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Review of  Electromagnetism

This review is not meant to teach the subject, 
but to repeat and to refresh, at least partially, 
what you have learnt at university.
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∮ H r , t ⋅d s   =∬ J r , t ⋅d Addt∬ D r , t ⋅d A

∮ E r , t ⋅d s   =−d
dt∬ B r , t ⋅d A

∯ D r , t ⋅d A=∭r , t dV

∯ B r , t ⋅d A=0

E , H  electric and magnetic field
D , B  electric displacement and magnetic induction
J       electric current density
        electric charge density

(in integral form)Maxwell's equations 
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∬ J r , t ⋅d A   stands for all currents going through
                       the area A. It may consist of 3 parts

∭r , t dV   stands for all charges in the 
                       volume V

J⃗ ( r⃗ , t)= J⃗ c( r⃗ , t)+ J⃗ cv ( r⃗ , t )+ J⃗ i ( r⃗ , t )

J⃗ c( r⃗ , t)=κ E⃗ ( r⃗ , t )      conduction current (Ohm's law)
J⃗ cv( r⃗ , t)=ρ( r⃗ , t) v⃗ ( r⃗ , t)   convection current
J⃗ i( r⃗ , t)                        impressed current
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With Stokes' theorem:

∮ E⃗⋅d s⃗=∬(∇⃗× E⃗ )⋅d A⃗=−dd t∬ B⃗⋅d A⃗=−∬∂ B⃗
∂ t
⋅d A⃗

∬ [∇⃗× E⃗+∂ B⃗∂ t ]⋅d A⃗=0    →    ∇⃗× E⃗=−∂ B⃗
∂ t

            (2)

correspondingly              →    ∇⃗×H⃗= J⃗+∂ D⃗
∂ t

        (1)

(in differential form)Maxwell's equations 
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∯ D⃗⋅d A⃗=∭ ∇⃗⋅D⃗ dV=∭ρdV

∭ [ ∇⃗⋅D⃗−ρ]dV=0      →      ∇⃗⋅D⃗=ρ              (3)

correspondingly           →       ∇⃗⋅B⃗=0              (4)

With Gauss' theorem:
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Time-harmonic fields can be written as complex quantities

e⃗ ( r⃗ , t)=e⃗ ( r⃗ )cos(ω t+φ)=
          =ℜ[ e⃗ ( r⃗ )eiφeiω t ]=ℜ[ ̃⃗E ( r⃗ )eiω t ]=ℜ E⃗ ( r⃗ , t)

̃⃗E ( r⃗ )  is called phasor.
Advantages are:
-   ∂
∂ t

 →  iω ,

-   phasors are vectors in a coordinate system
    rotating with ω t ,
-   eiω t  cancels out in the equations .

Time-harmonic fields 
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The effect of electric fields on matter can be described by a 
polarization P,
the effect of magnetic fields by a magnetization M. 

D⃗=ϵ0 E⃗+ P⃗=ϵ0 E⃗+ϵ0χe E⃗=ϵ E⃗
B⃗=μ0 H⃗+μ0 M⃗=μ0 H⃗+μ0χm H⃗=μ H⃗

P and M result from averaging over atomic / molecular 
electric and magnetic dipoles induced by the fields, e.g.

E
local

-x pe=qx      P=n pe=0 e E

Fields in matter (time-harmonic case)

Linear materials:

q
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There are losses due to changing polarisation 

∇⃗×H⃗= J⃗+iωϵ E⃗=κ E⃗+iωϵ E⃗=iωϵ(1−κ
iωϵ

) E⃗

ϵc=ϵ(1−κiωϵ
)

In most dielectrics is tan(δ
ε
)«1.

In good conductors is κ/ω»ε  →  ε
c
≈κ/iω.

ϵ=ϵ '−i ϵ ' '=ϵ ' (1−i tan (δϵ))

tan(δϵ)=
ϵ ' '
ϵ '

,      δϵ   electric loss angle

and losses due to free charges
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Magnetic reaction of material is due to circulating electrons 
and due to particle spins. It can be described by means of 
magnetic dipoles, i.e. by circulating elementary currents: 

r
e

I
e

p
m

pm= r e
2 I e      M=n pm=m H

Like P, the magnetization M is a dynamic process with losses
due to rotating dipoles

μ=μ '−iμ ' '=μ ' (1−i tan (δμ)) ,    δμ  magnetic lossangle
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For ferromagnetic materials the relation between the external 
field and the magnetization is non-linear and depends 
typically on the history of the material (hysteresis).
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and make an intelligent choice for the integration area

∮ H⃗ ( r⃗ , t)⋅d s⃗   =∬ J⃗ ( r⃗ , t)⋅d A⃗+d
dt∬ D⃗ ( r⃗ , t )⋅d A⃗

∮ E⃗ ( r⃗ , t)⋅d s⃗   =−d
dt∬ B⃗( r⃗ , t)⋅d A⃗

Boundary / continuity conditions

Maxwell's theory is a continuums theory. It requires continuous, 
double differentiable functions.

