Review of Special Relativity

This review is not meant to teach the subject,
but to repeat and to refresh, at least partially,
what you have learnt at university.
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Why was ,Special Relativity” needed?

Mechanical laws (Newton's laws) are the same for all
iInertial systems.

They are invariant under a Galilean transformation (G-T):
X'=x—-wvt, y'=y, z'=z, t'=t
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Example: Man walking in train, observer at rest.
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El.-mag. laws are not invariant under a G-T.

Take the wave equation [82 Lo |d=0
ox° ¢’ ot

It transforms to
2

o0 1o vy vy _
[6X12 Czﬁt'z CZaXIZ ZCZaX'at']q)_O

Moreover, it contains the speed of light as a constant,
independent of a reference system.
This contradicted the deep belief in a supporting media

(ether) for the waves.
The ether would be the absolute reference system.
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Many experiments tried to prove el.-mag. theory wrong.

They all failed!

Michelson-Morley interferometer experiment (1887)
showed that ¢ is a constant and that there exists no
ether”.

—» TI'he Newton-Galileo concept of space and time
had to be modified
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Relativistic Kinematics

Einstein based his theory on two postulates:

1. All inertial frames are equivalent w.r.t. all laws of physics.
2. The speed of light is equal in all reference frames.

Consequence of 1% postulate:
Space is isotropic (all directions are equivalent)
Space is homogeneous (all points are equivalent)

Lorentz Transformation

Homogeneity of space and form-invariance of laws
under transformation require a linear transformation.
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ct'=a,ct+a, x+a,y+a,z

y'=a,ct+a, x+a,y+a,z
zZ'=a,,cl+a, x+a,y+a,;z

Successive use of homogeneity, isotropy and the speed
of light determines the constants, e.g.

d,,=3a,,;,=0 otherwise eventsy=+y,,z=+*2,

would take place at different times in S'
a,,=8,,=0 otherwise origin would move away

from x-axis
81,=813= 8y =8y3= 83 =83,=0

otherwis

e the x-, y-, z-axis would no longer

be parallel to the x'-, y'-, z'-axis
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The final result is the Lorentz-Transformation (L-T) :

ct'=y(ct—B x) y'=y
x'=y(x—pct) z'=z7

_V _1
e Y J1-p>

Inverse transformation:
replace primed variables by unprimed,
unprimed by primed

5 by -B
ct=y(ct'+Bx") ’
x=y(x'+pct’)

N <
|l
N <
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=

We write the L-T as

fct'] |y -—¥B 0 0ff¢t]
x"|_|=yB ¥y 0 Offx
vl o o 1 oly
z’[ 0o o o0 1|z

L-T is an affine transformation. It preserves the rectilinearity
and parallelisme of straight lines.

y By 0 0 y By 0 0

_ —By Y 0 0 ) L—lz By Y 0 0 ) LL—IZ
0 0 1 0 0O 0 1 0
0 0 0 1 o 0 0 1

JUAS 2014: Review Special Relativity
H. Henke




Time dilation:

TwoeventsinS'att,’,t,"and atlocationx,'=x,
c(t,—t)=yec(t,'—t,")+yB(x,"—x,")
-  At=yAt’

TwoeventsinS att, t,and atlocationx,=x,

C(tzl_tl '):Yc(tz_t1)_YB<X2_X1)
—  At'=yAt
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Length contraction:

AmeterinS "' fromx, tox, measured in§ att,=t,

/

X, =x, "=y (x,—x,)—yBclt,—t))

— Ax=—AXx"'
Y

Ameterin§ fromx, tox,measured inS ' att,'=t,’
X,—x, =y (x,"=x,")+yBclt, —t,')

— AX'=—AX

1
Y
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Time intervals and distances depend on the motion of
the observer.

