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Outline

• Relevance of low x for cosmic rays and 
ultrahigh energy neutrino interactions

• Low x theory: evolution equations

• Parton saturation

• More developments: higher order BFKL and 
BK, impact parameter dependence

• Selected phenomenological applications: 
neutrino cross sections, prompt neutrinos, 
diffractive production...
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Relevance of low x region for CR and UHEnus
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Standard Collinear framework (DIS example)

Hard scattering coefficient.
On-shell matrix element

Integrated parton distribution:

Renormalization group equations:

Factorization for structure function:
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Large corrections to fixed order at small x

We have recently published the complete three-loop splitting functions P(2) for the evolution of
unpolarized parton distributions of hadrons [1, 2]. Together with the second-order coefficient func-
tions [3, 4, 5, 6, 7], these quantities form the next-to-next-to-leading order (NNLO) approximation
of massless perturbative QCD for the structure functions F1, F2 and F3 in deep-inelastic scattering
(DIS). The situation is different, however, for the longitudinal structure function FL = F2−2xF1.
Here the leading contribution to the coefficient functions is of first order in the strong coupling
constant αs (instead of α0s as in F1,2,3), and consequently the scheme dependence of the splitting
functions P(2) is compensated only by the third-order coefficient functions. The latter quantities
are thus required for completing the NNLO description of the structure functions in DIS.

At this point there is only very limited (and no entirely model independent) experimental infor-
mation on FL in the most interesting region of very small values of the Bjorken variable x [8, 9, 10]
(see ref. [11] for an overview over previous measurements at large x). Dedicated runs of HERA
with lower proton energies would significantly improve this situation [12, 13] and provide valu-
able further constraints on the proton’s gluon distribution at very small momentum fractions. The
NNLO corrections are required to assess in which kinematical region of x and Q2 = −q2, with q
being the momentum of the exchanged gauge boson, such constraints can be reliably obtained.

As discussed in refs. [1, 2], see also refs. [14, 15, 16], our determination of the NNLO splitting
functions P(2) has been performed via a three-loop Mellin-N space calculation of DIS in dimen-
sional regularization with D= 4−2ε. The splitting functions are then given by the coefficients of
the 1/ε poles, while the ε0 results include the third-order coefficient functions. Hence by keeping
the terms of order ε0 throughout the computations, and by adding the second Lorentz projection of
the hadronic tensor required to disentangle F2 and FL, we are able to obtain the third-order coef-
ficient functions as well. Our approach closely follows the calculation of the lowest even-integer
moments in refs. [17, 18, 19]. Incidentally, the methods for obtaining all-N results at higher orders
have been pioneered in the calculation of ref. [20] for the structure function FL at second order.

In this letter we present our x-space results for the coefficient functions for FL in electromag-
netic DIS at three loops in a parametrized, but sufficiently accurate form. The lengthy exact for-
mulae will be presented, together with the results for F2, in a forthcoming publication [21].

Disregarding power corrections, the longitudinal structure function can be written as

x−1FL = CL,ns⊗qns+ 〈e2〉
(

CL,q⊗qs+CL,g⊗g
)

. (1)

Here qi and g represent the number distributions of quarks and gluons, respectively, in the frac-
tional hadron momentum. qs stands for the flavour-singlet quark distribution, qs = ∑

nf
i=1(qi+ q̄i),

where nf denotes the number of effectively massless flavours. qns is the corresponding non-singlet
combination. The average squared charge (= 5/18 for even nf ) is represented by 〈e2〉, and ⊗ de-
notes the Mellin convolution. We write the perturbative expansion of the coefficient functions as

CL,a (αs,x) = ∑
n=1

(αs
4π

)n
c(n)
L,a(x) . (2)

Note that, as usual for FL, the superscript of the coefficients on the right-hand-side represents
the order in αs and not, as for the splitting functions, the ‘m’ in NmLO. Throughout this article

1
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longitudinal structure function up to NNLO order

Large gluon uncertainties from fits to the data.
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High energy limit

but at the lowest Q2 the NLO and NNLO predictions are discrepant in some regions. The LO
prediction is far larger than either, reflecting the huge correction in the small-x gluon going to
NLO. In order to more clearly separate the relative effect of different gluon distributions, in
Fig. 59 we show the predictions for FL with LO, NLO and NNLO coefficient functions but using
common NNLO PDFs. There is a positive correction at high x at each order. NLO then results
in a negative correction at lower x, whereas NNLO gives an additional negative correction at
intermediate x before becoming positive again at sufficiently small x. However, the value of x at
which these transitions occur is very sensitive to Q2. As the gluon becomes steeper the regions
of the gluon distribution probed in the convolution become more local to the value of x, and
small-x divergences in the coefficient functions become less important, along with the relative
importance of higher orders decreasing as the coupling becomes weaker. Hence, the ultimate
positive effect of the ln(1/x)/x term in the NNLO coefficient function is only seen to increase
the NNLO result above LO for x > 10−5 in the two lowest Q2 bins.

As the relative lack of stability in fixed-order predictions implies, there are various potentially
large corrections beyond fixed-order perturbation theory. It is possible that there is a large
higher-twist contribution from renormalons in the quark sector [187], and the implications are
discussed in Refs. [28, 188]. Perhaps more significantly, since the small-x NNLO correction is
itself rather large, even higher orders might be important. There are leading ln(1/x) terms of
the form:

xPgg(x) ∼ αn
S lnn−1(1/x), xPqg(x) ∼ αn

S lnn−2(1/x) and xCL,g(x) ∼ αn
S lnn−2(1/x). (97)

A fit which performs a double resummation of leading and next-to-leading ln(1/x) and run-
ning coupling contributions leads to a better fit to small-x data than a conventional perturbative
fit [144]. The gluon distribution from this resummed fit, defined in a more physical scheme, is
larger at small x and Q2 than NLO or NNLO, and indeed is always positive for Q2 ≥ 1 GeV2.
This is reflected also in the prediction for FL(x, Q2). Similar approaches [189, 190] all lead
to rather comparable results for the calculated splitting functions, but only in Ref. [144] have
detailed phenomenological studies taken place. A partially overlapping set of additional correc-
tions are considered in the dipole picture. As with small-x resummations, this approach can be
cast in the language of f(x, k2), the unintegrated gluon distribution, which is directly related
to the dipole–proton cross section. The structure functions are obtained by convoluting this
dipole cross section with the wave functions for the photon to fluctuate into a quark–antiquark
pair. Hence, this picture includes some of the resummation effects, but also higher-twist contri-
butions, and is designed to approach Q2 = 0 smoothly. However, it misses quark and higher-x
contributions. In this framework, higher-twist corrections are not small in either FL or FT sep-
arately, but largely cancel in F2 = FL + FT [143, 191]. Overall the FL(x, Q2) predicted in the
dipole model approach is steeper at small x than fixed-order predictions, and is automatically
stable at lowest Q2. The general features are rather insensitive to whether saturation effects are
included in the dipole cross section. Resummed NLL BFKL predictions [144] and dipole model
predictions [186] are additionally shown in Fig. 58 illustrating these features.

The first published direct measurement of FL(x, Q2) can be found in Ref. [183] for 12 ≤ Q2 ≤
90 GeV2, based on data taken in the last few months of HERA running, when the proton beam
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but at the lowest Q2 the NLO and NNLO predictions are discrepant in some regions. The LO
prediction is far larger than either, reflecting the huge correction in the small-x gluon going to
NLO. In order to more clearly separate the relative effect of different gluon distributions, in
Fig. 59 we show the predictions for FL with LO, NLO and NNLO coefficient functions but using
common NNLO PDFs. There is a positive correction at high x at each order. NLO then results
in a negative correction at lower x, whereas NNLO gives an additional negative correction at
intermediate x before becoming positive again at sufficiently small x. However, the value of x at
which these transitions occur is very sensitive to Q2. As the gluon becomes steeper the regions
of the gluon distribution probed in the convolution become more local to the value of x, and
small-x divergences in the coefficient functions become less important, along with the relative
importance of higher orders decreasing as the coupling becomes weaker. Hence, the ultimate
positive effect of the ln(1/x)/x term in the NNLO coefficient function is only seen to increase
the NNLO result above LO for x > 10−5 in the two lowest Q2 bins.

As the relative lack of stability in fixed-order predictions implies, there are various potentially
large corrections beyond fixed-order perturbation theory. It is possible that there is a large
higher-twist contribution from renormalons in the quark sector [187], and the implications are
discussed in Refs. [28, 188]. Perhaps more significantly, since the small-x NNLO correction is
itself rather large, even higher orders might be important. There are leading ln(1/x) terms of
the form:

xPgg(x) ∼ αn
S lnn−1(1/x), xPqg(x) ∼ αn

S lnn−2(1/x) and xCL,g(x) ∼ αn
S lnn−2(1/x). (97)

A fit which performs a double resummation of leading and next-to-leading ln(1/x) and run-
ning coupling contributions leads to a better fit to small-x data than a conventional perturbative
fit [144]. The gluon distribution from this resummed fit, defined in a more physical scheme, is
larger at small x and Q2 than NLO or NNLO, and indeed is always positive for Q2 ≥ 1 GeV2.
This is reflected also in the prediction for FL(x, Q2). Similar approaches [189, 190] all lead
to rather comparable results for the calculated splitting functions, but only in Ref. [144] have
detailed phenomenological studies taken place. A partially overlapping set of additional correc-
tions are considered in the dipole picture. As with small-x resummations, this approach can be
cast in the language of f(x, k2), the unintegrated gluon distribution, which is directly related
to the dipole–proton cross section. The structure functions are obtained by convoluting this
dipole cross section with the wave functions for the photon to fluctuate into a quark–antiquark
pair. Hence, this picture includes some of the resummation effects, but also higher-twist contri-
butions, and is designed to approach Q2 = 0 smoothly. However, it misses quark and higher-x
contributions. In this framework, higher-twist corrections are not small in either FL or FT sep-
arately, but largely cancel in F2 = FL + FT [143, 191]. Overall the FL(x, Q2) predicted in the
dipole model approach is steeper at small x than fixed-order predictions, and is automatically
stable at lowest Q2. The general features are rather insensitive to whether saturation effects are
included in the dipole cross section. Resummed NLL BFKL predictions [144] and dipole model
predictions [186] are additionally shown in Fig. 58 illustrating these features.

The first published direct measurement of FL(x, Q2) can be found in Ref. [183] for 12 ≤ Q2 ≤
90 GeV2, based on data taken in the last few months of HERA running, when the proton beam

125

At small x there are potentially large logs:

At high energy, or small x we can have:

↵S ln 1/x ⇠ 1

Need to resum them as well to all orders:

(↵S ln 1/x)n

Any fixed order here would not be sufficient, potentially very large corrections.

p
s!1, x! 0 Energy much larger than any other scale in the process

6



 Many gluon emissions in small x limit
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 Many gluon emissions in small x limit
Cascade of the n soft gluons
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 Many gluon emissions in small x limit
Cascade of the n soft gluons

Nested logarithmic integrals

Resummation of the gluon emissions performed by the  equation
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Solution:

Rise too strong 
for the data!

