peatedly, see the review [4] and the papers [5–7] but the existing analy-
ses are not complete. We discuss here gluon collective modes in weakly
anisotropic quark-gluon plasma. Following Romatschke and Strickland
[5, 6] the momentum distribution of plasma constituents is obtained by
squeezing or stretching an isotropic distribution in one direction. The
dispersion equations are solved both analytically and numerically, and
the number of solutions, which depends on the length and orientation of
the wave vector, is found by means of a Nyquist analysis. The weakly
anisotropic system is particularly interesting because it differs qualita-
tively from the isotropic one and its general features survive even in case
of strong anisotropy. It is also important that the weakly anisotropic
plasma can be treated analytically to a large extent.

Throughout the paper we use natural units where ~ = c = 1. The
indices i, j, k = 1, 2, 3 label the Cartesian spatial coordinates.

2. Formulation of the problem

Dispersion equation for plasma collective excitations can be obtained
using either the field theory methods or kinetic theory. The equation,
which is the condition for existence of solutions of the homogeneous
equation of motion, reads

det[Σ(ω,k)] = 0, (1)
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where ω is the frequency, k denotes the wave vector and the matrix Σ is
defined as

Σij(ω,k) ≡ −k2δij + kikj + ω2εij(ω,k) (2)

with εij(ω,k) being the chromodielectric tensor. For a locally colorless
anisotropic plasma in the collisionless limit or equivalently at the one-
loop level, the dielectric tensor equals

εij(ω,k) = δij +
g2

2ω

∫
d3p

(2π)3
vi

ω − v · k + i0+

×
((

1− k · v
ω

)
δjk +

vjkk

ω

)
∇kpf(p), (3)

where p and v ≡ p/|p| are the momentum and velocity of a massless
parton, and f(p) is the effective parton distribution function. For the
SU(Nc) gauge group f(p) = n(p) + n̄(p) + 2Ncng(p), where n(p), n̄(p),
ng(p) are the distribution functions of quarks, antiquarks and gluons of
a single color component. We note that the chromodielectric tensor does
not carry any color indices, as the state corresponding to the momentum
distribution f(p) is assumed to be colorless.

The dielectric tensor is fully determined by the momentum distri-
bution of plasma constituents which, following Romatschke and Strick-
land [5], we choose in the form

fξ(p) = Cξfiso
(√

p2 + ξ(p · n)2
)
, (4)

where fiso(|p|) is an isotropic distribution, Cξ is a normalization con-
stant, n is a unit vector, usually chosen along the bean direction, and
the parameter ξ ∈ (−1,∞) controls the shape of the distribution. When
ξ = 0 the distribution is isotropic. For −1 < ξ < 0 the distribution is
elongated in the direction of n - it is prolate. For ξ > 0 the distribution
is squeezed in the direction of the vector n - it is oblate - becoming more
and more oblate as the parameter ξ increases.

There is some freedom in choosing the normalization constant Cξ
of the distribution (4). As the whole spectrum of collective excitations
depends in case of massless partons on a single mass parameter, we
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require the momentum distribution (4) to be normalized so that

m2 ≡
∫

d3p

(2π)3
fξ(p)

|p|
=

∫
d3p

(2π)3
fiso(|p|)
|p|

, (5)

where the parameter m is the usual Debye mass. The normalization
constant then equals

Cξ =


√
|ξ|

Arctanh
√
|ξ|

for − 1 ≤ ξ < 0,
√
ξ

Arctan
√
ξ

for 0 ≤ ξ.
(6)

To solve the general dispersion equation (1), one must either find the
zeros of the determinant of the matrix Σ (2), or invert Σ and find the
poles of the inverted matrix. We follow the second strategy.

The first step is to decompose the matrix Σ using a complete set
of projection operators. Since the momentum distribution is deformed
in only one direction given by the vector n, an arbitrary symmetric
tensor which depends on two vectors can be decomposed in terms of
four projection operators. As in Ref. [5], we introduce the vector nT
transverse to k, which equals

niT =
(
δij − kikj

k2

)
nj , (7)

and define four projectors

Aij(k) = δij − kikj

k2 , Bij(k) = kikj

k2 ,

Cij(k,n) =
ni
Tn

j
T

n2
T
, Dij(k,n) = kinjT + kjniT .

(8)

Using this projector basis, the matrix Σ can be decomposed as

Σij = aAij + bBij + cCij + dDij , (9)

where the coefficients a, b, c, d depend on ω and k. Decomposing the
inverse matrix in the same way, one finds

(Σ−1)ij =
1

a
Aij +

−a(a+ c)Bij + (−d2k2n2
T + bc)Cij + adDij

a(d2k2n2
T − b(a+ c))

. (10)
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As seen, the dispersion equations are

a(ω,k) = 0, (11)

b(ω,k)
(
a(ω,k) + c(ω,k)

)
− k2n2

Td
2(ω,k)

ω2
= 0. (12)

The factor 1/ω2 is introduced in the second equation to remove two
trivial zero solutions that are of no physical interest.

When the anisotropy is weak, the coefficient d(ω,k), as explained in
Sec. 3, can be neglected and the second dispersion equation (12) factors
into two simpler equations

b(ω,k)

ω2
= 0, (13)

a(ω,k) + c(ω,k) = 0. (14)

We refer to solutions of the dispersion equation (11) as A−modes, and
to the solutions of the equations (13, 14) as B−modes and C−modes,
respectively. In the B−mode equation we have again removed two zero
solutions.

Solutions ω(k) of the dispersion equations represent plasmons or
gluon collective modes. There are transverse plasmons, for which the
chromoelectric field is transverse to the wave vector k, and longitudinal
plasmons with chromoelectric field parallel to k. The transverse modes
correspond to oscillations of current, and the longitudinal ones to oscil-
lations of charge density.

A mode is called unstable if =ω(k) > 0, because the amplitude
∼ e=ω(k) t grows exponentially in time. When =ω(k) ≤ 0, the mode is
stable. The mode is damped whenever =ω(k) < 0 and it is over-damped
when additionally <ω(k) = 0. We have shown that there are no complex
solutions of the dispersion equations (11, 12), only pure real and pure
imaginary ones. The real solutions correspond to undamped propagat-
ing modes, and the imaginary ones to unstable or over-damped modes
(depending on the sign of the solution). Every solution has a partner
with opposite sign. In the case of imaginary solutions, every unstable
mode has a partner over-damped mode.
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3. Collective modes

The coefficients a, b, c, d can be computed analytically for |ξ| � 1. For a
and b there are contributions of order ξ0 which are just the results for the
isotropic plasma. All four functions a, b, c, d have contributions of order ξ.
Since the coefficient d enters the dispersion equation (12) quadratically,
it does not contribute to linear order in ξ and the dispersion equation
factorizes into two pieces, so that we have the three dispersion equations
of A−modes (11), B−modes (13) and C−modes (14).