At=yAt' and Axcl—Ax'

Y
are not standard equations !/

Perpendicular dimensionsremain: A y=Ay', Az=Az'
Example length contraction: Michelson-Morley

Example: Muons created in upper atmosphere

T,,=15us, v=0.994c — [=450m
y=9, T,,=14us — [=4km
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The space-time interval is invariant under L-T

ds’=(cdt) —dx’—dy’—dz’=ds "

We write the space-time interval as

1 ,dx* dy’ dz’ \/ v\
ds=cdf|1 | | =cdfti{/1—-(—) =
\/ c’ (dt2 at’ dtz) (c)
_at
—CY——CdT

and identify dt as the time interval a particle moving with v
would measure. T is called proper time and is Lorentz
Invariant.
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4-\/ectors

Let us define contra- and covariant 4-vectors

contravariant X"=(X", X', X*, X°)=(ct,x,y,z)
covariant X, =(X,, X, X,,X;)=(ct,—x,—y,—2)

The scalar product is the L-T invariant space-time interval

X"X,=X"X,

X' X,

X*X,

X’ X =

:(Ct)Z_XZ_yZ_ZZZX ruX ,u

In general:

e Any quadruple which transforms like (ct,x,y,z) is a 4-vector.
e The scalar product of any two 4-vectors is Lorentz invariant.

A'B,=A"B’,
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Transformation of velocity

A particle moving with velocity u' in S' has velocity uin S

dx dx dt’ ax'’ dt' , at’
at B dx'’ v o,
=y(l+ =y(l+—
dtr Y< C dtl ) Y( Cz u X)
u',+v u’, u',
— uy: , u p—

1+vu', /c”’

y(1+wvu',Jc?)” ° y(l+wu',
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Example: Light aberration

A star appears on earth under an angle different

than its real position.

Earth at rest:

Earth moving with v:
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In rest system of earth the star moves with -v and u' is c, then

u, sin(9’)

)= =Y leos(37)+)
with ta“(%>:iii(c?s<s)
we get tan(g—)z i;g tan(;}—’)

u'x:—CCOS(S")) u'yZ—CSiIl<9’)
Uy —cos(9')—p u, . —sin(9 ')
C O 1+Bcos(9') " ¢ > y(1+pcos(9'))
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Example: Doppler effect
Emitter T is moving with v, receiver R at rest.

A signal emitted at S, reaches R_ attime

[.=
' csin(9)

T, moves from S, to S, in an RF period T,. Only v,
counts, Vv, does not change signal phase at R, .
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At §, an in-phase signal is emitted and reaches
R_attime
o Ll
tz_yTOJrc[sin(S)
where T, has been dilated by y.

vy T,cos(9)]

The RF period T experienced by R_is
thz—tlzy(l—ﬁcos(S))TO
therefore
o 1P
fo y(1—Bcos(9)) 1—Ppcos($)
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- A 1_|__—B longitudinal Doppler effect

g=1. [ V1-— B® transverse Doppler effect

Example: Astronomy
Transverse Doppler « longitudinal Doppler (v =v )

[N /1__5 . le—(y\on\)z
fo A 1+B 1+(N,/N)°
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Transformation of acceleration

A particle moving with u' in S' and experiencing an
acceleration a' has ain S.

., :dux :dux dt’:d u',+v dt’:
“dt  dt' dt  dt' 1+vy 'X/(;2 at
_ a,X
Y (1+w', /¢
. a', (vu',/c*)a’,
oy (1+wvu' /ety (l+wu',/c?)
o a', (vu',/c’)a’,

vi(1+wvu' /e’y vy (l+wvu' /c?)