Leading exponent(spin)fg(x, kT ) ⇠ x

�!P

!P = j � 1 =
↵sNc

⇡
4 ln 2

�DIS
�⇤p ⇠ s!P

dfg(x, kT )

d ln 1/x
=

↵sNc

⇡

Z
d

2
k

0
TK(kT , k

0
T ) fg(x, k

0
T )

Small x evolution 

!P ⇠ 0.5with

8



Solution:

Rise too strong 
for the data!
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Solution:

Rise too strong 
for the data!
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Leading exponent(spin)
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 V.Fadin,L.Lipatov, 
G.Camici,M.Ciafaloni

fg(x, kT ) ⇠ x

�!P

!P = j � 1 =
↵sNc

⇡
4 ln 2
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!P ' ↵̄s4 ln 2(1� 6.5↵̄s)

dfg(x, kT )

d ln 1/x
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2
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BFKL at NLLx

Matrix BFKL+DGLAP, G. Salam (p. 5)

Introduction NLL Green function solution

If DGLAP contaminates BFKL does it matter? Can we not just take the
perturbative expansion? Try LL, then NLL BFKL.
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 k

02
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(Y
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k
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 +

 ε
, 
k

0
)

Y

LL

NLL αs(q
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), s0=kk0

NLL αs(q
2
), s0=k

2

NLL αs(k
2
), s0=kk0

NLL αs(k
2
), s0=k

2

k0 = 20 GeV

Choices that formally only affect
NNLLx :

! scale of αs

! ‘energy-scale’ s0 (Y = ln s/s0).

lead to completely different an-
swers

Source of instability is presence in NLL BFKL of a truncated subset of

DGLAP. Only way to get stability is to include full DGLAP.

LLx vs NLLx BFKL numerical solution for 
the gluon Green’s function

Very large correction at NLLx.
 Need additional resummation at small x or stabilization of the result.

• Scale of the coupling.

• Energy scale:

• Differences large even though 
formally at NNLLx.

Y = ln s/s0

 Note: Analytical solution at LLX  in terms 
of properly defined eigenfunctions by 

Lipatov (1986) and at NLLx   by Chirili and 
Kovchegov (2013)
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Why NLLx is so large in BFKL?

• Strong coupling constant is not a naturally small parameter in the 
Regge limit:

• Regge limit is inherently nonperturbative. 

• Compare DGLAP (collinear approach):

• No momentum sum rule, since the evolution is local in x. In 
DGLAP: momentum sum rule satisfied at each order due to the 
initial assumption of the collinearity of the partons and the non-
locality of the evolution in x.

• Approximations in the phase space (multi-Regge kinematics, quasi 
multi-Regge kinematics, etc..) cannot be recovered  by the (fixed 
number of) the higher orders of expansion in the coupling 
constant.

s� |t|,�2
QCD but �s(µ2), µ2 �= s

Q2 � �2 and �s(Q2)� 1
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Resummation
M. Ciafaloni, D. Colferai, G. Salam, AS
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ln
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Q0

◆n

Problem with two 
large parameters

lnQ/Q0

ln 1/x

;G. Altarelli, R. Ball, S.Forte; R. Thorne;A.Sabio-Vera;Lipatov...

Higher-order corrections at small x (33/46)

Splitting functions Full Pgg(z) splitting fn

ω-expansion (1999)
NLLB (2003)
LO DGLAP
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• Small x growth delayed to much smaller values of 
x and milder, 

• Interesting feature: a dip seen at around 
• The same feature seen in other schemes of 

resummation (Altarelli,Ball,Forte; Thorne).

x ' 10�3

Resummed splitting function

!p ⇠ 0.3
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Resummation
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Testing BFKL at colliders

Mueller-Navelet jets: Basics

Mueller-Navelet jets

Consider two jets (hadrons flying within a narrow cone) separated by a
large rapidity, i.e. each of them almost fly in the direction of the hadron
“close“ to it, and with very similar transverse momenta
in a pure LO collinear treatment, these two jets should be emitted back to
back at leading order: ∆φ− π = 0 (∆φ = φ1 − φ2 = relative azimuthal
angle) and k⊥1=k⊥2. There is no phase space for (untagged) emission
between them

p(p1)

p(p2)

jet1 (k⊥1, φ1)

jet2 (k⊥2, φ2)

φ1

φ2 − π

large + rapidity

large - rapidity

zero rapidity
⊥ plane

B
ea

m
ax

is

6 / 1

Mueller-Navelet jets: two jets with similar transverse momenta and large rapidity separation

At LO collinear formalism such jets are emitted back to back.
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Results with BLM

Azimuthal distribution (integrated over 6 < Y < 9.4)
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With the BLM scale setting the azimuthal distribution is in good agreement
with the data across the full ϕ range.
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Results with BLM

Azimuthal correlation 〈cosϕ〉
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Ducloue,Szymanowski,Wallon

Analysis of the azimuthal correlations using NLLx BFKL with 
Brodsky-Lepage-Mackenzie scale setting.

Results with BLM
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NLLx with BLM compares favorably with CMS data.
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How about other effects: parton saturation?
Lines of constant ‘blackness’ 
diagonal … scattering cross 
section appears constant 
along them … “Geometric 

   Scaling”  

Something appears to happen  
around ( = Q2/Q2

s = 1 GeV2 

(confirmed in many analyses)  
BUT … Q2 small for ( <~ 1 GeV2 

… not easily interpreted in QCD 

• Linear DGLAP evolution works well at HERA.
• Hints of saturation at low Q and low x: deterioration of the     
global fit in that region.
• Large diffractive component.
• Success of the dipole models in the description of the data.
• The models point at the low value of the saturation scale 

At high enough density partons can also merge

Multiple scatterings/recombination effects 
essential for the unitarity restoration

13



Saturation: nonlinear evolution

Parton saturation (recombination or rescattering) corrections lead to the 
nonlinear (in density) evolution equations.

Various formalisms that include these effects:

• Mueller-Qiu: nonlinear modification to DGLAP
• Gribov-Levin-Ryskin: nonlinear modification to DGLAP
• Bartels: triple Pomeron vertex
• Balitsky: Wilson line operators
• Kovchegov: dipole model
• Jalilian-Marian-Iancu-McLerran-Weigert-Leonidov-Kovner: effective theory 

for small x, color glass condensate
• ...

Most applications for phenomenology: Balitsky-
Kovchegov (BK) equation

14



BK nonlinear evolution equation
z1

1ïz1

k

pïk 1

1

p

,

,
x1

x 01

x 0

 

quark-antiquark pair: dipole
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2x
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p
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,
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2xk2
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p

1x
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1ïz1

2

pïk 1

p

1x

0x

k1

,

,

,

z

one (soft) gluon emission dipole splitting

=+

Multiple scattering

Need to construct the amplitude for scattering of dipoles on target.
One scattering

pp

Linear evolution

Multiple scatterings

pp

Nonlinear evolution

Dipole number densities:

n1(x01,x,b− b0, Y ) =
δ

δu(b,x)
Z(b01,x01, Y, u)|u=1

Generally for k dipoles:

nk = Πk
i=1

δ

δu(bi,xi)
Z|u=1

Nonlinear evolution equations in QCD – p.19/50

A.H.Mueller

A.H.Mueller, Y. Kovchegov
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BK nonlinear evolution equation

2

of different exponents which govern the growth of the saturation scales in this equation. We confirm the results of
[41], on the dependence of the scattering amplitude as a function of dipole size and demonstrate that it vanishes
for large dipole sizes. We also find the fast diffusion of the solution in impact parameter space and recover the
power tails. The saturation scale both for small and large dipoles is extracted, and the dependencies on the impact
parameter and rapidity are found. The results of the solutions to the equation in the leading logarithmic approximation
(LL) are compared with the modified version of the equation proposed in [43]. The modified version contains the
cutoffs in rapidity which originate from kinematical constraints. These cutoffs contain kinematical constraints in
only approximate way but we know from the analysis of forward BFKL in momentum space that these constraints
are known to reduce the speed of the evolution in a significant way [44], (for a related analysis on impact parameter
dependence in nonlinear equation and the energy conservation see [45]. The BK without impact parameter dependence
and with rapidity cutoffs was also analyzed in [35, 46]). We also include running coupling in our analysis and find
that the effect of the running coupling is quite different than in the case without the impact parameter. In this paper
we consider a prescription for the running coupling with the external dipole as the scale as well as the prescription
derived in [47]. The impact parameter dependent equation is extremely sensitive to the large dipole sizes and this is
the region where the running coupling is very large and needs to be regularized by some other mechanism.

In this analysis we did not attempt to regularize the large dipole size region in any way. It is at present totally unclear
how confinement effects should be consistently included in the dipole formalism. Of course, for any phenomenological
applications such cut should be included, perhaps similarly to what was done in [48]. As we were interested in general
properties of the evolution we did not attempt here to introduce additional cuts on large dipole sizes (via masses),
which would interfere with the specific dynamics of the evolution.

The paper is organized in the following way. In the next section, Sec. II we briefly present the BK equation and
discuss the modified version which includes the cutoffs in rapidity. In Sec. III we describe the numerical methods of
finding the solution. In Sec. IV we first show the results of the solution without the impact parameter and extract the
saturation scale for both the LL and the modified equation. In Sec. V we present the solutions with impact parameter.
We discuss the form of the amplitude as a function of the dipole size, extract the saturation scales (both for small and
large dipoles), and discuss the form of the impact parameter profile which emerges in the evolution. We present the
solutions both in the case of the LL and for the modified kernel. Using the representation in terms of the conformal
eigenfunctions we discuss the origins of different peaks in the amplitude as well as present estimates for the rapidity
dependence of the small and large dipole saturation scales and the expansion radius in impact parameter. We also
present the estimate of the cross section of the black disc radius and its dependence on the rapidity. In Sec. VI we
discuss the results with the running coupling, both for the case without and with impact parameter dependence, and
for two different prescriptions of the running coupling. Finally, in Sec. VII we state our conclusions.