Solutions in different media have to be matched at the interface.

Take Maxwell's equs. in integral form
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ΔA

J
S

Δs is finite but small, such 
that the fields are constant,
h → 0 :

H t1Δ s−H nh−H t2Δ s+H n h=

              =J SΔ s+
∂
∂ t∬Δ A

D⃗⋅Δ A⃗

→   H t1−H t2=J S

        E t1−E t2=0

If medium 2 is perfectly electric conducting (pec) :

E t1=0 ,   H t1=JS
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∯ D r , t ⋅d A=∭r , t dV

∯ B r , t ⋅d A=0

An intelligent choice of the integration volume:

ΔA

ΔA
ΔV

ρS

Dn1Δ A−Dn2Δ A+∬
Δ Azyl

D⃗⋅d A⃗=

                                           =ρSΔ A

Dn1−Dn2=ρS ,   Bn1−Bn2=0

Dn1=ρs ,  Bn1=0   if 2 is pec
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Application of Maxwell's equations 

Electrostatic fields (δ/δt=0,  ε=const.)

∇⃗×E⃗=0     →    ∇⃗×∇⃗Φ≡0       E⃗=−∇⃗Φ

Poissonequation :
        ∇⃗⋅D⃗=∇⃗⋅(ϵE⃗ )=ρ     →   ∇⃗ 2Φ=−ρϵ

Maxwell's equations ∇⃗× E⃗=0
∇⃗⋅D⃗=ρ
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Example:  Circular electrostatic lense

E-field pattern

Circular symmetric Laplace  equation

          ∇⃗2Φ=∂
2Φ
∂ρ2 +

1
ρ
∂Φ
∂ρ
+∂

2Φ
∂z2 =0              (i )
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1
R
d 2R
d ρ2 +

1
Rρ

d R
d ρ
+1
Z
d 2Z
dz2⏟
k z

2

=0 , Z={C0+D0 z ,          k z=0
C ek z z+De−k z z , k z≠0}

Bernoulli ansatz
                Φ(ρ , z )=R (ρ)Z (z )

substituted in (i) and devided by RZ

Bessel differential equation
d 2R
d ρ2 +

1
ρ
d R
d ρ
+k z

2R=0 ,  R={A0+B0 ln(ρ/ρ0) ,            k z=0
A J 0(k zρ)+B N 0(k zρ) ,k z≠0}

Boundary conditions

Φ finite forρ→0 :      B0=B=0
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Boundary conditions

Φ={−Φ0   for   z>0
+Φ0   for   z<0}   →   A0=Φ0 ,   k zna= j0n

Φ finite for z=±∞   →    C0=D0=0,     Z=Ae−k z∣z∣

Φ=sign(z)[−Φ0+∑
n=1

∞

An J 0( j0n
ρ
a
)e− j0n∣z∣/a]

Symmetry at z=0 Φ(z=0)=0

Φ0=∑
n=1

∞

An J 0( j0n
ρ
a
)               (ii)
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Fourier-Bessel expansion
Multiplication of (ii) with ρJ

0
(j

0m
ρ/a) and integration over ρ

Φ0 ∫0

a
J 0( j0m

ρ
a )ρd ρ⏟

a2

j0m
J1( j0m)

= ∑
n=1

∞
An ∫0

a
J 0( j0n

ρ
a ) J 0( j0m

ρ
a )ρd ρ⏟

δm
n a2

2
J1

2( j0m)

Φ=sign(z)Φ0[−1+2∑
n=1

∞ J 0( j0n
ρ
a
)

j0n J 1( j0n)
e− j0n∣z∣/a]
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∇×E=0           E=−∇
∇⋅ ∇× H =0= ∇⋅J= ∇⋅ E         ∇2=0

(δ/δt=0,  κ=const.)Stationary currents 

J-field lines
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∇⃗⋅B⃗=0   →   ∇⃗⋅∇⃗× A⃗≡=0  →  B⃗=∇⃗× A⃗=μ H⃗
∇⃗× B⃗=μ J⃗   →    ∇⃗ (∇⃗⋅A⃗)−∇⃗2 A⃗=−∇⃗2 A⃗=μ J⃗