Acceleration in an inertial system is possible !!
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Minkowski diagram ct'

Cl; 4—)’/(Cl":1,x’20)
//
Ct:y(ct'-I—Bx') /,/"/
x=y(x'+Bct’) 5/
Y /
,/ ’
,/
[
B
<«
tan(5)=p

14B°
1—B*

Scale in S* L=\/y2+82y2=\/
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World-line (path-time diagram)

V=-C

V=+C
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Simultaneity

Events E1, E2 simultaneous in
S are not simultaneous in S'.

ct’

JUAS 2014: Review Special Relativity
H. Henke

23



Rocket is moving with v. Light flash is emitted at the
center and reaches the front and end detector at the
same time. In S the times are different.

ct 4
‘ D
¢ ¢ T,
De %k *' V
X
[ [

2
tz—tlzyzflzygl’

2
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Time dilation: Length contraction:
B=0.42, 6=22.8°, y=1.1, L=1.2 B=0.42, 5=22.8°,y=1.1, L=1.2
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Relativistic Dynamics

Based on two principles:

1. Conservation of linear momentum (p=mu)
2. Conservation of energy (E=mc?)

Derivation of moving mass

Because of Emc* we choose as ansatz m=m(v)
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Inelastic collision between 2 identical particles:

In laboratory frame S: k\/» 4\/%

m(v) m(v)

composite particle is at rest after ® M
collision

In rest frame of right particle S':

m(u) m,

S moves with v to the right, left particle has v in S.

:urx+v \ uzzv (1)
N RV e 1+(v/c)

u
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Composite particle moving after collision ® -
M(v)
Conservation of momentum m(u)u=M(v)v (2)

Conservation of energy m(u)c’+m,c’=M(v)c® (3)

From (1), (2), (3) after eliminating M

m, B
m(u)= ey, m, (4)
Mass m(u)ZYUmO
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From (1), (2), (4)
2
M(v)= . -=yM,, M;=2ym,
—(v/c)
M,—2m,=2m,(y—1)>0
M,c’—2m,c’=2(ymyc’—myc’)=2(E—E,)=2E,,

rest mass is not conserved, E . completely converted in mass.

Momentum p(u)=m(u)u

Force

> dp dy, - du 3My (o o

f=——=m My, = a)u+y,m,a
dt Odt u OYUdt YUC ( ) YU ()

? and a arenot parallel /
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Using f-tu=vy, m,(u-a) one cansolve fora

yUmO C
Foru=(u,0,0):
f (yUmO X’YUmO y!YUmO )
longitudinal mass (f ||0) = y>m,
transversemass (f L) = Y, m,
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Energy

A particle moves withi=(u ,0,0)and experiences
aforcef .

Work done at pathdx is
3 3 du 3
dEk,nzfdeZyumOadeZyumOJdXZyUmOudu
2B BudBu 2 2
Ekln:rnOC f 1—82)3/2 ZYUmOC _mOC :E_EO
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Power absorbed by the particle

_dEkin_dm 2
P=at at ©
F=9P _dmp 0l L Ty mg
at dt  dt ordt o Yullho
before yumoé:?—l—z(?ﬂ)a
C
dE, -
P: kln:f.—’
T .

Thetemporal changeof E,, of abody , orthe power
it absorbs , is the scalar product of f and .
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Example: Collider

u
1) 3.5 TeV head-on p-p collider o - <« @

m(u) m(u)

M,=2y,m, — E.,=M,c’=2E=7TeV

2) 3.5 TeV fixed target p-machine

Laboratory system S

m(u) m.

Center of mass system S' (5p=0) @ '» <« @

moving with +v m(v) m(v)
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Itis

y'=4"v —~, u'=v, therefore
l—uv/c
1 ; \/1
=—(1—=vI— =4/=(1+
B, =g (1=V1=B)), v, =7 (1+y,)

ECI\/IzzvaO:\/z(1 YU)EO:

—\2(E,+E)E,=81GeV  (E,=938MeV)
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Energy-momentum equation and diagram

E2=(mc*P=(m,c*P BB _E2 (pe)?

1—B°
E _im,c)+p’ _less particle: E=|p|
. m,c) +p-, mass —less particle: E=|p|c
E/c
‘ g = \/(""'f‘-*-rl::ﬂ!f)2 + p?
E
;=P
— D
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Since conserved quantities are plotted, arrows can be
added like vectors.

