Review of Electromagnetism

This review is not meant to teach the subject,
but to repeat and to refresh, at least partially,
what you have learnt at university.
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Maxwell's equations (in integral form)

=|[J(7, dA+ ffD

E(7,1)d3 =—d—ffé<7,t)-dA

, H electric and magnetic field
, B electric displacement and magnetic induction

electric current density
electric charge density
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ﬂ J(7,t)-d A stands for all currents going through
the area A. It may consist of 3 parts

J (7,t)=xE(¥,#) conduction current (Ohm's law)
J (7,t)=p(7,1)v(7,¢) convection current
J (7, 1) impressed current

fﬂ p(7,t)dV stands for all charges in the
volume V
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Maxwell's equations (in differential form)

With Stokes' theorem:

dt ot
> - 0B, - > - OB
E+——1|dA=0 XE=—— 2
WIVxE+57) oV ot 2)
correspondingly — VXH=7A gtD (1)
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With Gauss' theorem:

ff D-aa=[[[ V-Dav={[[ pav

[[[(V-D-plav=0 - V-D=p

correspondingly - V-B=0
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Time-harmonic fields

Time-harmonic fields can be written as complex quantities
é(7,t)=é(¥)cos(wt+q)= )
=R[e(F)e' e |=R[E(F)e' |=RE(F,1)

E(7) is called phasor.

Advantages are:
0

- > 1,

Ot
- phasors are vectors in a coordinate system
rotating with w1,

l(l)t

- cancels out in the equations.
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Fields in matter (time-harmonic case)

The effect of electric fields on matter can be described by a

polarization P,
the effect of magnetic fields by a magnetization M.

P and M result from averaging over atomic / molecular
electric and magnetic dipoles induced by the fields, e.g.

IE p.=qgx — P=np,=e.E

Linear materials: D =¢ Lk
B
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There are losses due to changing polarisation

e=e'—ie'"'=e'(1—itan(3,))

tan(ée)ze, , 0. electric loss angle
€

and losses due to free charges
VxH=J+iveE=xE+iveE=iwe(l-2—]E
[(C
_ K
EC_E(I )

1€
In most dielectrics is tan(d )«1.

In good conductors is K/w»e — € =K/iw.
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microwaves

infrared ultraviolet

| S T s T T
polarization \/-
—
w
|
A —
W
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Magnetic reaction of material is due to circulating electrons
and due to particle spins. It can be described by means of
magnetic dipoles, i.e. by circulating elementary currents:

Apm

- -
-

Like P, the magnetization M is a dynamic process with losses
due to rotating dipoles

u=uw'—in''=u’'(1-itan(d,)), O, magneticlossangle
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For ferromagnetic materials the relation between the external
field and the magnetization is non-linear and depends
typically on the history of the material (hysteresis).

M |

\

saturation

remaneicce

- initial magnetization curve

B

. coercitivity
saturation

III
|
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Boundary / continuity conditions

Maxwell's theory is a continuums theory. It requires continuous,
double differentiable functions.

Solutions in different media have to be matched at the interface.

Take Maxwell's equs. in integral form
951?(7,t)-d§ :ﬂ3(7,z)-d21+j—tﬂb(7,z)-d2
$E(Fi)ds =2 [[ B .0)d

and make an intelligent choice for the integration area
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As is finite but small, such
that the fields are constant,
h— 0:

H As—H h—H ,As+H h=
=J As+—ﬂD AA

EtI_EQ:O

If medium 2 is perfectly electric conducting (pec) :

Et1209 Ht1:JS
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An intelligent choice of the integration volume:

D, AA—D,AA+ [| D-d A=
AA,,
@ =p;A A4

D, —D,,=ps, B,—B,,=0

D .=p,, B,,=0 1if 2 is pec
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Application of Maxwell's equations

Electrostatic fields =~ (6/6t=0, e=const.)

