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• (Very) Brief introduction to Lattice QCD 

• Sources of systematic error 

• Nucleon Axial Charge 

• Nucleon Tensor Charge 

• Electromagnetic Form Factors 

• strangeness + charge symmetry violation 

• Spin content, including  

• Won’t cover new method from X.Ji [PRL 110, 262002 (2013)] (plenary Mon, 8:30)

Outline

�s [Also see K.-F. Liu (plenary Tue, 8:00)]



The Lattice
Lattice QCD provides a first principles, 
systematically improvable approach for QCD 

Discretise space-time with lattice spacing a 
volume L3xT 

Quark fields reside on sites 

Gauge fields on the links 

Approximate the full QCD path integral by Monte 
Carlo methods 

!

Put it on a supercomputer

Ken Wilson (1974)
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• Extrapolations:


• Continuum 


• Unavoidable


• Improved actions (errors O(a2))


• Finer lattice spacings
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• Extrapolations:


• Continuum 


• Unavoidable


• Improved actions (errors O(a2))


• Finer lattice spacings


• Finite volume


• Large volumes so effects are exponentially suppressed


• Chiral


• Chiral perturbation theory


• Simulate at physical quark masses

a ! 0

L ! 1

m⇡ ! 140MeV
GOR =) m2

⇡ / mq

Systematics of a Lattice Calculation
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Speed of a Lattice Calculation
Costs of Dynamical Fermions

Studies of algorithms for (improved)
Wilson fermions suggest

cost ∝

 
m2PS
m2V

!3
L5 a�7

The Berlin Wall.

Phenomenology, not data.
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June 2004: Earth Simulator,  36 TFlops June 2014: Tianhe-2, 34 PFlops
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The Lattice Landscape

Hadron spectrum Christian Hoelbling
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Figure 1: The landscape of recent dynamical fermion simulations projected to the L vs. M
p

plane.
Unless otherwise noted, all ensembles are Nf = 2 + 1. The borders of the shaded regions are placed
where the expected relative error of the pion mass is 1%, 0.3% resp. 0.1% according to [61]. Data
points are taken from the following references: ETMC’09(2) [74], ETMC’10(2+1+1) [6], MILC’10 [18],
QCDSF’10(2) [75], QCDSF-UKQCD’10 [15], WMB’10 [11, 12], PACS-CS’09 [23, 76], RBC-UKQCD’10
[7, 77], JLQCD/TWQCD’09 [78], HSC’10 [70] and BGR’10(2) [71]. All ensembles are from Nf = 2+ 1
simulations except explicitly noted otherwise. For staggered ensembles, the Goldstone pion mass is plotted.

Fixing the global topological charge in QCD is a restriction that becomes irrelevant in the
infinite volume limit. For this reason fixing the topological charge in lattice QCD calculations may
be viewed as introducing an additional third type of finite volume corrections [72, 73].

2. Ensemble overview

In order to assess currently available lattice ensembles with respect to the three main sources
of systematic error discussed in the previous section, it is instructive to look at their position in
a landscape with respect to the four quantities: light and strange quark masses (physical point),
lattice spacing (continuum) and volume. Because light and strange quark masses are scheme and
scale dependent quantities, it is easier to use the quantities M

p

and
q

2M2
K �M

p

instead that are
proportional to the square root of the sum of light quark masses resp. the strange quark mass to
leading order.

In figs. 2-3 three projections of this landscape are plotted. The first one, fig. 2, displays the
position of current ensembles in the

q
2M2

K �M
p

vs. M
p

plane. As one can see, the physical point
has already been reached. In fig. 1 the landscape is projected to the L vs. M

p

plane. One observes
that the bulk of current day lattice ensembles lies in a region where the pion mass is expected to be

6

• Leading sources of error: 

• Unphysically large quark masses 

• Finite Volume

[Hoebling (Lattice 2010) 1102.0410]
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⌫̄

n

p

e-
W-

Neutron axial charge

Relatively simple to compute on the lattice 

	 	 Good benchmark for hadron structure (understanding systematic errors)
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M.Constantinou (Lattice 2014)

Results systematically 10-20% below experiment 

Large scatter in the results

Determination of gA on the Lattice
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What about lattice systematic errors? 

