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Phase-space distribution in QM

Quantum Mechanics

Wigner distribution
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[Wigner (1932)]
[Moyal (1949)]

Position-space density

G = [ dkpw
Momentum-space density

(0 =2 [ dr pw (b
Quantum average

(0) = [drdkO(r, k) pw(r, k)



Phase-space quasi-distribution

Wigner distribution

Numerous ap

e Nuclear

dlications in

bhysics

e Quantum chemistry

e Quantum molecular dynamics
e Quantum information

e Quantum optics

e Classical

optics

e Signal analysis
e [mage processing
e Heavy ion collisions

Heisenberg’s uncertainty relation

—————>

Quasi-probabilistic interpretation

h— 0

- classical density

[Antonov et al. (1980-1989)]




Wigner Distributions in QFT

> Dirac matrix
~ quark polarization

Quark Wigner operator W7 k) = / ((21754 e # (7 — g) W b (r + g)

> Wilson line



Wigner Distributions in QFT

> Dirac matrix
~ quark polarization

—~ d4 . _
Quark Wigner operator w7 k) = / (2754 eFE(F — 5) DWW (7 + 5)
‘ > Wilson line

Fixed light-front time T =0 <= /dk_



Wigner Distributions in QFT

> Dirac matrix
~ quark polarization

=1, d*z . - =z ‘ Lz
Quark Wigner operator W7 k) = / (27T)4@’"C “)(7 — 5)FW¢'(’I“|— 5)
‘ > Wilson line
Fixed light-front time 2t =0 <==p /dk_
. L Mo 7y 1B x Ay A i (2003)]

W'gtr;]erélls't.:'?uuons pin @ ’h)_§/(2w)36 <§’A’W (0, ’]‘“”_E’M [Belitsky, Ji, Yuan (2004)]

in the Breit frame

3+3 D

no semi-classical interpretation



Wigner Distributions in QFT

> Dirac matrix
~ quark polarization

: 1, d*z ... - _  z ‘ -
Quark Wigner operator W7 k) = / (2w)461k P = ) EWH(T+ 5)
‘ > Wilson line
Fixed light-front time T=0 =—> / dk™
. T . 1 3N o~ A~ . A
Wigner distributions oL @k kL) = 5/ gﬂ)ge—ﬂ*(?/\’]w[” 0.k, kL) — 5 A)
in the Breit frame 3+3 D
no semi-classical interpretation
. . . . - ]. 25 Y N A = - &
.ngner distributions o) @k R — _/d Lo—iBuE gt B AT 0,1t Ry pt, — B A)
in the Drell-Yan frame 2 ) (2m) 2 2
(A-I- _ O) 2+3 D

semi-classical interpretation

[Ji (2003)]
[Belitsky, Ji, Yuan (2004)]

[Lorce, BP (201 1)]
Lorce, BE Xiong, Yuan (2012)]



Wigner Distributions in QFT

> Dirac matrix
~ quark polarization

: 1, d*z ... - =z ‘ -
Quark Wigner operator W7 k) = / (2w)462k “(r— 5) LW (r + 5)
‘ > Wilson line
Fixed light-front time ;T =0 <= / dk™~
- istributi Mot 7y L [P iz A vy A i (2003)]
ngleré:llsFrlrutlons parn @kT kL) = 5/ 23 <§ N W0, kT k)| — §,A> Bolitsky Ji.Yuan (2004)]
in the Breit frame 3+3 D
no semi-classical interpretation
. o X A ) R \
.ngner distributions pA’A‘ - kL) /d J2_6 iR LBy (" A1 A’\W (O,k+,/€L)|p ,__J_ A) [Lorc\e, RP (20| N
in the Drell-Yan frame 2/ (2m) 2 2 Lorce, BP Xiong, Yuan (2012)]
(A-I- _ O) 2+3 D
semi-classical interpretation Generalized Transverse Momentum Dependent

[Meissner, Metz, Schlegel (2007)]



Wigner distributions

Transverse momentum

IO(Z;J_7£E7 EJ_) EJ_

Trapsverse
gositio ’ ®
Longitudinal momentum
kT =aP?