—_

X E=0
D=p

Maxwell's equations @
1%
VXE=0 - VxVo=0 E=-Vo

Poisson equation:
VD=V (cE)=p - V’®d=-—

M|
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Example: Circular electrostatic lense

E-field pattern

_8p2 Pop o7
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Bernoulli ansatz

®(p,z)=R(p)Z(z)

substituted in (i) and devided by RZ

2 2 (
1 d 1;€+1 dR+1 dZZ=O,Z:<CO+DOZ’
Rdp~ Rpdp ?dz ) |

i
Bessel differential equation
2 (

d 1;3+1 dR+kiR:O) R—| Aot ByIn(p/py),
dp- pdp

Boundary conditions

d finite forp—0: B,=B=0

k=0
k. z —k_z
Ce""+De 7, k_#0

k

z

0

\

AJO(kzp)—I_BNO(kZp))kZ#O
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Boundary conditions

® finite forz=+00 — C,=D,=0, Z=Ae¢

( 3
o=~ for z>0[ A=®,, k. a=j,

+®, for z<0

<I>=Sign(2)[—<1>o+z A Jo(jOn%)ejon|Z|/a]
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Fourier-Bessel expansion
Multiplication of (ii) with pd (j,_p/a) and integration over p

(I)O{)JO(]OmE)pdp_ - A fJ (]Ong)JO(]OmQ>pdp
- a2 V. - - nazj B
jOmJl(]Om) 6m2J1(JOm)
(]Onp) |
O =sign(z l—I—ZZ _]O‘"Z'a]

n= 1]0n (]On)
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Stationary currents

(0/0t=0, k=const.)

Il
!

v
vV

< E=0
(VxH)=0=V-J=V-(kE) — V*&=0

J-field lines
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Magnetostatic fields (0/0t=0, p=const.)

Maxwell's equations valzJ, @ B=0
? — @ vx}izzO — E:9XZ:MEI
VX 3 - V(V-4)-V?4=-V’4=uJ
Example: Wire carrying a constant current
e, . A, 10A,
VA=l LO0%
0p P op
_10 forpzal
ot —ud, forpsaJ

‘ \
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J dA +1dA<;> ; dAY ¢
— — SN —
dodp Pdp dp P
p<a:
d dA 1 dA 2) W 2
+ =—udJ A'=——J
dpdp pdp M 0 — Z 4 Op
atp=a: B,'=B.
L. . dA. .
B=Vx(A&)=—225 ., c=—Luay,
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Quasi-stationary fields (IBD/BtI<<IJI, &, u, k=const.)

Maxwell's equations

V-B=0 ~ B=Vx4

~ ais - -~ 04 . = . 04
X E » VX(E+—— =—Vo-———

VXE=—o VX(E+Z7) - E=-Vo—=

good conductors: 0
no impressed voltages: &=

=—e2-V-4=0 » V-4=0
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diffusion equation

Example: Current distribution in aluminum bar
k=17 10° Q'm™, a=1cm

f=50 Hz f=5 kHz
=N

a 0 x
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Poynting's theorem (€, M, K=const,, J=KE,
full set of Maxwell's equations)

AchargepdV is moved a distance 0 s by the fields.
Thenthe work done by the fields is

6W oS 6S > > - >
—=d E+VXB)dV=pv-EdV=J-EdV
A5 =41 57 =P (E+VXB)dV=p¥
using Maxwell ' s equations
B Vxi=J+22
Ot
i VxE=-98
ot
~ BJ=—V{Exf)-C [~ BB+~ E-D]
ot 2 2
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After integration and Gauss ' theorem :

o ﬁ d A= radiation

_fﬂEJdV 0_ fﬂ;— E-D+ ;— B)av

Energy radiated into V equals the dissipation in V and the
increase of stored electromagnetic energy in V.

-

poynting vector (radiation flux) $—Fx F
E

dissipated power density D= J
electric energy density WQZ(I/Z)E-D
magnetic energy density w =(1/2) H-B
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Poynting's theorem for time-harmonic fields

decomposee.g. Ezﬂ%[Eeiwt]:;—[f«je’wt+ﬁ*e"‘“f]
] = = ] .3 3 Y 5 :’*—12(x)t ] —~>—~>* —~>*—~>
wp=sE-D=g[E-De™'+E*D*e " |+ [E-D*+E*D]
zl_gg[ﬁ.bei2m]_|_l_9{[ﬁ.b*]
4 4
then after time-averaging w,=(1/4)E-D*
correspondingly W, (1/4) b-B* 5 =(1/2)E-J"