 (δ/δt=0,  μ=const.)Magnetostatic fields 

Example: Wire carrying a constant current

+ aJ
0

ρ

∇⃗2Az=
∂2Az

∂ρ2 +
1
ρ
∂Az

∂ρ
=

          ={0          for ρ≥a
−μ J0   for ρ≤a}

Maxwell's equations ∇⃗× H⃗=J ,     ∇⃗⋅B⃗=0
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ρ≥a :
d
d ρ

d Az
(1)

d ρ
+1
ρ
d Az

(1)

d ρ
=0       →      

d Az
(1)

d ρ
=Cρ

ρ≤a :
d
d ρ

d Az
(2)

d ρ
+1
ρ
d Az

(2)

d ρ
=−μ J0    →    Az

(2)=−μ
4
J0ρ

2

at ρ=a :    Bφ
(1)=Bφ

(2)

B⃗=∇⃗×(Az e⃗z)=−
d Az

d ρ
e⃗φ    →    C=−1

2
μa2J 0
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∇⃗⋅B⃗=0          →   B⃗=∇⃗× A⃗

∇⃗× E⃗=−∂ B⃗
∂ t

 →  ∇⃗×(E⃗+∂ A⃗
∂ t
)  →  E⃗=−∇⃗Φ−∂ A⃗

∂ t

good conductors:             ρ=0
no impressed voltages:   Φ=0
∇⃗⋅D⃗=−ϵ∂

∂ t
∇⃗⋅A⃗=0  →   ∇⃗⋅A⃗=0

 (IδD/δtI<<IJI,  ε, μ, κ=const.)Quasi-stationary fields

Maxwell's equations

∇⃗× H⃗= J⃗ ,     ∇⃗×E⃗=−∂ B⃗
∂ t

,     ∇⃗⋅D⃗=ρ ,    ∇⃗⋅B⃗=0
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Example:  Current distribution in aluminum bar
                 κ=17 106 Ω-1m-1, a=1cm 

f=50 Hz f=5 kHz

∇⃗×H⃗=1
μ ∇⃗×(∇⃗× A⃗)=

1
μ [∇⃗ (∇⃗⋅A⃗)−∇⃗

2 A⃗]=

=−1
μ ∇⃗

2 A⃗= J⃗=κ E⃗=−κ∂ A⃗
∂ t

  →   ∇⃗2 A⃗−μκ∂ A⃗
∂ t
=0

                                                     diffusion equation
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AchargeρdV ismoved a distance δ s by the fields.
Thenthe work done by the fields is

d δW
δ t

=d f⃗⋅δ s⃗
δ t
=ρδ s⃗
δ t
⋅( E⃗+ v⃗×B⃗)dV=ρ v⃗⋅E⃗ dV= J⃗⋅E⃗ dV

 (ε, μ, κ=const., J=κE,
 full set of Maxwell's equations)

Poynting's theorem  

using Maxwell ' s equations

     E⃗⋅   ∇⃗× H⃗= J⃗+∂ D⃗
∂ t

 −H⃗⋅   ∇⃗× E⃗=−∂ B⃗
∂ t

    →    E⃗⋅J⃗=−∇⃗⋅( E⃗×H⃗ )−∂
∂ t
[1
2
H⃗⋅B⃗+1

2
E⃗⋅D⃗ ]
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After integrationandGauss ' theorem :

−∯( E⃗×H⃗ )⋅d A⃗=
=∭ E⃗⋅J⃗ dV+∂

∂ t∭(1
2
E⃗⋅D⃗+1

2
H⃗⋅B⃗)dV

V A
W

mech
+W

em
radiation

S⃗= E⃗×H⃗
pd= E⃗⋅J⃗
we=(1/2) E⃗⋅D⃗

wm=(1 /2) H⃗⋅B⃗

 (radiation flux)poynting vector 

dissipated power density 

electric energy density 

magnetic energy density 

Energy radiated into V equals the dissipation in V and the 
increase of stored electromagnetic energy in V.
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decompose e.g.     E⃗=ℜ[ ̃⃗E eiω t ]=1
2
[ ̃⃗E eiω t+ ̃⃗E * e−iω t ]

Poynting's theorem for time-harmonic fields

wE=
1
2
E⃗⋅D⃗=1

8
[ ̃⃗E⋅ ̃⃗Dei2ω t+ ̃⃗E *⋅ ̃⃗D * e−i2ω t ]+1

8
[ ̃⃗E⋅̃⃗D *+ ̃⃗E *⋅̃⃗D ]