In the following three subsections we discuss solutions of the disper-
sion equations (11, 13, 14).

3.1. A−modes

The Nyquist analysis, which is performed in [1], shows that the dispersion
equation (11) has four solutions when

k2 − ξ m
2

3
cos2 θ < 0 (15)

(θ is the angle between k and n) and two solutions otherwise. The
condition (15) is never fulfilled for the prolate plasma (ξ < 0) and it is
fulfilled for any oblate momentum distribution (ξ > 0) when

k < kA ≡ <
√
ξ

3
m| cos θ|. (16)

Because of the real value in the definition of kA, it vanishes for ξ < 0.
When ω2 � k2, Eq. (11) is solved by

ω2(k) ≈ m2

3

(
1− ξ

15

)
+

6

5

[
1 +

ξ

14

( 4

15
+ cos2 θ

)]
k2, (17)

which reduces to the well-known transverse plasmon for ξ = 0. The plas-
mon mass, which is given by the first term on the right side of Eq. (17),
depends on the anisotropy parameter ξ but is independent of the orien-
tation of the wave vector k. When compared to isotropic plasma, the
plasmon mass is smaller for oblate momentum distributions (ξ > 0) and
bigger for prolate ones (ξ < 0).
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When the condition (16) is satisfied, which occurs only for the oblate
system (ξ > 0), one also finds pure imaginary solutions by substituting
ω = iγ with γ ∈ R and assuming that γ2 � k2. There are two solutions

γ(k) ≈ ±1

2

(√λ2

k2
+ 4(k2A − k2)−

λ

k

)
. (18)

where kA is given by Eq. (16) and

λ ≡ π

4

[
1− ξ

2

(1

3
− 3 cos2 θ

)]
m2. (19)

The solutions (18) represent the unstable and overdamped transverse
modes.

3.2. B−modes

According to the Nyquist analysis [1], there are always two solutions of
the dispersion equation (13) which describes longitudinal modes. In the
limit ω2 � k2, one finds these solutions analytically as

ω2(k) ≈ m2

3

[
1 +

ξ

5

(
− 1

3
+ cos2 θ

)]
+

3

5

[
1 +

4ξ

35

(
1− 3 cos2 θ

)]
k2, (20)

which reduce to the well-known longitudinal plasmon when ξ = 0. The
first term on the right side gives the plasmon mass which depends on
the anisotropy parameter ξ and the orientation of wave vector k. Ones
shows that the longitudinal mode approaches the light cone as k →∞.

3.3. C−modes

The dispersion equation (14) has the richest structure. It has four solu-
tions when

k2 + ξ
m2

3

(
1− 2 cos2 θ

)
< 0 (21)

and two solutions otherwise. The condition (21) can be fulfilled for oblate
plasma (ξ > 0) when 1/2 < cos2 θ and for prolate plasma (ξ < 0) when
1/2 > cos2 θ. In both cases the wave vector must satisfy

k < kC ≡ m<
√
ξ

3

(
2 cos2 θ − 1

)
. (22)
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Fig. 1: Dispersion curves of plasmons in weakly oblate plasma with ξ = 0.1 for
θ = 30◦. The red (solid), blue (dotted) and green (dashed) lines represent the real
A−, B− and C− modes, respectively. The orange (dashed) and pink (solid) lines are
for the imaginary A− and C− modes. We show only the partners of positive ω or γ.

When the argument of the square root is negative, the real part of the
root is zero and the critical wave vector kC vanishes.

The real solutions in the long wavelength limit (ω2 � k2) are

ω2(k) ≈ m2

3

[
1 +

ξ

5

(2

3
− cos2 θ

)]
+

6

5

[
1− ξ

5

(23

42
− cos2 θ

)]
k2, (23)

which reduce to the well-known transverse plasmon when ξ = 0. The
plasmon mass, which is given by the first term on the right side, depends
on the anisotropy parameter ξ and on the orientation of k.

One also finds pure imaginary solutions by substituting ω = iγ with
γ ∈ R and assuming γ2 � k2. The dispersion equation and its solutions
have the same form as those given by Eq. (18), but the coefficient λ is
now defined as

λ ≡ π

4

[
1− ξ

2

(7

3
− 5 cos2 θ

)]
m2, (24)

and kA is replaced by kC given in Eq. (22).
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4. Discussion and final remarks

We have found a complete spectrum of plasmons in weakly anisotropic
QGP solving numerically the dispersion equations (11, 13, 14). The
numerical solutions agree very well with the approximated analytical
ones (17, 18, 20, 23) in the domains of their applicability. Fig. 1 shows
the spectrum for weakly oblate plasma (ξ = 0.1) at θ = 30◦. In the
main part of the figure there are the dispersion curves of the positive
real modes and the insert presents the positive imaginary solutions.

The real A−, B− and C−modes exist for all wave vectors and depend
only weakly on the angle θ between k and n. The real A− and C−modes
look very much like the real isotropic transverse mode. In addition to the
real modes, for weakly prolate plasma there is an imaginary C−mode
which exists for k < kC . The critical wave vector kC is maximal for
θ = 90◦. When θ decreases, kC also decreases until it reaches zero at
θ = 45◦ and the imaginary C−mode disappears. In a weakly oblate
system there are two imaginary modes seen in Fig. 1 when k < kC < kA.
Both kA and kC are maximal when θ = 0◦. As θ increases from 0◦,
kA and kC decrease. At θ = 45◦, kC goes to zero and the imaginary
C−mode disappears. The regime of the imaginary A−mode shrinks to
zero at θ = 90◦. There is a maximum of 8 modes for the prolate plasma
and 10 for the oblate plasma.

In comparison with the spectra of an isotropic system, the weakly
anisotropic plasma exhibits the following important differences.

• The transverse real mode, which is doubled in the isotropic case,
is now split into two slightly different A− and C−mode, which are
given by Eqs. (17, 23).