=(1/2)ExH* - S=(1/2)R[ExH"]
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using Maxwell ‘s equatzons

afterintegration and application of Gauss'law

_# §c'd2=fff ﬁddVJriZoof”(W e

active power (time- cwemgec[ Joulean heat)
=—gpR[S.]dA=—¢pS-d 4

reactive power

Pr=—$b 3[5.)d d=20 [[[ (w,—w
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In good conductors is W _»W_ (IEl«IHI)

b S -dA=P,=P,+i20W

m

This allows to calculate the resistance and internal
iInductance of a conductor. We define

I'=§H-d3
2 _
U=[E-di=T(R+ioL,)
and obtain 1
P=> UT = [P|(R+ioL)=P+i20W,
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Tut-Ex 1

Given is a conducting hollow sphere carrying a charge Q.
What is the field inside and outside and what is the
electrostatic field energy?

Tut-Ex 2

A capacotor is filled with a lossy dielectric and charged to a
voltage V. What is the time constant for discharge?

Tut-Ex 3
Kathode Anode

Given is a 1-dimensional planar =0 —> o=
diode. What is the current density
at saturation?

qv
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Tut-Ex 4

Derive the magnetic vectorpotential for a given
current density.

Tut-Ex 5

Given is a non-relativistic cyclotron with a constant magnetic
induction B and maximum radius R. What is the end energy?

trajectory

magnet yoke

[ .

l I magnet poles

) \\,\ :I'I,ﬁ l

hollow electrodes

Tut-Ex 6

A long dipole magnet is excited by a coil with n windings
and current | . Calculate the magnetic field in the air gap.
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Electromagnetic waves (g, y=const., p=0, J=KE)

The simplest electromagnetic wave is a plane wave.
It depends only on one space variable (direction of propa-
gation) and on the time.

-

E=E(z.1), H=IHl(z1)

Maxwell " s egs. yield two sets of uncoupled equations :

8Hy OFE. OFE. @Hy
— —=C :_M
0z ot 0z ot
OH . 8Ey 8Ey OH
=cC — =—Uu
0z Ot 0z Ot
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e.g. thered set gives the wave equation
O°E. 1 0’E. ) 1

— — , C=
0z ¢ ot Ve

withd ' Alembert ' s solution
E =f(z—ct)+g(z+ct)

1
H=—[f(z=ct)-glz+er)],  Z=¢
| EA
FE(z — ctg) FE(z — cl[to + At)])
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velocity of light : c= 1
Vue
wave impedance . /= \/g:

~377() in free space

field properties :
ELH, EXH - direction of propagation
E,H L direction of propagation
E'/H'=—E |H =Z
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<8

Time-harmonic plane wave E:

Wave equation becomes Helmholtz equation:

0’ E
“+k*E_=0, k=w+vue

0z’ . -
Ex:Ael((x)t— Z)_I_Bez(oot+ Z)

1 Il Wl—kz A z
H = (4" = per)

loss — free material : k=wlc=2n/A

K
WE €,

lossy material: €,=¢,€,(1—i

):EO(Er

k=oJue,=p—ia, Pp=

[w)

/

_iEr”)

27t/ A
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i(wt—kz) Acos(wt_BZ)e_O‘Z

Ll e
%%%: AR

N2

Mm

M
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Phase velocity

d dz
d=wt—pPz=const. — C%:w—ﬁd—tzw—ﬁvph=0

Group velocity

Take two plane waves with w_and w,

W;=w,+0w, W, =W,— O0W

B, =Py +0pP, B,=By—0P

R PPN =0 o5 (Swr—dp z)cos(wyt— By 2)
:6(0 - :d_oo
° op *dp

V
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Energy velocity

Energy transported / AA /
A

by Az in time At: / 2

1 _ S

WAAAZ S A4 — Ve:A_Z:__Z

At At w
for plane waves
_ . e |ES T e
S =L (Exi )Zz‘ ° ‘ W=l ED+ L iR =1—e\E02\
2 27 4 4 2
1 1
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Low-loss dielectrics: &"«¢g'

