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Course Outline

Introduction and overview

Mappings, Vector-space, the framework of EM-fields
The Maxwell equations in integral and local form
Iron dominated magnets

L2

Vector analysis, Harmonic fields
Magnetic field measurements

v

Field of line-currents, Biot-Savart
Coil fields of superconducting magnets, field harmonics

v

=>» Principles of numerical field computation
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A Motivation: Faraday Paradoxes
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Iron Dominated Magnets
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Coil Dominated Magnets
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CMS (Class 1 Magnets)

S = R(
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String of LHC Magnets in the Tunnel (Class 2 Magnets)

{p}Gev/c = 0.3{Q}e{R}m{Bo}r

High field and high current density
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LHC Two-in-one Dipole
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Cross-section of Cryodipole

Cryostat integration at CERN
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Conventional and Superconducting Magnets

=» Conventional magnets
— Important ohmic losses require water cooling
— Field is defined by the iron pole shape (max 1.5T)
— Easy electrical and beam-vacuum interconnections
— Voltage drop over one coil of the MBW magnets =22V

=» Superconducting magnets
— Field is defined by the coil layout
— Maximum field limited to 10 T (NbTi), 12 T (Nb5Sn)
— Enormous electromagnetic forces (400 tons/m in MB for LHC)
— Quench protection system required
— Cryogenic installation (1.8 K)
— Electrical interconnections in cryo-lines
— Voltage drop on LHC magnet string (154 MB) 155V
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Comparison (EM-Design)

=» Conventional magnets
— Ideal pole shape known from potential theory
— One-dimensional (analytical) field computation for main field

— Commercial FEM software can be used as a black box (hysteresis
modeling)

=» Superconducting magnets
— Decoupling of coil and yoke optimization
— Accuracy of the field solution
— Modeling of the coils
— Filament magnetization
— Quench simulations
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A Multiphysics Problem

=» Beam physics

=» Material science: Superconducting cable, Steel, Insulation
=» Mechanics and large-scale mechanical engineering

=» Vacuum technology

=» Cryogenics (Superfluid helium)

=» Metrology and alighment

=>» Field measurements

=» Electrical engineering (Power supplies, leads, buswork, quench
detection and magnet protection

=>» Analytical and numerical field computation
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Analytical and Numerical Field Computation

Stephan Russenschuck Wiley-VCH
L

Field Computation for
Accelerator Magnets

Analytical and Numerical Methods for Electromagnetic
Design and Optimization
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Different Renderings of the Same Vector Field
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Mappings

f: X—=W:x f(x),

which reads: f(x) is the element of W that f assigns to x € X.

f la,b] — R . x— f(x) Real function
+ RxR—R . (vy)—x+y Addition

f O—R . P [(2) Scalar field
x-y : R'XR"—R : (xy)—Xx-y Scalar product
S I — Ej3 . = (1) Space curve

f O — R3 . P {(P) Vector field.

The symbol x in the mapping f : R X R — IR denotes the Cartesian prod-
uct! and is defined by the set of all ordered pairs (x, y) for x, y € R. Mappings
fwith f : W x W — W are called binary operations in W, for example, multipli-
cation- : Wx W — W : (x,y) — xy and addition as in the table above.
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Vector Space (Linear Space) Axioms

(V,+,-), shorthand V, is a vector space over F if the following axioms are ful-

filled:

1. For any vectorsa,b,ce V:(a+b)+c=a+ (b+c).
There is a zero vector 0 for which a + 0 = a for any vector a.
For each vector a € V there is a vector —a in V for which a+ (—a) = 0.
For any vectorsa,b € V:a+b=D>b+ta.
For any scalar A € FF and any vectorsa,b € V: A(a+b) = Aa+ Ab.
For any scalars A, 4 € F and any vectora € V: (A + p)a = Aa+ pa.
For any scalars A, 4 € [F and any vectora € V: (Ap)a = A(pa).

® N OO N

For the unit scalar 1 € F and any vectora € V: 1la = a.

1-4 = Group, 5-8 additional structure of linear space
Remark: No mention on dimension; could be infinite
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Examples for Linear Spaces

1. Functional space C™(X) of all m-times continuously differentiable func-
tions from any nonempty set X € R" into the field of real numbers R
with rules of addition (f + g)(x) = f(x) + g(x) and scalar multiplica-

tion (Af)(x) = Af(x).

2. Matrix space M of all m x n matrices [A] = (a;);i = 1,...,m; ] =
1,...,n, over a field F with addition [A] + [B] = [C] defined by ¢;; =
ajj + bj; and scalar multiplication A[B] = [C] defined by c;; = Abj;.

3. Tuple space R" = {(ay,a2,...,a,)|a1,...,a, € R}, where vector addi-
tion and scalar multiplication are defined by

(Hlf‘qz; Ty HH) + (b]..f bz: Ty bﬂ) — (ﬂ]+b1,ﬁ2+bz, <o lp +bﬂ)1 (219)
Alag, ag, ..., a0,) = (Aag, Aay, ..., Aay), (2.20)

and where the zero vector is defined by 0 := (0,0,...,0).

4. Icon space
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Linear Independence and the Basis Isomorphism

The vectors x1, X2, . . ., Xn in V are said to be linearly independent if ) ' 1 Ajx; = 0
holds only for the trivial solution where all the coefficients A; = 0,i =1,...,n.

) The vector space i1s
n-dimensional if there exist n linearly independent vectors, and when n + 1
vectors are always linearly dependent such that

UX+A1xy +A2xxo + -+ Apxp =0, with u # 0.
Because of 1 # 0 we can express the (1 + 1)st vector through the 1 others in the

form x = —% YT 1Aix;. The set S = {x1,X2, ..., X, } of vectors is called a basis

or frame of V,, and shall be denoted {g1,82,...,8x}. The basis is a minimal
spanning set of Vj,.

As a consequence of the linear independence of the basis vectors, there is
exactly one way of expressing an element x € V;, by
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Affine Space

Physical definition of a vector:
A quantity having direction and magnitude

1. Z4+xc At ec Aandxc V.
2. (Z4+x)+y=2+ (x+y)forZec Aandx,y € V.
3. There is a unique x € V such that %y = &2, + x for &1, &, € A.

Affine transformations preserve Barycenters, this is what you do in your
brain when looking at an exhibition catalogue and the original
In the museum.

Origi Basi
P A - reV, 25 (x!,...,x") eR".
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Inner Product Space

Physical definition of a vector:
A quantity having direction and magnitude

We must now introduce the inner product space (V,(-,-)), shorthand V,;, a
real vector space with an inner product (a,b) : V;; x V;; — R that obeys bilin-
earity, symmetry, and positive definiteness:

1. (a+b,c) =(a,c)+(b,c) and (a,Ab+ uc) =A(a,b)+ u(a,c).
2. (a,b) = (b, a).
3. (a,a) > 0and (a,a) = 0 if and only ifa = 0.

Examples:  Euclidean space a-b:=alb! + 22?2 + 33
Minkowski space  (a,b) := alb! + a®b? + a0 — (c)2a*b?,

Functional space (f,g) = /jlf(x)g(x)dx.
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Norm and Distance

Note: There are norms that are not induced by the scalar product, e.g. the Manhattan norm
There are distance concepts not induced by a norm, e.g., the French railroad metric

Length (Norm induced by the scalar product) | a||=1/(aa),
Angle cosa(a,b) := ” :iﬁ’m I’ 0<acsTm
Cauchy Schwarz inequality | (a,b) [<|la][|lb]

Distance in associated affine space d(P, ) i=|tp —1a, |
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Inner Product Space

If a basis is present:

(a,b) = a'b’ (g1,81) + a'b* (g1,82) + a'b° (g1, 83)
a*b' (g2,81) + a’b® (g2, 82) + a°b° (g2, 83)
@b (g3,81) + a°b* (g3, 82) + a°b° (g3, 83),

3 3 . . .
=) oV (g gj) =daV (gigj) = a'Vgi,

i=1j=1
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Why so Complicated

; (a/b) a'blg

COsS x = = .
[all bl /AP a9gpg+/ bbogys
| a||= +{aa) = ﬁﬂfﬂjgﬁ;

1 cosa cosf
G]=] cosa 1 cosvy

Cosp cosy 1
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Ordinary Scalar Product