II. BK KERNEL IN LO AND BEYOND

In the leading logarithmic approximation in ln 1/x, the nonlinear Balitsky-Kovchegov [15, 16, 18–22] evolution
equation derived in dipole picture [17] has the following form

∂Nx0x1

∂Y
= αs

∫

d2x2

2π

(x0 − x1)2

(x0 − x2)2(x1 − x2)2
[Nx0x2 + Nx1x2 − Nx0x1 − Nx0x2 Nx1x2 ] , (1)

where αs = αsNc/π is the strong coupling constant. Here, Nx0x1 ≡ N(x0,x1, Y ) is the dipole-nucleus scattering
amplitude, and x0,x1 are two-dimensional vectors of the transverse position of the dipole ends. Alternatively, one can
introduce the vector denoting the dipole size r01 = x0 − x1, and the impact parameter b01 = (x0 + x1)/2. Thus in
general, the amplitude depends on the four degrees of freedom in transverse space and rapidity, Y = ln(1/x), playing
the role of the evolution parameter. The transverse part of the LL kernel

dz

z

d2x2

2π

x2
01

x2
02x

2
12

,

is conformally (Möbius) invariant in 2-dimensions. Here, we introduced a more compact notation denoting xij ≡
xi − xj , xij = |xij | and z is the longitudinal momentum fraction so that rapidity is y = ln 1/z.

To obtain the solution of this equation, one has to specify an initial condition at Y = Y0: N (0)
x0x1 = N (0)(x0,x1; Y =

Y0).
The amplitude Nx0x1 in (1) is given by the following correlator

Nx0x1 =
1

Nc
Tr

〈

1 − U †(x0)U(x1)
〉

, (2)

Y = ln
1

x

linear part: equivalent to LLx BFKL nonlinear part

N(x0,x1, Y ) scattering amplitude of a dipole on a target (related to the unintegrated or 
transverse momentum dependent small x gluon density)

x0,x1 coordinates of the dipole in the transverse space (conjugate to the 
transverse momentum space)

rapidity difference between the dipole and the target

BK nonlinear evolution at leading logarithmic (in ln1/x ) order:

equivalent to the triple 
Pomeron vertex ( in the 
Moebius representation)

I.Balitsky, Y. Kovchegov

Note that N=1 solves the equation, which is the black disk 
limit.
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BK equation: solution
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BK equation: solution
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BK equation: solution
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Saturation scale
Solution to nonlinear evolution equation generates the characteristic scale: 

saturation scale which divides the dense and dilute region. Lines of constant ‘blackness’ 
diagonal … scattering cross 
section appears constant 
along them … “Geometric 

   Scaling”  

Something appears to happen  
around ( = Q2/Q2

s = 1 GeV2 

(confirmed in many analyses)  
BUT … Q2 small for ( <~ 1 GeV2 

… not easily interpreted in QCD 

Qs(x)
2 ' Q

2
0x

��s

related to (but not exactly equal) to the BFKL 
Pomeron intercept

�s

If the target is nucleus, there is additional 
enhancement due to nuclear number A:

Qs(x)
2 ' A

1/3
Q

2
0x

��s

The normalization of the saturation scale cannot be computed analytically, it is determined 
by the initial condition. In practice it is fitted parameter.
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NLLx corrections to nonlinear evolution

Balitsky-Chirilli (2007,2010): NLLx computation of the BK equation and 
photon impact factors for DIS

Kovchegov-Weigert (2007): running coupling calculation for the BK evolution

Kovner-Lublinsky-Mulian (2014): NLLx calculation of the JIMWLK equations

So far most of the phenomenology only includes LLx nonlinear 
evolution with running coupling (partial NLLx) but not the full NLLx.
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NLLx, resummation vs saturation
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Figure 5: The saturation scale Q2
s(Y ) extracted from the evolution using the boundary (2.28), for

LL BFKL (red, upper circles) and NLL BFKL (blue, lower circles), with fixed coupling ᾱs = 0.2.

The results are shown in figure 5 where we have extracted the saturation scale, Qs(Y ),

from the leading and next-to-leading order solutions using the boundary (2.28). While

the leading order evolution gives a very rapid, exponential, increase of Qs(Y ) with Y ,

the next-to-leading order evolution leads to a strongly suppressed result. Thus we can

expect the NLL corrections to the BFKL kernel to have dramatic effects for the study of

the nonlinear evolution as well, but the analysis cannot be complete until the important

running coupling effects are taken into account. As we will see below, the running of the

coupling has a rather large effect on the evolution and on the result presented above.

3.2 Results with running coupling

In the case of the running coupling we are faced with the question as to how exactly choose

the scale of the coupling. For the scale dependence of αs we shall use the one loop result

resummed to all orders, that is

αs(k) =
1

b ln
(
(k2 + µ2

IR)/Λ
2
) , (3.2)

where we have inserted an infrared regulator of the Landau pole. We shall by default set

µIR = 0.7 GeV. We should immediately note that the linear evolution is sensitive to this

parameter since a smaller µIR implies an enhanced contribution from smaller momenta

which generally speeds up the growth. To check the sensitivity to µIR we have also run the

simulations with µIR = 0.4 GeV, which, as expected, speeds up the growth of the linear

solutions, but we find that to a very good accuracy it does not affect the nonlinear solutions

obtained from the saturation boundary which are therefore rather robust with respect to

the regulator.

As can be seen from the NLL BFKL equation, the natural scale in the leading part

of the kernel is given by the transverse momentum of the real gluon, q. The choice in the

NLL part of the kernel is on the other hand rather arbitrary since any difference in the
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Figure 8: The saturation scale Q2
s(Y ) extracted using the boundary (2.28) for the running

coupling solutions to the LL kernel (red, upper circles) and the full NLL kernel (blue, lower circles).

While the running coupling leading order solution does not give a markedly different Qs

for other choices of the scale of the coupling, the NLL solution changes dramatically, so

that we cannot even sensibly extract a saturation scale.

One might have already wondered what is the origin of these pathologies in the NLL

evolution. To this end, it is instructive to look at the the NLL nonlinear equation in

coordinate space, that is the NLL BK equation, for reasons that will be clear in what

follows. The BK equation at leading order reads

dSxy

dY
=

∫
d2zM(0)

xyz(SxzSzy − Sxy) , (3.8)

and has a straightforward interpretation. Sxy is the S-matrix for the scattering of a color

dipole (x,y) of a generic hadronic target. Under an increment dY in rapidity, a soft gluon

is emitted at the point z and we view it as a quark-antiquark pair at large Nc. Thus the

parent projectile dipole can split into two, (x,z) and (z,y), which subsequently scatter off

the target as suggested by the first term in the r.h.s., with the second corresponding to a

self-energy correction. The probability for the splitting is of order O(ᾱs) and is given by

the kernel M(0)
xyz which is known and is positive for any value of its arguments.

At NLL order the BK equation becomes (for example cf. Eq.(104) in [40])

dSxy

dY
=

∫
d2zM(1)

xyz(SxzSzy − Sxy) +

∫
d2z d2w M̃(1)

xyzw(SxzSzwSwy −w → z), (3.9)

where, for the sake of clarity, we have kept only the dominant terms at large Nc. Then the

above again has a nice interpretation: the parent projectile dipole (x,y) splits either into

two dipoles (x,z) and (z,y) or into three (x,z), (z,w) and (w,y), which then scatter off

the hadronic target. The probabilities for these splittings to happen are given by the two

kernels M(1) and M̃(1), with M(1) containing the leading piece M(0) of order O(ᾱs) plus

the NLL contribution of order O(ᾱ2
s), while M̃(1) is of order O(ᾱ2

s).
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Figure 11: The saturation scale obtained using the boundary (2.28) as a function of rapidity
for the LL (blue), NLL (green) and resummed (red) evolutions. In each case the strong coupling
constant is running as αs(q) in front of the leading order term, and as αs(max(k, k′)) in front of
the subleading terms in the resummed and NLL cases.

these numbers are still rather below the leading order asymptotic result which indicates

the importance of the non asymptotic corrections even up to relatively large Y . That the

calculation slightly underestimates the slope obtained from simulation data seems reason-

able because the highest order corrections that we are ignoring in the calculation are likely

to be positive. In general, however, the calculation is rather consistent with the simulations.

The running coupling case and the full numerical solutions

In figure 11 we present our main result, namely the saturation scale as a function

of the rapidity for the LL, NLL and resummed prescriptions. We here include only the

results obtained using the boundary (2.28) for the resummed case. Let us mention that

the different boundaries lead to different normalizations of the extracted saturation scales.

This difference in normalization is due to the evolution only for the lowest values of Y . For

the leading order solution for example, we find that the solutions obtained from different

boundary prescriptions have the same Y dependence for Y ! 6 (of course the exact numbers

can depend on the initial condition). For the resummed evolution this number should be

slightly higher due to the delayed evolution. The overall differences are not that large,

however.

We see from figure 11 that the saturation scale obtained from the resummed evolution

is suppressed at lower rapidities compared to the NLL result, though it should again be

kept in mind that the NLL solution is generally unstable. In addition, also the absolute

normalization of Qs cannot be taken too seriously since it depends very much on the exact

definition of Qs. What is clear, however, is that the resummed result is suppressed for

the smallest rapidities due to the large-x terms in the evolution. The “plateau” observed

for the resummed saturation scale at lower rapidities in figure 11 can be attributed to the

– 29 –

• Saturation scale obtained from the 
boundary method : solving linear 
equation with the imposed saturation 
boundary.

• NLLx should have sizeable effect on 
saturation scale

• slower energy dependence
• resummation further delays the onset of 

saturation
• important for precise phenomenology

LL
rcLL

rcNLL
NLL

fixed coupling
running coupling

comparing with resummation
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NLLx, resummation vs saturation
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The results are shown in figure 5 where we have extracted the saturation scale, Qs(Y ),

from the leading and next-to-leading order solutions using the boundary (2.28). While

the leading order evolution gives a very rapid, exponential, increase of Qs(Y ) with Y ,

the next-to-leading order evolution leads to a strongly suppressed result. Thus we can

expect the NLL corrections to the BFKL kernel to have dramatic effects for the study of

the nonlinear evolution as well, but the analysis cannot be complete until the important

running coupling effects are taken into account. As we will see below, the running of the

coupling has a rather large effect on the evolution and on the result presented above.

3.2 Results with running coupling

In the case of the running coupling we are faced with the question as to how exactly choose

the scale of the coupling. For the scale dependence of αs we shall use the one loop result

resummed to all orders, that is

αs(k) =
1

b ln
(
(k2 + µ2

IR)/Λ
2
) , (3.2)

where we have inserted an infrared regulator of the Landau pole. We shall by default set

µIR = 0.7 GeV. We should immediately note that the linear evolution is sensitive to this

parameter since a smaller µIR implies an enhanced contribution from smaller momenta

which generally speeds up the growth. To check the sensitivity to µIR we have also run the

simulations with µIR = 0.4 GeV, which, as expected, speeds up the growth of the linear

solutions, but we find that to a very good accuracy it does not affect the nonlinear solutions

obtained from the saturation boundary which are therefore rather robust with respect to

the regulator.

