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Physical Motivation

» infrared renormalon puzzle in asymptotically free QFT
(i) IR renormalons = perturbation theory ill-defined
(ii) Z7 interactions = instanton-gas ill-defined

» non-perturbative physics without instantons: physical
meaning of non-BPS saddle configurations

Bigger Picture

» non-perturbative definition of nontrivial QFT in continuum
» analytic continuation of path integrals
» dynamical and non-equilibrium physics from path integrals

> “exact” asymptotics in QFT and string theory: relation to
localization in QFT



Mathematical Motivation

Resurgence: ‘new’ idea in mathematics (fcalle, 1980; Stokes, 1850)
e goal: explore implications for physics

resurgence — unification of perturbation theory and
non-perturbative physics

e perturbation theory generally = divergent series

e series expansion —» trans-series expansion

e trans-series ‘well-defined under analytic continuation’
e perturbative and non-perturbative physics entwined

e philosophical shift:
view semiclassical expansions as potentially exact

e applications: ODEs, PDEs, QM, Matrix Models, QFT,
String Theory, ...



Resurgent Trans-Series in Physics (QFT and QM)

e trans-series expansion in QM and QFT applications:
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e known as “multi-instanton calculus” in QFT
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e trans-monomial elements, e ¢°

, In(g?), g%, are familiar
e many exact results in supersymmetric QFT

e does the resurgence perspective add something new?

e trans-series expansion coefficients highly correlated

e exponentially improved asymptotic expansions



Resurgence

resurgent functions display at each of their singular
points a behaviour closely related to their behaviour at
the origin. Loosely speaking, these functions resurrect,
or surge up - in a slightly different guise, as it were - at
their singularities

J. Ecalle, 1980
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recap: rough basics of Borel summation

(i) divergent, alternating:
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(ii) divergent, non—alternating
Someonlg® = [T dte™ 5 th

. . . ; _ 2
= ambiguous imaginary non-pert. term: :i:’g—gr e 19



recap: rough basics of Borel summation

(i) divergent, alternating:

—t 1
Yomeo(=1)"nlg fo dte t1+g2t
(ii) divergent, non—alternating
Someonlg® = [T dte™ 5 th

. . . ; _ 2
= ambiguous imaginary non-pert. term: :i:’g—gr e 19

avoid singularities on R™: lateral Borel sums:

§ = 0¥ — non-perturbative ambiguity: +Im[Sof(g?)]

challenge: use physical input to resolve ambiguity



Borel summation in practice (physical applications)

direct quantitative correspondence between:

rate of growth <+ Borel poles <> non-perturbative exponent

non-alternating factorial growth: Cp ~ b n!
positive Borel singularity: te = —

non-perturbative exponent: +1 b% exp [— ()]
g



Analogue of IR Renormalon Problem in QM
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e degenerate vacua: double-well, Sine-Gordon, ...

_S5
splitting of levels: a real one-instanton effect: AE ~ e 9*



Analogue of IR Renormalon Problem in QM

P —
P —_

e degenerate vacua: double-well, Sine-Gordon, ...

_S5
splitting of levels: a real one-instanton effect: AE ~ e ¢

surprise: pert. theory non-Borel summable: ¢, ~ #

» stable systems

» ambiguous imaginary part

_2s
» +ie 9%, a 2-instanton effect



“Bogomolny /Zinn-Justin mechanism” in QM

P ——
P —

e degenerate vacua: double-well, Sine-Gordon, ...

1. perturbation theory non-Borel summable:
ill-defined /incomplete

2. instanton gas picture ill-defined /incomplete:
7 and 7 attract

e regularize both by analytic continuation of coupling

= ambiguous, imaginary non-perturbative terms cancel !



“Bogomolny /Zinn-Justin mechanism” in QM

N/ ——
P ——
P —

e degenerate vacua: double-well, Sine-Gordon, ...

1. perturbation theory non-Borel summable:
ill-defined /incomplete

2. instanton gas picture ill-defined /incomplete:
7 and 7 attract

e regularize both by analytic continuation of coupling
= ambiguous, imaginary non-perturbative terms cancel !