Orthogonality

0 fori #j

L) = :5: .
(& E}} &ij i] { 1 fori = j

Distance in associated affine space (Pythagoras)

WPy, ) = |3 (xi(P1) — xi())?.
i=1

The inner product then takes the usual Euclidean form
(a,b)=a-b=b-a=albl +a’b* +a°p> + ... +a"b".
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Vector Product

XXy For an orthogonal basis (always

possible to find with Erhard Schmidt
orthogonalization)

51X522—52Xél=é3
ézXé3=—§3Xél=él
53X61:—53Xél=§2

ax B = (82b3 = a3b2)él = (a3b1 = a1b3)é'2 S (alb?_ = a;_bl)é'3

€ & €3
Requires orientation; later axb=|a a a3
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Rules of Vector Algebra

(Aa)-b=a-(Ab) = Aa-b,
(Aa) xb=ax (Ab) = AaxDb,

a-(b+c)=a-b+a-c,
ax(b+c)=axb+axc,
(a+b)x(c+d)=(axc)+(bxc)+(axd)+(bxd),
a-(bxc)=b-(cxa)=c-(axb),
(axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c),
ax(bxc)=Db(a-c)—c(a-b),

x(abc) = a(xbc) + b(axc) + c(abx),
x(abc) = (a-x)(bxc)+ (b-x)(c xa)+ (c-x)(axb),
(abc)? = (ax b)(b x ¢)(c xa).
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Framework of our Vectorfields E

=>» E; has the structure of the affine point space

=>» It carries the vector (linear) space structure of its associated
vector space

=>» It is equipped with a metric that gives rise to distance and angles

N I RS N A
RN N Y W 1\\‘-’;’;’:’/*
= If an origin and basis is selected, the . :;\;:{;;;:;;'}’f;’j;ﬂ;;
projection of the position vector on ;__:;Q\\:-_-_:j://;;: -
the basis yields the coordinates (inRR’) i_..z:é:-}‘:_}: N ,/1;;
= The canonical basis (e,, e,, €;) can be i Sace=
made to a basis field by translation Lianr NBRE
=» The components of the field at some : ,__..--_;',';2;_?2:::';;;\ N
point are then the projection on this SOAAPE {---r_._.f_-*f‘;}v AN,
basis field SEAEEEO it BN
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Vector and Scalar Fields

a:Q — R :r—a(r):ar) = (a'(r),d?(r),a(r))

el ez d: Q0 =R :0— o)
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Orientation of Space Elements

Inner orientation Outer orientation
. 4
Point: l Volume:
A positive point is N Choice of
° oriented as a sink outward normals
/ RN
-  Line/Edge: Surface:
/ Selecting a vector Crossing direction
pointing in forward of a line
+ direction

Line/Edge:

Surface: Due(itlgn of £

Sense of rotation circiiation of a
surface around
this line

Volume: Point:

c:\ (L Sense of a screw The inner orientation
7 of the volume containing
the point
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Inner and Outer Oriented Surfaces

H+ds—fJ+cla-
da a

T
e L o
L=
ol
Outer oriented <‘ | ——: B
by the current — T -
from inside out | e F
¢(a) = [ B-da
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Inner and Outer Oriented Surfaces

HodS:fJ.da
da a

T
LT D
«
o Inner oriented
I because flux is a
ol | - measure for the
<~ = , voltage that can be
7 B
a5 v ’ generated on the
‘ : rm
¢
Embedding into oriented ambient
space (Origin, coordinates) (I)(a‘) - fa B - da
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The Right-Hand Rule or “Magnetic Discussion™

Bruno Touschek (1921-1978)
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Mathematical Foundations of Magnet Design

Maxwell Equations

Integral Form Local Form Global Form

\ T

Laplace’ s Equation The Curl-Curl

Equation

Harmonic Fields Green’ s Functions Weak-

‘ ‘ Forms
Kichhoff’ s
1D Calculation of Field Quality in The Field of Theorem
NC Magnets Accelerator Magnets Line-currents
Coil-Dominated ‘
Magnets
FEM BEM DEM

Cw Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
\\_/ JUAS-2014



Different Incarnations of Maxwell’ s Equations

H-dr:/ ]-da+£/ D - da,
9.l o dt Jeor q

e 4 , Vm(0e7) = 1(#) + —¥ (),
aﬂ’E dr = dt/,;zﬁ"B da, ( ) il ) ET. ( )
B-da=0 = ——
. a=0, U(def ) dtd)(ﬁf),
-da — P(YV) =0,
EWD da ﬂypdV. ( )
Y07 )=0(7).
d
|H = —D,
cur ]+at
0
lE=——B
cur 57 B/
div B =0,
div D = p.
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Maxwell’ s Equations in Global Form

d
Ampere Vm(9a) = I(a) + &\U(a)
Faraday U(da) = _%q)(a)
Flux conservation dOV) = 0
Gauss VoV) = Q(V)
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Faraday’ s Law (Inner Oriented Surface, Voltage along its Rim)

U (et ) = —%q)(ﬁf)

The potential to induce a voltage
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Ampere’ s Law (Outer Oriented Surface; Current crossing)

Vm(0e/) = 1(7) -

The current needed to cancel the longitudinal field component
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Gauss Law (Outer Oriented Volume; Electric Charge that can be influene

¥(@7) = Q(¥)

The capacity to induce charge

Cﬁw Stephan Russenschuck, CERN TE-MSC-MM, 1211 Genev
\ JUAS-2014




Magnetic Flux Conservation Law (Inner Oriented Volume)

Ty ¥, p
'.. B : H . ; > e u-
.- 'i"'-:...'i__ﬁ, o e A
I ."-:. *'h.-l:-h.,"‘. rl- fT"‘h%.l- " i -'-T'ﬁ‘"
Conservation of flux L P _3'»’-1‘??#,-45 N A
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Maxwell’ s Extension

<
o
_~
|

d
Ampere Vm(aﬁ) :I(ﬁ)ﬂ—a'{’(ﬂ') Sﬁ;crangchangeof
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Electromagnetic Fields

Electric current | 1A I(o
Electric charge | 1As Q(¥

= [, )-da 1Am™2 Electric current density
= [, p-dV || 1TAsm™ | Electric charge density

Global quantity | Sl unit Relation Sl unit Field
MMF 1A V() = [,H-dr || 1Am™! Magnetic field
Electric voltage | 1V U(.#) = [, E-dr 1Vm™! Electric field
Magnetic flux 1Vs &) = [, ,B-da || 1Vs m~2 | Magnetic flux density
Electric flux 1As Y(«#) = [,D-da | 1A sm~2 | Electric flux density

)

)
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Maxwell’ s Equations in Integral Form

d

H.-dr = -da+ — D - da,
9/ ﬁf] dt Jor

E-dr:—E B - da,
0.2/ dt Jo d
f:VB.da:U’ Vm(aﬁ):I(E)WLET(ﬁ)r
9

d

D-da:/ pdV. u(aﬁ):_a‘q’(ﬁ)f

Y 5 4
dd7) =0,

. Y(07)=0Q(7).
8 Equations
16 Unknowns
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Maxwell’s House

Volume
. P 9
Point ot
_ % Surface
E o
| )
Line - ot
B U H |
9 Line
ot
Surface 0
Point
0
Volume
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Constitutive Equations

Permeability: ;U] _ 1 VSA_I m—] — 1 Hm_l,
Permittivity: e =1 AsV~l m_l,

%] =1AV Im 1 =10"Tm™"

Conductivity:

Linear (field independent, homogeneous (position independent),
lossless, isotropic (direction independent, stationary

H = HcHo, € = €ré€o,

o =41 x 107 Hm™}, g = 8.8542... x 1072 Fm™!,
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Hysteresis

Rotation
106 L B. g L 1
80%|Ni-Fe
1 5% Ni-F
_ %o Ni-Fp Ho Ms
Low Irreversible
T 10* LI—‘; carbon Boundary
. steel Displacement m,
3% Nji-Fe - -
10° Reversible Boundary Displacement | J/ |/~ 1 _____- ¥--- MoH >
Mild steel HB H
102 ‘
AlNiCo
10 ] Major hysteresis loop
LJ Rare-
Ferrite Earth
l ﬁ Hd