    =1
4
ℜ[ ̃⃗E⋅ ̃⃗Dei2ω t ]+1

4
ℜ[ ̃⃗E⋅ ̃⃗D * ]

then after time-averaging 

S⃗ c=(1/2) E⃗×H⃗
∗     →     S⃗=(1/2)ℜ[ E⃗×H⃗ ∗ ]

p̄d=(1/2) E⃗⋅J⃗
∗

correspondingly      w̄m=(1/4) H⃗⋅B⃗
∗

w̄e=(1/4) E⃗⋅D⃗ *
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using Maxwell ' s equations
        E⃗⋅   ∇⃗×H⃗ ∗= J⃗ ∗− jω D⃗∗

    −H⃗ ∗⋅   ∇⃗×E⃗=− jω B⃗

 →    1
2
E⃗⋅J⃗ ∗=−∇⃗⋅(1

2
E⃗× H⃗ ∗)− j 2ω(1

4
H⃗⋅B⃗∗−1

4
E⃗⋅D⃗∗)

after integrationand applicationof Gauss ' law
−∯ S⃗c⋅d A⃗=∭ p̄d dV+i2ω∭(w̄m−w̄e)dV

active power (time-averaged Joulean heat)
P̄act=P̄d=−∯ℜ[ S⃗ c ]⋅d A⃗=−∯ S⃗⋅d A⃗

reactive power
P̄react=−∯ℑ[ S⃗ c]⋅d A⃗=2ω∭(w̄m−w̄e)dV
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In good conductors is W
m
»W

e   
(lEl«lHl)

−∯ S⃗c⋅d A⃗=P̄ c=P̄d+i2ωW̄ m

Ī *=∮ ̄⃗H*⋅d s⃗

Ū=∫
1

2
̄⃗E⋅d l⃗= Ī (R+iωLi)

      P̄ c=
1
2
Ū Ī *=1

2
∣̄I 2∣(R+iωL i)=P̄d+i2ωW̄ m

This allows to calculate the resistance and internal 
inductance of a conductor. We define

and obtain
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Tut-Ex 1
Given is a conducting hollow sphere carrying a charge Q. 
What is the field inside and outside and what is the 
electrostatic field energy?

Tut-Ex 2
A capacotor is filled with a lossy dielectric and charged to a 
voltage V.  What is the time constant for discharge?

Tut-Ex 3

Given is a 1-dimensional planar 
diode. What is the current density 
at saturation?
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Tut-Ex 4
Derive the magnetic vectorpotential for a given 
current density.

Tut-Ex 5
Given is a non-relativistic cyclotron with a constant magnetic 
induction B and maximum radius R. What is the end energy?

Tut-Ex 6
 A long dipole magnet is excited by a coil with n windings 
and current I

0
. Calculate the magnetic field in the air gap.
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The simplest electromagnetic wave is a plane wave. 
It depends only on one space variable (direction of propa-
gation) and on the time.

E⃗=E⃗ (z , t),     H⃗= H⃗ (z , t):

Maxwell ' s eqs. yield two sets of uncoupled equations :

−
∂H y

∂ z
=ϵ
∂ E x

∂ t
         

∂ E x

∂ z
=−μ

∂H y

∂ t

  
∂H x

∂ z
=ϵ
∂E y

∂ t
      −

∂E y

∂ z
=−μ

∂H x

∂ t

(ε, μ=const., ρ=0,  J=κE)Electromagnetic waves 
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e.g. the red set gives thewave equation

                
∂2E x

∂ z2 −
1
c2

∂2E x

∂ t2 =0,         c=  1
√μϵ

with d ' Alembert ' s solution
                E x= f ( z−ct )+g (z+ct )

                H y=
1
Z
[ f ( z−ct )−g (z+ct )],        Z=√μϵ
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field properties :
       E⃗⊥ H⃗ ,   E⃗×H⃗ → directionof propagation
       E⃗ , H⃗  ⊥  directionof propagation
       E+ /H +=−E− /H −=Z

wave impedance :          Z=√μϵ
                                            ≈377Ω   in free space

velocity of light :            c=1
√μϵ
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Time-harmonic plane wave

∂2E x

∂ z2 +k
2E x=0 ,         k=ω√μϵ
E x=Aei (ω t−kz )+B ei (ω t+kz)

H y=
1
Z
(Aei (ω t−kz)−B ei (ω t+kz ))

lossy material :    ϵc=ϵr ϵ0(1−i κωϵr ϵ0
)=ϵ0(ϵr '−i ϵr ' ' )

                          k=ω√μϵc=β−iα ,       β=2π/λ

∂
∂ t
=i

loss− freematerial :            k=ω/c=2π/λ

Wave equation becomes Helmholtz equation:
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E x=ℜAei (ω t−kz )=Acos(ω t−βz)e−αz