“resurgence” = cancellation to all orders



Paradigm of Resurgence in QFT

e effective actions, partition functions, etc.., have natural
integral representations permitting resurgent asymptotic
expansions

e resurgent asymptotic expansions: analytic continuation of
external parameters: temperature, chemical potential, external
fields (electromagnetic, gravitational, ...)

e e.g., magnetic <> electric; de Sitter <+ anti de Sitter, ...



Euler-Heisenberg and Matrix Models, Large N, Strings, ...

e scalar QED EH in self-dual background (F = +F):

5 F?/C’Odtet IR SN
Co16m? Jy ot sinh?(t) s* 3

e Gaussian matrix model: A =g N
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1 /0 t € sinh2(f) 2 3

ec=1 Stringt A\=gN

1 [ dt 111
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e Chern-Simons matrix model:

1  dt , 1 1 1
F=_= @b —2(A\2mim)t/g < _+>
4 mze:Z/O t© sinh?(t) s? 3




Resurgence and Analytic Continuation

one of many views of resurgence:

resurgence can be viewed as a method for making formal
asymptotic expansions consistent with global analytic
continuation properties

key problem: analytic continuation of functional integrals




QFT: Renormalons

QM: divergence of perturbation theory due to factorial growth
of number of Feynman diagrams

QFT: new physical effects occur, due to running of couplings
with momentum

e faster source of divergence: ‘renormalons”

e both positive and negative Borel poles



IR Renormalon Puzzle in Asymptotically Free QF T

2S5

perturbation theory: — +ie fos?
28
instantons on R? or R*: — +ie o2

instanton / anti-instanton poles

MM
/N

UV renormalon poles IR renormalon poles

appears that BZJ cancellation cannot occur

asymptotically free theories remain inconsistent

’t Hooft, 1980; David, 1981



IR Renormalon Puzzle in Asymptotically Free QF T

resolution: there is another problem with the non-perturbative
instanton gas analysis (Argyres, Unsal 1206.1890; GD, Unsal, 1210.2423)

e scale modulus of instantons
e spatial compactification and principle of continuity

: N—-1 .
* 2 dim. CP model: instanton/anti-instanton poles

%44_._._4*%
/N

UV renormalon poles IR renormalon poles

neutral bion poles

cancellation occurs !


http://arxiv.org/abs/arXiv:1206.1890
http://inspirehep.net/record/1189994?ln=en

Topological Molecules in Spatially Compactified Theories

CPYN—1: regulate scale modulus problem with (spatial)
compactification

R2— Sl x RI

X2 _
X1

X1
Euclidean time
instantons fractionalize

Kraan/van Baal; Lee/Yi; Bruckmann; Brendel et al,

=



Topological Molecules in Spatially Compactified Theories

temporal compactification: information about deconfined
phase

Rlx Sgl

R1 3 R

high T low T

spatial compactification: semi-classical small L regime
continuously connected to large L:

principle of continuity

S x R1
R! > G

“continuity”




CPN=1 Model

CPYN~=1 model: 2d sigma model analogue of 4d Yang-Mills

>

>

>

>

asymptotically free: Sy = N (independent of Ny)
instantons, theta vacua, fermion zero modes, ...
divergent perturbation theory (non-Borel summable)
renormalons (both UV and IR)

large- N analysis

non-perturbative mass gap: mg = A = p e—4m/(g*N)
couple to fermions, SUSY, ...

analogue of center symmetry (ep, tnsal, 1210.2423)


http://inspirehep.net/record/1189994?ln=en

Fractionalized Instantons in CPN~1 on S* x R!