1 10 102 10° 10+ 10 106 A/m 107
H —

B = yuoH +Pm(H) = po(H+M(H)),
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B(H) Measurement

H = NI/2nr within the specimen, which is

fUdtzﬁa ,u:B/H

Always check conditions of measurements

CEfW
\

Temperature T | Stress | Coercive field HE’ Remanence B, | max ji,
K MPa Am™! T
300 0 68.4 1.07 5900
77 0 79.6 1.12 5600
4.2 0 85.1 1.06 4800
4.2 20 110 0.67 2460
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Nonlinear Iron Magnetization

6000 20
[l .
5000 ﬁiﬁ L6
SPCCE.42K : 1
— L.
4000 IPS \ LHC. 42 E/,,;:"”_,..F:f--’":' /—"‘“
T Ps, 2 =094 \‘\ LHC, 42K T 1.2 ""f/f""f
. 3000 5 / PS
/ /g%_\ SPCCE, 4.2 K. 20 Mpa 08 7
2000 | i / SPCCE. 4.5 K. 20 Mpa
! /
4
1000 :’r‘ \ i 04
SPCCE, 421K,
.-14 20 Mpa, A = 098 h""'n--....,ﬁ__
0 L1l L1 N N — 0
10 100 1000 10000 A/m 100000 0 200 400 600 800 A/m 1000
H — H —
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Nonlinear Iron Magnetization

10 100 1000 10000 100000 Am™'

H —

Always fulfilling the smoothness requirements for M(B)
and Newton-Raphson iterative solvers
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Continuity Conditions (1)

Hyodr+ [ Hy-dr= [ (Hi—Hp)-dr=— [ d
fyi 2 r+y1 1-dr y( 2) (n x &) -dr,

where the surface normal vector n points from (2; to ()4

Hy = Hp = nx (Hy—Hz) =0
C@ Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
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Continuity Conditions (2)

B-da=0 0 — 0
oV

/ O'magdCL
a

/Bl-da1—|—B2-d32
a

= /(Bl — B>) -nida
a

Holds for any surface a if

0 omag = (B1—B2)-n
I12 = [B-n]y,
Bhi=Bn2 = (B1—-B2) n=0 = [B:n];,=0
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Continuity Conditions (3)

No surface currents:

cﬂ
\

N ard

tanx; B, M3, mHg o
tana; g—:é ﬂzg—i Hatp o
Ho > U1
H2
v ~ 0, °  ar=~7n/2,
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Continuity at Iron Boundaries

T T T T T Y W Y W ' I IO A I B I I B I o
o  a aal lh l el —  W_  n A v vk Ll ddd o dr ______Fh__h“_&_kﬂ‘\\‘\LLLJJJ’))}}}“A“J_"“"
B e e e R e e O T O B [ [ R e """"'_"""‘""-"-"\-*-\A.‘\\"""'In\\n*’)-ﬂ'-l",,_‘;_,-_nmq-q-—.-*-q
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e S T B B R et S D B L
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YTy e E R E R AR AR R fffff((f(ffrrhhkk‘TF’,}***W\\\\\H\W*H
PP PP P I P I P I pprmammmammww 2N WNWNN S A v Al A A e e I e
P AP PP I P P Fp ppppmsmammm == 2222, oy Frerd i 7 P ppammmm=m RN RN NN
FF P A b b PP Fp ppppmmamm—mm =2 e N b A FF o ed SEee A L L L Y
FEF PPV P F P F b ppamma s ap =2 b bk o P LT R
rrrr#:rrr;r;zzf;;;;xfﬂ*‘\\\\\\\lhiff- PRV LY L
PRI IR s r rprpp e am s MR R ddhdid VALV
AR N N Y NN R A A R 4471041 R N
TIERRRRRRFEEY P Errrpppe= bbb bbb RAY 0 dddddd bbb

BEEREREEA A bt TR
IIT;TTIIEI!!;[[1111111£Lt‘*1111*t E ftititt ‘ b1
EERERRRRRRRRRRRRRR R R R A R R R R s § 4 e 1 YRy
LR T I O O T I I TR TR TR T L T T N e ; - L bbb ] ddgd b
R R R R R R R R R L R RN Bvbbbin ) TREEREY
1141111118888 ssvaananssdddddddididlsy o AR ddddd,dd
R R R R AR AR dddd it
\1\11\\t\tt\\xxxa\\\ffzrxszzixIidua_ LR T U WA FLFET R R G
,,".‘\‘\‘“\\\\‘.\‘_‘_Fr.—ff.-’ff{.flo‘lJJ\\H.-.. R R o T T . Pl RS —er o AN s
R R R R R S N A RS A T B L Ry
B e e A T T e S '\'\\%‘v\\\\\‘vﬁ-—.—d‘,,rT1‘\&_-_--r-"i’f'f((f'f'fff
.‘\-‘-‘\\‘.‘\\\\M‘\Lh-_-..-w—-ffffr’((fff(‘b\‘v‘w“\- '\*\‘\ﬁ\-\\\‘\-\'\--i_.q‘_,,’rT1\‘\“.._,._,.-;'7—((((_-'-'-",#
‘k\,\\'\h'\\\\\\\\g_;.\h._Lhi—-lrp—rr’fl"!’f"(f((l\\\\b‘\r"v "‘W“‘!‘W‘I".\\““!"-—;_‘,”F.‘!‘.\hﬁ_h-rff'(((rrfr'f'-"
\\.\\.‘_.k.ﬂk\\.\.\.k.k.......‘.._..,...r.—.-.f.-r.r-r-r(f‘lL\\\ww ww‘—-—-—-.....\\-‘-—‘w*-—--;},"."\.\t.._p—p-'r.r‘f{.._..-.-.-—.-—'—.-
‘\_\_l\-\_ma.-..-..\\q\gq._-..--..-.r—n—h—rr—-‘r'fffffl"\\\\\'\- ""."-—,-—,-—.-—-—._—‘"ﬁ"q_..“‘),.“\‘h-_-ﬂ-#'fff.__-_—_'—h_'.r.—-f
4.hh_-\_-n..-_-.-nu--\-\_m_-q..-.-..-..-t-l-rrr*r'v"ffj AR -.._._,_.,________.____‘.J-‘-_‘____J}’ \k"-—"""""""‘h.'-\-h'-—-—-——'—'-'-"'
e A R E R N R R AR P ; L A
B e L T TN O AR S T T Y e o T
B E L 4 4F Jr I I B N I U O O U SR N W NN o A T E R TR S
e s sl l /SN S S R R R R R LA AL AN I B R I T R

CERN Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23

\ JUAS-2014
N ard




Stacking Factor for Yoke Laminations

HY = H{® = H;

Y t = ——— (lpepHt 4 lopoHt
< ] lFe + o ( © )
g
|
\\ -
N < Bg — BzFe = Bz
- p
_ |
N SN - _
> | _ 1 B, B
& et o\ T
e
S
S o | lFe + o
TIL B
’ e = Ap+ (1 — Mo

=
N
|

A 1A\t
)
TR
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Cash-Back 1

One-dimensional (approximate) calculation of

iron dominated magnets
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Main Field in Normal Conducting Dipole

— - H-d:zf .ndg,
. i =5p1ron . ”, jﬁ;ﬁ; ﬁf]-
N - f H-dr+f H-d::f* J-nda,
“iron 0 ol

Hiron Siron + Hoso = N I,

4 1 1
—— Biron Siron + —Boso = NI,
HOHr Ho
e t AN ;HDN I
.(, N BD = .
50
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Gradient in Normal Conducting Quadrupole

By = gy, By, = gx;
Ho Ho
Ta Ta rZ
f Hdr = if rdr = 87 = NI,
0 Ho Jo 02
ar
_ 2pgNI
............ §="7
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LEP Dipole and Quadrupole

