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Path-Ordered Exponentials
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Path-Ordering

Path-Ordering for Linear Lines
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Motivation

Interest in Wilson Lines
@ Singularity structure of TMD governed by underlying Wilson line structure

@ T-odd non-universality effects due to different Wilson line structures

@ Investigation of Wilson loops, to describe geometric evolution of TMDs
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Linear Wilson Lines
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Feynman Rules

Wilson Line Bounded From Below
3 d4k A(—k n-A(—k
Upsooiry = Z A A(=kp) -+ 7 A(—k1) X - -
m=0

X / / d>\1 e d)\m ei (T""ﬁ’/\l)'kl e ei(r+ﬁ>‘m)'km

01 A1

Universiteit Antwerpen Working with Wilson Lines



Wilson Line Exponentials Linear Wilson Lines Methodology Example Calculations

@®00000

Feynman Rules

Wilson Line Bounded From Below
o ' m d4k‘l m X X
U tooir) = E:o(lg) 167t - A(=kp) -+ n-A(—kp) x -+

K+(5) = k ir K 1
() ZZ]: : x e jHIﬁ-Ki(j)Jrin
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Feynman Diagram
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Feynman Rules

Feynman Rules for Linear Wilson Lines

. . k i
1) Wilson line propagator: — = —
) Propag — Pk + i)
F k _ irk
2) external point: rH e——= = e
3) infinite pOint: coccoos 00 = 1 (k = O)
. . ] ] Al (4a
4) Wilson vertex: J T g = ignH(t);
o, a
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Feynman Rules

Wilson Line Bounded From Above
o [T )
u(r;—oo) = Z (Ig) 167T4 nA(_km) e 7’L'A<—k1)><

m=0
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Example Calculations

n \Jm; Exponentials Linear Wilson Lines
Different Types
Semi-Infinite Lines and Path Reversals
m .
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More Types

Finite Line

o0

Up.y = (ig)m/G;Z)m A=k - v A(—kp) X -+

n=0

m

w Ze—ia.K(l)e—ib-K(m—l) f[ _ . ﬁ n-[i((j)
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More Types

Finite Lines and Hermitian Conjugates
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Relation Between A™ and B™

Relation Between A™ and B™

B"(r,n) = (—)"A™(r,n)

(kl7---7km)_>(kf'm7---vk1)

T-(T)
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Relation Between A™ and B™

Relation Between A™ and B™

B™(r,n) = (=)™ A™(r,n)

(kl7---7km)_>(k3m7---7k1)

m (RN o o
HEEE R (o) AmCAFE L o)

(absorb gluon propagators in F)
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Relation Between A™ and B™

After Symmetrising the Blob
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Relation Between A™ and B™

After Symmetrising the Blob

Easy Blob Example: 3-Gluon Vertex

2
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Non-Trivial Colour Structure

Blob With Non-Trivial Colour Structure

it (k) = 3 CT O By (0 Fom))

perm

Factorise Out Colour
[ ——

:ZCU

Ca' = tam . tal CU(al"'am)
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Non-Trivial Colour Structure

Blob With Non-Trivial Colour Structure

it (k) = 3 CT O By (0 Fom))

perm

Factorise Out Colour

CE = tal 500 tamca(al"'a7rz)
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Non-Trivial Colour Structure

m=4

e = S Fp b K)

= 04321 + 04231 + C’4132

EPREPRED

C”kl — taitajt(lktal falaszxa3a4
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Non-Trivial Colour Structure

m =4

W = Z A ﬁm‘..M(kzl, ooy k)
— — —

4231 4132

TG TG TG

aj4a aj 404 a1a2x xa3a4 _
Cijkl CLKJL t lt kt Jt ! f f L]k:l
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Non-Trivial Colour Structure

™ mem®
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Methodology
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@ Piecewise Linear Wilson Lines: Methodology
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Basic Diagrams
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Basic Diagrams
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Basic Diagrams
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Basic Diagrams

EXRTE

J (K J) L K J

M M K-1 M L-1K-1
I - £E ST - EEE VT
J=1 K=2 J=1 L=3K=2 J=1
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Basic Diagrams
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Basic Diagrams

m = 4
v o v Kt (K J) K J
> + 22 |2 +
J=1 K=2 J=1
(L K J) O L K J
M L-1K-1 M O-1L-1K-1
+ 32 +
L=3K=2 J=1 O=4 [=3 K=2 J=1
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Path Constants

For a Blob With Trivial Colour Structure

etc.