Generalized TMDs and Wigner Distributions

1 [MeiBner, Metz, Schlegel (2009)]
N, k+ =A
’ 2 [Gluon GTMDs: Lorcé, BR, (2014)]
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4 X 4 =16 polarizations <) |6 complex GTMDs (at twist-2)
W/{",A(xv 57 kJ_v AJ_)



Generalized TMDs and Wigner Distributions

1 [MeiBner, Metz, Schlegel (2009)]
N, k+ =A
’ 2 [Gluon GTMDs: Lorcé, BR, (2014)]
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Quark polarization

L

I dz—d?z, I
WA‘,AQ/ (27)3 (5 AT Q)FW(

Nucleon polarization

z
2

S G)IP A P )

4 X 4 =16 polarizations <) |6 complex GTMDs (at twist-2)
W/{’,A(xv 57 kJ_v AJ_)

x: average fraction of quark ¢ fraction of longitudinal momentum
longitudinal momentum transfer

—> —
k.:average quark transverse momentum A :nucleon transverse-momentum transfer




Generalized TMDs and Wigner Distributions

1 [MeiBner, Metz, Schlegel (2009)]
N, k+ =A
’ 2 [Gluon GTMDs: Lorcé, BR, (2014)]
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; 5 A,P+2A

Quark polarization

L

I dz—d?z, I
WA‘,AQ/ (27)3 (5 AT Q)FW(

Nucleon polarization

z
2

S G)IP A P )

4 X 4 =16 polarizations <) |6 complex GTMDs (at twist-2)
W/{",A(xv 57 kJ_v AJ_)

Fourier transform A, < b

v
W};/,A(w, AR bL) |6 real Wigner distributions
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Light-Front Wave Functions (LFVVFs)

4+ Fock expansion of Nucleon state:

N) = Us,lq99) + V344313999 + V3q4l0999) + - -

fixed light-cone time (x*=0)
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Light-Front Wave Functions (LFVVFs)

4+ Fock expansion of Nucleon state:

N) = Us,lq99) + V344313999 + V3q4l0999) + - -

fixed light-cone time (x*=0)
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normalization > _y PN g = 1



Light-Front Wave Functions (LFVVFs)

4+ Fock expansion of Nucleon state:

N) = Us,lq99) + V344313999 + V3q4l0999) + - -

fixed light-cone time (x*=0)
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normalization ZN,ﬁ pﬁw =1

4+ Eigenstates of momentum Pt = ZN ki P, = 27{\;1 ki =0,

1=1 "1



Light-Front Wave Functions (LFVVFs)

4+ Fock expansion of Nucleon state:

N) = Us,lq99) + V344313999 + V3q4l0999) + - -

fixed light-cone time (x*=0)
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4 Probability to find N partons in the nucleon pﬁw = f[dw]N[koJ_]N‘\Ijé\\l.,.AN 2
normalization ZN,ﬁ pﬁw =1

4+ Eigenstates of momentum Pt = ZAL ki P, = Zi\;l kin =01

1=1 "1

4+ Eigenstates of parton light-front helicity Si \I’f\\l...AN = A ‘Ifﬁ\\l,\Q...,\N

4 Eigenstates of total orbital angular momentum L.U3 5, =008 0,



Light-Front Wave Functions (LFVVFs)

4+ Fock expansion of Nucleon state:

N) = Us,lq99) + V344313999 + V3q4l0999) + - -

fixed light-cone time (x*=0)
|

| |
| —>— >—

P C} r: Z + o C :i g + »= [\\ T: % 4+ ...
:4, q | : g “TOOPO000 g

4 Probability to find N partons in the nucleon Pﬁr,g = f[df]N[koL]N\‘I’f\\l.--,\N 2

. A
normalization > _y PN g = 1

4+ Eigenstates of momentum Pt=Y" kI P =
4+ Eigenstates of parton light-front helicity Si \I’f\\l...AN = A ‘Ifﬁ\\l,\Q...,\N
4 Eigenstates of total orbital angular momentum L4 =108
total helicity total OAM nucleon helicity