• In isotropic plasma, longitudinal and transverse plasmons have the
same plasma frequency ωp ≡ ω(k = 0) = m/

√
3, but in anisotropic

plasma there are three different plasma frequencies for the three
real modes.

• In isotropic plasma there are no imaginary solutions. In anisotropic
plasma the number of imaginary solutions depends on the magni-
tude and orientation of the wave vector k. In prolate plasma the
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number of imaginary solutions is zero or two (one pair) and in
oblate plasma there are zero, two (one pair) or four (two pairs)
imaginary modes.

There is no anisotropy threshold for the existence of unstable modes,
and even an infinitesimal anisotropy produces an instability. However,
when ξ → 0 the growth rate of instability (γ) decreases and the domain
of unstable modes shrinks. In this sense, the system becomes less and
less unstable as it tends to isotropy. When the effect of inter-parton
collisions is taken into account [11], the growth rates of unstable modes
are reduced and systems of small anisotropy are effectively stabilized.

A very detailed analysis of plasmons in the quark-gluon plasma is
given in our recent publication [1]. The momentum distribution of
plasma constituents varies from the extremely prolate through isotropic
to the extremely oblate.
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4. St. Mrówczyński, Acta Phys. Polon. B 37, 427 (2006).
5. P. Romatschke and M. Strickland, Phys. Rev. D 68, 036004 (2003).
6. P. Romatschke and M. Strickland, Phys. Rev. D 70, 116006 (2004).
7. P. B. Arnold, J. Lenaghan and G. D. Moore, JHEP 0308, 002 (2003).
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Abstract

The effective actions of gauge bosons, fermions, and scalars, which are
obtained within the hard-loop approximation, are shown to have unique
forms for a whole class of gauge theories including QED, scalar QED,
super QED, pure Yang-Mills, QCD, super Yang-Mills. The universality
occurs irrespective of a field content of each theory and of an variety
of specific interactions. Consequently, the long-wavelength or semi-
classical features of plasma systems governed by these theories, such as
collective excitations, are almost identical. An origin of the universality
is discussed.

1. Introduction

The hard-loop approach is a practical tool to describe plasma systems
governed by QED or QCD in a gauge invariant way which is free of
infrared divergences, see the reviews [1–4]. Initially, the approach was
developed within the thermal field theory [5, 6] but it was soon realized
that it can be formulated in terms of quasiclassical kinetic theory [7, 8].
The plasma systems under consideration were assumed to be in thermo-
dynamical equilibrium but the methods can be naturally generalized to
plasmas out of equilibrium [9,10].

An elegant and concise formulation of the hard-loop approach is
achieved by introducing an effective action derived for equilibrium and
non-equilibrium systems in [11–13] and [9, 14], respectively. The action
is a key quantity that encodes an infinite set of hard-loop n-point func-
tions. A whole gamut of long-wavelength characteristics of a plasma

160
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system is carried by the functions. In particular, the two-point functions
or self-energies provide response functions like permeabilities or suscep-
tibilities which control various screening lengths. The self-energies also
determine a spectrum of collective excitations (quasiparticles) that is a
fundamental characteristic of any many-body system.

One wonders how much a given plasma characteristic is different for
different plasma systems. It has been known for a long time that the
self-energies of gauge bosons in the long-wavelength limit are of the same
structure for QED and QCD plasmas [15]. Consequently, the collective
excitations and many other characteristics are the same, or almost the
same, in the two plasma systems [16].

Comparing systematically supersymmetric plasmas to their usual
counterparts, we have considered [17–19] a whole class of gauge theo-
ries including Abelian cases: QED, scalar QED, and N = 1 super QED
and nonAbelian ones: pure Yang-Mills, QCD, and N = 4 super Yang-
Mills. We have observed that the self-energies of gauge bosons, fermions,
and scalars, which are computed in the hard-loop approximation, have
unique structures for all considered theories irrespective of a field content
and of an variety of specific interactions. Consequently, the hard-loop
effective actions are essentially the same and so are long-wavelength char-
acteristics of plasma systems governed by the gauge theories of interest.
Although our findings are partially presented in [17–19], we have de-
cided to systematically elaborate on the problem. We explain an origin
of the universality and discuss its physical consequences and limitations.
All our results are collected in [20] and here we summarize the whole
analysis.

Throughout the paper we use the natural system of units with c =
~ = kB = 1; our choice of the signature of the metric tensor is (+−−−).

2. Self-energies

Our objective is to derive the effective action of all considered theories
in the hard-loop approximation. The action S can be found via the
respective self-energies which are the second functional derivatives of S
with respect to the given fields. Thus, the self-energies of gauge boson,
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fermion, and scalar fields equal

Πµν(x, y) =
δ2S

δAµ(x) δAν(y)
, (1)

Σ(x, y) =
δ2S

δΨ̄(x) δΨ(y)
, (2)

P (x, y) =
δ2S

δΦ∗(x) δΦ(y)
, (3)

where the field indices, which are different for different theories under
consideration, are suppressed. The action will be obtained in the sub-
sequent section by integrating the formulas (1)-(3) over the respective
fields.

We compute the self-energies, which enter Eqs. (1)-(3), diagrammat-
ically. The plasma systems under study are assumed to be homogeneous
in coordinate space (translationally invariant), locally colorless and un-
polarized, but the momentum distribution may be arbitrary. There-
fore, we use the Keldysh-Schwinger or real-time formalism, explained in
e.g. [21], which allows one to describe many-body systems both in and
out of equilibrium.

The comprehensive discussion of the polarization tensors of different
theories is presented in [20]. The differences between polarization tensors
lie both in the number of diagrams contributing to them and also in
their forms. We have the fermion, scalar, and gluon loops and the scalar
and gluon tadpoles which differently depend on the external momentum.
Accordingly, there is no surprise that the polarization tensors Πµν(k) are
quite different for each theory. However, when the external momentum
k is much smaller than the internal momentum p, which flows along the
loop and is carried by a plasma constituent, that is when the hard-loop
approximation (k � p) is applied, we get a very striking result: the
(retarded) polarization tensors of all theories are of the same form

Πµν(k) = CΠ

∫
d3p

(2π)3

fΠ(p)

Ep

k2pµpν − (kµpν + pµkν − gµν(k · p))(k · p)
(k · p+ i0+)2

,

(4)
where CΠ is some factor and fΠ(p) an effective distribution function
of plasma constituents. In case of non-supersymmetric plasmas, there
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is subtracted from the formula (4) the (infinite) vacuum contribution
which otherwise survives when fΠ(p) is sent to zero. The subtraction
is not needed for the supersymmetric theories where the vacuum effect
cancels out. The polarization tensor (4), which is chosen to obey the
retarded initial condition, is symmetric in Lorentz indices, Πµν(k) =
Πνµ(k), and transverse, kµΠµν(k) = 0, and thus it is gauge independent.
We note that the transversality of Πµν(k) is not an assumption but it
automatically results from the calculations, the details of which are given
in [17,19,22]. In case of nonAbelian theories, the transversality of Πµν(k)
requires us to include the Faddeev-Popov ghosts when the calculations
are performed in a covariant gauge. The problem of how to include the
ghosts in the Keldysh-Schwinger formalism is discussed in [22].

