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Motivation

1970s ∼, Exp’s of spin and azimuthal asymmetries

Transverse-momentum-dependent (TMD) parton distributions

A mechanism for generating asymmetries
Information of parton kT/spin/OAM

However, higher twist effects complicate the situation

e + N/A → e + h + X

〈cos 2φ〉 ∼ h⊥
1 ⊗ H⊥

1
︸ ︷︷ ︸

Leading twist TMDs

+

(
Λ

Q

)2
f4 ⊗ D1

f1 ⊗ D1
︸ ︷︷ ︸

twist−4

Λ ∼a few hundred MeV, Q ∼GeV, Λ
Q
∼ 0.1− 0.3 not so small

Non-perturbative function f4 might be large

Higher twist contributions should not be neglected!
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Collinear expansion

Collinear expansion: systematic formalism to calculate higher twist

Leading twist Higher twist

e
e

N

h
A+

. . .xp

e
e

N

h
A+

. . .

A⊥

xp + k⊥

Collinear Approximation Collinear Expansion

Collinear expansion in DIS
Ellis, Furmanski, Petronzio, NPB1982,1983; Qiu, PRD1990

Collinear expansion in eA/eN SIDIS and e+e−-annihilation.
Liang, Wang, PRD2006; Gao, Liang, Wang, PRC2010; YKS, Gao, Liang, Wang,

PRD2011,2014; Wei, YKS, Liang, PRD2014
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DIS e + N → e + X

N(p) N(p)

q(k) q(k)

q(k′) q(k′)
γ*(q) γ*(q)

(a)
N(p) N(p)

q(k1) q(k2)g

γ*(q) γ*(q)

(b)
N(p) N(p)

q(k1) q(k2)k3 k4

γ*(q) γ*(q)

(c)

W
(0)
µν = Tr[Ĥ

(0)
µν (k)⊗ φ̂(0)(k)]

W
(1)
µν = Tr[Ĥ

(1)ρ
µν (k1, k2)⊗ φ̂

(1)
ρ (k1, k2)]

W
(2)
µν = Tr[Ĥ

(2)ρσ
µν (k1, k2, k)⊗ φ̂

(2)
ρσ(k1, k2, k)]

Ĥ
(i)
µν ’s: hard parts

Ĥ
(0)
µν (k) = γµ(/k + /q)γν2πδ+((k + q)2)

Ĥ
(1,L)ρ
µν (k1, k2) = γµ

1
/k2+/q−iǫ

γρ(/k1 + /q)γν2πδ+((k1 + q)2)

φ̂(i)’s: parton correlation matrices

φ̂(0)(k) =
∫
d4ye ik·y 〈p, s|ψ̄(0)ψ(y)|p, s〉 Not gauge invariant!

φ̂
(1)
ρ (k1, k2) =

∫
d4ye ik1·y+i(k2−k1)·z〈p, s|ψ̄(0)gAρ(z)ψ(y)|p, s〉 Not gauge invariant!
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Collinear expansion in DIS e + N → e + X

Ellis, Furmanski, Petronzio, NPB1982,1983; Qiu, PRD1990

Talyor expansion of Ĥ(i)(k) near k = xp, and gluon field decomposition

Ĥ(i)
µν(k) = Ĥ(i)

µν(x) +
∂Ĥ

(i)
µν(k)

∂kρ

∣
∣
∣
∣
∣
k=xp

ωρ
ρ′k

ρ′ , Aρ = A+n̄ρ + ωρ
ρ′A

ρ′

Use Ward Identities to Simplify the results

∂Ĥ
(0)
µν (x)

∂kρ
= −

∑

c=L,R

Ĥ(1)ρ
µν (x , x), pρĤ

(1)ρ
µν (x1, x2) = −

Ĥ
(0)
µν

x2 − x1 − iǫ

Sum up and re-organize all terms

Wµν = W̃ (0)
µν + W̃ (1)

µν + W̃ (2)
µν + . . . ,

W̃ (0)
µν = Tr[Ĥ(0)

µν (x)⊗ Φ̂(0)(x)]

Φ̂(x) =

∫

dy−e ixp
+y− 〈p|ψ̄(0)L(0, y−)ψ(y−)|p〉. Gauge-invariant!
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Collinear expansion in SIDIS e + N/A → e + q + X

N(p) N(p)

q(k) q(k)

q(k′) q(k′)
γ*(q) γ*(q)

(a)
N(p) N(p)

q(k1) q(k2)g

γ*(q) γ*(q)

(b)
N(p) N(p)

q(k1) q(k2)k3 k4

γ*(q) γ*(q)

(c)

W
(si,0)
µν ∼ Tr[Ĥ

(0)
µν (k)⊗ φ̂(0)(k)]⊗ K(k , k ′), K(k, k′) = (2π)3δ3(k+ q− k′)