A (Tm) )
I o.o030- 0.041 =
I o037 - 00 3
B oo0s¢- 0037 -
B oo032- 0034 AR y
B o.030- 0032 1114 o a Ry s
B oo o [NTINEN ]
I o.025- 0028 Bl Eemm g
0023- o002 [T | LM < 0 2
0.021 - 0023 -
0.018- 0.021 i Z
0.016- 0018 mas
[ oot4- 0016 =
0 oo012- 0014 ‘
0.009- 0.012 ‘ ot i Bot ()
B o007 - 0000 T = jLE
0.005- 0.007 - e
= 0.003- 0.005 Bl roeo- 2078
B ossi- o0 B 1ss0- 1.969
B o13- ossd | RECERE
Bl 1s41- 1750
B 1521 - 1641
B 1a22- 1531
B 1.313- 1422
1.203- 1.313
1.004- 1.208
. 0.984- 1.004
Interrupt: Exercise c-core S esrs- 0
. . = 0766- 0.875
. I o0656- 0766
dipole; comparison to s
: : 0.438- 0.547
ROXIE simulations —
B o219- 0328
Bl o110- o219
Il osss- o110
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Dipole with Varying Cut-Section

B, &
H;y=—=

( SN i Qi [y

— n

® P ' =NI=Vm

( Sl Z';oaz,uz

| _—] 1

Ohm’'s law: 1> -=U

NI=
Z;)a'z/iz

_(D(SO _I_Z

apopHo ;=1 Uz)

Conclusion: Magnet with large air-gap is stabilized against variations in permeability
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Permanent Magnet Excitation

Hoso-l—HmSm:O

Bmam = Bopao = poHoag

Hoso = —HmSm,
1 am
Bm S0 — —HmSm,
KO ag
S Sm aQ
0 Bm = — 0——Hm,
a, SO m
Bm sSm ag P
pwoHm S0 am
< —Hgsg
Bmamsm = poHpoag————
Hm

H =\/(CLmSm)(—BmHm)Z\/Vm(—BmHm)
0 po(agso) roVo
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M(H) and B(H) for Permanent Magnets

AN
—

MNeodymium Iron Boron

Samarmm Cobalt AlNICo

-2

Fermte

3 2 -1 0 1T 2 3 H  kA/m -1000  -800  -600 400  -200. 0"
}{nH —_— ~ipH T T 14 12 10 08 06 04 02 0
B, MDHEA Hnlzs (BH}max (BH)}Z?'IHX T,
T T T kfm—3 kIm—3 °C
AINiCo 1.3 0.06 0.06 50 336 857
Ferrite 0.4 0.4 0.37 30 32 447
SmCos 0.9 2.5 0.87 160 161 727
Sm,Coqy 1.1 1.3 0.97 220 241 827
NdFeB 1.3 1.5 1.25 320 336 313
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Permanent Magnet Circuits

12 T 1.0 0.8 0.6 0.4 0.2 0
Mol je——ry | | : | |
IBI(T) T T T T 12
0y
[ ] | | | |
. ' ! ' Shortlcircuit T
e | | | | 1.0
- | | | | (
. .
: - - - - - 4 - 1L _ _ - _ 1] 0.8
P | \ | |
n.4a0 | | | |
0.483 | |
0408 B I A |———--0-6T
0.410 | | |
. ... | \ | |
. . | \ | | B
— i S e e e N N K
- . _ \ _ ! \ !
. .. | | | |
] D352 B L T T T T . q}lell _ ~ _ _I_ o _:_ — R o2
[ ] o I T Clircult |
- L | ‘ |
| | | | 0
B -1000 kA/m -800 -600 -400 -200. 0t—>»
m Sm agQ «—H NI’s,,
s = = uoP = —po
Hm SO am
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c

Optimal Position of Permanent Magnets

E/RW

P ()

@

15.

13.42
11.84
10.26
8.684
7.105
5.526
3.947
2.368
0.789
-0.78
-2.36
-3.84
-5.52
-7.10
-6.68
<10.2
-11.8
-13.4
~15.

7)

14

1.326
1.252
1.178
1.105

1.031 °
0.957 -
0.884

0.810
0.736
0.663

0.589 '
0.515
D.442 .
0368 .

0.294
0.221
0.147
0.073
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The Homopolar Generator

dF=1drxB

Shding contact

Conducting plaie

Einstein: All physics is local
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Maxwell’s House Again

0
Volume
Point
_ai Surface
E f
Line
B H
9 £ Line
ot
Surface 0
Point
0
Volume

C@ Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
\\_/ JUAS-2014



Grad, Curl and Div in Cartesian Coordinates

_ 9¢ o o
grad ¢ := gex ot @ey R Eez
98z 98y dgx _ 98z 9y _ 98x
curlg (ay Tz )° i 0z  ox €y T ox Ay &
: 33:: ag}; agz
d — | |
V8T oy dy 0z
(iﬁ_w Stephan Russenschuck, CJEUIi\I\é'ZI'(I;Z/ISCMM 1211 Geneva 23

N ard



Coordinate Free Definition of Grad, Curl, and Div

_ g - dr
n- curlg = lim Jous ,
a—:0 (1
, , g -da
div g = lim Jay ,
V—0 Vv
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Curl in Cartesian Coordinates

-dr
n- curlg = lim Jous & ,
a—0 a
Joor 8- dr
a
- d
o gyAy + (gz + %Ay) Az — (gy + %&z) Ay — $zAz
B é.y,larzn—zﬂ Ay Az
agz agb’
dy 0z

J %, 0 d 0 d
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Divergence in Cartesian Coordinates

5] L]

agx
S Ax

:  Jyy g-da
dwg—%}inm v ,

_ o A 98x
. fﬂﬁ"% gxda . QxAyAz + (gx + 55 A:c) AyAz ~ dgx
V—0 %4 Ax,Ay,Az—0 AxAyAz Jdx
: B dgx ag}f 08z
divg = ox | Yy Tz
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The Boundary Operator

1 9J¢ 1 d¢ 1 9J¢
curl grad ¢ = curl [Ew e, + Ity 112 e+ s 93 eug]

R A B
" hohs \ouZoud  oudou? ) W

1 0% ¢ 0%
+ — =7 | €,
hahy \ ou3oul ouloud ) ™

1 d%¢ %
7% Ve, ,—0
* hiho (aulauz auzaul) s =

Ugly and not even a universal proof
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The Boundary Operator

The distance d(.22,Q)) of a point & to a subset () € A is defined by
inf{d(22,2)} for all £ € ). The interior of () is the set of all points &2 € A

such that d(22, A\ Q) > 0. The boundary 0Q) of () is the set of all points for
which the distances d(£2,()) =0and d(£?, A\ Q)) = 0.

2V) =D, 9(0et) =D,

di ldV:] l-d:/ dr=0,
fy iv curlg |, curlg-da a(a’:&’)g r

| orad ¢ - d :f d¢-dr = —0,
/ﬁ curl grad ¢ - da oot grad ¢ - dr ¢’|a(aﬂ’)

This gives a proof of the two important statements: Much nicer than writing in
down in coordinates

C@ Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
\\_/ JUAS-2014



Divergence and Curl in Curvilinear Coordinates
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Curvilinear Coordinates (Cylindrical)

An easy example

Cartesian Cylindrical
rcos @

Za y rsin @
T \‘"Z 2 z
S e VST r

e arctan % + 0 Q@
r i z z
ey .
>é“’ . —
Cartesian Cylindrical
I = const. x i ey COs pe, —sin ey
/'/___\ ey sin @e, +-cos @eg
e €z
\>< ¢ = const. cos ey + sin gey e,
— Sin @ex + cos gey, ey
ez €z
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Differential Operators in Coordinates

‘ ‘ Cartesian ‘ Cylindrical
‘ ul u? u3 ‘ X, Y,z ‘ r,Q,z
ds? dx? + dy? + dz? dr? + r2dg? + dz2
dVv dxdydz rdrdedz
grad ¢ e, + aieiﬂf Lo, | 2 Er+}§$ e+ 3te
divg S 12 (rg,) +1%2 4 %
curlg (%‘gy— a—g-"—')ex (r 30 a—g‘ﬁ)er
HE-F)ey | H(FE e
+caﬂ—%§,ﬁ)e +(22(rgp) — 15 e
Vip | TE+TE+TE | 2o+ RIS
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Kelvin-Stokes Theorem

Smooth vector fields, smooth surfaces with simply connected,
closed, piecewise-smooth and consistently oriented boundaries, and
volumes with piecewise-smooth, closed and consistently oriented

surfaces.
-dr = -dr -dr = - d1
d.o/ 5 A 5 " ) 5 11 5
I
./‘a.ﬁ"g ! Il—{rc;log 0.2/; 5 !