N N - N
5z = (Sz) = ZN,[S 21:1 Ai p%,ﬁ b, = (L:) = ZN,B Zi:l e P%,B A=s, + £,



LFWF Overlap Representation

A919293 (.. L.

invariant under boost, independent of PH

3 3
internal variables: >z =1, ki ;=0 [Brodsky, Pauli, Pinsky, "98]
=1 1=1

[ Lorce, BP Vanderhaeghen, [HEPOS5 (201 1)]
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LFWF Overlap Representation

Niq19293 (.. I.
\I])\l Ao A3 (Ll.....,_j, AJ_[)

invariant under boost, independent of PH
X .

3
internal variables: Y a; =1, ki, =0, [Brodsky, Pauli, Pinsky, 98]
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momentum wi  spin-flavor wi  rotation from canonical spin to
light-front spin

General formalism valid for

Bag Model, LFXQSM, LFCQM, Quark-Diquark, Covariant Parton Models
[ Lorce, BB Vanderhaeghen, JHEPOS5 (201 1)]



Light-Front Constituent Quark Model




Light-Front Constituent Quark Model

N >
» momentum-space wi ‘I’(kz) — (M'g n 52)7 My = Zf \/mf + sz

[Schlumpft, Ph.D. Thesis, hep-ph/921155]

- 3, v parameters fitted to anomalous
N :normalization constant magnetic moments of the nucleon




Light-Front Constituent Quark Model

ey 3 2 1 L2
(M2 + 32)" Moo= 3 \/mz + k;

- 3, v parameters fitted to anomalous
N :normalization constant magnetic moments of the nucleon

» momentum-space wf W(k;) =
[Schlumpft, Ph.D. Thesis, hep-ph/921155]
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Light-Front Constituent Quark Model

N

Y —s . 3 =
» momentum-space wf U(k;) = (]\/[g n ﬁ2)’r My = Zz \/mg 4 kf
[Schlumpf, Ph.D. Thesis, hep-ph/92 1 | 55]
o 3, v parameters fitted to anomalous
N :normalization constant magnetic moments of the nucleon
: : LC/1y . (/2% C/1. (1/2)* /4 _ i K Kr,
» spin-structure: gy~ (k) =D,/"" g5 (k) Dy ™" (k) \IE"\ Ki K.

free quarks =) K, =m+aMy K, =k
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Light-Front Constituent Quark Model

N

N s . 3 =
» momentum-space wf U(k;) = (]\/[g n 52)7 My = ZZ \/m?? 4 kf
[Schlumpf, Ph.D. Thesis, hep-ph/92 1 | 55]
o 3, v parameters fitted to anomalous
N :normalization constant magnetic moments of the nucleon
. , LCiin _ (/2% C/s (1/2% .,y _ L ( Kz Ki
» spin-structure: 3 () =D g k) Dy /™" (k) 7 \~Kr K.

free quarks =) K, =m+aMy K, =k
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» SU(6) symmetry



Light-Front Constituent Quark Model

i My = 3\/ 2 4 2

3, v parameters fitted to anomalous

» momentum-space wf W(k;) =
[Schlumpf, Ph.D. Thesis, hep-ph/92 1 | 55]

N :normalization constant magnetic moments of the nucleon
o 12 | (K. K
» spin-structure: gxC (k) = D3/ ¢C (k) D\/?* (k) = @ (_KzR Kj)

free quarks =) K, = m + 2 M) K, =k (Melosh rotation)

4 \

k| LT

» SU(6) symmetry

Applications of the model to:
GPDs and Form Factors: BE Boffi, Traini (2003)-(2005);

TMDs: BE Cazzaniga, Boffi (2008); BEYuan (2010); Lorce, BEVanderhaeghen (201 )
Azimuthal Asymmetries: Schweltzer, BE Boffi, Efremov (2009)