N N
[ ———— & > @& >
7 7

> @) S5 Y B, (K,J) 5 2 & efc.
IRCPEIED
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Blob Examples

=

|
b

Te® = 026 (ky — k) Dy ()

‘W’ :W = ®(J)=+1
= SR
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Blob Examples

m =

=
<
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Blob Examples

W - gfabCDllﬁm Dﬁil’zD,ﬁzl& 9" (k1 — k2)" +cross.
e = g T 2=+l
= - TREE MR-
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Blob Examples

m =3
M M K-1 M L-1K-1
Us=> U+ > > [ufud +usu! 1+ > ) > ufufuf
J=1l IK=2 J=Il =8 IK=2 J=I1
M J M K-1
_ +2 (_) K+oJ
M L-1K-1
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Blob Example With Non-Trivial Colour Structure

e = D B, )

e i

W: Cl®+02@+03®
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Final-State Cut

@ cutting happens at infinity = no momentum cut in Wilson line

@ cut line doesn’t cross segment, only between segments
= only blob is cut
@ define cut blob as sum of possible cuttings, e.g.:

R

@ denote number of segments before the cut by M,
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Expanding the Set of Basic Diagrams

l
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Expanding the Set of Basic Diagrams

l

J

> +
Jj=1

K J K J
Me K—1 M K—1 M M
DIED DI D > + X X
K=2 J=1 K=Mc+2J=Mc+1 K=Mc+1 J=1
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Expanding the Set of Basic Diagrams

m=3
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Example Calculations

B Outline

@ Example Calculations
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Reusability

LO 2-GLuon Blob Connecting 2 Segments
w as (1 m\ (neengpY
m - 2r\e 3 2 7?2
off-LC Qs 1 1745 o 2\ 121
HCEs veothy [ =+ T ,< (- >7
5, XCothX (e + ) [4 ngny — (ng-ny) 2

1
<T:2 In24+1Inn2% +21In(1+eX)+x—— (LigeX—LigeX)>
X

v
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Reusability

= difference only in path parameters r;,, 717, and path constants ®(.J;)! J
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Example Calculations

TMD Example

TMD Wilson Line Self

SIDIS

- =

n—,07,0,
n ,+oo,0,

—n,,+oo ,r;

—n ,r,r
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Example Calculations

TMD Example

TMD Wilson Line Self

DY
—— -1 ,07,0,

J H: - —— n, ,—c0 ,0

P— nl,—oo*,rL
<—e —TL_,T_,I'J_
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Example Calculations

TMD Example

TMD Wilson Line Self

DY
—> —n_,O_,OJ_

e - =

<% n ,—0o0 ,r;
<—e —7’[,777"7,I‘J_

@ Difference only in sign of n~ and £0o™ . No difference in path constants!

@ At this level still a gauge invariant, all-order statement.
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Quadrilateral Wilson Loop

Quadrilateral Wilson Loop

at i Ab# . ﬁ ﬁ

on n2

dr " ﬁt} J
ng ©
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Quadrilateral Wilson Loop

K-1

o e

Result for Light-Like Loop

Uy = O‘SSF(—WZ)G I'l—¢)x---

Universiteit Antwerpen Working with Wilson Lines



Wilson Line Exponentials Linear Wilson Lines Methodology Example Calculations

Conjecture

Geometric Evolution of Light-Like Quadrilateral

( QJFB( )6> <5152>1nwv_ 3 T

cusps

Gamma cusp at NLO:

Qg g\ 2 67 w2 B
Pausp(9) = O + (?) Cr (CA <36 12) _Nf18>
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Conjecture

lg
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Conclusions

Conclusions & Outlook

@ framework to minimize number of diagrams for piecewise linear Wilson lines

@ lesser diagrams in exchange for more general (and thus more complicated)
integrals

@ interesting for M > 2

@ clean up result & calculate higher orders

@ try framework for TMD Wilson line structure
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Conclusions

Thank Youl!
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