β
k 0
=√ϵr '2

+
ϵr '
2 √1+(

ϵr ' '
ϵr ' )

2

,  α
k0
=√−ϵr '2

+
ϵr '
2 √1+(

ϵr ' '
ϵr ' )

2
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ϕ=ω t−β z=const.    →    d ϕ
d t
=ω−βdz

dt
=ω−βv ph=0

                          v ph=ωβ

ω1=ω0+δω ,      ω2=ω0−δω
β1=β0+δβ ,         β2=β0−δβ

ℜ[ei(ω1 t−β1 z)+ei(ω2 t−β2 z )]=2 cos(δω t−δβ z)cos(ω0 t−β0 z)

                       vg=
δω
δβ

  →   vg=
d ω
d β

Phase velocity

Take two plane waves with ω
1
 and ω

2

Group velocity 
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ΔA

Δz

w̄Δ AΔ z
       Δ t

=S̄ zΔ A     →     ve=
Δ z
Δ t
=
S̄ z

w̄
for plane waves

S̄ z=
1
2
( E⃗×H⃗ *)z=

∣E0
2∣

2Z
,    w̄=1

4
E⃗⋅D⃗*+1

4
H⃗⋅B⃗*=1

2
ϵ∣E 0

2∣

                          ve=
1
Z ϵ
=1
√μϵ

=c

Energy velocity

Energy transported 
by Δz in time Δt:
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Low-loss dielectrics:   ε''«ε'

Example:  Polyamide (nylon),  κ=10-8 Ω-1m-1,  ε
r
=3, f=10MHz

                 11% attenuation in 100km, arc Z≈10-4 °

β≈√ϵr ' k 0 ,    α≈1
2
ϵr ' '
√ϵr '

k0 ,    Z≈
Z 0

√ϵr '
(1+i

2
ϵr ' '
ϵr '

)

Very good conductors (metallic):   ε''≈-iκ/ω » ε'

β≈α≈√ωμκ2
,    Z≈(1+i)ακ ,    arc Z=45°

Skin depth: e−αδS=1
e

  →   αδS=1   →   δS=√2
ωμ κ
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z
κ=∞

∇⃗⋅E⃗=0    →    E⃗TE=∇⃗× A⃗TE

∇⃗⋅H⃗=0   →    H⃗ TM=∇⃗× A⃗TM

e.g.  TEwaves :

Using ∇⃗×H⃗=ϵ∂ E⃗
∂ t

 yields      H⃗−ϵ∂ A⃗
∂ t
=∇⃗Φ

Cylindrical, ideal conducting waveguides

From Maxwell's 3d and 4th eq.
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Next using  ∇⃗×E⃗=−μ∂ H⃗
∂ t

 gives

∇⃗×(∇⃗× A⃗)=∇⃗ (∇⃗⋅A⃗)−∇⃗ 2 A⃗=−μ ∇⃗ ∂Φ
∂ t
−μϵ∂

2 A⃗
∂ t 2

use Lorenz ' gauge                ∇⃗⋅A⃗=−μ∂Φ
∂ t

yielding a vectorial wave equation

                              ∇⃗2 A⃗−1
c2
∂2 A⃗
∂ t2 =0

A⃗ ,Φare not fully determined
          A⃗  →  A⃗+∇⃗ ψ ,     Φ  →  Φ−ϵ∂ψ/∂ t
          give the same E⃗ ,  H⃗
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Since only twoindependent functions are needed ,we choose
                  A⃗TE=ATE e⃗ z ,      A⃗

TM=ATM e⃗ z

which for time−harmonic fields results in a
scalar Helmholtz equation

         ∇⃗2 A p+k 2 A p=0 ,    k=ω
c
=ω√μϵ ,      p={TETM }

Similarily ,we proceed for theTM−caseand obtain
the same equation.
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Helmholtz  equ.
circular cylinder koordinates :

1
ρ
∂
∂ρ
(ρ∂ A
∂ρ
)+1
ρ2
∂2 A
∂φ2 +

∂2 A
∂ z2 +k

2A=0                (1)

Bernoulli  ansatz :         A=R(ρ)Φ(φ)Z (z)

Circular waveguide

1
ρR
∂
∂ρ
(ρ∂ R
∂ρ
)+1
ρ2Φ

∂2Φ
∂φ2 +

1
Z
∂2Z
∂ z2⏟
−k z

2

+k 2=0           (2)

substituted in (1) and devision by RΦZ
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d 2Z
dz2 +k z

