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Shear Viscosity

Kinetic theory

πxz
NS = − η

∂vz (x)

∂x
η ' 1.2T/σ = 1.2Tλmfpn

η/s ≈ Tλmfp

(Dilute) Gases may have λ→∞ or
σ → 0 hence η →∞ ideal gas!
ηAir ≈ 1.8× 10−5Pa.s (T ∼ 20Co)
Fluids (liquids), λ→ 0 or σ →∞ hence
η → 0 ideal fluid (liquid)!
ηWater ≈ 50× ηAir = 9× 10−4Pa.s
ηgas(T ) increases with increasing T
ηliquid (T ) decreases with increasing T

Csernai et.al. PRL (2006)(η
s

)
π

=
15

16π

f 4
π

T 4(η
s

)
QCD

=
5.12

g4 ln(2.42g)
> 1(η

s

)
ADS/CFD

=
1

4π

fπ pion decay constant
g QCD coupling constant
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Ideal Fluids I.

Conservation laws for a simple (single component) perfect fluid (no dissipation)

∂µN
µ
0 = 0 charge conservation ⇒ 1 eq.

∂µT
µν
0 = 0 energy-momentum conservation ⇒ 4 eqs.

Perfect fluid decomposition with respect to uµ

Nµ0 = n0u
µ

Tµν0 = e0u
µuν − p0∆µν

n0 = Nµ0 uµ (net)charge density

e0 = Tµν0 uµuν energy density

p0 = −
1

3
∆µνT

µν
0 equilibrium pressure

The time-like normalized flow velocity is uµ(t, ~x), where uµuµ = 1

Projection tensor ∆µν = gµν − uµuν , where gµν = diag(1,−1,−1,−1)

We have 5 equations for 6 unknowns not closed: n0(1), e0(1), p0(1) and uµ(3).
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Ideal Fluids II.

The assumption of local thermal equilibrium provides closure:

Equation of State (EoS)

p0 = p0(e0, n0) EoS⇒ 1 eq.

and/or p(T , µ) or s = s(e, n).

Sµ0 = s0uµ, where s0 = Sµ0 uµ, and for continuous solutions

∂µS
µ
0 = 0

entropy is maximum in local thermal equilibrium

Thermodynamics

Ts = e + p − µn
T ṡ = ė − µṅ
ṗ = sṪ + nµ̇

The fundamental thermodynamic relations are derived from,
T∂µ(suµ) = ∂µ(euµ) + p(∂µuµ)− µ∂µ(nuµ)
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Dissipative Fluids I.

Conservation laws for a simple (single component) dissipative fluid

∂µN
µ = 0 charge conservation ⇒ 1 eq.

∂µT
µν = 0 energy-momentum conservation ⇒ 4 eqs.

General decomposition Nµ = Nµ0 + δNµ and Tµν = Tµν0 + δTµν

Nµ = nuµ + Vµ

Tµν = euµuν − (p + Π)∆µν + Wµuν + W νuµ + πµν

n = Nµuµ charge density

e = Tµνuµuν energy density

p = −
1

3
∆µνT

µν isotropic pressure

Vµ = ∆µαNα charge flow

Wµ = ∆µαuβTαβ energy-momentum flow

πµν =

[
1

2

(
∆µα∆νβ + ∆µβ∆αν

)
−

1

3
∆µν∆αβ

]
Tαβ stress tensor

We only have 5 equations for 17 unknowns, n(1), e(1), p(1), uµ(3) and
Vµ(3),Wµ(3), πµν(5).
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Dissipative Fluids II.

Simplifications (I): Matching to equilibrium and the EOS

n = n0, e = e0, p(e, n) = p0(e0, n0) + Π

Π = p − p0 = − 1
3

∆µνδTµν is the bulk viscosity

T = T0 and µ = µ0, while s = s0 + δs!

Simplifications (II): Fixing the Local Rest Frame

uµE = Nµ/n ⇔ Vµ = 0 ⇒ qµ = Wµ Eckart

uµL = TµνuLν/e ⇔Wµ = 0 ⇒ qµ = −
e + p

n
Vµ Landau & Lifsitz

Now, we are left with 14 unknowns! n(1), e(1), uµ(3) and Π(1), qµ(3), πµν(5).