Quark Wigner Distributions

Transverse

p(ki,b.)= [dzp(z,ki,b1) 242D

two-dimensional distributions

Longitudinal at fixed £| == in impact-parameter space

% Twist-2 ~ LO in PY| Tewist—2 =77, Y775, 167 75

quark polarization ~=—p U L T

- |6 independent
Wigner distributions
% Nucleon polarization: U L T



Unpol. quarks in Unpol. Proton

up quark
fixed ik : | oty [1/(GeV?- fin)]

1A, : 4.
: T k.=0.3 GeV ol
unfavored ‘ 3.2
| 2.8
ﬁ\ | 2.4

SNhL 2

Eyavored

Ll1e6

Distortion due to correlations between &, and El

down quark
piv [1/(GeV?- fin)]

| T k,=0.3 GeV

1.3
117
1.04
0.91
0.78
0.65
mo.52

b absent in - and -!

Left-right symmetry =) no net quark OAM

[Lorce, Pasquini (201 )]




Unpol. quarks in Unpol. Proton

up quark down quark
fixed .. | Pty 1/(GeV- fin)] Pty 1/(GeV- fin)]
Of ] 1.0¢F

1A k,=0.3Gev | T k,=0.3 GeV o
| unfavored 0.5 1.04
| = 0.91
— | , 5 : 7» - 9 0. 78
ﬁ\ § 0.0 a 0.65
Eyavored s | N1/ Wo.52

by [fm]
4 integrating over b, == transverse-momentum density

(k1) = [dafi(z, k)

. . _’ ° .
4 integrating over k, = charge density in the transverse plane b,

Monopole

Distributions

1(b2) = ¢ / LA emibBLpIA?)
[Miller (2007); Burkardt (2007)]




Long. pol. quark in Unpol. Proton

up quark down quark

fixed iy |
orr [1/(GeV?- fin?)] o8 [1/(GeV? - fin?)]

—F8 —05 @B U5 ID
by | fm]

4+ projection to GPD and TMD is vanishing

=) Unique information on OAM from Wigner distributions

[Lorce, Pasquini (201 )]
[Lorce, (2014)]



Long. pol. quark in Unpol. Proton

— up quark down quark
fixed iy | P4 g
ot UNGeV?- fin?)] ot 1/(GeV?- fin?)]

0.5 0.5

0.4 0.4

0.3 0.3

0.2 0.2

B 0.1 0.1

] e.
=
9
~0.3
—0.4
—0.5

0 -5 @B 05 Ib
by | fm]

correlation between quark spin and quark OAM

» Quark spin
—> u-quark OAM

u-quark | d-quark S— d-quark OAM
C1 0.23 0.19

Ct = [dwdkydby (b1 x k1) plhy(a,Fu,bo)

[Lorce, Pasquini (201 )]
[Lorce, (2014)]



Unpol. quark in Long. pol. Proton

=3 up quark
fved kJ_T Pd down quark
oy [1/(GeV?- fm?)] Pty [1/(GeV?- fm?)]

' 0.3 0.015

0.24 0.012

0.18 0.009

0.12 0.006

-1 0.003

B o B o

—0.06 o -0.003

-0.12 0l —0.006

~0.18 B -0.009

~0.24 W 0012

~0.3 B 0015

10 —05 00 05 10 210 —05 00 05 10
by [fm] by [fm]

» Proton spin
—> u-quark OAM
<« d-quark OAM

% projection to GPD and TMD is vanishing

=) ynique information on OAM from Wigner distributions
[Lorce, Pasquini (201 1)]



Quark Orbital Angular Momentum

fg — fdZEdZEJ_ngJ_(EJ_XEJ_)p%U(EJ_,EJ_,ZU): —fd:l?dZEJ_]]\Z—iQF&(J},O,EJ_,GJ_)

!