2Z=0   →   Z=C1 e−ik z z+C 2eik z z   →   C1 e−ik z z

ρ
R
∂
∂ρ
(ρ∂ R
∂ρ
)+1
Φ
∂2Φ
∂φ2⏟
−kμ

2

+ρ2(k 2−k z
2)=0                (3)

because of rotational symmetry
 and 2π-periodicity

d 2Φ
d φ2 +kμ

2Φ=0   →   Φ=C 3 cos(kμφ)+C 4 sin(kμφ)

                               →   kμ=m    →   Φ=C3 cos(mφ)

for waves propagating in +z-direction
(2) becomes



 
JUAS 2014:    Review Electromagnetism
                        H. Henke 

45

∂2R
∂ρ2 +

1
ρ
∂R
∂ρ
+[K 2−m

2

ρ2 ]R=0,     K=√k 2−k z
2

R=C5 J m(K ρ)+C6N m(K ρ)   →   R=C5 J m(K ρ)

because Neumann function
 is infinite at ρ=0

Vector potential :
                    A=Ccos(mφ) J m(K ρ)e

−ik z z

TE−waves :     E⃗=∇⃗×Ae⃗ z

Eφ=−
∂ A
∂ρ
∼J m ' (K ρ)

Eφ(ρ=a)=0      →     K mna= j 'mn

(2) becomes with k
z
 and m
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Eρ=
1
ρ
∂ A
∂ϕ
=−mρ Cmnsin (mφ) J m( j 'mn

ρ
a
)e−ik z z

Eφ=−
∂ A
∂ρ
=−

j 'mn
a

Cmncos(mφ) J 'm( j 'mn
ρ
a
)e−ik z z

H ρ=
k z
ωμ

j 'mn
a

Cmncos(mφ) J 'm( j 'mn
ρ
a
)e−ik z z

H φ=−
k z
ωμ

m
ρ Cmn sin (mφ) J m( j 'mn

ρ
a
)e−ik z z

H z=−
j 'mn

2 /a2

iωμ
Cmncos(mφ) J m( j 'mn

ρ
a
)e−ik z z

∇×E=−i H :
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TM−waves :     H= ∇×A e z
E z=

K 2

iωϵ
A∼J m(K ρ) ,      E z(ρ=a)=0   →  K mna= jmn

H ρ=−
m
ρ Dmn sin(mφ) J m( jmn

ρ
a
)e−ik z z

H φ=−
jmn
a

Dmncos(mφ) J 'm( jmn
ρ
a
)e−ik z z ,     H z=0

Eρ=−
k z
ωϵ

jmn
a

Dmncos(mφ) J 'm( jmn
ρ
a
)e−ik z z

Eφ=
k z
ωϵ

m
ρ Dmn sin (mφ) J m( jmn

ρ
a
)e−ik z z

E z=
jmn

2 /a2

iωϵ
Dmn cos(mφ) J m( jmn

ρ
a
)e−ik z z

∇× H=i E :
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The ratio of the transverse field 
components is the field (wave) impedance

Z F={Z F
TE=

Eρ
H φ
=−

Eφ
H ρ
=ωμ
k z

Z F
TM=

Eρ
H φ
=−

Eφ
H ρ
=
k z
ωϵ }

The dependence of the propagation constant 
on frequency is the dispersion relation

K mn
2 =k 2−k zmn

2   →   k zmn=√k 2−K mn
2 =√k 2−k cmn

2

k zmn={real                     k>k cmn
0              for    k=k cmn
imaginary           k<k cmn}
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critical wavenumber :    k cmn=K mn={ jmn ' /ajmn /a
  for   TE

TM }

energy flux density :

             S̄cz=
1
2
(E⃗×H⃗*)z=

1
2
ZF [∣H x∣

2+∣H y∣
2]

                   ={imaginary0
real

   for     
k<k c

k=k c

k>k c
}

guide wavelength :          λ zmn=2π/k zmn=
         λ

√1−(λ/λcmn)
2

cutoff wavelength :         λcmn=2π/k cmn

cutoff frequency :          f cmn=c k cmn /2
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type m n (f
c
 / GHz)(a/cm)

TE 1    1 8.78

TM 0 1 11.46

TE 2 1 14.56

TE/TM 0/1 1/1 18.29

TE 3 1 20.05

Each mn defines a certain (eigen-) mode. The general solution 
is the linear combination of all modes

E⃗=∑ ( E⃗mn
TE+ E⃗mn

TM ) ,      H⃗=∑ ( H⃗ mn
TE+H⃗ mn

TM )