One wonders how the universality of the polarization tensor emerges.
This is not the case that every one-loop contribution behaves in the same
way in the long-wavelength limit. Just the opposite, the fermion loops
contribute differently than boson ones, and the tadpoles are different
than the loops. However, every subset of diagrams which is, as a sum of
the diagrams, gauge independent, has the same long-wavelength limit.
We also note that the universality holds within the domain of validity
of the hard-loop approximation which is explained at the end of this
section. A physical origin of the universality is discussed in Sec. 4.

Microscopically, there are also significant differences between fermion
self-energies of different gauge theories, see [20]. However, when the hard-
loop approximation is applied, the (retarded) self-energies of all theories
are of the same form

Σ(k) = CΣ

∫
d3p

(2π)3

fΣ(p)

Ep

p/

k · p+ i0+
. (5)

As in case of the polarization tensors and fermion self-energies, the
self-energy of scalars P (k) are quite different for each theory, see [20].
However, within the hard-loop approximation we obtain the amazingly
repetitive result - the scalar self-energies of all theories have the same
form

P (k) = −CP
∫

d3p

(2π)3

fP (p)

Ep
, (6)

which is real, negative and independent of the wave vector k.
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The universal expressions of the self-energies (4), (5), and (6) have
been obtained in the hard-loop approximation that is when k � p. How-
ever, it appears that the self-energies (4), (5), and (6) are valid when the
external momentum k is not too small. It is most easily seen in case of
the fermion self-energy (5) which diverges as k → 0. When we deal with
an equilibrium (isotropic) plasma of temperature T , the characteristic
momentum of (massless) plasma constituents is of the order T . One ob-
serves that if the external momentum k is of the order g2T , which is the
so-called magnetic or ultrasoft scale, the self-energy (5) is not perturba-
tively small, as it is of the order O(g0). Therefore, the expression (5) is
meaningless for k ≤ g2T . Since k must be much smaller than p ∼ T , one
arrives to the well-known conclusion that the self-energy (5) is valid at
the soft scale that is when k is of the order gT . Analyzing higher order
corrections to the self-energies (4), (5), and (6), one shows that they
are indeed valid for k ∼ gT and they break down at the magnetic scale
because of the infrared problem of gauge theories, see e.g. the review [4].
When the momentum distribution of plasma particles is anisotropic, in-
stead of the temperature T , we have a characteristic four-momentum Pµ
of plasma constituents and the hard-loop approximation requires that
Pµ � kµ. Validity of the self energies (4), (5), and (6) is then limited to
kµ ∼ gPµ.

3. Effective action

Having the self-energies Πµν(k), Σ(k), and P (k) given by Eqs. (4), (5),
and (6), respectively, we can reconstruct the effective action. Integrating
the formulas (1)-(3) over the respective fields and using the explicit ex-
pressions of the self-energies (4), (5), and (6), we obtain the Lagrangian
densities

LA2 (x) = CΠ

∫
d3p

(2π)3

fΠ(p)

Ep
Fµν(x)

pνpρ

(p · ∂)2
Fµρ (x), (7)

LΨ
2 (x) = CΣ

∫
d3p

(2π)3

fΣ(p)

Ep
Ψ̄(x)

p · γ
p · ∂

Ψ(x), (8)

LΦ
2 (x) = −CP

∫
d3p

(2π)3

fP (p)

Ep
Φ∗(x)Φ(x). (9)
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In case of N = 4 super Yang-Mills, where the scalar fields are real, there
is an extra factor 1/2 in the r.h.s of Eq. (9). The subscript ‘2’ indicates
that the above effective actions generate only two-point functions. We
omit the field indices in Eqs. (7)-(9) to keep the expressions applicable to
all considered theories. The action is obviously expressed as S =

∫
d4xL.

The n−point functions with n > 2, which are generated by the ac-
tions (7)-(9), identically vanish, as the actions are quadratic in fields.
We also observe that the action of scalars (9) is gauge invariant for every
theory which includes the scalar field. Moreover, the gauge boson action
(7) is invariant as well but only in the Abelian theories. The fermion
action is gauge dependent in all theories under consideration. There-
fore, the fermion action and, in general, the gauge boson action need
to be modified to comply with the principle of gauge invariance. This
is achieved by simply replacing the usual derivative ∂µ by the covariant
derivative Dµ in Eqs. (7) and (8). Thus, we obtain

LAHL(x) = CΠ

∫
d3p

(2π)3

fΠ(p)

Ep
Fµν(x)

pνpρ

(p ·D)2
Fµρ (x), (10)

LΨ
HL(x) = CΣ

∫
d3p

(2π)3

fΣ(p)

Ep
Ψ̄(x)

p · γ
p ·D

Ψ(x), (11)

LΦ
HL(x) = −CP

∫
d3p

(2π)3

fP (p)

Ep
Φ∗(x)Φ(x). (12)

The hard-loop actions (10), (11), and (12) are all of the universal
form for a whole class of gauge theories. However, the case of Abelian
fields differs from that of nonAbelian ones. In the electromagnetic the-
ories the gauge boson and scalar actions are quadratic in fields. There-
fore, the n−point functions generated by these actions vanish for n > 2.
Only the fermion action generates the non-trivial three-point and higher
functions. The action (11) is, in particular, responsible for a modifica-
tion of the electromagnetic vertex. In the nonAbelian theories, both the
gauge boson and fermion actions generate the non-trivial three-point
and higher functions. Therefore, the gluon-fermion, three-gluon, and
four-gluon couplings are all modified.
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4. Discussion

We have shown that the hard-loop self-energies of gauge, fermion, and
scalar fields are of the universal structures and so are the effective actions
of QED, scalar QED, N = 1 super QED, Yang-Mills, QCD, and N =
4 super Yang-Mills. One asks why the universality occurs physically.
Taking into account a diversity of the theories - various field content
and microscopic interactions - the uniqueness of the hard-loop effective
action is rather surprising.