. S . Lorcé, BP (1'1)
Wigner distribution Hatta (12)
for Unpolarized quark in a Longitudinally pol. nucleon , Xiong,Yuan (12)

‘Kanazawa et al, (2014)]



Quark Orbital Angular Momentum

Kg — fdZEdQEJ_ngJ_(gJ_XEJ_)p%U(EJ_,EJ_,ZE): —fd:l?dQEJ_@—igF&(CE,O,EJ_,(—)’J_)

Lorcé, BP (1'1)

Hatta (12)

Ji, Xiong, Yuan (12)
Kanazawa et al,, (2014)]




Quark Orbital Angular Momentum

Kg — fdZEdZEJ_ngJ_(EJ_XEJ_)p%U(EJ_,EJ_,ZE): —fd:l?dZEJ_]]\Z—iQF&(J},O,EJ_,(—)’J_)

- — — — = = - 7 -l_ ,,BP ||
= [d2b,b, x (k) > (k1) = / dedky kippy (b, ki, x) 'Hsrrtzem( |

Ji, Xiong,Yuan (12)
Kanazawa et al,, (2014)]




Quark Orbital Angular Momentum

fg — fdﬁCdQEJ_dQEJ_(EJ_XEJ_)/O%U(gJ_,EJ_,ZU): —fdafdQEJ_]l\Z—igFﬂ(iU,O,EJ_,GJ_)

- — — — - - > - -l_ ,,BP ||
= [d2b,b, x (k) > (k1) = / dedky kippy (b, ki, @) H;)Et;e(u)( |

Ji, Xiong,Yuan (12)
Kanazawa et al,, (2014)]

U 2 7d 2
(k%) [GeV/ fm?] (F4) [GeV/ fm?)
0.6 0.6
0.4 0.4
0.2 0.2
=
‘g 0.0 = 00
< <
-0.2 -0.2
-04 -0.4
-0.6 -0.6
-06 -04 -02 00 02 04 06 -06 -04 -02 00 02 04 06
b./fm b./fm
>  Proton spin
—> u-quark OAM
Results in a light-front constituent quark model: ¢

Lorcé, BP, Xiong, Yuan, PRD85 (2012) d-quark OAM



Quark Orbital Angular Momentum

fg — fdﬁCdQIZJ_dQEJ_(gJ_XEJ_)/O%U(gJ_,EJ_,ZU): —fdiEdQEJ_%Fﬂ(CU,O,EJ_,GJ_)

o . o - o Lorcé, BP (| |

= [d2b. b, x (K1) > (k1) = / dedky kippy(be, ki, ) HS&T(ID( |

Ji, Xiong, Yuan (12)
Kanazawa et al,, (2014)]

(k) [GeV/ fm?] (k1) [GeV]/ fm?]

by/fm

-0.6

-06 -04 -02 00 02 04 06 -06 -04 -02 00 02 04 06
b,/fm b./tm

>  Proton spin

—> u-quark OAM
Results in a light-front constituent quark model: -«

Lorcé, BP, Xiong, Yuan, PRD85 (2012) d-quark OAM



- = o — S S [Lorce, BP (201 1)]
fg — f dxd2kJ_d2bJ_(bJ_ X ]CJ_),OLU([)J_, kJ_, :1:) [Lorce, BP, Xiong,Yuan(201 1)]

Light-cone gauge AT = (
not gauge invariant, but with simple partonic interpretation

Gauge-invariant extension
W — Wilson line

PLU — Py
Cirotic [Ji (1997)] Canonical [Jaffe, Manohar (1990)
W
ISI FSI
L - - -
e.g. DY e.g. SIDIS
DY __ pSIDIS
gz o gz
[Ji, Xiong,Yuan (2012)] [Hatta (2012)]

[Burkardt (2012)]



(16 functions)

- (8 functions)
L IE_L

Quark polarization Quark polarization
S U 4 L 5 U T L
§ f
S U |H| & ol n | a
a 0
(ol
c g >
O ¢ . ; & AR bl
2 Ik HT’ Hr | B § i § f’lT hla /leT gir
- ~ o~ O
Z - > gl

4 almost all distributions (in red) vanish if there is no quark orbital angular momentum

4 quark GPDs (at £=0) and TMDs given by the same overlap of LFWFs but in different kinematics
= each distribution contains unique information