Finite lattice spacing 

Large quark masses 

Finite volume 

Contamination from excited states

Determination of gA on the Lattice

C(~p, t) = A0e
�E0(~p)t +A1e

�E1(~p)t + . . .

Maximise Minimise exponentially 
suppressed at large t

ground state 1st excited state

optimal operators



Cut-off effects
! Continuum extrapolation requires 3 lattice spacings

[C. Alexandrou et al. (ETMC), arXiv:1012.0857] [G. Bali et al. (RQCD), 2014]
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1st Conclusion: a < 0.1 fm is sufficient

Talk by R. Gupta

Talk by G. Bali

Different colours correspond to different 
lattice spacings  

	 	  No obvious dependence on a 

Determination of gA on the Lattice
Lattice spacing dependence

M.Constantinou (Lattice 2014)

Varying the location of the sink 

Small suppression of gA for small 
times

Excited state contamination
➌ Two-state fit on 3pt-functions
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2-states simultaneous fit
1-state fit
2-states fit ⇐ PNDME (2013):

[T. Bhattacharya (PNDME), arXiv:1306.5435]

! mπ=310MeV
! Largest difference for Tsink < 1 fm
! All fits in agreement

2nd Conclusion: Tsink > 1 fm safe⋆
⋆ based onmπ⟩300MeV

➍ Feynman-Hellmann Approach:

S→S(λ)=S+λ
∑

x

q(x)iγ5γ3q(x)

∆q=
∂E(λ)

∂λ

∣

∣

∣

∣

λ=0

=
1

2M
⟨N |qiγ5γ3q|N⟩

! External spin operator in Sfermion

! ∆q: linear response of nucleon energies
! Statistical Precision

⇐ CSSM/QCDSF/UKQCD (2014):
[A.J.Chambers et al., arXiv:1405.3019]

! mπ=470MeV

Talk by J. Zanotti

m⇡ = 310MeV

PNDME(2013)



Determination of gA on the Lattice
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Lattice volume dependence

a � 0.075 fm

QCDSF: PLB 732 (2014) 41

Substantial finite size effects 

gA suppressed on a finite volume

Quark mass dependence

HBChPT suggests that enhancement is 
expected in the infinite volume at light 
quark masses 

Sensitive to (interplay of Delta and N 
loops)

Figure 7: The renormalized axial charge gRA in the infinite volume plotted against m2
π(∞),

together with the experimental value gA = 1.27 (×). The shaded area shows the fit of
eq. (12) to the data.

Figure 8: The renormalized pion decay constant fR
π in the infinite volume plotted against

m2
π(∞), together with the experimental value fπ = 92.2MeV (×). The curve shows a fit of

eq. (14) to the data.
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M.Constantinou (Lattice 2014)

gA appears to be very sensitive to Lattice systematics 

Lots of effort in reducing systematic errors                    flow on for other quantities

Determination of gA on the Lattice



Tensor Charge, 
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gT appears to be well behaved 

 	 	 	 [c.f. M. Anselmino et al., 1303.3822:                        ]

gT =

Z
dx

⇥
�u(x)� �d(x)

⇤

gT ⇡ 1 gT = 0.72+0.39
�0.18 MS µ2 = 4GeV2



Electromagnetic Form Factors
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coupled integral equations for QCD’s Green functions
that provide access to emergent phenomena of non-
perturbative QCD, such as dynamical chiral symme-
try breaking and confinement [98]. The DSEs admit a
symmetry-preserving truncation scheme that enables a
unified description of meson and baryon properties. The
approach has already achieved considerable success in
the pseudoscalar meson sector [19]. The prediction of
nucleon form factors in the DSE approach involves the
solution of a Poincaré-covariant Faddeev equation. In
the calculations of [17], dressed quarks form the elemen-
tary degrees of freedom and correlations between them
are expressed via scalar and axial vector diquarks. The
only variable parameters in this approach are the diquark
masses, fixed to reproduce the nucleon and ∆ masses,
and a diquark charge radius r+1 embodying the electro-
magnetic structure of the diquark correlations. A dif-
ferent approach to DSE-based form factor calculations
effects binding of the nucleon through a single dressed
gluon exchange between any two quarks [18] without ex-
plicit diquark degrees of freedom. In this calculation, the
only parameters are a scale fixed to reproduce the pion
decay constant and a dimensionless width parameter η
describing the infrared behavior of the effective coupling
strength of the quark-quark interaction.