All interactions are allowed in which energy-momentum
vectors a, b after interaction add to vector s.

‘ E_ \/(muc)z + p2

C

JUAS 2014: Review Special Relativity 36
H. Henke




Example: Photon absorption by a particle at rest

y 2nd

E/c g excited state
s+ lst
,

ground state

Absorption only for composite
particles with excited states.

D

A // AE>E,

c gy difference in recoil of particle
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Example: Pair annihilation

(b) (a) (c) (d)
O -0 - >
e e’ v Y
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Exercise 1

An object has a velocity of 30km/s in system S' moving
also with 30km/s. What is its velocity in the lab system?
Repeat the calculation with 270 000km/s.

Exercise 2

Prove that the scalar product of any two 4-vectors
Is Lorentz invariant.

Exercise 3

A space craft travels away from earth with 3=0.8. At a
distance d= 2.16+10°km a radio signal from earth is
transmitted to the space craft.

How long does the signal need to reach the space craft in
the system of the earth?
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Exercise 4

Which mass has to be lifted by 1m in order to
provide the energy corresponding to 1mg of mass?

Exercise 5

A charge q is at rest. At t=0 an electric field E_is turned on.
Calculate the velocity as a function of time.
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L-T of energy and momentum

A particle with m, moves in S with t=(u,0,0).

EZYumoczf pXZYUmOu:EU_z
C
In S' it's velocity, energy and momentum is

u—v 1
U': SN — L 1_
1_UV/02 Yu \/1_(U'/C)2 YUY( Buﬁ)
E' . moomy(E_
C _yu'mOC_Y(C ﬁpx)
' , E ' '
px ZYU'moU :y<px ﬁ )) py :py} pz :pz

C
E/c transforms like ct and p transforms like r
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Derivation of Planck's hypothesis E=hv

A photon with energy E' in S' travels in -x' direction

,_ E’

E__E’ N [1-BE"
C _Y(C +6px )_ 1‘|‘B C

Frequency Doppler shift (transparency 18, 8=180°)

VZW/ﬂV' — 5=E, =const.=h
1+p %
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e Any quadruple which transforms like (ct,x,y,z) is a 4-vector.
e The scalar product of two 4-vectors is Lorentz invariant.

Position 4-vector X" = (Ct X, Y, Z)

Energy-momentum 4-vector, P"= (C— Py Py p,)

1. Derivation of energy momentum equation:

In a frame where momentum does not vanish:
P'P,=(Elc)—p,—p,—p,=(Elc)—p’
If momentumvanishes: P"™P' =(E,/c)

P'P,=P"P'. — E’=E;+(pc)
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2. Inelastic collision:

a b
before collision D - < @
Oa rnOb
after collision m '—u>
Oc c

Energy, momentum conservation:
Ea_l_Eb:ch ﬁa_l_ﬁb:ﬁc

— PitPL=P! (P, +Py=P,,)
PLP, +2PiP, +P,iP, =P'P,, (i)
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rest frames fora, b,c P, Pau:( “) =(m,,c)

O

Pzpbu:<m0bc)2f PEPCu:<mOCC)2

laboratory frame

P::<YamOaC’YamOauaioﬂo)
Pz:wmebCf_meObubeaO)
ZPZPbuzzYameOamOb<Cz+uaub)

substituted in (i)

2 2 | 5 (1- uaub) >
Mo =My, T My, +2my, My Y, Yy 'Cz =M, + My,
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3. Absorption of a photon by an atom at rest

before absorption Y - o
E

b
Oa

after absorption Moc ‘ﬁ’

as in example 2. P, P, +2P,P, +P,P, =P P, (/)

rest frame of (a) before absorption

E hv hv
P.=(m,c,0,0,0), Pi=(—>,p,,,0,0)=(—,—.,0
a ( Oa ) b <C pbx ) (C C )
rest frame of (c) after absorption Pg =(m,c,0,0,0)
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scalar product for photons