Ih_}ngoz curlg); -nAa; = fﬁf curlg - da.
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Gauss’ Theorem

Smooth vector fields, smooth surfaces with simply connected,
closed, piecewise-smooth and consistently oriented boundaries, and
volumes with piecewise-smooth, closed and consistently oriented
surfaces.

.d :/ -da+ -d :/ -d -d
/Wg ) ﬂ‘ig ) -ﬁf'zg ) ﬁ‘hg o ﬂ’ug )

I I
1
‘da = li / ‘da=lim Y AV, / -d
_/af:n:fg 2 ILH;GI; afgggg 2 II_EJOI.; "AV; af;:gg 2
I
= Jim 2(divg)faw:[ydivgdv.
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Rules of Vector Analysis

a,b € V(QO), ¢, € S(O),

grad (¢ + ) = grad¢ + grad y,
grad (¢y) = P grad ¢ + ¢ grad
grad (a-b) = (a- grad )b +(b- grad )a+ a x curlb + b X curla,

div(a+b) = diva+ divb,
divia=Adiva+a- gradA,
div(axb) =b- curla—a- curlb,
curlla = Acurla—a x grad A,
curl (a+b) = curla+ curlb,
curl (axb) =adivb—bdiva+ (b- grad Ja— (a- grad )b,
curl curla = grad diva — V3a,
div grad ¢ = V?¢
div curla =0,

curl grad¢ = 0.
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Maxwell’ s Equations in Differential Form

/’ H-dr:/ ]-da+d£/ D -da,
f curlg - da—f g -dr, 0 bl

I Edr— /Bda

forsar= e - /
oY
_D-d _/ dv.
a 1/,0
fcurlH-da—/ ]+a -da
o ot ' d

curlH =]+ —D,

[ curlE-da:—f ;B da, aat
o o curlE:—a—B,
fdideV:(}, ¢
y : div B = 0,
[deDdV:[VpdV. iy D=p.
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Lemmata of Poincare

div curlg = 0. curl grad¢ =0,

V) =D, 90et) =D,

| grad ¢ - da = d¢-dr = =0,
./gf curl grad ¢ - da Do grad ¢ - dr ‘P|a(aﬁ’)

di ldV:/ l-d:/ d
[y iv curlg ., curlg-da a(a’?’)g r

In 3D: also connected boundaries

Cw Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
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Lemmata of Poincare

divb =0 — b = curla.

curlh=0 —  h= grad¢.

Point Line Surface Volume
grad curl div
> > —>
Tmage Image
of grad| of curl
g Kemel Kemel
” of curl of div
0
Scalar Vector Vector Scalar
field field field field

Interrupt: Can we make physical sense out of these potentials?
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Good field region
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Maxwell’s House

Faraday
‘at/ 0 Volume
Point q div
¢
-grad A J Surface
K
Line E curl
B H :
curl = Line
Surface -grad
div & Point
0 ) Am
pere/
Volume A[' Maxwell
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Cash-Back 2

The Laplace Equation and the Field Quality in

Accelerator Magnets
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Maxwell’s Facade

curl%curlA —J div pugrad ¢,,, = 0
diverad ¢, = 0
i(:url(:urlA — | Ho S ¢
o
A J v2¢m =0

V2A — graddivA =0

A
, curl u curl
V<A, =0
B K H
« 2
div
-grad
v
¢ m
0
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Solving of Boundary Value Problems

1. Governing equation in the air domain t

VZAE — U,

2. Chose a suitable coordinate system

rza?-Az HaAz PAz

or2 ar ™ dg?

0,

3. Make a guess, look it up in a book, use the method of separation:
That is: find eigenfunctions. Coefficients are not know yet

Az(r, @) = Z (Enr™ + Fur ") (Gy sinng + Hy cos ng).
n=1
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Solving of Boundary Value Problems

4. Incorporate a bit of knowledge and rename

A(r @) =) r"(Aysinng + B, cosng).

n=1

2. Calculate a field component

10A, > 1 -
; aq? = 2 nr’ (./fln cCOsng — B, Sm”(P)r

n=1
dA, - n—1 .
By(r, @) = — 5 = Hglnr (Apsinng + B, cosng),

By (r, ) =

N7, ——rth
\\Q:H:::—-:};fﬁ}::/ s
N 7 =
\H:{::\”fﬁfr : \'}‘-\}\
T SR
Jﬁ;f}/’ NNt 'f;.f..-..m
Mg N =
¢ =\ =5
R RN
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Solving of Boundary Value Problems

B/ (r, @) = %aa‘fp Z nr" (A cos ng — By sinng),
n=1

3. Measure or calculate the field on a reference radius and perform Fourier
analysis (develop into the eigenfunctions). Coefficients known here.

B, (ro, ¢) = ) _ (Bu(ro) sinng + Ay(ro) cosng),

n=1

Cw Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
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Solving the Boundary Value Problem

4. Compare the known and unknown coefficients

B, (1, ®) 1 aallz Yy nr” V(A cosng — By sinng),
n=1
By (7o, ) Z n(rg)sinng + Ay (rg) cosneg),
1 —1
An = 1 An(rﬂ) , B, = — By, (I‘{)) .
nry nry

5. Put this into the original solution for the entire air domain

_ i“ (;)H (Bu(ro) cosng — Ay(rg) sinneg).

Cw Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
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Solving the Boundary Value Problem

6. Calculate fields and potential in the entire air domain

Az(r, @) = — i "0 (r)" (By(rg) cosng — Ay (rg) sinng).

00 r n—1
By(r, @) = Z (—) (Bu(rog)sinng + Ap(rg) cosng)

s
=~
3

|
e

(Bu(ro)sin(n —1)¢ + Ay (ro) cos(n —1)¢)

By(r, @) = i (i) " (Bu(rg) cosng — Ay (rg) sinneg)
(%)

=4
|
[uary

vw!
=
=~
..%

|
e

(ri) (Bu(rg)cos(n — 1)@ — An(rg)sin(n —1)¢)
0

Cw Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
\\_/ JUAS-2014

-
|
[Eay



Fourier Series (an Infinite Dimensional Vector Space)

1 27
Ay(rg) = /{} B, (rg, @) cosng de, n=1273...,

27
/ B, (rg, @) sinng de, n=1273,....
0

And on the computer: Discrete setting (don’t bother with the FFT)

27tk
P = —— k=0,12,... N—1.
q)k N r F r=r

ﬁ Z T‘g, (pk COS Ny,
k=0

» N-1

ﬁ Z T‘g, q}k smn(pk

Interrupt: Expansions; orthogonality, completeness, convergence
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The Road Map to Convergence of Fourier Series

=» The trigonometric functions are orthogonal
=» The Fourier polynomial Pn of grade n is the best approximation of fin V_

=» The projections onto the trigonometric functions (scalar product) induces a norm
(the RMS error)

=» Riemann Lebesque Lemma: Within this norm, the coefficients converge to zero.
= 3 Convergence theorems

— For a C! function Pn converges uniformly to f(x)

— For “clean jumps” Pn converges pointwise to 0.5 (f,(x) + f(x))

— The Pn converges for every square integrable function in the RMS sense
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Trigonometric Functions as Orthogonal Function Set (from Wikipediz

- - —~. - k1 m
| ,\/\/\/ | 0 f cos(mx) cos(nx)dr = T,
H‘xﬁ_,ﬁ/ | \M__,/’H s
' ' ' I f sin(mx) sin(nx) dxr = 78n,
=T
o ! : ’ (where ﬁmﬂ_ is the Kronecker delta), and
f sin(2z)sin(lr) de =0 _
. f cos(mx) sin(nx)dr = 0;
=T

cosasin I = % (sin(a + 3) —sin(a — 3))

L L L B
/ coSs mry sin Eaﬁr = 1/ Sin (m+n)wmd$_ lf Sin (m n)ﬂmdm
_L L L 2/ 1 L 2 /1 L
L L
B 1 (CDEW) _1 (CDEW) 0
2 (mtn)w 2 (m—n)w -
L L L L
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The Fourier Polynomial Pn is the best Approximation in Vn