The predictions of several DSE-based calculations for
the proton Sachs form factor ratio R = µpG

p
E/G

p
M are

shown in Figure 16. The quark-diquark model calcula-
tion [17] underpredicts the data at low Q2 but agrees rea-
sonably well at higher Q2. The disagreement at low Q2 is
attributed to the omission of meson cloud effects. The ad-
dition of dynamically generated, momentum-dependent
dressed-quark anomalous magnetic moments [99] that be-
come large at infrared momenta improves the description
of R at low Q2. The three-quark model calculation [18]
agrees with the data at low Q2, but underpredicts the
data at higher Q2, becoming numerically unreliable for
Q2 ! 7 GeV2.

The deficiencies of the DSE approach, including the ap-
proximation schemes required to make the calculations
analytically tractable and the omission of meson-cloud
effects, are evident in the disagreement between the pre-
dicted form factors and the experimental data, which is
more severe than in the various models described above,
which have more adjustable parameters. The advantage
of the approach is that it provides a systematically im-
provable framework for the ab initio evaluation of hadron
properties in continuum non-perturbative QCD, that is
complementary to discretized lattice simulations. As fun-
damental measurable properties of nucleon structure, the
electromagnetic form factors are essential to the feedback
between theory and experiment required to make further
progress in this direction.

)2 (GeV2Q
0 5 10

p M
/Gp E

 G p
µ

-0.5

0.0

0.5

1.0

 = 0.8 fm+
1t09, reClo

qκChang11, add 
 = 1.8ηEichmann11, 
 = 2.0ηEichmann11, 

FIG. 16. (color online) Predictions of DSE-based calcula-
tions for R = µpG

p
E/G

p
M compared to experimental data

from cross section [5, 80, 81] (empty circles) and polariza-
tion [1, 2, 25] (filled circles) experiments, where the results of
[2] are replaced by those of the present work. The results of
[17] (Cloët09) are shown for a particular choice of the diquark
charge radius. The curve from [99] (Chang11) is that of [17]
with the addition of dressed quark anomalous magnetic mo-
ments. The results of [18] (Eichmann11) are shown for two
values of η, showing the weak sensitivity of the form factor
results to this parameter.

7. AdS/QCD

In the past decade, theoretical activity has flourished
in modeling QCD from the conjecture of the anti-de
Sitter space/conformal field theory (AdS/CFT) corre-
spondence [133–135], a mapping between weakly coupled
gravitational theories in curved five-dimensional space-
time and strongly coupled gauge theories in flat four-
dimensional space-time. Since QCD is not a conformal
field theory, the symmetry of the anti-de Sitter space
is broken by applying a boundary condition. Brodsky
and de Teramond [136] have calculated F1 for the pro-
ton and neutron and emphasized the agreement of the
predicted Q2F1 dependence with the data. Abidin and
Carlson [137] have calculated both proton and neutron F1

and F2 along with the tensor form factors using both hard
and soft wall boundary conditions. This model predicts
the same asymptotic Q2 dependence as the dimensional
scaling of pQCD, but does not reproduce the detailed
features of the data in the presently measured Q2 region.

Several outstanding issues 

!

!

!

Can some of these questions be addressed by a calculation from Lattice QCD? 