U _Ez_ 2_h7V2 hV 2_
Pbe“_<C) pbx_<C ) <C ) =0

substituted in (i)

(m0a0)2+2mOacl;—V+O=(mOCc)2

hv
m,, ¢’

mocz\/m§a+2mOaZTV=mOa\/l -2

2 2 2
Ifm,c->hv —- m c'~m_c +hv
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4. Compton effect (photon scattered at electron)

before collision Y > < O €
E =hv E =ym ¢’
p_=hv/c p, =ymyv

E =hv'

pz;hv'/C Vy\
after collision /6

Energy, momentum conservation:
P.+PL=P'+ P, (i)

scalar product with itself —

JUAS 2014: Review Special Relativity
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PP, +2P.P, +P,P, =P P, +2P. Py +PyP,, (i )

for photons: P.P..=P.P.=0
electrons in restframes b,d: P, P, =P, P,

(”) — P:PbM:PgPdu

multiplication of (i) with PCU

PP, +PLP, =P“PCM+PZPCM=P§PW (i

<hv hv 0.0)
<ym0c —ypvovom |
= (1Y, =T cos(8), =sin(9),0)
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substituted in (iii):

(2—7)2\/\/ '"(1+cos(9))+ym,hv'(1—Pcos(9))=
=ym,hv(1+p)
v 1+p

v _1—|3cos(9)+(1+cos(9))Ey/Ee

Electron at rest, =0, 6=180°-¢ :

v'_ 1

v 1+(1—cosg)hvim,c’

A ’—kzh (I—cosq) Compton equation
m,c

h_:2,42.1()_12m Compton wavelength

m,c
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Astronomy: Microwave background radiation with Evz10'3 eV
is scattered at high energy electrons y»10°

=0, 1+p=2:
1 1 1
=B~ (1-B) (1+B) =1 (1-F*)=1—
2y
v' 4y E.,
vV ~Y
1+4yE /E Ey

- E' ~yE_ ,=y511keV

Dramatic increase of photon energy !
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Velocity 4-vector (meaningless, dX", drt in different frames)

dx"
dt

space —timeinterval dsis invariant :

ds=\ X" X .= (cdt ' — dx*—dy’ —dz’

=ch L) () (%) g ch L) di=cd

U"= but dt is not invariant

C dt dt dt C
dt=y dt dr proper time in frame moving with u
UM:dXM :dX“ dt _(c, dx dy dz)dl‘

dt dt drt dt dt 'dt ‘dt

=y,lc,u,u,u,) - U'U=U"U'=c
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Acceleration 4-vector

dU" dt
AM: —
dt drt
dy, d

ZYU[dt (C,UX,Uy,UZ)+yud—t(C,UX,Uy,UZ)]

4
Yo (@3)(c,i)+yi0E) - U'A=0
C

6
A'A =Y (53R vt (i)
u C2 u
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In instantaneous rest frame S' of a particle

u'=0, y,=1 - A"=(0,a), A"A' =—a’
0. IS proper acceleration

Linear acceleration , t||a and useof (i):

2 6 2 2 4 2 6 2 3
oa=y,p,aty,a=y,a — oa=y,a

u

Radial acceleration,ti1.a and useof (i):

2
2 4 2 2 U
o =Yy,da — GZYua:Yur—
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Frequency-wavenumber 4-vector

-

= T Pl 2T
Plane wave: E=Esin(wt—k-T), ‘k‘:x Zg)

Phase at a fixed position must be the same for all
reference systems:

P=nt—k-F=ot—(k, X+k,y+k,z)=
—K' X, =K" X" ="

where K'= ( k. k..k,), X'=lct,x,y,z)

s txr Ty iz )

Since E=hv=hw and E=pc for photons, it is p=hw/c=hk and

E
PM:<C—,pX, py’ pz):hI(M
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6.Doppler effect

r (D' r r r
K™=k, k', k)