To better understand the problem in physical terms, let us consider
the QED plasma of spin 1/2 electrons and positrons and the scalar QED
plasma of spin 0 particles and antiparticles. The universality of hard-
loop action means that neither effects of quantum statistics of plasma
constituents are observable nor the differences in elementary interac-
tions which govern the dynamics of the two systems. Both facts can
be understood as follows. The hard-loop approximation requires that
the momentum at which a plasma is probed, that is the wavevector k,
is much smaller than the typical momentum of a plasma constituent p.
Therefore, the length scale, at which the plasma is probed, 1/k, is much
greater than the characteristic de Broglie wavelength of plasma particle,
1/p. The hard-loop approximation thus corresponds to the classical limit
where fermions and bosons of the same masses and charges are not dis-
tinguishable. The fact that the differences in elementary interactions are
not seen results from the very nature of gauge theories - the gauge sym-
metry fully controls the interaction. And the hard-loop effective actions
obey the gauge symmetry.

The universality of hard-loop actions has far-reaching physical con-
sequences: the characteristics of all plasma systems under consideration,
which occur at the soft scale, are qualitatively the same. In particular,
spectra of collective excitations of gauge, fermion, and scalar fields are
the same. Therefore, if the electromagnetic plasma with a given mo-
mentum distribution is, say, unstable, the quark-gluon plasma with this
momentum distribution is unstable as well. We conclude that in spite of
all differences, the plasma systems under consideration are very similar
to each other at the soft scale. However, the hard-loop approach breaks
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down for the momenta at and below the magnetic sale. Then, systems
governed by different theories can behave very differently. In particular,
the QED plasma is very different from the QCD one, as in the latter case
effects of confinement apparently appear at the magnetic scale.
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16. St. Mrówczyński and M. H. Thoma, Ann. Rev. Nucl. Part. Sci. 57, 61 (2007).
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Abstract

All measured half-lives on 14C, 20O, 23F, 22,24−26Ne, 28,30Mg, and
32,34Si radioactivities are in agreement with predicted values within
our analytical superasymmetric fission (ASAF) model. The univer-
sal (UNIV) formula gives similar results. Competition of α decay is
estimated using not only ASAF and UNIV, but also the semFIS (semi-
empirical relationship based on fission theory) model. Spontaneous
fission is the other competing decay mode in the region of superheavy
nuclei. A dynamical theory using cranking inertia is a promising solu-
tion to calculate fission half-lives.

1. Introduction

The analytical superasymmetric fission (ASAF) model was successfully
employed to make a systematic search and to predict, with other mod-
els, cluster radioactivity [1, 2]. The experiments confirmed the half-lives
and the crucial importance of shell effects for parent nuclei with atomic
numbers Z = 87 − 96 and established a rare phenomenon in a strong
background of alpha particles.

Following our previous works [3, 4] we continue to study the compe-
tition of three decay modes of superheavy nuclei: α decay (αD), clus-
ter radioactivity (CR) and spontaneous fission (SF). Previously we have
shown [5] that calculated α decay half-lives are in agreement with ex-
perimental data within one order of magnitude, while the discrepancy
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between theory and experiment can be as high as ten orders of magnitude
for spontaneous fission [6–12].

In the above mentioned decay modes, from a parent nucleus AZ
we obtain an emitted particle (or light fragment) A2Z2 and a daugh-
ter (heavy fragment) A1Z1. The studied decay modes are explained by
quantum tunnelling (for the first time studied by George Gamow in 1928)
of potential barrier. The decay constant

λ = ln 2/T = νSPs (1)

is expressed as a product of three model dependent quantities ν, S and
Ps, where ν is the frequency of assaults on the barrier per second, S is
the preformation probability and Ps is the penetrability of the external
barrier (separated fragments). In the above equation T = Tα or T = Tc

or T = Tf . Starting from eq. (1) we denote P = SPs = exp(−K). The
half-life expressed in seconds is calculated with a relationship

T =
h ln 2

2

1

EvP
; K =

2
√
2m

�

∫ Rb

Ra

{B(R)[E(R)− E(Ra)]}1/2dR (2)

where h is the Planck constant, Ev = hν/2 is the zero-point vibra-
tion energy, K is the action integral, Ra and Rb are the turning points
[E(Ra) = E(Rb) = Q+ Ev], B is the nuclear inertia in units of nucleon
mass m, and Q is the released energy expressed in MeV.

For Tα in αD and for Tc in CR we use our models ASAF (analyt-
ical superasymmetric fission) and UNIV (universal curve). For αD we
also have semFIS (semiempirical model based on fission theory). We
considered competition of SF by making calculations within the Werner-
Wheeler approximation of inertia and the two center shell model to ob-
tain the microscopical input for Strutinky’s shell and pairing correc-
tions [5]. Werner-Wheeler approximation gives a too low value of the
nuclear inertia; we checked few simple laws of variation of B(R) in order
to get agreement with experimental result for 284Cn. Recently we tried a
better solution based on the microscopic cranking model [13] illustrated
for 282Cn.
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2. 75 years of Nuclear Fission

The induced Nuclear Fission was discovered by Otto Hahn and Fritz
Strassmann in December 1938. It was explained by Lise Meitner and
Otto Frisch on the basis of Liquid Drop Model. Since their papers were
published in 1939 we may say that officially in 2014 we celebrate the
75th anniversary. The high impact on our society may be summarized
by saying that “the world will never be the same.”

As mentioned above we used fission theory to predict CR and to
study the competition of α decay. Consequently we have been lucky to
attend the four Conferences (Physics and Chemistry of Fission, Gaussig
near Dresden; Fifty Years Research in Nuclear Fission, West Berlin; 50
Years with Nuclear Fission, Gaithersburg, Maryland, USA; and 50th An-
niversary of Nuclear Fission, Leningrad) celebrating 50 years of Nuclear
Fission [14–18].