Need to determine

Electromagnetic Form Factors

�p�, s�|Jµ(�q)|p, s⇥ = ū(p�, s�)
�
�µF1(q2) + i⇥µ⇥ q⇥

2m
F2(q2)

⇥
u(p, s)

GE(Q
2) = F1(Q

2)� ⌧F2(Q
2)

GM (Q2) = F1(Q
2) + F2(Q

2) ⌧ = Q2/(4M2)

[JLab, Hall A, PRC85 (2012) 045203]



• Strong dependence on quark mass

Electromagnetic Form Factors

mp≥0.8GeV
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• Darker colours             lighter masses


• Grey band             parameterisation of experimental data


• Lattice results lie above experiment with smaller slope

S. Collins et al (QCDSF):PRD84 (2011) 074507

pi =
2⇡

L
ni



• Strong dependence on quark mass

Electromagnetic Form Factors
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Electromagnetic Form Factors
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Traditional analysis method: 

	 	 Fit with a dipole                       

	 	  

	 	 Extract charge radius 

!

	 	 Extrapolate to physical mass

Electromagnetic Form Factors

F (Q2) =
F (0)
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hr2i = 12

M2
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Lattice data for plateau method

⋆ Estimation of radii strongly depends on small Q2

⋆ Need access for momenta close to zero⇒

⋆ larger volumes

M.Constantinou (Lattice 2014)
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Electromagnetic Form Factors
P.Shanahan et al (CSSM/QCDSF):  
	 PRD89 (2014) 074511 
	 PRD90 (2014) 034502 
	 arXiv:1403.6537 
	 in preparation

Fit to lattice results
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mp2

G
Mp,
u

Trajectory: Singlet pseudoscalar mass (m2

K + m2

⇡/2) fixed to its physical value

Recall: Simultaneous fit with other baryon FFs (G⌃,u
M ) etc.

Phiala Shanahan (Adelaide Uni) Strangeness and CSV May 5th 2014 42 / 61

Increasing Q2

Increasing Q2

New method: 

Perform chiral extrapolation at fixed-Q2



Good agreement with parameterisation of experimental data 

Electromagnetic Form Factors
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Figure 1: Isovector form factors extrapolated to the physical point. Extrapolations (at fixed Q2-values) of the magnetic (a) and
electric (b) isovector nucleon form factors to infinite volume and the physical pseudoscalar masses are shown compared with the
Kelly parameterisation27 of experimental results (dashed red band). The blue circles and green crosses denote results derived from
the L3 ⇥ T = 323 ⇥ 64 and 483 ⇥ 96 sets of simulations respectively.

(a) (b)

Figure 2: CSV form factors as relevant to experimental determinations of nucleon strangeness. The blue circles and green crosses
on the figures showing the (a) magnetic and (b) electric CSV terms denote the L3 ⇥ T = 323 ⇥ 64 and 483 ⇥ 96 sets of simulation
results respectively.

a = 0.074 fm

a = 0.061 fm



Latest results close to the 
physical point

Electromagnetic Form Factors
J. Green et al. (LHPC): arXiv:1404.4029

m⇡ ⇡ 149MeV
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Figure 5. Dipole fits to F v
2

(Q2) with varying Q2

max

. The last two plots show the dependence on Q2

max

of the fit parameters.
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Figure 6. Isovector electric and magnetic form factors. Each plot contains the curve with error band from the fit to experiment
in Ref. [47] and the summation data from the m⇡ = 149 MeV ensemble.
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Understanding hidden flavour  -  A fundamental challenge of hadronic physics 

Contributions arise entirely through interactions with QCD vacuum

connected disconnected

Expensive and noisy!
Vanish for isovector quantities (p-n) 

Essential for strangeness

Strangeness Form Factor



Disconnected Insertion
Sachs FFs: GE(Q2) = F1(Q2) − Q2

4m2
N

F2(Q2), GM (Q2) = F1(Q2) + F2(Q2)

[S.Meinel et al. (LHPC) 2014]

• Clover (Nf=2+1),L=3.58 fm
• O(100 000) statistics

• Gdis
E increasesGtot

E

• Gdis
M decreasesGtot

M

Talk by S.Meinel

Quark loops with hierarchical probing [A.Stathopoulos et al., arXiv:1302.4018]

! Gain depends on observable: for EM significant improvement
! Allows to increase the level of spatial dilution at any stage while reusing existing data