Modes are normally sorted referring to their cutoff frequency:
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a=2.5 cm
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Impedance boundary condition 
on good conductors

z

t⃗
n⃗

On metallic surfaces:  E≈perp, H≈parallel

∇⃗×H⃗=J=κ E⃗
(∇⃗ t+e⃗ z∂∂ z

)×(H⃗ t+H z e⃗ z)=κ( E⃗ t+E z e⃗ z)

         −e⃗ z×∇⃗ tH z+e⃗ z×
∂ H⃗ t

∂ z
=κ E⃗ t

∣∂∂ z ∣≈
1
δS

 ≫  ∣∇⃗ t∣≈1
λ0

   →    E⃗ t≈
1
κ e⃗ z×

∂ H⃗ t

∂ z
            (1)
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∇⃗× H⃗=κ E⃗ ,      ∇⃗×E⃗=−iωμ H⃗    →

∇⃗×(∇⃗×H⃗ )=∇⃗ (∇⃗⋅H⃗ )−∇⃗ 2 H⃗=−iωμκ H⃗
                           ∇⃗ 2 H⃗−iωμκ H⃗=0

∇⃗2 H⃗ t−iωμκ H⃗ t≈0    →    H⃗ t≈ H⃗ t0 e−(1+i) z /δS      (2)

E⃗ t0=
1
κ e⃗ z×

∂ H⃗ t0

∂ z
=ZW (n⃗×H⃗ t0)

ZW=
1+i
κδS

,    δS=√2
ωμ κ

and since H is essentially transverse

from (1) and (2)
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Attenuation in waveguides 

dissipation per surface area:
ΔPd

Δ A
=−n⃗⋅ℜ(S⃗c)=−

1
2
ℜ(n⃗⋅(E⃗×H⃗ *))=1

2
ℜ(ZW )∣H⃗ t0∣

2

P(z) P(z+Δz)≈P(z)+(dP(z)/dz)ΔzP
d
'Δz

Δz

conservation of power :      dP (z )
dz

=−Pd '

(power-loss method)

E⃗ ,  H⃗∼e−α z ,  P (z)∼e−2α z   →   dP (z)dz =−2α P (z)=−Pd '
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transported power :

     P (z)=∬ℜ(S⃗ c)⋅d A⃗=
1
2
ℜ(Z F )∬∣ ⃗H trans∣

2
dA

              =1
2
Z F∬∣ ⃗H trans∣

2dA

attenuation :      α=1
2
Pd '
P (z)

dissipation per length :

                        Pd '=
1
2κδ∮∣H⃗ t0∣

2
ds

Δ P d

Δ A =
1
2κδs

∣H⃗ t0∣
2
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Resonant cavities

Example:  Cylindrical cavity, radius a, length g, TM-modes

Forward plus backward traveling wave from
transparency 48

Eφ=
k z
ωϵ

m
ρ Dmn sin (mφ) J m(K mnρ)[e

−ik z z−r eik z z ]

Boundary conditions
Eφ( z=0)=0     →    rmn=1 ,        Eφ∼sin (k z z)
Eφ( z=g )=0     →     k zp g= pπ ,    p=0,1, 2,...
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Fields :

H ρ=−2mρ Dmnp sin(mφ)cos(k zp z) J m(K mnρ)

H φ=−2KmnDmnp cos(mφ)cos(k zp z) J m ' (Kmnρ) ,   H z=0

Eρ=i2
k zp
ωϵ

K mnDmnp cos(mφ)sin (k zp z) J m ' (Kmnρ)

Eφ=−i2
k zp
ωϵ

m
ρ Dmnp sin(mφ)sin(k zp z) J m(K mnρ)

E z=−i2
K mn

2

ωϵ
Dmnpcos(mφ)cos(k zp z) J m(K mnρ)

K mn=√k 2−k zp
2 =

jmn
a
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Example:  TM
010

-resonator  (m=0, n=1, p=0)

H φ=2
j01

a
D010 J 1( j01

ρ
a
)

E z=−i
2
ωϵ
(
j01

a
)

2

D010 J 0( j01
ρ
a
)

Stored energy

W̄=W̄ e+W̄ m=2W̄ e=
1
2∭ E⃗⋅D⃗* dV=ϵ

2∭∣E z∣
2dV

Resonance frequency       k 010=
ω010

c
=K 01=

j01

a

                                     f 010=
j01c0

2π a
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W̄=2π g
ω2ϵ

j01
4

a2 ∣D010∣
2 J 1

2( j01)

Dissipation per unit area

P̄d ' '=
1
2κδs

∣H⃗ tan∣
2

P̄d=∬ P̄d ' ' dA=
4π
κδs

j01
2 (1+g

a
)∣D010∣

2 J 1
2( j01)

Quality factor (Q−value)