As can be seen from the NLL BFKL equation, the natural scale in the leading part

of the kernel is given by the transverse momentum of the real gluon, q. The choice in the

NLL part of the kernel is on the other hand rather arbitrary since any difference in the
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Figure 8: The saturation scale Q2
s(Y ) extracted using the boundary (2.28) for the running

coupling solutions to the LL kernel (red, upper circles) and the full NLL kernel (blue, lower circles).

While the running coupling leading order solution does not give a markedly different Qs

for other choices of the scale of the coupling, the NLL solution changes dramatically, so

that we cannot even sensibly extract a saturation scale.

One might have already wondered what is the origin of these pathologies in the NLL

evolution. To this end, it is instructive to look at the the NLL nonlinear equation in

coordinate space, that is the NLL BK equation, for reasons that will be clear in what

follows. The BK equation at leading order reads

dSxy

dY
=

∫
d2zM(0)

xyz(SxzSzy − Sxy) , (3.8)

and has a straightforward interpretation. Sxy is the S-matrix for the scattering of a color

dipole (x,y) of a generic hadronic target. Under an increment dY in rapidity, a soft gluon

is emitted at the point z and we view it as a quark-antiquark pair at large Nc. Thus the

parent projectile dipole can split into two, (x,z) and (z,y), which subsequently scatter off

the target as suggested by the first term in the r.h.s., with the second corresponding to a

self-energy correction. The probability for the splitting is of order O(ᾱs) and is given by

the kernel M(0)
xyz which is known and is positive for any value of its arguments.

At NLL order the BK equation becomes (for example cf. Eq.(104) in [40])

dSxy

dY
=

∫
d2zM(1)

xyz(SxzSzy − Sxy) +

∫
d2z d2w M̃(1)

xyzw(SxzSzwSwy −w → z), (3.9)

where, for the sake of clarity, we have kept only the dominant terms at large Nc. Then the

above again has a nice interpretation: the parent projectile dipole (x,y) splits either into

two dipoles (x,z) and (z,y) or into three (x,z), (z,w) and (w,y), which then scatter off

the hadronic target. The probabilities for these splittings to happen are given by the two

kernels M(1) and M̃(1), with M(1) containing the leading piece M(0) of order O(ᾱs) plus

the NLL contribution of order O(ᾱ2
s), while M̃(1) is of order O(ᾱ2

s).
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the subleading terms in the resummed and NLL cases.

these numbers are still rather below the leading order asymptotic result which indicates

the importance of the non asymptotic corrections even up to relatively large Y . That the

calculation slightly underestimates the slope obtained from simulation data seems reason-

able because the highest order corrections that we are ignoring in the calculation are likely

to be positive. In general, however, the calculation is rather consistent with the simulations.

The running coupling case and the full numerical solutions

In figure 11 we present our main result, namely the saturation scale as a function

of the rapidity for the LL, NLL and resummed prescriptions. We here include only the

results obtained using the boundary (2.28) for the resummed case. Let us mention that

the different boundaries lead to different normalizations of the extracted saturation scales.

This difference in normalization is due to the evolution only for the lowest values of Y . For

the leading order solution for example, we find that the solutions obtained from different

boundary prescriptions have the same Y dependence for Y ! 6 (of course the exact numbers

can depend on the initial condition). For the resummed evolution this number should be

slightly higher due to the delayed evolution. The overall differences are not that large,

however.

We see from figure 11 that the saturation scale obtained from the resummed evolution

is suppressed at lower rapidities compared to the NLL result, though it should again be

kept in mind that the NLL solution is generally unstable. In addition, also the absolute

normalization of Qs cannot be taken too seriously since it depends very much on the exact

definition of Qs. What is clear, however, is that the resummed result is suppressed for

the smallest rapidities due to the large-x terms in the evolution. The “plateau” observed

for the resummed saturation scale at lower rapidities in figure 11 can be attributed to the
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• Saturation scale obtained from the 
boundary method : solving linear 
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boundary.

• NLLx should have sizeable effect on 
saturation scale

• slower energy dependence
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• important for precise phenomenology
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 Neutrino cross sections
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Cross section for νN scattering

d2σCC

dxdy
=

2G2
F MNEν

π

(
M2

W

Q2 + M2
W

)2

· [xq(x,Q2) + xq̄(x,Q2)(1 − y)2]

xq(x,Q2), xq̄(x,Q2) are parton densities.
Since xq(x,Q2) ∼ x−λ this implies that

σ(Eν) =
∫

dxdy
d2σCC

dxdy
∼ Eλ

ν

Since x ≤ 10−8 −→ need extrapolation to small x.
DLLA extrapolation R.Gandhi, C.Quigg, M.H.Reno, I.Sarcevic

BFKL/DGLAP unifed evolution J.Kwiecinski,A.D.Martin,A.S.

No big differences found. Uncertainty of the cross section at highest en-

ergies around ∼ 30 − 40%.
Prompt neutrinos, BNL, 23 April 2004 – p.31/39

Need extrapolations of parton densities  to very small x 

Contribution to the cross section in Q and x plane:

Fig.7a
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Neutrino cross sections
Calculation of the neutrino cross section using the unified BFKL/DGLAP evolution 

(includes resummation effects).

Behavior at high energies controlled dynamically  by the resummed 
evolution equation, rather than the parametrized extrapolation.
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Calculation of parton densities based on a unifed BFKL/DGLAP descrip-

tion.
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Neutrino cross sections
Calculation of the neutrino cross section using the unified BFKL/DGLAP evolution 

(includes resummation effects).
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Comparison with latest estimates, see  I. Sarcevic talk.
 BFKL/DGLAP unified calculation still works well, within the uncertainty bounds for DGLAP

LHC data do not provide (so far) additional strong constraints on PDFs(relevant for this process)
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Calculation of parton densities based on a unifed BFKL/DGLAP descrip-

tion.
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Neutrino cross sections

z0 =

[

1 +
κ′2 + m2

q

β(1 − β)Q2
+

k2

Q2

]−1

(30)

To be precise in the calculation of the (effective) quark distributions appearing in the charged
current structure function we use the impact factors (29) corresponding to the massles quarks

and the (charmed) quark mass effects are included in the threshold factors:

ac,s(k
2) =

(

1 +
k2 + m2

c

Q2

)−1

(31)

The kt factorisation formulas (28,29) contain subleading ln(1/x) effects coming from the exact

kinematics of the gluon-boson fusion process [32]. Complete NLO corrections to the impact
factors are discussed in [33]. In the impact factors corresponding to the neutral currents we use

equation (29) with mu = md = ms = 0 and mc = 1.4GeV . We also include non-perturbative
contributions according to the prescription defined in ref. [20]. The valence quark distribu-
tions were taken from ref. [22]. In Figures 5 and 6 we show results of our calculation for

σCC ≡ σCC
ν (E) and σNC ≡ σNC

ν (E) with and without screening corrections included and
confront them with our previous estimate based upon the GBW model. We can see that
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Unified BFKL/DGLAP+screening
GBW saturation model

Figure 5: The prediction for the neutrino nucleon CC cross section obtained from unified
BFKL/DGLAP equation supplemented by screening effects. For comparison we also present

results based on the GBW saturation model and the linear unified BFKL/DGLAP evolutions

at ultrahigh energies the cross-sections calculated within the unified BFKL/DGLAP frame-
work supplemented by screening effects are bigger than those calculated from the simple GBW

12

Does gluon saturation play a role in neutrino interactions?
x is small but the scale rather high, so the dominant contribution 

above the saturation scale.

Small but non-negligible reduction of the cross section for highest energies due to 
saturation. Within the bounds of the DGLAP extrapolation: DGLAP flexible enough 

to accommodate BFKL with and without saturation (at least for this process).
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Figure 7: The F CC
2 (x, Q2)structure function obtained from the unified BFKL/DGLAP equa-

tion supplemented by screening efects compared to results based on the linear BFKL/DGLAP
evolution. The function F CC

2 (x, Q2) is plotted as the function of x for Q2 = M2
W .

where Q̃2(x) = Q4
c(x)/Λ2

QCD [34]. 1 It should be noted that Q̃2(x) >> Q2
c(x). The screening

effects do therefore significantly reduce the corresponding contribution to the kt factorisation

integrals (28) coming from the region k2
0 < k2 < Q̃2(x). The integral over this region gives

of course part of the leading twist contribution to the structure functions F CC,NC
2 (x, Q2) that

does not vanish at large Q2. This result that the screening effects at the structure function F2

are appreciable even at such a large value of Q2 ∼ M2
W comes therefore from the fact that the

screening effects contribute to the leading twist part of F CC,NC
2 (x, Q2).

The fact that the screening effects at F CC,NC
2 (x, Q2) can be important at Q2 ∼ M2

W and
very small x (x ∼ 10−8) implies that they may in turn have non-negligible influence on the

ultrahigh energy neutrino cross-sections. It is this fact which makes our results significantly
different from those presented in refs. [16, 17] where the saturation effects were confined to

the modification of the structure functions in the saturation region Q2 < Q2
c(x) only. The

corresponding contribution to the UHE neutrino cross-section coming from the integral over
this region in equation (8) is very small and so modifications of the structure functions in the

saturation region alone have negligible impact on the UHE cross-sections [16, 17] .

The fact that the cross-sections are sensitive upon the behaviour at very small x and large
scales Q2 ∼ M2

W implies that the effects which are formally subleading in ln(1/x) but can signif-
icantly affect both the ln(1/x) and Q2 evolutions cannot be neglected. We illustrate this point

1Condition (32) has a simple origin. It comes from the fact that possible scaling violations in the region
k2 > Q2

c
(x) which modify boundary condition provided along the critical line Q2

c
(x) are approximately controlled

by the ’evolution length’ ξ̃(k2, x) ∼ αs(Q2
c
(x))ln(k2/Q2

c
(x)). Condition (32) is equivalent to the requirement

ξ̃(k2, x) << 1

14

The structure function        reduced by factor 2 at   F cc
2

x = 10�8
, Q

2 = M

2
W

Kutak, Kwiecinski

Note: GBW model lacks proper Q evolution, this is corrected in the BFKL/DGLAP approach with saturation.
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Neutrino cross sections

z0 =
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κ′2 + m2
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β(1 − β)Q2
+

k2
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]−1

(30)

To be precise in the calculation of the (effective) quark distributions appearing in the charged
current structure function we use the impact factors (29) corresponding to the massles quarks

and the (charmed) quark mass effects are included in the threshold factors:

ac,s(k
2) =

(

1 +
k2 + m2

c

Q2

)−1

(31)

The kt factorisation formulas (28,29) contain subleading ln(1/x) effects coming from the exact

kinematics of the gluon-boson fusion process [32]. Complete NLO corrections to the impact
factors are discussed in [33]. In the impact factors corresponding to the neutral currents we use

equation (29) with mu = md = ms = 0 and mc = 1.4GeV . We also include non-perturbative
contributions according to the prescription defined in ref. [20]. The valence quark distribu-
tions were taken from ref. [22]. In Figures 5 and 6 we show results of our calculation for

σCC ≡ σCC
ν (E) and σNC ≡ σNC

ν (E) with and without screening corrections included and
confront them with our previous estimate based upon the GBW model. We can see that
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results based on the GBW saturation model and the linear unified BFKL/DGLAP evolutions

at ultrahigh energies the cross-sections calculated within the unified BFKL/DGLAP frame-
work supplemented by screening effects are bigger than those calculated from the simple GBW
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Small but non-negligible reduction of the cross section for highest energies due to 
saturation. Within the bounds of the DGLAP extrapolation: DGLAP flexible enough 

to accommodate BFKL with and without saturation (at least for this process).
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evolution. The function F CC

2 (x, Q2) is plotted as the function of x for Q2 = M2
W .

where Q̃2(x) = Q4
c(x)/Λ2

QCD [34]. 1 It should be noted that Q̃2(x) >> Q2
c(x). The screening

effects do therefore significantly reduce the corresponding contribution to the kt factorisation

integrals (28) coming from the region k2
0 < k2 < Q̃2(x). The integral over this region gives

of course part of the leading twist contribution to the structure functions F CC,NC
2 (x, Q2) that

does not vanish at large Q2. This result that the screening effects at the structure function F2

are appreciable even at such a large value of Q2 ∼ M2
W comes therefore from the fact that the

screening effects contribute to the leading twist part of F CC,NC
2 (x, Q2).