! Improves the stochastic estimator Tr[A−1] = E{z†A−1z} (z: noise vector)
! deterministic orthonormal vectors (Hadamard)
! Optimal distance k for A−1

i,j ≈ 0 obtained using probing
! Recursive probing (results from level i − 1 is used at level i)
! Multi coloring of sites is done hierarchically
! Bias is removed by using a random starting vector
! Up to factor of 10 speed up (323 × 64 clover lattice)

Direct calculations - preliminary 
(S. Meinel, Lattice 2014)

� � � � � � ��
� �

�

�

�

��� ��� ��� ��� ��� ��� ��� ���

-���

-���

���

���

���

���

���

�� (�	
)�

�
��

�

�

��
�

� � � � �
�

�

��� ��� ��� ��� ��� ��� ��� ���

-���

���

���

���

���

���

�� (	
�)�

�
��

Indirect calculations             
(P.Shanahan et al., arXiv:1403.6537)

Strangeness Form Factor



P.Shanahan et al., arXiv:1403.6537
Strangeness Form Factor
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Relies on assumptions of 
Charge Symmetry

up ⌘ dn

dp ⌘ un



We relied on charge symmetry in our determination of the strangeness form factors 

So do the experiments! 

EM and weak interactions give access to different combinations of  

!

!

!

Assume charge symmetry

Charge Symmetry
u quarks in the proton d quarks in the neutron

Gp,(u/d/s)

Gp,� =
2

3
Gp,u � 1

3

�
Gp,d +Gp,s

�

Gp,Z =

✓
1� 8

3
sin2 ✓W

◆
Gp,u �

✓
1� 4

3
sin2 ✓W

◆�
Gp,d +Gp,s

�

�
Gp,u = Gn,d, Gp,d = Gn,u, Gp,s = Gn,s

�

�
Gp,s

E/M =
�
1� 4 sin2 ✓W

�
Gp,�

E/M �Gn,�
E/M �Gp,Z

E/M



Determine the degree to which charge symmetry is violated in EM form factors by  

	 Combining chiral perturbation theory fits to isospin-averaged hyperon FFs 

	 Input                from experiment (or lattice)

Charge Symmetry Violation

mu/md

P.Shanahan et al., in preparation



Determine the degree to which charge symmetry is violated in EM form factors by  

	 Combining chiral perturbation theory fits to isospin-averaged hyperon FFs 

	 Input                from experiment (or lattice)

Charge Symmetry Violation
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(a) (b)

Figure 1: Isovector form factors extrapolated to the physical point. Extrapolations (at fixed Q2-values) of the magnetic (a) and
electric (b) isovector nucleon form factors to infinite volume and the physical pseudoscalar masses are shown compared with the
Kelly parameterisation27 of experimental results (dashed red band). The blue circles and green crosses denote results derived from
the L3 ⇥ T = 323 ⇥ 64 and 483 ⇥ 96 sets of simulations respectively.
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Figure 2: CSV form factors as relevant to experimental determinations of nucleon strangeness. The blue circles and green crosses
on the figures showing the (a) magnetic and (b) electric CSV terms denote the L3 ⇥ T = 323 ⇥ 64 and 483 ⇥ 96 sets of simulation
results respectively.
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Determine the degree to which charge symmetry is violated in EM form factors by  

	 Combining chiral perturbation theory fits to isospin-averaged hyperon FFs 

	 Input                from experiment (or lattice)
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Figure 2: CSV form factors as relevant to experimental determinations of nucleon strangeness. The blue circles and green crosses
on the figures showing the (a) magnetic and (b) electric CSV terms denote the L3 ⇥ T = 323 ⇥ 64 and 483 ⇥ 96 sets of simulation
results respectively.
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Charge symmetry satisfied to better than 0.2%



Spin of the Proton

[See also plenary by K.-F. Liu]



How is the spin of the proton distributed between its constituents? 

!

!