Z N twisted instantons fractionalize Bruckmann, 2007; Brendel et al, 2000
e spatial compactification = Zy twist:

1
Vtwisted = (Al + Xy e—QfZ) 62% 2z

(twist in xg)+(holomorphicity)=- fractionalization along x;

Sinst o Sinst

= S inst —

N B




Fractionalized Bions in CPN_l GD/Unsal, 1210.2423

bions: topological molecules of instantons/anti-instantons
e characterized by (extended) Cartan matrix (as in YM)
e “orientation” dependence of Z7Z interaction:

e charged bions: flij < 0; repulsive bosonic interaction

Bij = [KiK;] ~ e~ 5:(9)=55(9) iblei—ay)

e neutral bions: 121” > 0; attractive bosonic interaction

%Bm = %[Kﬂ@l] ~ C_QS"L(‘F)

e kink-anti-kink amplitude is two-fold ambiguous:

2
7 2N 6 _s= 16 -
[Kilci]i=<ln<8ﬂ)—fy)g2]ve gQN:i:ngNe
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Perturbation Theory in Twisted CPV~!

e small radius limit — effective QM Hamiltonian

H™"° = gPe 2Sln 0+ P, (=2

2 sm2 0

e Born-Oppenheimer approximation: drop high ¢-sector modes
effective Mathieu equation:

—5¥" + gy sin’(g0)Y = B
g2
e Stone-Reeve (Bender-Wu methods):
2 (N\" 5
= Fp¢ ! n ap ~ —— | — M1—-—+...
10 o5 Za ’ 7r <87r> " < on *

e non-Borel summable!



e perturbative sector: lateral Borel summation
BLE(g%) = p / dt BE(t) e "9 = Re BE(¢?) F i
Cyx
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BZJ cancellation in Twisted CPY ™1 (ap, tnsal, 1210.2423)

e perturbative sector: lateral Borel summation

8m

. 1
Betle’) = 92/0 dt BE(t) e~/7" = Re BE(¢%) F i 92?V ¢ EW
+

e non-perturbative sector: bion-bion amplitudes
_ N 16 -~ 16 -3«
[ICz'/Ci]i = (ln (9871 ) —7) g2Ne 92N 447 g2Ne 92N

exact cancellation !

application of resurgence to nontrivial QFT


http://inspirehep.net/record/1189994?ln=en

The Bigger Picture

Q: should we expect resurgent behavior in QM and QFT?

e QM with degenerate vacua: trans-series arise naturally from
uniform WKB, and perturbation theory generates everything:
all multi-instanton effects are encoded in perturbation theory!

(GD, Unsal, 1306.4405, 1401.5202)
Q: what is behind this resurgent structure?

e basic property of all-orders steepest descents integrals: could
this extend to (path) functional integrals ?

e resurgence ‘enforces’ proper analytic continuation
properties


http://inspirehep.net/record/1239186?ln=en
http://inspirehep.net/record/1278369?ln=en

Uniform WKB and Resurgent Trans-Series for Eigenvalues

(GD, Unsal, 1306.4405, 1401.5202)

i
dy?

o~ WY

e weak coupling: degenerate harmonic classical vacua

YY)+ V(y)(y) = g* Ev(y)

e non-perturbative effects: ¢? <+ h = exp (—g%)

e approximately harmonic

= uniform WKB with parabolic cylinder functions


http://inspirehep.net/record/1239186?ln=en
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Uniform WKB and Resurgent Trans-Series for Figenvalues

e uniform WKB ansatz (v a parameter)

D, (Luy))

) =—) %)

e nonlinear equation for u(y)

e perturbative expansion — u(y) and energy:
E = E(v, g Z ngEk
e v = N: Rayleigh-Schrédinger perturbatlon theory:

E (1/ =N, g2) = E(eri theory(g2) not Borel summable !



Uniform WKB and Resurgent Trans-Series for Figenvalues

e global analysis = boundary conditions:

e midpoint ~ %; non-Borel summability =

D,(z) Nz”e_z2/4(1+...)+e

3z _p
25, T

I'(—v)

— exact quantization condition

1
I'(—v)

eiiw )

et 4
g2 ) B T™g

675/92
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g2 N e:tieg

+imy Vv 2m o €z2/4



Uniform WKB and Resurgent Trans-Series for Figenvalues

e exact quantization condition

1 :I:i7r2 nid -S/g?
<6 2 ) = : F(Va 92)
I'(-v) g T g2

e—S/g2 )

= v is only exponentially close to N (here £ = =):
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N!
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Uniform WKB and Resurgent Trans-Series for Figenvalues

e exact quantization condition

+im v -S/g?
! (6 2) =2 F(v,g%)

ER 7
= v is only exponentially close to N (here £ = e_s/gz ):
N ma
(2) Fovg?)
vo= N+ i ¢
2N
2 .
(97) OF et 2 2| ¢2 3
(N2 [F8N+<ln< /2 > ¢(N+1)>.7: E+0(&)

o insert: £ = E(v,¢%) =Y 1o ¢*°E(v) = trans-series!