The fact that the screening effects at F CC,NC
2 (x, Q2) can be important at Q2 ∼ M2

W and
very small x (x ∼ 10−8) implies that they may in turn have non-negligible influence on the

ultrahigh energy neutrino cross-sections. It is this fact which makes our results significantly
different from those presented in refs. [16, 17] where the saturation effects were confined to

the modification of the structure functions in the saturation region Q2 < Q2
c(x) only. The

corresponding contribution to the UHE neutrino cross-section coming from the integral over
this region in equation (8) is very small and so modifications of the structure functions in the

saturation region alone have negligible impact on the UHE cross-sections [16, 17] .

The fact that the cross-sections are sensitive upon the behaviour at very small x and large
scales Q2 ∼ M2

W implies that the effects which are formally subleading in ln(1/x) but can signif-
icantly affect both the ln(1/x) and Q2 evolutions cannot be neglected. We illustrate this point

1Condition (32) has a simple origin. It comes from the fact that possible scaling violations in the region
k2 > Q2

c
(x) which modify boundary condition provided along the critical line Q2

c
(x) are approximately controlled

by the ’evolution length’ ξ̃(k2, x) ∼ αs(Q2
c
(x))ln(k2/Q2

c
(x)). Condition (32) is equivalent to the requirement

ξ̃(k2, x) << 1
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The structure function        reduced by factor 2 at   F cc
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Kutak, Kwiecinski

Note: GBW model lacks proper Q evolution, this is corrected in the BFKL/DGLAP approach with saturation.

Neutrino Cross Sections 
overlay with calculation by Sarcevic et al.
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Neutrino cross sections
cross sections for different values of the atomic number A varying from A = 12 to A = 207. For
comparison we show results for the neutrino-nucleon cross-section with and without screening
effects. We see from this Figure that the nuclear shadowing can lead to further reduction of

the cross-section.
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Figure 9: The prediction for the neutrino nucleus CC cross section obtained from unified

BFKL/DGLAP equation suplemented by screening effects. Cross section is calculated for
diffrent atomic numbers and normalised to nucleon. For comparison we also present results for

neutrino nucleon CC cross section based on the (linear) unified BFKL/DGLAP evolution.

5 Summary and conclusions.

In this paper we have performed analysis of possible implications of the screening effects on

the extrapolation of the neutrino-nucleon cross sections towards the ultrahigh energy region.
Behaviour of the cross-sections in this region probes the structure functions at very small val-

ues of x and relatively large scales Q2 ∼ M2
W,Z . The values of x which can be probed can

be as small as 10−8 and it may be expected that parton densities in this ultra small x region
should be affected by non-linear screening effects which tame the indefinite increase of parton

distributions generated by linear (BFKL and/or DGLAP) QCD evolution. At first we have
performed an estimate of the total neutrino-nucleon cross sections within the Golec Biernat

- Wüsthoff saturatuion model. In this model the deep inelastic lepton scattering is viewed
as the result of the interaction of the colour qq̄ dipoles which the gauge boson fluctuates to.

16

Saturation on a nuclear target: include A dependence in the nonlinear term.

Nuclear effects further reduce the cross section.
Note: this simulation done with simple            enhancement.A1/3
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Prompt neutrino flux
Calculation of the prompt neutrino flux with saturation. For this case GBW model is fine since 

the typical value of Q probed is not large.

Z-moment of charm production in pp collisions

Z-moment:
∫ 1

0
dxF

dσpp→cc̄+X(Ec)
dxF

xγ

Primary CR flux:

F (0)
CR(E) ∼ E−(γ+1)

with γ = 2.02
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including BFKL effects

including saturation

However, uncertainties in the way saturation is treated.
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Figure 4: The energy dependence of the relevant ‘Z moment’, σZc ≡
∫

x2.02(dσc/dx)dx, of
charm production in p-air collisions, as a function of the energy of the produced charm quark.

The dashed curve corresponds to the GBW model (extended to include rescattering of the cc̄
pair within the air nucleus). The upper dotted (B), lower dotted (g3P ) and continuous (g3P +B)

curves respectively include the growth of the proton radius, triple-Pomeron effects and the
combination of these two effects. The dot-dashed curve is the scaling prediction of (10), but
with σinel corresponding to p–air collisions. The γ = 2.02 moments are shown for illustration;

in the calculation of the neutrino fluxes, the differential cross section xF dσ/dxF is convoluted
with the observed primary cosmic ray flux.
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Larger estimate for triple Pomeron vertex
Growth of the proton radius with energy.

Scaling prediction: lower bound on the charm production.that is if we assume that dnc/dxF is independent of energy. Hence the lower limit is

dσ(E)

dxF
=

dσ(E0)

dxF

σinel(E)

σinel(E0)
, (10)

normalised in the region E ∼ 105 GeV (x ∼ 10−4) where the parton distributions are known.
To be more precise we should replace σinel in (10) by the cross section corresponding to the
Fock component of the proton wave function which contains charm. However, the cross section

for this component will grow with energy faster than σinel, and thus (10) may be regarded as an
extreme lower limit for the charm yield. We consider the Fock charm component to be generated

perturbatively. In principle, it would be possible to have also a non-perturbative ‘intrinsic’
charm component [34], although there is no firm experimental evidence for its existence. Such

an intrinsic charm cross section would originate from the non-perturbative large-size domain,
controlled by σinel, and hence its contribution would become less important, with increasing
energy, than the perturbative cross section.

3 Predictions for high energy cc̄ production

In Fig. 2 we compare the predictions for the xF distribution of charm quarks produced in pp

collisions, as given by the three models for extrapolating the gluon7 to small x. For laboratory
energies E ∼ 103–105 GeV we sample the gluons in the x region 10−2–10−4 where the parton

distributions are known from global analyses. Hence, since each model reproduces the same
data, they give essentially the same predictions for cc̄ production. Recall that the LO DGLAP

result, based on MRST partons, was multiplied by a K factor of 2.3. It was shown [9] that
such a constant K factor reproduces well the NLO perturbative QCD prediction and gives
a good description of the available fixed-target data for cc̄, or rather D meson, production

for E ∼ 250 GeV. Recall that, following [9], we take the mass of the charm quark to be
mc = 1.25 GeV. Although we use a constant K factor, K = 2.3, we have confirmed that

the use of the parameterization of the K factor, K(Ec, xc), given in eq. (3.4) of [8], does not
appreciably alter any predictions.

Up to E ∼ 107 GeV, the GBW saturation model practically coincides with the DGLAP

(MRST) prediction. For higher energies the GBW cross section is lower due to absorptive
effects. On the contrary, the prediction based on KMS partons becomes higher, as well as lower

at the lower energies. The ‘unified’ KMS evolution includes the BFKL ln 1/x resummation and
generates a power growth, x−λ, of the gluon density as we extrapolate to small x. This evolution

embodies a kinematic constraint (or consistency condition) which accounts for a major part of
the NLO and higher-order BFKL effects. However, the power, λ ∼ 0.3, is appreciable, and the
growth exceeds the double logarithmic DGLAP growth of the MRST result. Another feature

7The gluons in (1) are evaluated at a scale µF equal to the transverse mass of the charm quark for the MRST
and KMS models; that is µ2

F = m2
c + p2

cT . For the GBW extrapolation we take µF = 〈1/r〉, where r is the
separation between the c and c̄ quarks.
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Figure 7: The prompt (a) νµ + ν̄µ and (b) ντ + ν̄τ fluxes calculated using the charm production
cross sections corresponding to the shaded band in Fig. 4. Also shown are the conventional

muon and tau neutrino atmospheric fluxes, where the latter originates, via neutrino mixing
transitions, from the former. There is also a contribution to the prompt ντ + ν̄τ flux from

beauty production, which is not included here, but is shown in Fig. 10(b). The prompt νe + ν̄e

flux is equal to that for νµ + ν̄µ, but the atmospheric flux is a factor of 10 or so less, see the

discussion in Section 8.1.
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discussion in Section 8.1.
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FIG. 5: Prompt and conventional νµ+ν̄µ fluxes in the vertical
direction. The shaded band is the theoretical uncertainty
band for the prompt flux calculated in this paper with the
dipole model. The dashed line shows the conventional flux
from Gaisser and Honda (GH) [11] and the dotted line is the
conventional flux calculated in Ref. [15] (TIG).

IV. RESULTS AND DISCUSSION

Our result for the vertical muon neutrino plus antineu-
trino flux from atmospheric charm is shown in Figure 5,
which shows the theoretical uncertainty band for the DM
calculation, estimated as described above. For compar-
ison the conventional neutrino fluxes [11, 15] from π-
and K-decays are also shown. We find that the verti-
cal prompt muon neutrino flux becomes dominant over
the conventional neutrino flux at energies between 105

GeV and 105.5 GeV.
The theoretical uncertainty due to choices of gluon

distribution, charm quark mass, factorization scale, and
other parameters in the dipole model result in the range
of fluxes represented by the shaded area in Figure 5. The
shape of the prompt neutrinos is only weakly dependent
on the choice of parameters, but the overall normaliza-
tion could vary by up to a factor of two in this model for
charm production.

We compare our result to three earlier calculations of
the prompt neutrino flux:

1. Thunman, Ingelman and Gondolo (TIG) [15]. This
was the first perturbative QCD calculation and was
done at the leading order (LO) in αs. It takes
the fragmentation of charm quarks into account
through Monte Carlo simulation using the Lund
string model [65] implemented in the event genera-
tor Pythia [66]. The small-x PDFs are extrapolated
with e.g., xG(x, µ2) ∼ x−0.08.