U U U
14 1 — . .
0 7\ / . 7\ VERE Prolectlop of the” square wave
N/ | onto the “shape” of the
O B S T I T trigonometric functions
Thy Thy Thy
19 13 - : :
0 :@@é 6 /v\ [ - f;-z Is the shortest distance to
43 EE \~/ ] ) the projective plane
0 S 5| | It' 0 S 5| | Itr 0 o EI o ""
Thy ul u
1 — 1 —:[\f\/\ /‘ ]
0 0 4
-1 —_ ? i - E \/\/\/ . | | l
0 o é | II: 0 o é | II: 0 é f
U U_“ Uli
1 1
; 1+
Rodeoot ]
! —— —s i . - 0 | 1
t!_l é t 0 é t 0 é f
C@ Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
\ JUAS-2014




The Riemann Lebesque Lemma

The Fourier coefficients
tend to zero as n goes to
infinity

10!
1073 .,

107 A a4 . b

107 A 4

10—11 | N A,

10_1.3 —

15 |- A
10 * dy x * x A * Axk
ol Aok Kx A A prdrx” wxk* xx ¥
10_17 IS el Wy * * A *
A A A

10—19 III|IIII|IIII|IIII|IIII|IIII|IIII|IIII

5 10 15 20 25 30 35 40
n —y
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Rotating Coil Measurements

Tangential coll Radial coll

Radial flux Tangential flux
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Series Measurements of the LHC Magnets
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Rotating Coil Measurements

¢ = wt+ 0, q:((p):NfB-da:N/ curlA-da=N [ A-dr
of o 0o/

— NC[AL(2) - A(2)],
2 Dim version of Stoke’s Theorem
X ro (12" .

d(¢p) = NI [Z (—) (Bn(rg) cosngy, — Ap(rg) sinng,)

_ i "o (E)H(Bn(ro)mgn(pl An(i"o)Siﬂ”fpl)] :
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Rotating Coil Measurements

O(¢) = N/ [i o (r_z) (Bu(ro) cosngy — An(rg) sinng,)

_ i "o (E)H(Bn(ro)mgn(pl An(i"o)Siﬂ”fpl)] ,

[K"ad (Bu(rg) cosng — Ay (rg) sinng)

+KL’“‘“ (Bu(ro) sinng + Au(ro)cosne)| ,
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Rotating Coil Measurements

»
i/

0.6

/
*

0.5

04

0.3

0.2

01

’\
M,
0.1 h

I|III|III|III|III|III|III|II-..I\ll\T----I""+-lJJ_J---‘I"'

2 4 6 8 10 12 14 16 18 20
MULTIPOLE ORDER
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Multipoles and Scaling Laws

0 » n—1
By(r, @) = Z () (By(rg)sinng + Ay(rg) cosne)

00 y n—N
B:(r,9) = BN Z (—) (by(ro) sinng + a,(ro) cosne).
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Integrated Harmonics

20 |
104 F
& [ Local transverse
- harmonics calculated at
0 - different reference radii
20 | and scaled with the 2D
- laws
0
20
40 =
B n—N
60 [ !
— bﬂ (rl) —_ (_) bﬂ (rﬂ)f
u o
-80 [ e
_I 11 | 1 11 | 1 11 | 1 11 | 1 11 | 111 | 111 I‘l -l" 11 | 111 | 111
0 40 80 120 160 mm 200
z. D —
wrong
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Integrated Harmonics

azfpm(I;y;E) 824;’111(1'1 y‘} E‘) azfpm(xf y}z)

2 — —

V(% y,2) = ox2 + Jy? T 0z2 =0.
5111(:":*r y) = / ’ me(I;y,,z}dz.

p_(x,y) %¢_(xy) 2 (PPm  *Pm
oxZ T Iy ./;gﬂ ( o dy? )dz
N azlpm atpm 20
—Z ( B‘EE ) dz —z9

= H,(—20) — Hz(z0) = 0.

The 2D scaling laws hold for the integrated harmonics

C@ Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
\\_/ JUAS-2014



A Short Degression

The imaginary number is a fine and wonderful
resource of the human spirit, almost an
amphibian between being and not being.

Gottfried Wilhelm Leibnitz (1646-1716)
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Complex Potentials

Theorem 9.2 Real and imaginary parts of a holomorphic function are harmonic func-
tions.

Proof. If f(z) = f(x,y) = u(x,y) + iv(x,y) is holomorphic, the Cauchy-
Riemann equations yield

d [ du d [du dv 0 dv
2 - - - - — - - _— —
V= o (ax) "oy (ay) (By) "oy ( Bx) X >3)

9
ox
d [ dv ) d [ 0v d Jul d [ou
2. d [fov 9 (90 _ 9 ([ _ou o (o) _
VU_Bx(ax/+ay(ay) Bx( 8y)+8y(8x) 0.

w_ow o ey O _ o1
Jox ay’ dy  ox’ f(z0) = ox oy i
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Complex Potentials

H = —grad¢ = —a—¢ex — a—(Pey,

0x Ay
0A 0A
B = curl(e;A;) = a;ex — a;ey.
This implies
JdA; d¢p JdA;  0¢
Ay ooy and ox 1O dy’

Wich are the Cauchy Riemann equations of

w(z) :=u(x,y) +iv(x,y) = Az(x,y) +ipo¢(x, y) -

dw  dA; . 0dp . 0dA; dp - .
Tz ox  Hog T dy Ho dy By(x,y) +iBx(x,y) =: B(z).
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Complex Representation of the Field in Accelerator Magnets

BI:Brmsgo—Bq;sintp, By:BrsquJqu;msgo,

B, +iBy = (By +iB,)e .

Bu(r0) + 4 (r0) ( = )H Jn1)e
o0+ i) (2)

= i (7o) +i‘ﬂn(f‘n))(z)ﬂ_lf

Fo
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Where we are

= We have studied the mathematical foundations of magnetic fields
— Vectorfields
— One dimensional techniques for normal conducting magnets
— The Laplace equation

— Field harmonics in accelerator magnets (including solenoids and
wigglers)

=» So far we assumed that the fields on the domain boundary where known
(from measurements or calculations)

=» Now we need to address how to calculate these fields
— The field of line currents and the Biot Savart law
— Development of these field solutions into the Eigenfunctions
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Rutherford (Roebel) Kabel, Strand, Nb-Ti Filament
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Cabling Machine for Rutherford Cables
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Turk’ s Head

h.. 3
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The Field of Line Currents

r i ¢(|r— ') grad p(r — ) = — grad ¢ g([r — ),
' — ¢(|r—7r|) diva(|r—r'|) = —divya(jr—r'|),
curla(|r—r"|) — —curly a(|r—r’|),

VZ(jr—r|) = Vi g(jr —)).

Why bother?
Reciprocity; except for
sign it does not matter if
we exchange the
source and field points

Cw Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
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Greens Functions of Free Space

Lop(r') = —f(¥)
L.G(r,t)=—-6(r—71),
f L.G(r, 1) f(r) f S(r—1')f —f(r).
LY f L.G(r,¢)f(r)dV = z:ff G(r,Y')f(r)dV,

_ fy G(r,7)f(r)dV .

_ ¢/ 1
Go(rt') = 1 (|r : |) , Ga(r,1') =

27 ¥ ref 47t|r — /|
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Green’s Functions of Free Space

_ A G(r,¢)f(r)dV .

H(r) = A G(r,¢')f(£')dV".