1 €, I ZO
peve, ko, o Z~22 (14
' 2 e,

Example: Polyamide (nylon), k=108 Q'm™, £ =3, f=10MHz
11% attenuation in 100km, arc Z=10*°

. r/’

lEr )
/

2 €,

Very good conductors (metallic): €"=-ik/w » €'

Z~(1+i)%, arcZ=45°

2
WU K

Skin depth: e =2 S ad,=1 — 6S:\/
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Cylindrical, ideal conducting waveguides

AN

K=o00

From Maxwells 3%and 4"eq. VV.F=0 — EF=VxA™"
V-iH=0 - H™=VxA™
e.g. TEwaves:
Using VX H = egtE yields ﬁ[_EgTA:v
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-

Next using 'V X E=—u(? gives

@X(@XZ) V(V A) VzA——Mﬁai—ueaA

A, @ are not fully determined

—_

A - A+V1p, b - OP—ecoY/ot

-

give the same E, H

use Lorenz ' gauge ? A=— U 2 ;D

vielding avectorial wave equation

- 1 0°4
VA—C -0
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Similarily , we proceed forthe TM —case and obtain
the same equation.

Since only two independent functions are needed , we choose
A_’TE:ATEé» A?M:ATMQ-»

z z

which for time— harmonic fields results ina
scalar Helmholtz equation

V24P + k> AP =0, k=2 =wiue, pZ{TE}

M
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Circular waveguide

Helmholtz equ.
circular cylinder koordinates :

1 0°4A 0° A4
)+ 2 2+ 2
p- o0~ Oz

1
p

(8/1

= +k*A=0

DD
-

Bernoulli ansatz : A=R(p)®P(p)Z(z)

substituted in (1) and devision by RpZ
2 2

1 5 (8_R)+12 aq2>+1a§+
PROp " 0p " p'®dgp Z 0z

—k?

k=0
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d’>7
dz*

+k°Z=0 — Z=C,e “"+C,e"" — C,e™"

for waves propagating in +z-direction
(2) becomes

0o , OR, 1 0°d

%00 P2 )+fp 8([)2J+f>2</c2—lc§>=<> (3)
e

d’d 5. B .

P +k, =0 — ®=C,cos(k,p)+C,sin(k, )

- k,=m — ®=C,cos(mq)

because of rotational symmetry
and 2tr-periodicity
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(2) becomes with k and m

2 2
oK +£1> OR LK=" 1R=0, K=Vk—£k’
op- " Op p

because Neumann function
Is infinite at p=0
Vector potential

A=Ccos(mo)J (Kp)e "

TE —waves: Ez?XAé’Z

04
E@Z—ﬁ"’fm (Kp)

Ecp(p:a):O — Kmna:j’mn
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1 614 m . —ik .z

Epzﬁﬁz_p_cmnsul(mcp)‘] (] mn%) -
aA j’mn . p —ik .z
E,=—F—=- | e

=L Lo cos(mg) (L)

kz ] mn P —ik, z
H = ’ r M
o oW a Cmncos<m(p)'] m<] mna)e
L kz m / P —ik_ z
HCP__(DM P C Sln(me)J (] mna_)e
j'2 la’ 0
H — mn . M~ —ik_z
= iou cos(me)J,(j",, e
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TM —waves:: f[:vXAé'Z
K’

E=——4~J (K E (p=a)=0 K a=j
Z(DE ( p)’ z(p CZ) - mna ]mn
Hp:_p_DmnSin<m(p)’]m<jmng)e_ikzz
H,=="D,,cos(mq)J ", j,, )™, H.=0
da a
folzimeﬁg
. z J mn & —ik_z
Ep_ WE a DmnCOS(m(p)J (]mna)e
_kz m P —ik_z
Ey=——5 D,,sin(m@)J,(j,,~)e
jifm/az p —ik_z
b= D cos(me)J,, (Jmna—)
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The ratio of the transverse field
components is the field (wave) impedance

f

L

—

!