2. Pasquali, Reno and Sarcevic (PRS) [14]. This re-
sult uses the next-to-leading order (NLO) QCD re-
sult of [67] with power law extrapolations of the
small-x PDFs. The PRS evaluation does not take
fragmentation into account. We have therefore car-
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FIG. 6: Prompt muon neutrino fluxes obtained in perturba-
tive QCD. The shaded area represents the theoretical uncer-
tainty in the prompt neutrino flux evaluated in this paper,
and the solid line in the band is our standard result. The
dashed curve is the NLO perturbative QCD calculation of
Ref. [14] (PRS), modified here to include fragmentation, the
dotted curve is the saturation model result of Ref. [16] (MRS),
and the dash-dotted curve is the LO perturbative QCD cal-
culation of Ref. [15] (TIG).

ried out a simplified version of this calculation, tak-
ing fragmentation into account in the same way
as we did for the DM calculation: we compute
the charmed hadron cross section in leading order
QCD using KK fragmentation functions [57], and
multiply with a K-factor K = σ(NLO)/σ(LO) ≈
2. This reproduces the full NLO calculation of
Ref. [14] at the parton level to an adequate accu-
racy.

3. Martin, Ryskin and Staśto (MRS) [16]. This calcu-
lation takes fragmentation into account by assign-
ing the neutrino a fixed fraction of the momentum
of the mother meson, and is done using the sat-
uration model of Golec-Biernat and Wüstoff [33]
described above.

We show the results from these other evaluations of the
vertical muon neutrino plus antineutrino flux together
with our uncertainty band in Figure 6. The theoretical
uncertainties in the standard NLO QCD calculation of
the charm cross section are the choice of the renormal-
ization and factorization scales, the charm mass, and the
small x behavior of the gluon distribution [58]. The im-
pact of some of these uncertainties on the neutrino flux
has been studied in Ref. [17].

The MRS curve in Fig. 6 is at the lower border of
our DM uncertainty band. There is approximately a fac-
tor of two between the MRS and the central DM results,
coming from the different parameterizations of σd. The
enhancement is also seen in calculations of photoproduc-
tion of heavy quarks [59] comparing the GBW model and
the improved DM model of Eq. 13. The DM cross sec-
tion for charm pair production in pp collisions lies within

Plot from Enberg,Reno,Sarcevic

Martin,Ryskin,AS

Differences due to choice of 
the dipole model and 

fragmentation functions (more 
substantial).

What would be the differences in 
predictions due to pdfs here, and can we get 
the constrain on low x gluon on low scales 

from prompt neutrinos?
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Prompt tau neutrino from beauty production
Prompt ντ from bb̄ production

30 times smaller
cross section for bb̄
production
but more decay
channels (to τ ) are
opened:
B±, B0, Bs,Λb

40% correction at
E = 105GeV and
more at higher
energies
small correction to
νµ, νe fluxes
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that saturation effects are less important for B than D
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What about spatial distribution of partons?

• The target has infinite size, no impact parameter.
• Local approximation suggests that the system 

becomes more  perturbative as the energy grows.
• But this cannot be true everywhere (IR in QCD)

???

N(Y ;x0,x1) = N(Y ; |x0 � x1|)
Usual approximation:

28



What about spatial distribution of partons?

• The target has infinite size, no impact parameter.
• Local approximation suggests that the system 

becomes more  perturbative as the energy grows.
• But this cannot be true everywhere (IR in QCD)

Y1

b

l

 
 

    

r

Total size of system

Size of dense system

Impact parameter profile

???

N(Y ;x0,x1) = N(Y ; |x0 � x1|)
Usual approximation:

28



What about spatial distribution of partons?

• The target has infinite size, no impact parameter.
• Local approximation suggests that the system 

becomes more  perturbative as the energy grows.
• But this cannot be true everywhere (IR in QCD)

Y1
Y2

Y2 Y1

b

l

>

 
 

    

r

Total size of system

Size of dense system

Impact parameter profile

???

N(Y ;x0,x1) = N(Y ; |x0 � x1|)
Usual approximation:

28



Energy dependent proton radius

where p⊥0 (related to 1/d above) is now a free parameter in the model.
This parameter has an energy dependence, and the ansatz used is that it scales in a

similar manner to the total cross section, i.e. driven by an effective power related to the
Pomeron intercept [54], which in turn could be related to the small-x behaviour of parton
densities. This leads to a scaling

p⊥0(ECM) = pref⊥0 ×
(

ECM

Eref
CM

)Epow
CM

, (4)

where Eref
CM is some convenient reference energy and pref⊥0 and Epow

CM are parameters to be
tuned to data.

2.1 Hadronic matter distribution

In the original MPI framework of [1], events are characterised by a varying impact pa-
rameter, b, representing a classical distance of closest approach between the two incoming
hadrons. The hadronic matter is assumed to have a spherically symmetric distribution,
taken to be the same for all parton species and momenta. The time-integrated overlap
between the two incoming matter distributions at an impact parameter, b, is given by

Õ(b) =

∫

dt

∫

d3x ρ(x, y, z) ρ(x, y, z −
√
b2 + t2) , (5)

where the ρ’s give the matter distributions after a scale change to take into account the
boosted nature of the hadrons. There are currently three different matter profiles available:

1) Single Gaussian: a simple Gaussian with no free parameters

ρ(r) ∝ exp(−r2) . (6)

2) Double Gaussian: a core region, radius a2, contains a fraction β of the total hadronic
matter, embedded in a larger hadron of radius a1. The default parameters for this
profile are a2/a1 = 0.4 and β = 0.5

ρ(r) ∝ (1− β)
1

a31
exp

(

−
r2

a21

)

+ β
1

a32
exp

(

−
r2

a22

)

. (7)

3) Overlap function: Õ(b), rather than ρ(r), is parameterised by a single parameter, p.
When p = 2, this gives the single Gaussian behaviour, while when p = 1, results are
similar to the default double Gaussian behaviour

Õ(b) ∝ exp (−bp) . (8)

In what follows, we relax the assumption that this distribution remains the same for all
momenta, such that the wavefunction for small-x partons is broader in spatial extent than
for large-x ones. In particular, a form

ρ(r, x) ∝
1

a3(x)
exp

(

−
r2

a2(x)

)

, (9)

4

a(x) = a0

(

1 + a1 ln
1

x

)

, (10)

is chosen, where x represents the momentum fraction of the parton being probed within the
hadron, a0 is a constant to be tuned according to the non-diffractive cross section (detailed
below) and a1 is a free parameter. When a1 = 0, the single Gaussian profile is recovered.
With this matter profile, the time-integrated overlap is given by

Õ(b, x1, x2) =
1

π

1

a2(x1) + a2(x2)
exp

(

−
b2

a2(x1) + a2(x2)

)

, (11)

where the normalisation has been chosen such that
∫

Õ(b, x1, x2) d
2b = 1 . (12)

2.2 Impact parameter framework

Within the framework, the number of interactions is assumed to be distributed according
to a Poissonian distribution. If n̄(b) gives the average number of interactions when two
hadrons pass each other with an impact parameter b, the probability that there is at least
one interaction is given by

Pint(b) = 1− e−n̄(b) . (13)

This gives the requirement for an event to be produced in the first place. The average
number of interactions per event at impact parameter b is therefore given by

n̄(b)|n "=0 =
n̄(b)

Pint(b)
. (14)

When integrated over all impact parameters, the relation 〈n〉 = σhard/σND (Sec. 2) must
still hold, giving

〈n〉 =
∫

n̄(b)|n "=0 Pint(b) d2b
∫

Pint(b) d2b
=

∫

n̄(b) d2b
∫

(1− e−n̄(b)) d2b
=

σhard

σND
. (15)

Defining the shorthand X = (x1, x2, p2⊥) and dX = dx1 dx2 dp2⊥, σhard may now be written
as

σhard =

∫

dX
dσ

dX
=

∫∫

dX d2b
dσ

dX
Õ(b, x1, x2) , (16)

where eq. (12) has been used to associate an impact-parameter profile with each X co-
ordinate. Here, dσ/dX gives the convolution of PDF factors and the (regularised) hard
partonic cross section

dσ

dX
= f1(x1, p

2
⊥) f2(x2, p

2
⊥)

dσ̂

dp2⊥

∣

∣

∣

∣

reg

. (17)

Comparing with eq. (15), this gives the average number of interactions at an impact pa-
rameter b to be

n̄(b) =

∫

dX
dσ

dX
Õ(b, x1, x2) . (18)
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Energy dependent proton radius modeled in PYTHIA

a0

a1

tuned to diffractive data

free parameter,
a1 ! 0 single fixed gaussian is recovered

Typically parametrizations of the proton profile in impact parameter 
are energy independent:

where p⊥0 (related to 1/d above) is now a free parameter in the model.
This parameter has an energy dependence, and the ansatz used is that it scales in a

similar manner to the total cross section, i.e. driven by an effective power related to the
Pomeron intercept [54], which in turn could be related to the small-x behaviour of parton
densities. This leads to a scaling
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In the original MPI framework of [1], events are characterised by a varying impact pa-
rameter, b, representing a classical distance of closest approach between the two incoming
hadrons. The hadronic matter is assumed to have a spherically symmetric distribution,
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Õ(b) =
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where the ρ’s give the matter distributions after a scale change to take into account the
boosted nature of the hadrons. There are currently three different matter profiles available:

1) Single Gaussian: a simple Gaussian with no free parameters

ρ(r) ∝ exp(−r2) . (6)

2) Double Gaussian: a core region, radius a2, contains a fraction β of the total hadronic
matter, embedded in a larger hadron of radius a1. The default parameters for this
profile are a2/a1 = 0.4 and β = 0.5

ρ(r) ∝ (1− β)
1

a31
exp

(

−
r2

a21

)

+ β
1

a32
exp

(

−
r2

a22

)

. (7)

3) Overlap function: Õ(b), rather than ρ(r), is parameterised by a single parameter, p.
When p = 2, this gives the single Gaussian behaviour, while when p = 1, results are
similar to the default double Gaussian behaviour

Õ(b) ∝ exp (−bp) . (8)

In what follows, we relax the assumption that this distribution remains the same for all
momenta, such that the wavefunction for small-x partons is broader in spatial extent than
for large-x ones. In particular, a form

ρ(r, x) ∝
1

a3(x)
exp

(

−
r2

a2(x)

)

, (9)
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In the original MPI framework of [1], events are characterised by a varying impact pa-
rameter, b, representing a classical distance of closest approach between the two incoming
hadrons. The hadronic matter is assumed to have a spherically symmetric distribution,
taken to be the same for all parton species and momenta. The time-integrated overlap
between the two incoming matter distributions at an impact parameter, b, is given by