A L-T of K¥ vyields the frequency shift
0 (oo '

=y +6k'x)=y(1+BCOS(9')>2)
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and the aberration

X

C

r

Y ¢ C

tan(S)zky _sin($")

k=9 cos(9)=y(B+cos9’)>

C
k =%sin(9)= D _sing’, k,=0

k _y(ﬁ+cos(9'))

X

with (i), tan(g—) sin(9)/(1+cos(9))
we transform (i)

3. [1-p. 9

tan(z)— lJrBtan(2 )
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Charge-current 4-vector

Charge must be conserved

Podxdydz=p dx'"dy'dz"’, dx’zzx > P'=Y.0P,
moving charge density P=Y,Po
current density j=pl=y,p,U

J'=(p¢C, j . by, i )=yupelc,uy,u,, u,)=p,U"

E
P'=(=, Py Py, P2)=Yumy(C, Uy, Uy, u,)=m,U"
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Power-force 4-vector (Minkowski force)

dP" dP" dt <1 dE dp, dp, dpz)

w__ _ _
Tt Tdt dx Yodt vdt Car
1 2 dEkin ra
—y (= F-T,f, f, f 7.
yu(c J X’ y’ Z) dt U
Relativistic Newton's 2nd law: F'=m,A"
4 2
. . o 1—lulc
Proof: m,A'=m, 4 (i-d="7 1-d= ) (
C Yumo
Y Yol = u.’ -
m,—u-a=m,— fu(l—(=))=2LFf-0=F"
C c y,m, c’'’ ¢
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Transformation of electromagnetic fields

Force f=q(E+0xB)

Power-force 4-vector
F=y, (- F0,f, f,F,)=y,q( E-U,E+0xB)
el o E, E, E, yec]
F! q E, 0 cB, —cB, ||y, :CLTU“
F*| c|E, —cB, 0 cB, ||y,u,| ¢
F’ E, ¢B, —cB, 0 |[y,u,
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With the Lorentz-transformation from S to S’
and the inverse transformation

y By 0 0 Y Py
=By vy 00 =By Y
0 0 1 0 0 0
0 0 0 1 0 0
we get
LL'=L""L=1

o = O O

—_—O O O
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C
T '=LTL' > E'=E, B' =B,
E' =y(E,~VvB,) B'y:y(By+Z—2EZ)
E'=y(E,+vB,)  B',=y(B,~SE,)
which can be written as
E '||:’::|| é'n:én
E' =y(E +VxB) é;:ym}i—zwz—)
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7. Uniformly moving charge

Point charge at rest in origin of S'

- q -
E'= x',y',z'), B'=0
4ne0(x'2+y’2+z’2)3’2< d )

The point P=(0,a,0) in S has coordinates P'=(-vt',a,0) in S',
yielding

e q
E' (t')= vt',a,o

Transformation of t'

t'=y(t—5x)=yt for x=0
C

JUAS 2014: Review Special Relativity 63
H. Henke



Transformation of fields

EPx:EPx,»’ BPx:O

E YEPy ) B _yz EPZ
Ep=yE;", Bp, = YL}zEPy’

E ()= ! R ETEL yvt,ya,0)

4Tteo(y Vit +a )

— q vV

B,lt)= 0,0,y—a
P<) 4n€0(y2v2t2+a2)3/2( ycz )

H. Henke
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Exercise 6

Consider the charge of exercise 5 in its instantaneous rest
frame S' where it experiences a constant acceleration a=q
E /m.

Exercise 7
Particles a and b with u_ and u_are in frame S. Use the
velocity 4-vector to derive u "in S', the rest frame of a.

Exercise 8

A particle moves in S with velocity U and

-

experiences a force f. What is the force in S'?.
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Exercise 9

A point charge g moves parallel to a current carrying wire.
By transforming the e.-m. fields calculate the force in its rest
frame.
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