E

)

M:Ep_ ¢ _WW
) HCP Hp z >

ZITFM:E_F) _E_@:kz
H, H WE

The dependence of the propagation constant
on frequency is the dispersion relation

K =K'=kl — k=K —K,=k'—k.,

A

zmn

(
real

0

& imaginary

k > kCWZI’l\
for k=k,
k<k

cmn
J

~r

H. Henke
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critical wavenumber: k =

cmn

cutoff frequency: f. =ck, [2T
cutoff wavelength : A, =2nlk,
guide wavelength N, =27nlk_,
energy flux density :

(
Imaginary
=10 for

real

\

9

mn

\

k<k,
k=k_
K>k,

’

K —| S [a for TE
Tl @

1 e e 1
SCZZE(EXH )zzzzFHHx‘z_l_‘Hy‘z]

~—

™

—(NIN, )

J
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Each mn defines a certain (eigen-) mode. The general solution
Is the linear combination of all modes

E=) (E,+E,), H=2 (H,+H,)

Modes are normally sorted referring to their cutoff frequency:

11.46
---_
TE/TM 0/1 11 18.29
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—_——— = — —

e — ——

ttttt o ——— -

p
ojololojo *lalee
— e e —— —— ——— ————
slole I, o 1 ololololo - p -_..__..._._4 0
- — — L_._n_._.__ﬂ _/__.u___.. —_—— - .._-‘l__.-_

||||||||||||| = W e

—————— — ——————

3.41a

c —

51
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Attenuation, dB/m

0.07

0.06

O
-
O

L]
-
=

S
-
s

<
-
!

0.01

yd
TEy,——
TE14 ~~
35 7 9 11 13 15

Frequency, GHz

a=2.5cm
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Impedance boundary condition R
on good conductors 4 T

On metallic surfaces: E=perp, H=parallel

Z
@XEI:J:KE
(Vt+gzg_z)x(ﬁt+Hzgz>:K(Et_I_EZé;) -
- O0H .
—e. XV, H +é.X—=xE,
0z
o 1l el oz 1. 04
750 > ‘Vf'\’ko = Bl X (1)
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-

VxH=xE, VxE=—iouH -

—

Vx(VxH)= V(V H)-V*H=—ioukH
VZH—Z(DMKH 0

and since H is essentially transverse

- - == (140)2/d,

V’H —ioukH~0 — H~H,ke

4

from (1) and (2)

-~ 1 . 8[77 L
EtOZITeraZ - :ZW(nXHtO)
ZWZI—I—Z 5= 2

KO WU K
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Attenuation in waveguides | (power-loss method)

P(2) T Pyhz P(z+Az)~P(z)+(dP(z)/dz)Az

—>

>

< >

Az

conservation of power . dP(z) =—P,’

dz

E, H~¢ ", P(z)~e " — =—2aP(z)=—P,’

dissipation per surface area:

AP, N — 1 Lo 1 ..
S E=—NR(S,)=—2R(1-(ExH"))=R(Zy)|Hy|
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A P 1 ‘ — ‘2
AA  2x39,
dissipation per length

P,'= 21(6 gs‘Hm‘ ds

tmnsported power .

z)=|] ®(S, dA——SR

:EZFff ‘H_t;ans dA
attenuation . oczl Pa’
' 2 P(z)

o S | H o
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Resonant cavities

Example: Cylindrical cavity, radius a, length g, TM-modes

Forward plus backward traveling wave from
transparency 48

kz m . —ik_ z ik _z
E(p:(DE P Dmnsnl(m(p)’]m(Kmnp)[e - —re s ]
Boundary conditions

ECP(Z:O)ZO - r =1, E@Nsin(kzz)
E(p(zzg)zo - k,g=pn, p=0,1,2,..
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Fields:

Hp:_zpﬂDmnpSin(mCP)COS(kZPZ)Jm<Kmnp)

. kz ’ !
EpZZZ(DI; KmananOS(mCp)sm(kzpz>‘]m (Km”p>

E =—1i2

¢

k., m . .
(DI; O Dmnpsnl(m(p)snl(kzpz)Jm(Kmnp)
K2
EZ:—iZ(D%Dmnpcos(mcp)cos(kzpz)Jm(Kmnp)

Kmn:\/kZ_kip:]mn
da
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Example: TM__ -resonator (m=0, n=1, p=0)