By the end of 2013 the 75 years of nuclear fission was honored in
Germany [19] and USA [20]. The American Nuclear Society celebrated
the 75th anniversary of the discovery of nuclear fission at its 2013 Winter
Meeting in Washington, D.C. Also, we invite you to watch the short
movie [21] produced by Los Alamos Nat. Lab., showing many photos
with the “Gods of Nuclear Physics”.

In May 2014 we presented two invited talks (Fission approach to
cluster radioactivity, and Spontaneous fission of superheavy nuclei) at the
International Conference “75-years of Nuclear Fission: Present status and
future perspectives” held at Bhabha Atomic Research Centre, Mumbai,
India.

3. Cluster radioactivity and α decay of superheavy nuclei

Calculations of half-lives of superheavy nuclei (SH) [22] show an un-
expected result [3]: for some of them cluster radioactivity (CR) [2, 23]
dominates over alpha decay — the main decay mode of the majority of
recently discovered SHs. We changed the concept of CR in order to allow
emitted particles with Ze > 28 from parents with Z > 110 and daugh-
ters around 208Pb. From a typical example shown in Fig. 1 the trend of
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increasing branching ratio bα = Tα/Tc for heavier nuclei may be clearly
seen.
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Fig. 1: The branching ratios with respect to alpha decay in the region of superheavy
nuclei with Z = 104 − 118 in four groups of nuclides.

For αD we have a comprehensive set of 580 experimental data: 188
even-even, 147 even-odd, 131 odd-even and 114 odd-odd. The standard
rms deviations, calculated with

σ =

{

n
∑

i=1

[log(Ti/Texp)]
2/(n − 1)

}1/2

(3)

are given in Table 1. In a similar way we present the 27 data for CR in
the Table 2. No odd-odd cluster emitter was detected up to now.

T a b l e 1: The standard rms deviations of calculated half-lives
(log10 Tα(s)). Calculations with UNIV and semFIS models are included.

Group n σASAF σUNIV σsemFIS

e-e 188 0.415 0.354 0.221
e-o 147 0.713 0.640 0.527
o-e 131 0.637 0.562 0.441
o-o 114 0.876 0.810 0.605
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T a b l e 2: The standard rms deviations of calculated half-lives
(log10 Tc(s)). Calculations with UNIV model are included.

Group n σASAF σUNIV

e-e 16 0.681 0.565
e-o 6 1.791 0.859
o-e 5 0.391 0.674

The latest evaluation of the experimental atomic masses [24] are very
useful to update the Q-values, as it was done in Fig. 1. Within ASAF,
UNIV, and semFIS models the deviations for 512 (88 %), 527 (91 %), and
555 (96 %) alpha emitters out of the total of 580, are under one order of
magnitude. Similarly, ASAF and UNIV may reproduce 23 (85 %), and
24 (89 %) experimental data from the total of 27 cluster emissions with
deviations under one order of magnitude. All measured half-lives [25] on
14C, 20O, 23F, 22,24−26Ne, 28,30Mg, 32,34Si radioactivities of parent nuclei
with atomic numbers Z = 87−96 are in agreement with predicted values
within ASAF model. The daughter is mainly the doubly magic 208Pb.

4. Spontaneous Fission studied with Cranking inertia

-5

-4

-3

-2

-1

0

E
de

f
(M

eV
)

0.0 0.2 0.4 0.6 0.8

(R-Ri)/(Rt-Ri)

Fig. 2: The potential barrier for the fission of 282Cn with light fragment 130Pd.

Strutinsky’s macroscopic-microscopic method [26] is used to calculate
the deformation energy Edef = EY+EM + δE where the phenomenolog-
ical macroscopic part, EY+EM , is obtained within Yukawa-plus expo-
nential (Y+EM) model [27] for binary fragments with different charge-
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densities [28] and the programme for shell plus pairing correction, δE,
uses as input data the single-particle levels of the asymmetric two-center
shell model [29, 30].
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Fig. 3: The cranking inertia BRR/m for the fission of 282Cn with light fragment 130Pd.

We adopt the usual convention of having zero deformation energy
and shell plus pairing correction for the initial spherical shape, leading
to Edef = EY+EM = δE = 0 at R = Ri for all values of η and at η = ±1
for all values of R.

Few fission channels could be efficiently used to test the method of
calculating spontaneous fission half-lives of 282Cn who’s experimental
value is known. One of these channels refers to the binary split with
130Pd as a light fragment. The corresponding fission barrier is shown in
Fig. 2.

Any component of the cranking inertia tensor, Bij , is given [31] by

Bij = 2�2
∑

νμ

〈ν|∂H/∂βi|μ〉〈μ|∂H/∂βj |ν〉
(Eν + Eμ)3

(uνvμ + uμvν)
2 (4)

where H is the single-particle Hamiltonian allowing to determine the energy
levels and the wave functions |ν〉; uν , vν are the BCS occupation probabilities,
Eν is the quasiparticle energy. Other involved quantities are the pairing gap Δ
and the Fermi energy λ [32]. The multidimensional hyperspace of deformation
parameters is defined by β1, β2, ...., βn. The dimension of any component, Bij ,
of the tensor is a mass. By choosing the distance between fragments, R, as
deformation coordinate, the effective mass at the touching point of the two
fragments should be equal to the reduced mass μ = (A1A2/A)m, where m is
the nucleon mass.
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BRR (see Fig. 3) is the most important component of the inertia tensor if we
consider spherical shapes and keep constant the radius R2 of the light fragment.
We use the eq. (1) to determine the half-life. The computer programme devel-
oped by one of us (RAG) to calculate the half-life starts by making a search for
the largest barrier height near the deepest minimum (the ground-state). The
two turning points are found in the next step. The zero-point vibration energy
enters not only as a factor but also in the action integral where the height and
the width of the barrier depends on Ev.

The experimental result of log10 Tf (s) = −3.086 of 282Cn could be re-
produced by our calculations using a reasonable zero point vibration energy,
Ev = 0.437 MeV.

5. Competition of three decay modes

For superheavy nuclei with Z = 118− 124, where we expect to observe CR as
a dominant decay modes, the three decay modes are compared in fig. 4. For
fission we used the calculations from [6–12].

It is clear that fig. 4 concerns only the neutrondeficient nuclei; there are
no calculations for the isotopes with N > 190. Among the Tα calculated with
different models there are no big differences. CR are calculated only by us.
On the other hand there are large differences from model to model for SF half-
lives. Some of the calculations in fig. 4 for N < Np (169, 174, 179 and 183,
respectively when Z = 118, 120, 122, 124) are not realistic because they refer
to nuclei beyond the “proton drip line”, i.e. instable against emission of one or
two protons.