Uniform WKB and Resurgent Trans-Series for Figenvalues

for QM problems with degenerate harmonic vacua, the
trans-series form of the exact expressions for energy eigenvalues
arises from the (resurgent) analytic continuation properties of
the parabolic cylinder functions

generic and universal
Zinn-Justin/Jentschura: generate entire trans-series from

(i) perturbative expansion B = B(E,¢?) (B=v+ 1)
(ii) single-instanton fluctuation function
F(B,g°) ~ exp|-5A(E, ¢°)]

(iii) rule connecting neighbouring vacua (parity, Bloch, ...)



Uniform WKB and Resurgent Trans-Series for Figenvalues

for QM problems with degenerate harmonic vacua, the
trans-series form of the exact expressions for energy eigenvalues
arises from the (resurgent) analytic continuation properties of
the parabolic cylinder functions

generic and universal
Zinn-Justin/Jentschura: generate entire trans-series from

(i) perturbative expansion B = B(E,¢?) (B=v+ 1)
(ii) single-instanton fluctuation function
F(B,g°) ~ exp|-5A(E, ¢°)]

(iii) rule connecting neighbouring vacua (parity, Bloch, ...)

something surprising happens when B(E, g?) — E(B, ¢%)



Connecting Perturbative and Non-Perturbative Sector
e perturbative function (g2 — g):
2 1 2 3, 19
Eow(B.g) = B—g(3B°+7)—g*(17B°+ = B) -

. <375 4 459 o 131> <10289 5 2340533 n 227O9B> _

B*4+ —B B
2 +4 +32 + 8 64

e non-perturbative function (F ~ (...) exp[—A4/2]):

1 19
ADw(B,g) = —+9 (1732 + 12) + 92 (12533 +

39
17815 23405 22709 4 87549 5 50715 oy | 217663
12 24 576

153B)

—— B*y B? B B
+ 4 Ty * e




Connecting Perturbative and Non-Perturbative Sector
e perturbative function (g2 — g):
2 1 2 3, 19
Eow(B.g) = B—g(3B°+7)—g*(17B°+ = B) -

7 <375 4 459 o 131> <10289 5 2340533 n 227093) o

B*4+ —B B
2 +4 +32 + 8 64

e non-perturbative function (F ~ (...) exp[—A4/2]):

1 19 1538
Apw(B,g9) = -—+g (1732 + 12) + ¢* (12533 + 4) +

39
17815 23405 22709 87549 50715 217663
B+ B? 4 B B3 B
(12 24 +576> <4 T3 T

e simple relation:

0Epw , 2 0Apw

= —-6Bg—3
9B 9799 Ty



Connecting Perturbative and Non-Perturbative Sector

e similar relations for Sine-Gordon, Fokker-Planck (SUSY DW)
and O(d) AHO, ...

° general €XPression: (Gb, Unsal, 1306.4405, 1401.5202)

oOE g 0A
o =35 (2695,

implication: perturbation theory generates everything !
all orders of multi-instanton trans-series encoded in perturbation
theory of fluctuations about perturbative vacuum

9 dg® (OF (v+1) g
2\ A B 2
F(v,g°) = exp [S/O o (31/ 1+ 5
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Connecting Perturbative and Non-Perturbative Sector

e similar relations for Sine-Gordon, Fokker-Planck (SUSY DW)
and O(d) AHO, ...