The definition of entropy is also modified Sµ ≡ Sµ0 + δSµ = (s0 + δs)uµ + Φµ

2nd law of thermodynamics

∂µS
µ = −

qµ

T

(
1

T
∂µT − u̇µ

)
−

Π

T
∂µu

µ +
πµν

T
∂µuν ≥ 0
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Dissipative Fluids III.

Solution (I): The relativistic Navier-Stokes equations

ΠNS = −ζ∇µuµ

qµNS = −κT
T n

e + p
∇µ

( µ
T

)
πµνNS = 2 η∇〈µuν〉

ζ ≥ 0, κ ≥ 0, η ≥ 0 coefficient of bulk viscosity, thermal conductivity and shear
viscosity.

Now, the equations of fluid dynamics are closed, but the relativistic Navier-Stokes
theory leads to accausal signal propagation and stability issues.

Solution (II): Relaxation equations (Israel 1976, Israel and Stewart 1979)

τΠΠ̇ + Π = ΠNS + lΠq∇µqµ

τq∆µ
αq̇

α + qµ = qµNS + lqΠ∇µΠ− lqπ∆µ
α∂νπ

αν

τππ̇
〈µν〉 + πµν = πµνNS + lπq∇〈µqν〉

The relaxation equations determine the time evolution of Π, qµ, and πµν

The relativistic Navier-Stokes theory appears if the relaxation times and length
scales τi → 0, li → 0 with ζ, η and κq fixed
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Parameters and Setup

Etele Molnár Influence of temperature dependent shear-viscosity on the elliptic flow at back- and forward rapidities in ultrarelativistic heavy-ion collisions



Introduction and Motivation Fluids dynamics Parameters and Setup Results I. Results II. Conclusions

Space-time evolution of matter in heavy-ion collisions.
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Initial condition - Transverse profile

Nr. wounded nucleons NWN ∼ 2A

Nr. binary collisions NBC ∼ A4/3

nBC (x , y , b) =
σNNTA (x + b/2, y)TB (x − b/2, y)

TA (x , y) =
∫∞
−∞ dz ρA (x , y , z)

ρA (r) = ρ0
1+exp[(r−RA)/d ]

Initial conditions

Centrality selection according to
multiplicity

fBC (nBC , nWN) = nBC + c1n2
BC + c2n3

BC

eT (τ0, x , y , b) = Ce(τ0) f (nBC , nWN)

RHIC

ideal fluid: e0 = 17.0 GeV/fm3

LH-LQ and HH-LQ: e0 = 15.8 GeV/fm3

LH-HQ and HH-HQ: e0 = 14.9 GeV/fm3

LHC

ideal fluid: e0 = 57.5 GeV/fm3

LH-LQ and HH-LQ: e0 = 54.5 GeV/fm3

LH-HQ and HH-HQ: e0 = 49.5 GeV/fm3

Etele Molnár Influence of temperature dependent shear-viscosity on the elliptic flow at back- and forward rapidities in ultrarelativistic heavy-ion collisions



Introduction and Motivation Fluids dynamics Parameters and Setup Results I. Results II. Conclusions

Initial condition - Longitudinal profile

-10 -5 0 5 10
Η

0.5

f HΗL

LHC Pb+Pb

RHIC Au+Au

eL (η) = exp

(
−2cη

√
1 + (|η|−η0)2

2cησ2
η

Θ (|η| − η0) + 2cη

)
where η0 = 2.0

RHIC Au+Au 200 GeV cη = 4.0 ση = 1.0
LHC Pb+Pb 2760 GeV cη = 2.0 ση = 1.8
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Freeze-out

Correction by Bugaev 1996
Θ(pµdσµ)
Gradual freeze-out (Grassi et al.
1995, Csernai et.al. 1999)

Cooper-Frye freeze-out for particle i

E
dN

d3k
=

gi

(2π)3

∫
Σ
dσµkµfi (x , k)

where

fi (x , k) = f0i

[
1 +

(
1∓

(2π)3

gi
f0i

)
kµi k

ν
i πµν

2T 2 (e + p)

]
and

f0i (x , k) =
gi

(2π)3

[
exp

(
kµi uµ − µi

T

)
± 1

]−1

Constant Temperature hypersurface, Tdec

Constant Knudsen number hypersurface

Kn = τπθ ∼
λmfp

L
∼ 1

where e.g., Kndec = 0.8 ' Tdec ∈ [115, 165]
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Equations of motion