Õ(b) =

∫

dt

∫

d3x ρ(x, y, z) ρ(x, y, z −
√
b2 + t2) , (5)

where the ρ’s give the matter distributions after a scale change to take into account the
boosted nature of the hadrons. There are currently three different matter profiles available:

1) Single Gaussian: a simple Gaussian with no free parameters

ρ(r) ∝ exp(−r2) . (6)

2) Double Gaussian: a core region, radius a2, contains a fraction β of the total hadronic
matter, embedded in a larger hadron of radius a1. The default parameters for this
profile are a2/a1 = 0.4 and β = 0.5

ρ(r) ∝ (1− β)
1
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a21

)
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1
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)

. (7)

3) Overlap function: Õ(b), rather than ρ(r), is parameterised by a single parameter, p.
When p = 2, this gives the single Gaussian behaviour, while when p = 1, results are
similar to the default double Gaussian behaviour

Õ(b) ∝ exp (−bp) . (8)

In what follows, we relax the assumption that this distribution remains the same for all
momenta, such that the wavefunction for small-x partons is broader in spatial extent than
for large-x ones. In particular, a form

ρ(r, x) ∝
1

a3(x)
exp

(

−
r2

a2(x)

)

, (9)
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Energy dependent proton radius

where p⊥0 (related to 1/d above) is now a free parameter in the model.
This parameter has an energy dependence, and the ansatz used is that it scales in a

similar manner to the total cross section, i.e. driven by an effective power related to the
Pomeron intercept [54], which in turn could be related to the small-x behaviour of parton
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where the ρ’s give the matter distributions after a scale change to take into account the
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ρ(r) ∝ (1− β)
1

a31
exp

(

−
r2

a21

)

+ β
1

a32
exp

(

−
r2

a22

)

. (7)
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When p = 2, this gives the single Gaussian behaviour, while when p = 1, results are
similar to the default double Gaussian behaviour
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In what follows, we relax the assumption that this distribution remains the same for all
momenta, such that the wavefunction for small-x partons is broader in spatial extent than
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is chosen, where x represents the momentum fraction of the parton being probed within the
hadron, a0 is a constant to be tuned according to the non-diffractive cross section (detailed
below) and a1 is a free parameter. When a1 = 0, the single Gaussian profile is recovered.
With this matter profile, the time-integrated overlap is given by

Õ(b, x1, x2) =
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)

, (11)

where the normalisation has been chosen such that
∫

Õ(b, x1, x2) d
2b = 1 . (12)

2.2 Impact parameter framework

Within the framework, the number of interactions is assumed to be distributed according
to a Poissonian distribution. If n̄(b) gives the average number of interactions when two
hadrons pass each other with an impact parameter b, the probability that there is at least
one interaction is given by

Pint(b) = 1− e−n̄(b) . (13)

This gives the requirement for an event to be produced in the first place. The average
number of interactions per event at impact parameter b is therefore given by

n̄(b)|n "=0 =
n̄(b)

Pint(b)
. (14)

When integrated over all impact parameters, the relation 〈n〉 = σhard/σND (Sec. 2) must
still hold, giving

〈n〉 =
∫

n̄(b)|n "=0 Pint(b) d2b
∫

Pint(b) d2b
=

∫

n̄(b) d2b
∫

(1− e−n̄(b)) d2b
=

σhard

σND
. (15)

Defining the shorthand X = (x1, x2, p2⊥) and dX = dx1 dx2 dp2⊥, σhard may now be written
as

σhard =

∫

dX
dσ

dX
=

∫∫

dX d2b
dσ

dX
Õ(b, x1, x2) , (16)

where eq. (12) has been used to associate an impact-parameter profile with each X co-
ordinate. Here, dσ/dX gives the convolution of PDF factors and the (regularised) hard
partonic cross section

dσ

dX
= f1(x1, p

2
⊥) f2(x2, p

2
⊥)

dσ̂

dp2⊥

∣

∣

∣

∣

reg

. (17)

Comparing with eq. (15), this gives the average number of interactions at an impact pa-
rameter b to be

n̄(b) =

∫

dX
dσ

dX
Õ(b, x1, x2) . (18)
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Energy dependent proton radius modeled in PYTHIA

a0

a1

tuned to diffractive data

free parameter,
a1 ! 0 single fixed gaussian is recovered

Typically parametrizations of the proton profile in impact parameter 
are energy independent:

where p⊥0 (related to 1/d above) is now a free parameter in the model.
This parameter has an energy dependence, and the ansatz used is that it scales in a

similar manner to the total cross section, i.e. driven by an effective power related to the
Pomeron intercept [54], which in turn could be related to the small-x behaviour of parton
densities. This leads to a scaling

p⊥0(ECM) = pref⊥0 ×
(

ECM

Eref
CM

)Epow
CM

, (4)

where Eref
CM is some convenient reference energy and pref⊥0 and Epow

CM are parameters to be
tuned to data.

2.1 Hadronic matter distribution

In the original MPI framework of [1], events are characterised by a varying impact pa-
rameter, b, representing a classical distance of closest approach between the two incoming
hadrons. The hadronic matter is assumed to have a spherically symmetric distribution,
taken to be the same for all parton species and momenta. The time-integrated overlap
between the two incoming matter distributions at an impact parameter, b, is given by

Õ(b) =

∫

dt

∫

d3x ρ(x, y, z) ρ(x, y, z −
√
b2 + t2) , (5)

where the ρ’s give the matter distributions after a scale change to take into account the
boosted nature of the hadrons. There are currently three different matter profiles available:

1) Single Gaussian: a simple Gaussian with no free parameters

ρ(r) ∝ exp(−r2) . (6)

2) Double Gaussian: a core region, radius a2, contains a fraction β of the total hadronic
matter, embedded in a larger hadron of radius a1. The default parameters for this
profile are a2/a1 = 0.4 and β = 0.5

ρ(r) ∝ (1− β)
1

a31
exp

(

−
r2

a21

)

+ β
1

a32
exp

(

−
r2

a22

)

. (7)

3) Overlap function: Õ(b), rather than ρ(r), is parameterised by a single parameter, p.
When p = 2, this gives the single Gaussian behaviour, while when p = 1, results are
similar to the default double Gaussian behaviour

Õ(b) ∝ exp (−bp) . (8)

In what follows, we relax the assumption that this distribution remains the same for all
momenta, such that the wavefunction for small-x partons is broader in spatial extent than
for large-x ones. In particular, a form

ρ(r, x) ∝
1

a3(x)
exp

(

−
r2

a2(x)

)

, (9)
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√
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where the ρ’s give the matter distributions after a scale change to take into account the
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1) Single Gaussian: a simple Gaussian with no free parameters

ρ(r) ∝ exp(−r2) . (6)

2) Double Gaussian: a core region, radius a2, contains a fraction β of the total hadronic
matter, embedded in a larger hadron of radius a1. The default parameters for this
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3) Overlap function: Õ(b), rather than ρ(r), is parameterised by a single parameter, p.
When p = 2, this gives the single Gaussian behaviour, while when p = 1, results are
similar to the default double Gaussian behaviour

Õ(b) ∝ exp (−bp) . (8)

In what follows, we relax the assumption that this distribution remains the same for all
momenta, such that the wavefunction for small-x partons is broader in spatial extent than
for large-x ones. In particular, a form

ρ(r, x) ∝
1

a3(x)
exp
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Energy dependent impact parameter profile

Gribov diffusion idea:

High energy behavior of cross sections related to small x partons. Parton evolution in x, 
produces random walk in transverse momenta, thus leading to the diffusion of partons in 

transverse momentum space. As a result the spatial distribution changes with decreasing x.
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Energy dependent impact parameter profile

Gribov diffusion idea:

High energy behavior of cross sections related to small x partons. Parton evolution in x, 
produces random walk in transverse momenta, thus leading to the diffusion of partons in 

transverse momentum space. As a result the spatial distribution changes with decreasing x.

Simulating dipole(gluon) small x evolution:

Large x Small x
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Impact parameter profile from BK/BFKL evolution

Qualitatively BFKL and BK gives the diffusion, the growth in radius is 
however too strong due to lack of confinement.

Impact parameter profile generated 
from BK evolution with impact 
parameter dependence

8
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FIG. 4: Graphs of the scattering amplitude as a function of the dipole size at various constant rapidities for fixed impact
parameter b = 1.0 and angle cos(θ) = 0. Solid lines are for the LO kernel and the dashed lines correspond to the Bessel kernel.
The initial distribution is equivalent for both kernels and is represented by the dotted-dashed line. On the left graph each line
represents a change in two units of rapidity to a maximum of ten and on the right graph each line represents a change in ten
units of rapidity to a maximum of fifty.

10-1 100 101 102 1030.0

0.2

0.4

0.6

0.8

1.0

Dipole Size: 1.000 | cos(phi): 0.0 | Delta Y: 10.0 | max Y: 50.0

Impact Parameter

N
(y

)

10-1 100 101 102 103

-8

-6

-4

-2

0
Dipole Size: 0.110 | cos(phi): 0.0 | Delta Y: 5.0 | max Y: 30.0

Impact Parameter

ln
(N

(y
))

FIG. 5: Graph of scattering amplitude as a function of impact parameter for fixed dipole size r = 1.0. The solution with the
case of the LO kernel is plotted as a solid line and with the modified kernel (13) as a dotted line. The dotted-dashed line on
the left is the initial condition. Each line thereafter represents an increase in rapidity of ten units to a maximum of fifty. Right
plot: the same but for the dipole size r = 0.11 and in logarithmic scale for the amplitude.

B. Impact parameter profile of the scattering amplitude

Dependence of the dipole amplitude on the impact parameter is illustrated in Fig. 5. The leftmost dashed-dotted
line is the initial condition Eq. 5 which has a very steep profile in impact parameter. The evolution of the scattering
amplitude towards large values of impact parameter follows the diffusion of large dipoles. The speed of this evolution
can be extracted numerically and is determined by the expansion of the black disc radius. We will discuss this quantity
in detail in the next section.

Evolution in impact parameter shows a marked change in profile from the steeply falling exponential in the initial
condition. This is better illustrated in right plot in Fig. 5 where we replot the impact parameter using the logarithmic
scale in scattering amplitude. The profile changes from the exponential to a power tail at small scattering amplitudes.
This can be seen as an ’ankle’ in the curves of constant rapidity. The origin of this power-like tail was discussed
in detail in Ref. [41]. These power tails are also present in the modified kernel. In the latter case however there
is a slower evolution of the profile towards the large values of impact parameters. There also exists a nontrivial
angular dependence which is most prominent in the cases of large dipole size or impact parameter but for very specific
configurations. In the case when the dipole size is much smaller or much larger than the impact parameter the solution
does not depend much on the spatial orientation of the dipoles. On the other hand, for the case when the dipole size

Power-like tail due to lack of non-
perturbative effects

Expanding black disk with increasing 
energy

Violates Froissart bound: power like 
increase of cross section with energy.
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Impact parameter profile from BK/BFKL evolution

Qualitatively BFKL and BK gives the diffusion, the growth in radius is 
however too strong due to lack of confinement.