J P
HcpzzaiDmoJl(]Olg)

. 2
2 Jo . P
E =— D0 J C
z l(x)E(a ) Doy o(]ma)
0 .
Resonance frequency kogo=— =K, 1:]£
C a
_j01co
fOlO ZT[CZ
Stored energy
7= AW, =20 =[] E-D"av =< [[[ |Ef av
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W 2T[g]01

(DE

DiSSipation per unit area

\H

rr_—
Pa’

tan

2K6

pd:ff P, dA= 4T6[ j(2)1

Quality factor (O —value)
A

O:Pd O, 1+gla

- 6SQO:2_

‘D010| J ]01>

v
S

IRESIWNETS

v

S
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Q, gives the decay rate of the stored energy

_ Wy — _ _
=P =W - =W, szzg—g

Example: 3 Ghz copper cavity, g=A /2=5 cm

j01=2-405, J1(jO1)=O'5191’ k=58 106 Q-1m_1

a=3.83 cm, 6_.=1.21 ym, Q_=17963, T=1.9pus
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Resonance behaviour of a cavity mode

Instead of lossy walls assume lossy dielectric filling. That
preserves the ideal mode but allows for studying losses.

The cavity is driven by a current J passing through it. J splits into
a conduction current JC=KE, responsible for the losses in the

dielectric, and in an enforced current J as driving term.

Vx(VXE)=V(V E)-V2E=—n L Vxi=
0 (GanEecE
— “at(JO+KE+Eat )
52 2 E E . oJ
2F — oF O E _ 0
ViETG, “tor Mo (1)
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We expand E in (eigen-)modes

E=Zn:an(t)5n(x,y,2) (2)

2 > 2 >
where e +k e =0

V-&,=0 involume, 71Xe&,=0 onwalls

[If é-é,ar=9,

Substituting (2) in (1) and deviding by ue

2|

~ At

“dt ue " C 0t

(3)
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Multiplying (3) with e and integrating over V

2
d a, LK dam >
d7* € dt Me “n= end
Time-harmonic excitation
k2
K m .
—o'+igot+—]a,=iof,
U €
a _QOm fm
m_wOm ) wOm
1+ QOm[(DO W ]
with Wy, =ck, , O, €W, /K

_ 9t

Ot
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.................. . /2 |
arc(a ) |
2 ) |
- :
0
—1t/2
Om
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Well seperated modes can be represented by a lumped
element resonator

(1)
i — Cm Lm Rm
Vm
I , p— gy )
Om \/mem Om Pdm Om~""m " m
W, +o0w)—(w, —0w
(DOm Om QOm
Filling time Tfm=2g§m :(13_00
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Accelerating voltage for a particle passing the cavity on-axis

m

g
- - XO¥A
V =famem'ezelm dz|, z=vt
0

Shunt impedance (amplitude independent)

shm P m
dm

w, Bm and Rshm define Rm, Lm, Cm.

R-upon-Q (accelerating voltage for a given stored energy,
loss idependent)

Rshm Vi@ 2

Oom W W W, €

m m m m
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Coupling to a cavity

-

Loop / magnetic coupling

Probe / electric coupling

Electromagnetic coupling

f/: N A A * f/ ﬁ\\
N ‘ X/
) \ -
f-)\'//’ ‘\X/
|
an A -
NG | X/
|
TN N
) | X/

BRI

& ‘ X/

N ‘ ()

‘\\: J \X/
|

JUAS 2014: Review Electromagnetism
H. Henke

68



Tut-Ex 7

Give the E- and H-field of a z-polarized plane wave which
propagates in x-direction.
What is the time-averaged radiated power density?

Tut-Ex 8

Derive the longitudinal vector potential for TM-waves in a
rectangular waveguide.
What is the equation for the separation constants?

Tut-Ex 9

Give the longitudinal wavelength and phase and group
velocity of a TE, -mode in a rectangular waveguide?
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Tut-Ex 10

What is the lowest mode in a circular waveguide?
Show the field pattern.

In which frequency range is mono-mode operation
possible?

Tut-Ex 11

Calculate the accelerating voltage, shunt impedance
and R-upon-Q of a TM_, -mode pill-box cavity.
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