We extend these calculations for a larger range of neutron numbers, using
semFIS for αD (blue circles in fig. 4) and ASAF for CR (red squares in fig. 4).
Q-values are calculated with theoretical mass table WS3-11 [33]. We may try
to establish in details the three different regions of interest keeping in mind that
for T < 1μs [logT (s) < −6] the decay mode is not measurable and the nuclides
with N < Np = 169, 174, 179, 183 considered by Sta and War are beyond the
proton drip line.

αD is the main decay mode for Z = 118 with N = 172 − 186; 192− 206
and for Z = 120 with N = 176− 188; 192− 206. Very likely SF is important
for Z = 118 and N = 188, 190 but too short to be measured. When Z = 120
and N = 190 SF could be detected if War predictions are confirmed.

At Z = 122 the CR for N = 180− 194 are too short but for N = 196, 198
they could be measured. For N = 200− 206 the αD dominates again.

For Z = 124 and N = 184 − 196 CR are too short. Despite that αD for
N = 190− 206 are measurable, the branching ratio would be too short, hence
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nothing would be observed.

In fact a more reliable conclusion could be only drawn after improving the
accuracy of SF calculations and extending them for neutron-rich nuclei where
the SF is expected to be a major decay mode.

In conclusion we stress the necessity to perform reliable calculations for
SF of superheavy nuclei and the necessity to extend them to nuclei closer to
the line of β-stability and neutron-rich nuclei. Our models ASAF and UNIV
are able to reproduce αD and CR with deviations smaller than two orders of
magnitude. Also our SF calculations with cranking inertia for 282Cn, are very
promising in what concerns the agreement with experimental results.

This work is partially supported within IDEI Programme under contracts
43/05.10.2011 and 42/05.10.2011 with UEFISCDI, and partially within Nucleu
Programme, Bucharest.
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When the Worlds of Science and Art Collide

Ágnes Mócsy

Pratt Institute, Department of Mathematics and Science
200 Willoughby Ave, Brooklyn, NY 11205

Abstract

In this talk I discuss how I created a new kind of career by combining
diverse topics, something that happens when worlds collide.

As a physicist, not all career paths lead to a research university or
to Wall Street. You might go into another field or will have students
who do, but for sure you know people who have left the field. I neither
quit physics nor left the field, but I took a different path, a road less
travelled, perhaps even untravelled. Here I share with you some of my
journey of developing an alternative career.

I’ve been doing theoretical physics research for most of my career,
investigating the force holding the atomic nucleus together. In partic-
ular, I look at the matter that forms when the temperature is cranked
up to several trillion degrees, similar to the primordial conditions a mil-
lionth of a second after the Big Bang. This matter that permeated the
infant universe 13.8 billion years ago is now re-created in two terrestrial
laboratories: at the Relativistic Heavy Ion Collider at Brookhaven Na-
tional Laboratory (BNL), NY and at the Large Hadron Collider, CERN,
Switzerland.

As a professor I teach physics and astronomy courses to a variety of
art, design, and architecture students at Pratt Institute. Pratt’s main
campus, presented more like an outdoor museum, is located in Brooklyn
NY, about 60 miles from BNL. This prestigious college has an impres-
sive roster of alumni including the architects of iconic buildings, shown
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on Fig. 1 such as New York City’s Chrysler building and the Waldorf
Astoria hotel, the Getty museum in Los Angeles, and Levittown, the
first truly mass-produced suburb and the archetype of development that
become a symbol of the "American Dream". Pratt alumni also designed
iconic logos like that of Dunkin’ Donuts, IBM, and ghostbusters, and
they designed products like scrabble, the thunderbird, OXO Good Grips
kitchen utensils, and the Heisman Trophy, to name a few. Pratt alumni
designed favorite characters like Big Bird, and the Pink Panther, and
scored an Oscar for best visual effects in 2014 for the film "Gravity".

Fig. 1: Iconic architecture designed by Pratt Alumni.

Being a professor at an art and design college can be challenging, but
it also offers unique opportunities. So, why did I choose such a career
route over a more traditional research university position? For one, I very
much want to bring physics to a wide, non-traditional audience, and po-
tentially catalyze some change. I wish to share the physics and exciting
discoveries we make, as well as how we carry all these out, not only with
physics students but a wider student body. I aim to inspire students
and pass on my love for science to artists, designers, and the public at
large. Pratt students have great skills in non-science disciplines, so they
are a great resource for interdisciplinary explorations. One of my goals
has been to develop innovative ways to fuse science with art and design,
exposing students to physics and involving them in my research. This I
see as a gain for everyone: It’s gain for the students, as in experience in
working with clients, often receiving international exposure, and receiv-
ing a new source of inspiration; It’s gain for physicists, as in receiving a
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new language to tell their story and a new way to see their story; And
it’s gain for the public, who gets exposure to science in non-traditional
ways. Communicating the findings of science is necessary for enhancing
scientific literacy, but I believe that exposing the process of carrying out
the science has even larger gains for society, restoring the wrongfully
shaken trust in the logic and curiosity driven evidence-based reasoning,
and contributing to a more informed citizenry. Science can teach us a
lot about how to approach other problems in society as well, and thus
can induce change. Physics is accessible, if we make it accessible. In the
following, I will describe few of the avenues that I am actively exploring
in making this all happen.

A significant component of each course I teach is to have students
produce a fusion project. The aim is that each student picks a topic from
the course that they like, research that further, and produce a creative
work from it utilizing the medium of their choice. The expectation is that
they internalize the science and take it to never before seen places in a
work that expresses their understanding. Students then present their
project in front of a panel of judges. The critiquing panel consists of
physicists and designers. The variety of fusion projects is wide-ranging:
fashion, jewelry, animation, illustration, painting, sculpture, film, pho-
tography, infographic, product design (lamps, board games, plates and
bowls), graphic design, building design, interior design, books, poetry,
music, and even dance.

Fig. 2 and Fig. 3 present two examples of fusion projects that stu-
dents came up with. For more examples of projects please see www.
agnesmocsy.com [1].