= no model-independent relations between GPDs and TMDs



Quark OAM from Pretzelosity

lT ,: : “pretzelosity”

model-dependent relation

= —fdxd2kL2 five k)

first derived in LF-diquark model and bag model
[She, Zhu, Ma, 2009; Avakian, Efremoyv, Schweitzer, Yuan, 201 0]




Quark OAM from Pretzelosity

hllT = ’/ : i ,: “pretzelosity”

model-dependent relation

L. =— [ded?ky Sits his (2, k?)

first derived in LF-diquark model and bag model
[She, Zhu, Ma, 2009; Avakian, Efremoyv, Schweitzer, Yuan, 201 0]

el
L. hiT
chiral even and charge even chiral odd and charge odd
AL, =0 AL,| =2

no operator identity
relation at level of matrix elements of operators




Quark OAM from Pretzelosity

hl%r = ’/: ) /: “pretzelosity”

model-dependent relation

L. =— [ded?ky Sits his (2, k?)

first derived in LF-diquark model and bag model
[She, Zhu, Ma, 2009; Avakian, Efremoyv, Schweitzer, Yuan, 201 0]

1L
Lo hir
chiral even and charge even chiral odd and charge odd
AL. =0 AL,| =2

no operator identity
relation at level of matrix elements of operators

4

valid in all quark models with spherical symmetry in the rest frame
[Lorcé, BP, PLB (2012)]




4+ Orbital angular momentum content of TMDs (light-front constituent quark model)

1(1) _
fi (AL, =0) th(D (AL, = 2) hir ' (AL, =2)

down

down

02

S-D int.

: P wave 04 !
: \\ - > TOT ,
0 ). e ' 7 . | . | . | . -0'2 I | | | | | | |
0 025 05 075 x 0 0.25 05 0.75 X 0 025 05 075 X
“pretzelosity”

) = d )yt



4+ Orbital angular momentum content of TMDs (light-front constituent quark model)

1(1) _
fi (AL, =0) th(D (AL, = 2) hir ' (AL, =2)

down

down

02

Vw,

0 025 05 0.75 X 0 025 05 075 X
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4+ Orbital angular momentum content of TMDs (light-front constituent quark model)
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Quark spin and OAM

GTMDs

Quark spin (from DIS)

1 : e
91 = 5 /d::z: A%k, Gii(z,0,k1,01)

polarized PDF
inclusive DIS

) l—':z G e N
{7 = — /d:z: d’k, MLQ Fi4(2,0,k1,0,)

[Lorce, BP (201 1)]
[Hatta (201 1)]
[Lorce’,BP et al. (2012)]

/tg — b‘J_ X k-i.L

for a review: Lorce, Leader, Phys.Rep. 541 (20

4)

TMDs

GPDs

Quark spin (from DIS)

1 -
ST = 5 /(1:1; d?ky g7, (z, k1)

polarized PDF
inclusive DIS

—~ k2 X
LIz, k1) = —55p hiLTq(T k-QL)

[Burkardt (2007)]

'Efremov et al. (2008,2010)]
She, Zhu, Ma (2009)]
[Avakian et al. (2010)]
Lorcé, BP (201 1)]

 Model-dependent
* Not intrinsic!

[ri:-: — 'F%J_ X 1{7fi.J_

A

Quark spin (from DIS)

| 1 ~ ,
5% = 5 /d:BH"(:I;.(),O)

polarized PDF
inclusive DIS

Ji’s relation

J1=21 [dzz[HYz,0,0) + E4(x,0,0)]

L1=Ji— 89
i (1997)]

Twist-3

L1 = —/dazang(aﬁ,0,0)

Pure twist-3!
[Penttinen et al. (2000)]




The blind men and the elephant

from H. Avakian

*TMDs and GPDs provide different and complementary 3D pictures of the nucleon
*TMDs and GPDs are projections of the phase-space/Wigner distributions

eFull phase-space/Wigner distributions are not yet accessible from experiments

*Models constrained by data on GPDs and TMDs give access to Wigner distributions