X. Ji (1997): 

Express in terms of moments of Generalised Parton Distributions 

!

which are obtained from the matrix elements of the energy momentum tensor

Spin of the Proton

Jq/g =
1
2
[Aq/g

20 (�2 = 0) + Bq/g
20 (�2 = 0)]

�P �|Tµ⇥ |P ⇥ = U(P �)
�

�µP
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A20(�2) +

i⇥µ⇤�⇤P
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2mN
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q
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20(0)
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q

�x⇥q + �x⇥g
0 =
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q

Bq
20(0) + Bg

20(0)

Momentum conservation:  Anomalous gravitomagnetic 
moment

1
2

=
�

q

Jq(µ2) + Jg(µ2) Jq =
1

2
�⌃q + Lq



Review of Hadron Structure Lattice 2013,  Mainz,  July 29-August 3, 2013        

Origin of the Nucleon Spin

Sergey N. Syritsyn

Quark Angular Momentum and Spin (Connected)
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*

*

*

(*) not including disconnected diagrams!

(Review by S.Syritsyn, Lattice 2013)



         is a purely quark-line disconnected contribution


A challenge on the lattice 

Standard procedure: Use stochastic (random noise) sources 

e.g. 


Spin of the Proton
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A new alternative: 

	 Apply the Feynman-Hellmann method to lattice Green’s functions 

[A. Chambers et al. (CSSM/QCDSF) PRD90 (2014) 014510]
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         is a purely quark-line disconnected contribution


A challenge on the lattice 

Standard procedure: Use stochastic (random noise) sources 

e.g. 


Spin of the Proton
�s

PRL108, 222001 (arXiv:1112.3354)

MS µ =
p
7.4GeV

m⇡ = 285MeV
�s = �0.020(10)(4)

gA = ZNS
A glattA

�⌃ = ZS
A�⌃latt

Also allows for full nonperturbative determination of singlet renormalisation constants
[CSSM/QCDSF, arXiv:1410.3078]

[Alternative method using AWI: K.-F. Liu]
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Disconnected Spin Contributions

SU(3) symmetric point, m⇡ ⇡ 470MeV

�udisc = �ddisc = �sdisc = �0.025(15)

�⌃disc = 3�qdisc = �0.081(46)

Preliminary!

MS µ2 = 4GeV2

[A.Chambers]



Disconnected Spin Contributions
Nucleon Spin

Disconnected Contributions
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q2=0

! Agreement between different discretizations:
[R.Babich et al. (DISCO), arXiv:1012.0562]
[G.S.Bali et al. (QCDSF), arXiv:1112.3354]
[M.Engelhardt, arXiv:1210.0025]
[A.Abdel-Rehim et al. (ETMC), arXiv:1310.6339]
[S.Meinel et al. (LHPC), 2014], bare results
[J.Zanotti et al. (CSSM/QCDSF/UCKCD), 2014]
[M.Gong et al. (χ QCD), 2014]

! DI for gA lower the total value
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[G.S.Bali et al. (QCDSF), arXiv:1112.3354]

[A.Abdel-Rehim et al. (ETMC), arXiv:1310.6339]

Talks by:
M.Gong (χ QCD)
A.Vaquero (ETMC)

J.Zanotti (CSSM/QCDSF/UKQCD)

g
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gsA

⟨x⟩u+d

M.Constantinou (Lattice 2014)
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Moments of Parton Distribution Functions 

Moments of Generalised Parton Distribution Functions 

Sigma terms 

Moments of TMDs 

Other hadrons

Other Observables

•Review: Ph. Hägler, 0912.5483 
•Lattice review talks 

•2013: S.Syritsyn 1403.4686 
•2012: H.-W. Lin 1212.6849 
•2011: H. Wittig 1201.4774

[M.Engelhardt et al. 
PRD 85 (2012) 094510, 

Lattice 2014]

hxiq,g

(⇡,⌃,⇤, . . .)

�⇡N , �s



Lattice hadron structure simulations now approaching the physical point 

Lots of effort in understanding systematic errors (e.g. in gA) 

Form factors are in good shape 

Small strangeness form factors 

Small charge symmetry violation 

Excellent progress in decomposing nucleon spin

Summary

[Plenary by K.-F. Liu]
Lu+d
conn

⇠ 0

Lq
disc ?

�s ⇠ �5%