W
(si,1)
µν ∼ Tr[Ĥ

(1)ρ
µν (k1, k2)⊗ φ̂

(1)
ρ (k1, k2)]⊗ K(kc , k

′)

W
(si,2)
µν ∼ Tr[Ĥ

(2)ρσ
µν (k1, k2, k)⊗ φ̂

(2)
ρσ(k1, k2, k)]⊗ K(kc , k

′)

We expand Ĥµν and Aρ as before, and keep K(k , k ′) intact.(Liang, Wang, PRD2006)

W (si)
µν = W̃ (si,0)

µν + W̃ (si,1)
µν + W̃ (si,2)

µν + . . . ,

W̃ (si,0)
µν = Tr[Ĥ(0)

µν (x)⊗ Φ̂(0)(x , k⊥)]

Φ̂(0)(x , k⊥) =

∫

dy−d2y⊥e
ixp+y−−i~k⊥·~y⊥〈p|ψ̄(0)L(0, y)ψ(y−, y⊥)|p〉.
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Extracting higher twists

After collinear expansion, hadronic tensor reduce to,

W̃ (si,0)
µν = Tr[Ĥ(0)

µν (x)⊗ Φ̂(0)(x , k⊥)]

W̃ (si,1)
µν = Tr[Ĥ(1)

µν (x)⊗ Φ̂(1)(x , k⊥)]

W̃ (si,2)
µν = Tr[Ĥ(2)

µν (x)⊗ Φ̂(2)(x , k⊥)]

Φ̂(x , k⊥)’s are 4× 4 matrices,

Φ̂(0)(x , k⊥) = Φ(0)
α γα − Φ̃(0)

α γ5γ
α

Φ(0)
α ≡ Φ(0)

α (p, s, k)

= (f1 − εks⊥f ⊥1T )pα + (f ⊥ − εks⊥f ⊥T )k⊥α + fTMε⊥αi s
i
⊥ + λfL

⊥ε⊥αik
i
⊥.

QCD equation of motion, /Dψ = 0, is used to simplify final results.
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Hadronic tensors for e + N → e + q + X up to twist-3

dσ ∝ LµνWµν .

d2Wµν

d2k⊥
= −dµν

(
f1 − εks⊥f ⊥1T

)
+

1

p · q
k⊥{µ(q + 2xBp)ν}

(
f ⊥ − εks⊥f ⊥T

)

−
M

p · q
(q + 2xBp){µε⊥ν}is

i
⊥ f̂T −

λ

p · q
(q + 2xBp){µε⊥ν}ik

i
⊥f

⊥
L

+ iε⊥µν

(

λg1L −
k⊥ · s⊥

M
g⊥
1T

)

−
i

p · q
k⊥[µ(q + 2xBp)ν]

(
g⊥ + εks⊥g⊥

T

)

+
iM

p · q
(q + 2xBp)[µε⊥ν]i s

i
⊥ĝT +

iλ

p · q
(q + 2xBp)[µε⊥ν]ik

i
⊥g

⊥
L .

f1’s: color gauge invariance;

qµWµν = qνWµν = 0: EM gauge invariance.
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Cross section and azimuthal asymmetries at twist-3

dσ

dxB dyd2k⊥
=

2πα2
em

e2q

Q2y
(WUU + λlWLU + s⊥WUT + λWUL + λlλWLL + λl s⊥WLT) ,

WUU =A(y)f1 −
2xB |~k⊥|

Q
B(y)f

⊥
cosφ,

WUT =
|~k⊥|

M
A(y)f

⊥

1T sin (φ − φs ) −
2xBM

Q
B(y)

[

fT sinφs −
k2
⊥

2M2
f
⊥

T sin(2φ − φs )
]

,

WUL = −
2xB |~k⊥|

Q
B(y)f

⊥

L sinφ, WLU = −
2xB |~k⊥|

Q
D(y)g

⊥
sinφ,

WLL =C (y)g1L −
2xB |~k⊥|

Q
D(y)g

⊥

L cosφ,

WLT =
|~k⊥|

M
C (y)g

⊥

1T cos (φ − φs ) −
2xBM

Q
D(y)

[

gT cosφs −
k2
⊥

2M2
g
⊥

T cos (2φ − φs )
]

.

Song, Gao, Liang, Wang, PRD2014
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Cross section and azimuthal asymmetries at twist-4

dσ

dxB dyd2k⊥
=

2πα2
eme2q

Q2y

{

[1 + (1 − y)
2
]f

N
q (xB , k⊥) − 4(2 − y)

√

1 − y
|~k⊥|

Q
xB f

(1)N
q⊥

(xB , k⊥)cosφ

− 4(1 − y)
|~k⊥|2

Q2
xB [ϕ

(1)N
⊥2

(xB , k⊥) − ϕ̃
(1)N
⊥2

(xB , k⊥)]cos 2φ

+ 8(1 − y)
2x2BM2

Q2
f
N
q(−)(xB , k⊥)

− 2
[

1 + (1 − y)
2
] |~k⊥|2

Q2
xB

[

ϕ
(2,L)N
⊥2

(xB , k⊥) − ϕ̃
(2,L)N
⊥2

(xB , k⊥)
]

}

.