Conserved Quantities

Tµν = e0u
µuν − p0∆µν + πµν ,

Nµ = 0, Π = 0, qµ = 0

Equations of motion - Denicol et al. PRD(2012)

∂µN
µ = 0, ∂µT

µν = 0,

τπDπ
µν = 2ηsσ

µν − πµν − τπ
(
πλµuν + πλνuµ

)
Duλ

− δπππ
µνθ − τπππ〈µλ σ ν〉λ

+ 2τππ
〈µ
λ ω ν〉λ + ϕ7π

〈µ
λ π ν〉λ

τπ = 5ηs/(e + p), τπ = 5
3
λmfp , δππ = (4/3) τπ , τππ = (10/7) τπ , ϕ7 = (9/70) /p0

Initial values

Energy density at τ0 = 1 fm/c is e (τ0, x , y , η, b) = eT (τ0, x , y , b) eL (η)

Initial velocities: vx = vy = 0, Bjorken scaling flow vz = z
t

that is vη = 0

Initial shear-stress: πµν = 0
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Equation of State
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EoS - Lattice parametrization by Petreczky and Huovinen Nucl. Phys. A (2010)

Chemical Equilibrium (s95p-v1)

(Partial) Chemical Equilibrium with chemical freeze-out at Tch = 150 MeV
(s95p-PCE150-v1)

Hadron Resonance Gas (HRG) includes all hadronic states up to m ∼ 2 GeV
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Temperature dependent η/s I.

0.0
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Can we separate hadronic viscosity from the
QGP viscosity?
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Temperature dependent η/s II. - Scaled Parametrizations
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Can we study the influence of
viscosity at and near the
QCD-transition point ?
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Results I. - Spectra and flow at RHIC
and at the LHC
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Multiplicity
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Pion Spectra
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Kaon Spectra
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Proton Spectra
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Elliptic Flow I.
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according to the low-temperature (η/s)
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0.00

0.10

0.20

0.30

0.40

v
2
(p

T
)

10-20 %

(a)

ideal
LH-LQ
LH-HQ
HH-LQ
HH-HQ

20-30 %

(b)

ALICE v2{4}

0.00

0.10

0.20

0.30

0.40

0 1 2 3
v

2
(p

T
)

pT [GeV]

30-40 %

h
±
  Tdec=100 MeV

(c)

0 1 2 3

pT [GeV]

40-50 %

LHC 2760 AGeV

(d)

v2(pT ) at the LHC equally depends on
both the low- and the high-temperature
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Elliptic Flow I. - Scaled
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with centrality and v2(pT ) is ordered by
increasing hadronic viscosity
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Elliptic Flow II.
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With increasing centrality and rapidity,
v2(ηch) at the LHC, starts to behave
like the matter at RHIC
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Elliptic Flow II. - Scaled
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Scaled (η/s)-parametrizations show
only modest differences with increasing
centrality and rapidity
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Quadrangular Flow I.
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Difference in experimental and
theoretical plots, due to different
methods!
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v4(pT ) at the LHC behaves similarly to
the v2(pT ) at RHIC (note the grouping)

v4(pT ) is more sensitive to the
low-temperature part than v4(pT )
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Quadrangular Flow I. - Scaled
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Quadrangular Flow II.
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The same observation holds at the
LHC!
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Different freeze-out criterion
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Multiplicity II.
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Elliptic Flow III.
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Similarly at the LHC!
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Elliptic Flow III.
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Conclusions . . .

At RHIC the suppression of the elliptic flow, v2, strongly depends on the viscosity
at and after the QCD transition (hadronic viscosity)

At the LHC the viscous suppression of elliptic flow, v2, at midrapidity is affected
by both hadronic and QGP viscosities

Towards back- and forward rapidities, hadronic viscosity becomes more and more
dominant and so the matter at the LHC behaves like at RHIC

vn as function of transverse momentum, rapidity, centrality and collision energy
provide a way to distinguish between different parametrizations of (ηs/s)(T )

Decoupling at constant temperature and at constant Knudsen number lead to
very similar anisotropies at midrapidity, but at lower collision energies the results
may be more sensitive to the freeze-out criterion.
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