° general €XPression: (Gb, Unsal, 1306.4405, 1401.5202)

oOE g 0A
o =35 (2695,

implication: perturbation theory generates everything !
all orders of multi-instanton trans-series encoded in perturbation
theory of fluctuations about perturbative vacuum

9 dg® (OF (v+1) g
2\ A B 2
F(v,g°) = exp [S/O o (31/ 1+ 5

why ? turn to path integrals ....


http://inspirehep.net/record/1239186?ln=en
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All-Orders Steepest Descents: Darboux Theorem

e all-orders steepest descents for contour integrals
(Berry /Howls 1991: hyperasymptotics)

1
70 (o) — / deekIE — L k) g
(k) n N (k)
o T (k): beyond the Gaussian approximation
e asymptotic expansion of fluctuations about the saddle n:
k?“

T (k) ~
r=0



All-Orders Steepest Descents: Darboux Theorem

e universal resurgent relation between different saddles:

1 > dv e v v
T () — = 1) Ynm ==  pm( T
(k) 211 — (=1) /0 v 1—v/(kFym) Fom

e exact resurgent relation between fluctuations about n'™® saddle
and about neighboring saddles m



All-Orders Steepest Descents: Darboux Theorem

e universal resurgent relation between different saddles:

1 (e.] d/U 6—7} v
T () — = 1) Ynm ==  pm( T
(k) 2m1 - ( ) A v 1-— U/(k an) Fom

e exact resurgent relation between fluctuations about n'™® saddle
and about neighboring saddles m

Fom (m) (an)2 (m)

(r—1) 1 (r—1)(r—-2) 2

piny _ (1= 1)! 3 (=1)7mm

(m)
T,
2mi (Fum)” | ° *

e universal factorial divergence of fluctuations (Darboux)

e fluctuations about different saddles explicitly related !

+..



All-Orders Steepest Descents: Darboux Theorem

d = 0 partition function for periodic potential V'(z) = sin?(z)

10) = [ dzehne
0

two saddle points: 29 = 0 and z; = 7.

in. saddle
vacuum $_
17




All-Orders Steepest Descents: Darboux Theorem

e large order behavior about saddle zg:

2
7O _ L (r+3)

Jal(r+1)

1
~(T_1)!<1—(ri+ B T8




All-Orders Steepest Descents: Darboux Theorem

e large order behavior about saddle zg:

2

7O _ L (r+3)
" Vrl(r+1)

UG V1 (U S - S 158

ves (r=1) (=1r=-2) (r-1F-2)(-3)
e low order coefficients about saddle z1:
11 9 1 71
W (kY ~ 4 .2 -
) ’ﬁ<1 1 R B )

e fluctuations about the two saddles are explicitly related

+



could something like this work for path integrals?

“functional Darboux theorem” 7
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Resurgence in Path Integrals: “Functional Darboux Theorem”

e periodic potential: V(x) = g% sin?(g x)

e vacuum saddle point

5 1 13 1
cp~nl [ 1—— = — —  ————— —
2 n 8 nn-1)

e instanton/anti-instanton saddle point:

-2-1 5 o 13 4
ImE ~ 2° |[1——-9g°— — g —...
m Te 29 ( 59 g9 )



Resurgence in Path Integrals: “Functional Darboux Theorem”

1

e periodic potential: V(x) = % sin?(gz)

e vacuum saddle point

5 1 13 1
ep~nl [ l—— = — — ———— —
2 n 8 nn-1)

e instanton/anti-instanton saddle point:
—2 L 5 o 13
ImE ~ 20 (1 — - - — -
m Te ( 59 3 gt )
e double-well potential: V(z) = 2%(1 — gx)?
e vacuum saddle point
53 1 1 1277 1 1
~3'n |l - - == e ———— — ...
o ( 6 3 n 72 32 nm-1) >

e instanton/anti-instanton saddle point:

mE~me 267 (1- 2.2 2200 0
m 71'6 92 < 6 g 72 g



Resurgence in Path Integrals: “Functional Darboux Theorem”

resurgence: fluctuations about the instanton/anti-instanton
saddle are determined by those about the vacuum saddle

“functional Darboux theorem”



Analytic Continuation of Path Integrals: Lefschetz Thimbles

functional version: path integral

/ DA o o7 (Sreatl A1+ SimaglA]) Z ooz Smagldl [ 4 o Seeall ]
thimbles k T

thimble = “functional steepest descents contour”

remaining path integral has real measure: amenable to
(i) Monte Carlo

(ii) semiclassical expansion

(iii) exact results?

resurgence: asymptotic expansions about different saddles are
closely related

requires a deeper understanding of complex configurations and
analytic continuation of path integrals ...