Q0=
ω0W̄
P̄d

=1
δs

    g
1+g /a

   →    δsQ0=2V
S

  ∼V
S
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Q
0
 gives the decay rate of the stored energy

−d W̄
dt

=P̄ d=
ω0

Q0
W̄      →      W̄=W̄ 0 e−2t /T f ,   T f=2

Q0
ω0

Example:    3 Ghz copper cavity, g=λ
0
/2=5 cm

j
01

=2.405,  J
1
(j

01
)=0.5191,  κ=58 106 Ω-1m-1

a=3.83 cm,  δ
S
=1.21 μm,  Q

0
=17963, T

f
=1.9μs
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Resonance behaviour of a cavity mode

Instead of lossy walls assume lossy dielectric filling. That 
preserves the ideal mode but allows for studying losses.

∇⃗×(∇⃗×E⃗ )=∇⃗ (∇⃗⋅E⃗ )−∇⃗2 E⃗=−μ∂
∂ t
∇⃗×H⃗=

                       =−μ∂
∂ t
( J⃗ 0+κ E⃗+ϵ

∂ E⃗
∂ t
)

          ∇⃗2 E⃗−μκ∂ E⃗
∂ t
−μϵ∂

2 E⃗
∂ t2 =μ

∂ J⃗ 0

∂ t
                  (1)

The cavity is driven by a current J passing through it. J splits into 
a conduction current J

c
=κE, responsible for the losses in the 

dielectric, and in an enforced current J
0
 as driving term. 
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We expand E in (eigen-)modes

E⃗=∑
n
an(t) e⃗n(x , y , z)                                        (2)

where   ∇⃗2 e⃗n+k n
2 e⃗n=0

            ∇⃗⋅e⃗n=0  in volume,       n⃗×e⃗n=0  on walls

           ∭ e⃗n⋅e⃗mdV=δm
n

Substituting (2) in (1) and deviding by με

∑
n
[
d 2an
dt2 +κϵ

dan
dt
+
k n

2

μϵ
an] e⃗n=−

1
ϵ
∂ J⃗ 0

∂ t
            (3)
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Multiplying (3) with e
m
 and integrating over V

d 2 am
dt2 +κϵ

dam
dt

+
k n

2

μϵ
am=−

1
ϵ∭

∂ J⃗ 0

∂ t
⋅e⃗mdV=

∂ f m
∂ t

[−ω2+i κϵ ω+
km

2

μϵ
]am=iω f m

am=
Q0m
ω0m

              f m
1+iQ0m [

ω
ω0m

−
ω0m
ω ]

with       ω0m=ckm ,     Q0m=ϵω0m / κ

Time-harmonic excitation
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Well seperated modes can be represented by a lumped 
element resonator

V
m

L
mC

m
R

m

I(t)

                         ω0m=
1
√LmCm

,    Q0m=
ω0mW m

Pdm
=ω0m RmCm

Bandwidth        Bm=
(ω0m+δω)−(ω0m−δω)
                 ω0m

=2δωω0m
=1
Q0m

Filling time     T fm=2
Q0m
ω0m

=1
δω
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Accelerating voltage for a particle passing the cavity on-axis

V m=∣∫
0

g

am e⃗m⋅e⃗ z e
iω t dz∣,        z=vt

Shunt impedance  (amplitude independent)

Rshm=
V m

2

Pdm
=2Rm

R-upon-Q   (accelerating voltage for a given stored energy, 
loss idependent)

Rshm

Q0m
=
V m

2

0mW m
=2
0mCm

ω
0m

, B
m 

and R
shm

 define R
m
,  L

m 
, C

m 
.
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Coupling to a cavity

Loop / magnetic coupling

Probe / electric coupling

Electromagnetic coupling

x

x

x

x

x

x
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Tut-Ex 7

Give the E- and H-field of a z-polarized plane wave which 
propagates in x-direction.
What is the time-averaged radiated power density?

Tut-Ex 8

Tut-Ex 9

Derive the longitudinal vector potential for TM-waves in a 
rectangular waveguide.
What is the equation for the separation constants?

Give the longitudinal wavelength and phase and group 
velocity of a TE

10
-mode in a rectangular waveguide?
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Tut-Ex 11

Tut-Ex 10

What is the lowest mode in a circular waveguide?
Show the field pattern.
In which frequency range is mono-mode operation 
possible?

Calculate the accelerating voltage, shunt impedance 
and R-upon-Q  of a TM

010
-mode pill-box cavity. 
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