Song, Gao, Liang, Wang, PRD2011
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Discussions

〈cos φ〉UU = −2(2 − y)
√
1− y

1 + (1 − y)2
|~k⊥|
Q

xBf
⊥(x, k⊥)

f1(x, k⊥)

〈cos 2φ〉UU = − 2(1− y)

1 + (1− y)2
|~k⊥|2
Q2

xB[ϕ
(1)
⊥2

(x, k⊥)− ϕ̃
(1)
⊥2

(x, k⊥)]

f1(x, k⊥)

〈sin φ〉LU = − 2y
√
1− y

1 + (1− y)2
|~k⊥|
Q

xBg
⊥(x, k⊥)

f1(x, k⊥)

for g = 0, they reduce to R.Cahn’s parton model results,

〈cos φ〉UU |g=0 = −2(2− y)
√
1− y

1 + (1− y)2
|~k⊥|
Q

〈cos 2φ〉UU |g=0 =
2(1 − y)

1 + (1 − y)2
|~k⊥|2
Q2

〈sin φ〉LU |g=0 = 0

But generally they depend on values of non-perturbative TMD functions!

k2⊥f ⊥(x , k⊥) =

∫
p+dy−d2y⊥

2(2π)3
e ixp

+y−−i~k⊥·~y⊥〈p|ψ̄(0)/kL(0, y)ψ(y)|p〉

k2⊥g⊥(x , k⊥) =

∫
p+dy−d2y⊥

2(2π)3
e ixp

+y−−i~k⊥·~y⊥〈p|ψ̄(0)ε⊥αβk
β
⊥γ

αγ5L(0, y)ψ(y)|p〉.
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Nulcear effects on parton distribution

eN SIDIS eA SIDIS

〈N|ψ̄(0)L(0; y)ψ(y)|N〉 〈A|ψ̄(0)L(0; y)ψ(y)|A〉

FSI diffuse the scattered parton .

f (x , k⊥) ≃
1

π∆2F

∫
d2ℓ⊥ e−(~k⊥−~ℓ⊥)2/∆2F f (x , ℓ⊥)

f ⊥A(x , k⊥) ≃
A

π∆2F

∫
d2ℓ⊥ e−(~k⊥−~ℓ⊥)2/∆2F k⊥·ℓ⊥

k2
⊥

f ⊥N(x , ℓ⊥)

where ∆2F =
∫
dξ− q̂(ξ−). (Liang, Wang, Zhou, PRD2008)
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Nuclear effects on azimuthal asymmetries

If one takes Gaussian ansatz for TMDs with identical parameters

〈cos φ〉eAUU
〈cos φ〉eN

UU

≈
〈sinφ〉eALU
〈sinφ〉eN

LU

≈
〈k2

⊥
〉

〈k2
⊥
〉+∆2F

≡ fs .

0 50 100 150 200

]2
 [G

eV
〉

2 hTp〈 ∆

0.00

0.02

0.04
+π
-π
+K

He

Ne

Kr
Xe

A
0 50 100 150 200

sf

0.2

0.4

0.6

0.8

1.0

/fm2 0.008 GeV± = 0.024 q

Hermes, PLB 684:114(2010),

EPJA 47:113(2011).

kT -distribution broadened

well described at large A

Azimuthal asymmetries suppressed

reduce by 40% at A = 200

Song, Liang, Wang, PRD2014
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Summary

Collinear expansion is essential to calculate higher twists systematically

Twist-3 contributions to azimuthal asymmetries for doublely polarized
~e + ~N/A → e + q + X process.

Twist-4 contributions to azimuthal asymmetries for unpolarized
e + N/A → e + q + X process.

Numeric estimate of nuclear suppression of azimuthal asymmtries as a function of
A.

Thanks for your attention!
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Numeric estimate of fs ≡
〈~k2

⊥
〉

〈~k2
⊥
〉+∆2F

〈k2
⊥〉 ≃ 0.2 ∼ 0.3 GeV

2

e.g., Anselmino, Boglione, D’Alesio, Melis, Murgia and Prokudin, PRD2013

Average kT -broadening in DIS

∆2F =

∫

dξ−N d2bq̂F (ξ
−
N , b),

q̂F (ξN , b) = q̂0ρ
A
N(ξ, b)/ρ

A
N(0, 0).

q̂0 = 0.024 ± 0.008 GeV
2/fm (Deng, Wang, PRC2010; Chang, Deng, Wang,

PRC2014), and for ρAN(ξ,b) we take hard sphere distribution.
Finally the nuclear suppression factor fs becomes

fs ≈
1

1+ 0.114A1/3
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