For these works the interactions with students were mostly through
my courses. Another way for collaborations starts by taking some of the
more interested students to visit an awe-inspiring scientific enterprise
dedicated to the pursuit of knowledge: the Relativistic Heavy Ion Col-
lider at BNL, what I refer to as The Wow Factory. As scientists, we tend
to get wrapped into our daily work, and sometimes forget to step back
and be wowed by the big picture. All of the students, professors, and ad-
ministrators from Pratt who visited BNL were stricken with enthusiasm,
as shown in Fig. 4. Colleagues at BNL have always been helpful and
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Fig. 2: The Cosmos Collection by fashion design major Dalitza Babilonia in 2012
illustrating different stages in the evolution of our universe since its birth 13.8 billion
years ago.

Fig. 3: The Spectroscopy Earrings by fine arts major Ashley Landon in 2010 depicts
the emission spectra of hydrogen and helium, the two primordial and most abundant
elements in the universe.

generous with their time during these visits. We harvested this enthusi-
asm and talent and used it to steer the students towards interdisciplinary
projects involving the science of RHIC.

In the first project, called The Sound of the Little Bangs [2, 3], we
explored the collectivity identified in heavy-ion collisions. Paul Sorensen
and I were the first to extract the power spectrum from the pT -pT cor-
relation functions measured with the STAR detector [4]. We interpreted
the correlations found in the data, making the connection to initial inho-
mogeneities of the incoming nuclei. pT -pT correlations are more directly
related to the temperature-temperature correlations which are what is
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Fig. 4: Visiting RHIC: the wow factory.

measured in the cosmic microwave background of the early universe.
The power spectrum we extracted gives us a handle on sound or pres-
sure waves in the QGP just before freeze-out. To determine how this
sound developed, to see how pressure waves evolve in the medium, we
took the speed of sound from lattice QCD studies [5], combined this with
the hydrodynamic evolution of the energy density [6], and then obtained
the acoustic horizon as a function of time. This determines how far the
initial density perturbations have travelled at a given time. Folding that
sound horizon with an initial power spectrum that matches the final
spectrum at freeze-out, gives us the time dependence, telling us which
harmonics have fallen inside the event horizon as a function of time.

Based directly on this cutting edge scientific research, we prepared a
short video animated by Pratt communications design student, Alexan-
der Doig. The video received a total of approximately 40,000 views on
youtube and has been covered by dozens of news outlets around the
world. We built a website for it with more information [7].Years later
the analysis of vn and power spectra in heavy ion collisions has become
a staple of how we study QGP and compare data to theory.

Another wonderfully creative project was done by photography major
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Fig. 5: Images from the animated film “the Sound of the Little Bang”.

Raine Manly Robertson who did a research Independent Study under my
guidance. Raine used her medium to express different exoplanet search
methods with simple everyday circumstances that we can all relate to.

Fig. 6: Photographs illustrating three of the methods for detecting exoplanets: the
transit method, the wobble method, and gravitational lensing.

Fine art major Sarah Szabo was so taken by her BNL visit that her
Independent Study resulted in a comprehensive art exhibit called "Glam-
orous Gluons". She used guitar strings, gems, glitter, paint and other
objects to express the physics of the quark-gluon plasma. Read more in
Ref. [8]. Most recently communications design student Alexandra Borelli
and I put together a children’s book "What’s in The Night Sky?"

Science Poster Design Competitions is another way that I am ex-
posing and involving Pratt students in science. Students are invited to
enter the poster and sometimes logo design competitions. The idea is to
make what are typically, let’s face it, mostly stale conference poster de-
signs into an eye-catching, sometimes edgy, graphic design. The winning
poster, selected by the conference’s international organizing committee,
receives a cash price. One example of a winning poster and the two run-
ners up are shown below. More winners, as well as 2nd and 3rd runners
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Fig. 7: Fine arts major Sarah Szabo with pieces from "Glamorous Gluons”.

up are to be found on my website [1]

Fig. 8: The winner and runners up for the 2013 Schwarzschild poster.

These are some of the ways I’ve forged to break the boundaries be-
tween art and science with the goal of encouraging better communication
of our fields. But why should we communicate science? There are multi-
ple reasons. It matters to tell the public about the amazing things we do
with the public’s money. They should feel our excitement. Also, a scien-
tifically literate citizenry becomes more capable of making wise decisions.
It turns out that we have bad communications and often even scien-
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tists have a hard time feeling deep a connection. Quoting Carl Wieman,
physics education research [9] "consistently measured that student beliefs
about the nature of physics, how it is learned and used, and how physics
knowledge is established, on average, become less like those of a scien-
tist after completing typical introductory college physics courses". And
"our physics courses are actually teaching many students that physics
knowledge is just a claim of an arbitrary authority, that physics does
not apply to anything outside the classroom, and that physics problem
solving is just about memorizing the answers to irrelevant problems."
So we need to break down the perception that physics is just the hand-
ing down of information. On top of it there is a growing anti-science
movement stretching into our governments, that has been attacking the
integrity of the scientific process from multiple angles. When ideologies
come first then nature must be forced to fit the ideology. This does not
work well, since it requires extreme measures, ranging from confirmation
biases, ignoring inconvenient data, to propagating outright lies and bru-
tally suppressing those who challenge the ideology either by questioning
it through doubt or simply through their existence. On the other hand
the success of evidence-based reasoning is well documented in leading to
progress. So let nature lead and conform ideologies to the truth. This is
a lesson from science that all of society can benefit from.

1. http://www.agnesmocsy.com
2. Á. Mócsy and P. Sorensen, “The Sound of the Little Bangs,” arXiv:1008.3381

[hep-ph].
3. http://www.bnl.gov/rhic/inside/news.php?a=21795
4. J. Adams et al. [STAR Collaboration], “Transverse-momentum p(t) correlations

on (eta, phi) from mean-p(t) fluctuations in Au-Au collisions at s(NN)**1/2 =
200-GeV,” J. Phys. G 32, L37 (2006)

5. A. Bazavov, T. Bhattacharya, M. Cheng, N. H. Christ, C. DeTar, S. Ejiri, S. Got-
tlieb and R. Gupta et al., “Equation of state and QCD transition at finite tem-
perature,” Phys. Rev. D 80, 014504 (2009).

6. P. F. Kolb, “Expansion rates at RHIC,” Heavy Ion Phys. 21, 243 (2004).
7. http://soundofthelittlebang.com
8. http://www.bnl.gov/rhic/news2/news.asp?a=5002&t=today
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