But what if boundaries are present?

p(r) = [ G(x¥)f()av’
+/ "o G(r ')+ G(r, 1) nrcp(r"))da"
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Biot-Savart’s Law

1

VA = —p], Ga(r,') =

Ai(r):@/ Ji(r') v’

a7t Jy |r— 1|

47t|r — /|

.I"
A(r) = Ayex + Ayey + Aze, = f—i /’;’f |r](— r)’| dv’

This works only in Cartesian Coordinates

B(r) = curlA(r) = ;—2 /«y curl (|3(—rrt)"|) dv’

#0 / (|r 1 lcurll(r’) —J(r') x grad (Ir—lr’|)) qv’
)y 1) > (r_rf)dvn

lr—r'|3
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Biot Savart’ s Law

But wait a minute: Are we finished? Are we sure that the
divergence of the vector potential is zero as it was required for
the Laplace equation?

div A(r) = 4ﬂ/ dw(JfZOdV*
~i ), (I(rf) 'grad( v )
=10 [ 306 grad () v
Z—f—if J(r') - grad,, (lr_r,)dvf
N ﬁf (di"rf (%) - |r_1r,|divrr](r")) dv’
[ (S av= o [ ) 4y

Current loops must always be closed and must not leave the problem domain

v ](r’)) dv’
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Biot-Savart’s Law for Line Currents

I.-"

~ ol | dr’
A(r)—4ﬂ ¢ |r—1'|

_y_gff dr’ x (r—1r')
B(r)—4ﬂ ¢ |r—r]3 7
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Vector Potential of a Line Current

A (:cyz):”_{ﬂfb dzc f’tﬂff dzc
Z\r Yy 4?T a |I.._ .\/x2+y2+(z_zc)

Caution: Infinitely long line currents
have infinite energy
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Field of a Line Current Segment

I I ®2 I
B(2) = #ol f_g OO gy = Foo cosrxdxx — Fo (sinap —sinaq)n

47 19 AR 47TR
_ Mol cosay +cosay sina; —sinag N

47t R COS (7 + COS (q

ol (1 1 sin(ap — aq)
~4n (|1’1| |1'2) 1+ cos(az —a1)
ol ( 1 1 ) sin(ay — aq) r] X I
Cdr \In| /) 14 [ lefsin(a; —a)
ol Iml 4[| rmXxn

NI i e o
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Field of a Line Current

2
z—a+ /2y + (z—a)? —a+ |aly/1+ 25

Iim In = Ilim In
ab—teo  z—b+\/x2+1y2+ (z—b)2  ab—otoo —b+|b|\/1 xl+y2
. —a—a(1+x+y2 -+ ) _ —2a
= Ilim In = lim In —
ab—too 4 b(l + + ) ab—too Ny Xty
, —4ab
— lim In

ab—too X2+ y2
— 2 2
Adoy) = lim Folyn (20 ) kol (X 4y )
ab—too 47T X5 + v 477 x5 +y
_ Mol x% + 12 _ Mol r
A In| —— = 1
(xfb’) 477 n(x%+y%) €z 77 H( mf) ez,

Problem solved, but reference radius has physical significance:
Return path for sum-currents
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Field of a Line Current

uol /2 2sin® 1 — 1
Agp(r,z) = FoTe 2_/ Sy diy.
mt\/ (r+rc)2+ 22 Jo \/1_}{25]-1124]

Appearance of elliptic integrals:
To be solved numerically.

On axis:
olr? r
Ag(r,z) = S T
(r2 +22)2
I 2
B.(z) = B[

2 (12 +22)?

In the center:

B,(z=0) = ”2‘;’5
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Cash-Back 3

The Coil Field of Superconducting

Accelerator Magnets
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Notes on the Imaging Method

=» Domain 1: Domain with current sources
=» Domain 2: Highly permeable material
— All imaging currents must be in domain 2

— The sources and the images must create a field that satisfies the continuity
conditions at the interface between domains 1 and 2

— The image of the image must be the original source

— The field generated in domain 1 is identical to the source field plus the
field from the (iron) magnetization.

— The field generated in domain 2 has no physical significance
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The Imaging Current Method

A At)G(x, TY') = A(r)G(Tr, ')

()
1_'12 X
>
()
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The Field of a Line Current (2D)

—)”msnuo ~ gc)

Fe

-1 n—1
__pol (o))" _ ol (1o -
By (rg) = 2ore (Fc) cosnge, An(rg) = 2o \ 7 sSin 1.
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Ideal Current Distributions

re 27 j’
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Nested Helices

1 — E3: @cr (@)

I = a.CoS ¢cey + bsin ¢ce, + (b sin ¢ tan a pi{;) e,

vV = —asin ¢c ey + bcos ¢ e, + (btamx COS Q¢ + P ) e, ,

271

N
\ .
.
3 ‘;
: >
\ a} 4 4

PN

%

%3 -‘\\_
.\.-»\7& 4

/‘_Asrv
A il

e &

;_‘.;.l-/:,‘ S
« 4 4
A
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Coil-Block Approximations
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Generation of Multipole Field Errors

B3 (10E4T) B5(10E-5T)

1022 3630
= 9.135 = e
E: £ \ /

Fp 277
= st = 25 A £
— R mm e i v A
374 1224 3 i

e PV : =

S 5.561 =

0.461 1719 e -

0.62 212 3

.70 . 596 i
27 . 980 >
E 387 E 136 3
4% —

— B - e £ A

— m > 4

— B — e ! ‘

— - 2 . 3
103 36.7 -
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1292 4261
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1021 3341
= \\ 4 = ah

% b A
— Rl @ @7 . ‘ 4
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Sensitivity to Manufacturing Errors

K FDIk T'g_l rc,k 2n
By(ro) = — Z T 1+ Ay (—) COS NPk,

-1 2

dBn(ro)  polk H[g\_l (1 _ (r‘:)zﬂ) COS 1 @c.

Increase of the azimuthal coil size by 0.1 mm produces (in units of 107):
b=-14, b=12 b;=0.03

Specified tolerances on coils: + 0,025 mm
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Coil Winding and Curing
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A = o [ 0 gy

v r—7]

/ J() -0 4y gy
1/!

r—r|

W = i i sz E E f Jit) ]i;(lrf) dv’dv

i=1j=1 11)‘ 1
EH[/ ) Ji) Gy gy,
11} ! |I‘—l‘|
1 &L o Ji(x) - J;(x')
W=3) ) Lill Lij := Ty b e dv’'dv
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Careful: only

1] — 1 Z I.. ] In the linear
I i
dt f I dt case
8 dJ dI;
uD]pole—ul_f_uZ_lejd +Z 2j dt =0.
}:3 T S
Coil 1 2 3 4 5 6 7 8
1 12.601 6.517 —0.245 0.252 0478 —0.478 —0.252 0.245
2 6.517 12.601 —0.478 —0.252 0.245 —0.245 0.252 0.478
3 —0.245 —0.478 0.136 0.027 —0.010 0.009 —0.010 0.027
4 0.252 —0.252 0.027 0.136 0.027 —0.010 0.009 —0.010
5 0.478 0.245 —0.010 0.027 0.136 0.027 —0.010 0.009
6 —0.478 —0.245 0.009 —0.010 0.027 0.136 0.027 —0.010
7 —0.252 0.252 —0.010 0.009 —0.010 0.027 0.136 0.027
8 0.245 0.478 0.027 —0.010 0.009 —0.010 0.027 0.136
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Inductance in nonlinear Circuits

150

125

130

135

140

145

120

0 1 2 3 4 5 6 TEA B

I —

dI
u=19-—.
di
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Inductance in nonlinear Circuits

d® d(LI) dI  dL
U(i)—a— dr ~ dt dt -

Always true. Now calculate the differential of L

oL oL
dL = ﬁdf + gdt.

If the coil is moving

oL dl oL

oL  dd g dI
d _ e 2 L = —.
Lo=L+l3r = 41" dt
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Numerical Field Computation

=» The real world is often too difficult for back-of-the-envelope calculations
= We must use the computer to add the effect of 1000 strands

=» For a nonlinear continuum we must use numerical approximation
techniques
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Working Point of LHC Dipole Magnets

3500 1085
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Coil Block, Pinning Centers in Filaments

Magnetization

Grading of current density
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Superconductor Properties

E/Ec
=» Hard Superconductors (Type 2) Ll
— Magnetic field can penetrate .
— Magnetization with hysteresis
. _
oy . ] 0.2 0. 0. 2
=>» Critical current density J, R
. . . J
— Current density at spec. electric field (E_ = T
1 uV/cm)
=>» Critical surface .
— Dependence of J_.on Tand B
T
Temperature
Nlall‘gill \B
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Bean’s Critical State Model (CSM)
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Screening Field in a Slab
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Superconducting Magnetization (Hysteresis Model)

—strand measurement
-0.04 —strand magnetization
~—filament magnetization
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The LHC Excitation Cycle
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Eddy Currents in Rutherford Cables
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2-D Transient Field Computation for GSI-001

AB3 (Tesla)
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Magnet Extremities
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The CERN Field Computation Program ROXIE