“functional Darboux” suggests possibilities ...



Ghost Instantons: Quantum Mechanical Path Integrals

(Basar, GD, Unsal, arXiv:1308.1108)

periodic elliptic potential

wwzéw%wm

> 11g*  3¢° 889¢° 225¢'0
8 128 128 32768 8192
) g®>  11¢g* 3¢5 889¢% 225410

8 128 128 32768 8192

3g* 3948
= 1405~ 55 +00" ~ 55g

=
/\/@/—\ &
no
= W

+Oglo—...
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Ghost Instantons: Quantum Mechanical Path Integrals

e large order growth of perturbation theory:

16 1
(Szz(m))*!

an(m) ~ —?n!

naiveratio (d=1)

-1

fails miserably !



Ghost Instantons: Quantum Mechanical Path Integrals

(Basar, GD, Unsal, arXiv:1308.1108)

Z(g°Jm) = / Dar Sl — / Dy 47 (384 (g im)

e doubly periodic potential: real & complex instantons

instanton actions:

Sz(m)  2arcsin(y/m)

g g% y/m(l —m)
Sg(m)  —2arcsin(v/1 —m)

g2 g% /m(1l —m)
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Ghost Instantons: Quantum Mechanical Path Integrals

e large order growth of perturbation theory:

an(m ~—1—6n ! - (=)
nm)~ =2 !((Sﬁ(m))nH |5gg‘(m)|"+l>

naiveratio (d=1) ratio (d=1)
3 t 1
)
2 ﬁ T |- I 10 l"m"l::::m
I 0.8]
"

0.6]

2T pasmesenss o
3z "g’ f . R T = n
110 { ]is [ 20 1125 | 0.2
LI
-1 L 0 5 10 15 20 25 "
without ghost instantons with ghost instantons

e complex instantons directly affect perturbation theory, even
though they are not in original path integral measure !



Non-perturbative Physics Without Instantons

Dabrowski, GD, arXiv:1306.0921, Cherman, Dorigoni, GD, Unsal, 1308.0127

Yang-Mills, CPN=1 O(N), PCM, ... all have non-BPS solutions
with finite action

e “unstable”: negative modes of fluctuation operator
e what do these mean 7

resurgence: ambiguous imaginary non-perturbative terms should
cancel ambiguous imaginary terms coming from lateral Borel
sums of perturbation theory

1 1
/DAe 75 Z ¢ o7 StAmaa] o (fluctuations) x (qzm)
all saddles
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Non-perturbative Physics Without Instantons: Principal Chiral

Model (Cherman, Dorigoni, GD, Unsal, 1308.0127)

Sh Pz trd,U0MUT, U € SU(N),

T 2A

e non-Borel-summable perturbation theory due to IR
renomalons

e but, the theory has no instantons !

resolution: there exist non-BPS saddle point solutions to the
second-order classical Euclidean equations of motion: “unitons”
(Uhlenbeck)

0u (U19,U) =0

e have negative fluctuation modes: saddles, not minima

e fractionalize on cylinder — BZJ cancellation


http://inspirehep.net/record/1246022?ln=en

Conclusions

e Resurgence systematically unifies perturbative and
non-perturbative world

e trans-series encode ‘all’ information

e there is extra ‘magic’ in perturbation theory

e expansions about different saddles are related

e IR renormalon puzzle in asymptotically free QFT
e multi-instanton physics from perturbation theory
e basic property of steepest descents expansions

e hints of analytic continuation for path integrals

e moral: consider all saddles, not just minima



Open Problems

e natural path integral construction 7

e analytic continuation of path integrals 7

e relation to localization ?

e relation to renormalization group flow ?

e relating strong- & weak-coupling expansions: dualities ?
e relation to operator product expansion (OPE) ?

e relation to SUSY and extended SUSY 7

ODE /Integrable Model correspondence ?