CERN

Cockpit 1.1 [fhome/russ/Genetic/geneblock_postp.data]
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Objectives for the ROXIE Development

=» Automatic generation of coil and yoke geometries
— Features: Layers, coil-blocks, conductors, strands, holes, keys

=» Field computation specially suited for magnet design (Ar, BEM-FEM)
— No meshing of the coil
— No artificial boundary conditions
— Higher order quadrilateral meshes, Parametric mesh generator
— Modeling of superconductor magnetization

= Mathematical optimization techniques
— Genetic optimization, Pareto optimization, Search algorithms

=» CAD/CAM interfaces

— Drawings, End-spacer design and manufacture

C@ Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
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Numerical Field Computation

=» Principles of numerical field computation
— Formulation of the Problem
— Weighted residual
— Weak form
— Discretization
— Numerical example
=» Total vector potential formulation
— Weak formin 3-D
=» Element shape functions
— Global shape functions
— Barycentric coordinates

=>» Mesh generation
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The Model Problem (1-D)

C@ Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
JUAS-2014

N ard



Shape Functions

"
Uy
Unp—1
'Hj(f{?) = (51 -+ ¥ oI T e Qj
Up—1 = Q1 + Qjolp ) Up = (1 T Qjady
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Shape Functions

4 Cramer’ s rule
| Up  Inp
i1 =
J
| R
1 x,
 IpUp—1 — Tp—-1Un
T (i1 —
> Ipn — Ipn—1
Tp—1 Ly
| Un 1 Up &32 _ I-E.n_ i-ﬂn_]_
Lp — Tp—1
U5 (.T) — + Yo N\ —1 n

What have we won? We can express the field in the element as a function of the
node potentials using known polynomials in the spatial coordinates

C@ Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
\\_/ JUAS-2014



The Weighted Residual

R(z) = T iy

/ﬂ w(z)R(zr)dQ = fﬂ w(m)di;;(z)dﬁ /ﬂ w(z) f(z)dQ =0

b b
i | | | d i
/ﬂ oyf da = [¢n], — f 1 dr w(z) = ¢ ulr) — o

- fﬂ e L [w(ﬂdﬁf)]: - /Q w(z) f(x)dQ = 0

What have we won? Removal of the second derivative, a way to incorporate
Neumann boundary conditions
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Galerkin’ s Method

/ dw‘(JT) Z deh(T) (k) d§2; :—/ wy () f () dS2; , [=1,2

k=12 2

de( r)

xr

9 dQ, = — /ﬂ Nyiu() f () dQ; I=1,2

/ (dNﬂ Njp NGy dNﬂun) dz = — / C Njf(e)de
.“I? Lp—1

dr dz
dN32 dNj1 Up—1 + AN deE-un. dr = / n Njzf(z) dz
dr dr dx Tpn—1

Linear equation system for the node

Fiuit =415} potentials
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Numerical Example

4 finite elements €2, 7 = 1,..., 4 of equidistant length L

A
0 |
>
T . dilvjl dfjl d;""l*'rjl d;""i*'rﬂ
o T T T T .
[RJ]__ j( dNj2 dNj1 dNj2 dNj2 da
FEM Tn—1 dr dxr dr dr
Analvytic Ty L -1 T I
y _ ! {llfn ! R | )2 {m?l —Irn_1 )2 ClT — L L
. 1 1 - ~1 1
-l {;17?1_;17?1—1)2 {17';1—;1?';1—1)2 L L

Tp—T

Ty N Tn —
N1 Tp—Tn_1

{fit = —f 7 Cde = —C"/ o dar
Tp—1 ‘Z\Jj2 Tn—1 “In—1TE +

.1‘11_;1‘«”_1
M
2 n
C PA C [ (zy —xn_1)* 0.5CL
- 2L ~ oL\ (n 2 ) T
ZL _21?71_]_:1'- + ;’I‘.Z . 2L (:1-71—]_ - :1-71) 05 C\'L
Tp—1
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Numerical Example

4 finite elements €2, 7 = 1, ..., 4 of equidistant length L

) t'-||'|_l o

t-ﬂ|,L o t-'"L

L A a AU (05CL
% % _Tl 0 () U C‘L
-1 2 -1 '
FEM ( T. T L () U3z - — CL
G0 7 7 3| w CL
Analytic 0= i 5T
Essential boundary
0 U2 CL conditions (Dirichlet)
_Tl uz | = —| CL
7 g CL us L L L CL —0.375
Uz — — % L % C‘FL — —05
Uy L L2 ]\ CL —0.375
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Higher order elements

2
= &j + Kj2Xq + xj3X7 3
2
= a.".t}'l + ﬂi}'gx;l + ﬂ:),-;.-,xz

ul® = &j1 + &jpX3 + ﬂi;'ax%

N (x —x2)(x — x3) N (x —x1)(x — x3)
;‘1(1‘) = — — ’ ;‘2(1) — —
(x1 — x2)(x1 — x3) (x2 — x1)(x2 — x3)
(x —x1)(x — x2
Nj3(x) —_ ) )
(x3 — x1)(x3 — x2)
.n.N[ s Nl - N-“
1 | |
- X . :I } } ____I-.’.
X, x?'"—"'f;: X X, Xy ;.,;ME X4
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Two Quadratic Elements (I =2 L)

P o[
I
o 1)\
ANE N
o == 41
w) o \g4d

cl
cl

cl

el

cl

Cf/

—0.375
—0.5
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Weak Form in the FEM Problem

curll curl A — grad 1 divA=J inf)
7 p

L, A-n=0 only,

1
—divA =0 onlp,
[

nx(Axn)=0 onlpg,

1
Iy n x (—(curlA) X n) =0 only,
Ju

{ i
[— divA| =0 only.
H al

| -
{— (curlA) x n| =0 onTly,
H al
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Shape Functions

Aj(x) = a1 + agr + azy, x € (Y Aj(x) = Azj (z,y)

AN = a1 + a1 + oz
A® = aq + azrs + azys
AB) = ay + asas + asys

AW L a1 41 oy

AP =1 25 9, v

AB) L x3 y3 3
{a} =[C]7HA)} — {A} = [C{a}
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Mapped Elements (Iso-parametric quadrilateral)

Ly
R

(-1.1) (L.

1 3

8 9 6 § T
11 L 5 2an

X
K K K v "
4E =N NOAY (6 = S Nelgal O = 2 Nulew

h=1 k=1 =

Use of the same shape functions for the transformation of the elements
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Weak Form in the FEM Problem

acurll curl A — grad 1 div A=J inQ

7 j
1 |
curl — curl A — grad — div A—-J =R
f #
1 L.
fwa ' (curl—curlA— grad—de) d§) = f w, -JdQ, a=1,23.
Q H H Q

Integration by parts

flcurlwa~ curlAdQ—l—/ldivwadivAdQ /wa~.]dﬂ
a M a H Q

Conclusion: 3-D is more complicated than the addition of just one
dimension in space; it’ s a different mathematics, and thus often a

separate software package
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Meshing the Coil
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Higher Order Elements

.
200 250 300 350 400 450 S00 S50 @00 650 TOO TS0 @00

Higher accuracy of the field solution, but also better modeling
of the iron contour
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Transformation of Differential Operators

dr O Or dn Ox

ON,;.  ONp 9& N ON,. On

Complicated Easy

/1’1 yl\
or O ONy, (k) aN Ni ON ONk |
Ty = 5 B¢ Zﬁ., 1 ki” Zk 1 aghy D\ e O e 2 42
P\ oz oy SR M ) S oMy | T oMy oNa L 0N L
an  On k=1 k=1 n  on on R
\iIT;; Uk}

Note: Bad meshing is not a trivial offence
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BEM-FEM Coupling (Elementary Model Problem)

Bs;
BEM-domain
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BEM-FEM Coupling

_’__14
L]
s
L]
1
s
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ABEM
Ar
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Forces (N) in the Connection Ends of the LHC Main Dipole

I Fx Fy Fz
1 [-39.7 |-44.0 |-454
2 |-6.5 3.7 -41.7
3 |-6.1 88.3 -38.2
4 |1.25 3.9 -28.5
S |48.1 -46.7 -48.5
Su |-295 |[5.2 -202.3
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