Impact parameter profile generated 
from BK evolution with impact 
parameter dependence
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FIG. 4: Graphs of the scattering amplitude as a function of the dipole size at various constant rapidities for fixed impact
parameter b = 1.0 and angle cos(θ) = 0. Solid lines are for the LO kernel and the dashed lines correspond to the Bessel kernel.
The initial distribution is equivalent for both kernels and is represented by the dotted-dashed line. On the left graph each line
represents a change in two units of rapidity to a maximum of ten and on the right graph each line represents a change in ten
units of rapidity to a maximum of fifty.
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FIG. 5: Graph of scattering amplitude as a function of impact parameter for fixed dipole size r = 1.0. The solution with the
case of the LO kernel is plotted as a solid line and with the modified kernel (13) as a dotted line. The dotted-dashed line on
the left is the initial condition. Each line thereafter represents an increase in rapidity of ten units to a maximum of fifty. Right
plot: the same but for the dipole size r = 0.11 and in logarithmic scale for the amplitude.

B. Impact parameter profile of the scattering amplitude

Dependence of the dipole amplitude on the impact parameter is illustrated in Fig. 5. The leftmost dashed-dotted
line is the initial condition Eq. 5 which has a very steep profile in impact parameter. The evolution of the scattering
amplitude towards large values of impact parameter follows the diffusion of large dipoles. The speed of this evolution
can be extracted numerically and is determined by the expansion of the black disc radius. We will discuss this quantity
in detail in the next section.

Evolution in impact parameter shows a marked change in profile from the steeply falling exponential in the initial
condition. This is better illustrated in right plot in Fig. 5 where we replot the impact parameter using the logarithmic
scale in scattering amplitude. The profile changes from the exponential to a power tail at small scattering amplitudes.
This can be seen as an ’ankle’ in the curves of constant rapidity. The origin of this power-like tail was discussed
in detail in Ref. [41]. These power tails are also present in the modified kernel. In the latter case however there
is a slower evolution of the profile towards the large values of impact parameters. There also exists a nontrivial
angular dependence which is most prominent in the cases of large dipole size or impact parameter but for very specific
configurations. In the case when the dipole size is much smaller or much larger than the impact parameter the solution
does not depend much on the spatial orientation of the dipoles. On the other hand, for the case when the dipole size

Power-like tail due to lack of non-
perturbative effects

Expanding black disk with increasing 
energy

Berger,AS

Violates Froissart bound: power like 
increase of cross section with energy.
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Impact parameter profile: modeling confinement
Need to regulate in the IR region in the small x evolution. 
Non-perturbative problem, introduce phenomenological mass (cutoff) parameter. 
which regulates large dipole sizes 

12
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(a) Dipole size r = 1.0 GeV−1. Logarithmic horizontal axis.
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(b) Dipole size r = 1.0 GeV−1. Linear horizontal axis.

FIG. 7: Dipole scattering amplitude as a function of the impact parameter for fixed dipole size and dipole orientation θ = π/2.
The solid lines represent the model (8) used in [45]. The dashed lines correspond to the solution of the BK equation with the
kernel (15), m = 0.35 GeV. The dashed - dotted line represents the initial conditions at Y = 0 (x0 = 0.01) also taken from
model in [45].
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FIG. 8: The value of the average squared width 〈b2〉, defined in Eq. (17), as a function of rapidity for fixed value of the dipole
size r. The solid line is the model (8) with parameters taken from [45] and the dashed line is obtained from solution to the BK
equation with the kernel (15).

defined as

〈b2〉 =

∫

d2b b2 N(r,b; Y )
∫

d2bN(r,b; Y )
, (17)

as a function of rapidity for fixed value of the dipole size r. We compared the value of 〈b2〉 extracted from the solution
to the BK equation with the value obtained from model (8). The model (8) gives almost constant width, independent
of rapidity, which is to be expected. On the contrary, in the case of the BK equation the width clearly increases with
rapidity. For the rapidities considered here, we observe that it is almost a linear growth, with slightly faster increase
at the highest values of rapidity ∼ 6 − 8 along with mild dependence of the slope on the value of the dipole size.

initial condition

evolved 
amplitude

1/r
max

' m ' 350 MeV
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Impact parameter profile: modeling confinement
Need to regulate in the IR region in the small x evolution. 
Non-perturbative problem, introduce phenomenological mass (cutoff) parameter. 
which regulates large dipole sizes 
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equation with the kernel (15).

defined as

〈b2〉 =

∫

d2b b2 N(r,b; Y )
∫

d2bN(r,b; Y )
, (17)

as a function of rapidity for fixed value of the dipole size r. We compared the value of 〈b2〉 extracted from the solution
to the BK equation with the value obtained from model (8). The model (8) gives almost constant width, independent
of rapidity, which is to be expected. On the contrary, in the case of the BK equation the width clearly increases with
rapidity. For the rapidities considered here, we observe that it is almost a linear growth, with slightly faster increase
at the highest values of rapidity ∼ 6 − 8 along with mild dependence of the slope on the value of the dipole size.
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Testing the small x evolution with impact parameter

e.g. “b-Sat” Dipole model [Golec-Biernat, Wuesthoff, 

Bartels, Teaney, Kowalski, Motyka, Watt] … 
“eikonalised”: with impact-parameter 

   dependent saturation  
“1 Pomeron”: non-saturating 

•  Significant non-linear  
effects expected  
even for t-integrated  
cross section in LHeC  
kinematic range. 
•  Data shown are  
extrapolations of  
HERA power law fit  
for Ee = 150 GeV… 
    " Satn smoking gun? 

[Watt] 

[2 years in low x configuration] 

• Testing the small x evolution with diffractive vector meson 
production

• Exclusive diffractive production of VM in DIS is an excellent 
process for extracting the dipole amplitude

• Suitable process for estimating the ‘blackness’ of the interaction.

• t-dependence provides an information about the impact 
parameter profile of the amplitude.
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Figure 4.20. Differential cross section for J/Ψ production for a fixed W in bins of Q2

as a function of momentum transfer |t|. Calculations were done with W = 100GeV and
W = 90GeV. The experimental data is from H1 experiment [168].
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Figure 4.21. The differential cross section for J/Ψ production as a function of W for
fixed Q2 in bins of momentum transfer |t|, data from H1 [168].

dσ

dt
∝ e−BD|t|. (4.47)

The dimensionful slope parameter BD has been measured at HERA and can be

compared to our calculation.

4.3.1.5 Slope of the differential cross section

The slope of the diffractive cross section is described by the dimensionful parameter

BD, as in (4.47). The information about the growth of the interaction region of the
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The dimensionful slope parameter BD has been measured at HERA and can be

compared to our calculation.

4.3.1.5 Slope of the differential cross section

The slope of the diffractive cross section is described by the dimensionful parameter

BD, as in (4.47). The information about the growth of the interaction region of the
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t-slope for VM production vs energy

Intercept controlled by the initial profile 
in b, slope controlled by the mass 

regulator in the kernel.

Increasing trend of the data 
reproduced by the small x evolution 
with impact parameter dependence.

d�

dt
⇠ e�BD|t|
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t-slope for VM production vs energy

Intercept controlled by the initial profile 
in b, slope controlled by the mass 

regulator in the kernel.

Increasing trend of the data 
reproduced by the small x evolution 
with impact parameter dependence.

d�

dt
⇠ e�BD|t|

Size in the energy range of HERA ep collider:

Extrapolation for LHCb energy range: 

0.7� 0.75 fm

compare with electromagnetic 
radius of the proton

0.87 fm

0.6� 0.66 fm
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Signature for parton saturation?

• t-profile is a Fourier transform of the impact parameter 
profile

• characteristic dips as a feature of saturation
• position of dips depends on energy and scale
• within the LHC range or future electron-hadron collider like 

LHeC

Armesto-Rezaeian
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Signature for parton saturation?

• t-profile is a Fourier transform of the impact parameter 
profile

• characteristic dips as a feature of saturation
• position of dips depends on energy and scale
• within the LHC range or future electron-hadron collider like 

LHeC

Armesto-Rezaeian

Analogous to what happens in proton-proton

talk at ISVHECRI by E.Radicioni

soft
semi-hard
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Summary

• Cosmic ray and neutrino interactions open a new regime where small x effects are 
important. However, BFKL formalism has large higher order corrections.

• Resummation schemes for linear evolution have been developed which can very 
well compare with the existing experimental data

• Saturation formalism at  next to leading order accuracy recently derived, needs 
more thorough phenomenological studies. Resummation with saturation…

• Unified BFKL/DGLAP cross sections for neutrinos consistent with the latest 
DGLAP analysis within the error bands of uncertainty. Power behavior at high 
energies. Saturation effects small, but not entirely negligible. Could be more 
important in the differential distributions. Flexibility of DGLAP parametrization can 
still account for the BFKL power and/or saturation...

• Saturation could be sizeable for prompt production from charm. Importance of  
beauty decays for tau neutrinos.
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Summary ctd.

• The impact parameter profile of the hadron at high energy is reproduced 
by the small x evolution. Proton size varying with energy should be taken 
into account.

• t-slope in diffractive production of  VM as a signature of saturation?

• Topic not covered: forward production in pA vs pp. Leading order 
saturation formalism successfully describes the data from RHIC and LHC. 
But, recently computed NLO corrections to forward production are quite 
large, some theoretical problems there which need to be understood. Also, 
LHCf data on pion production in pA very intriguing but low scales provide 
challenge for saturation models. 
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Backup slides
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Problems at low x
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Problems at low x

• Uncertainties of the gluon 
distribution  translate into the 

observable FL.
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Problems at low x

• Uncertainties of the gluon 
distribution  translate into the 

observable FL.

• NLO,NNLO predictions 
allow for the negative 

structure function.
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Problems at low x

• Uncertainties of the gluon 
distribution  translate into the 

observable FL.

• NLO,NNLO predictions 
allow for the negative 

structure function.

• Note that the problem 
remains even for larger values 

of Q, it is though pushed 
towards lower values of x.
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NLLx, resummation vs saturation
Attempt to quantify the size of the NLLx vs saturation. Solve the NLLx and resummed linear 

equations in the presence of absorptive boundary which mimics saturation. 

f(x, kc(x)) = c
Define the critical value:

Start from linear equation:

Satisfy given boundary condition for:

⇢  ⇢c ��, ⇢c = ln(k2c (x)/k
2
0), ⇢ = ln(k2/k20)

�, c  numerical parameters

Boundary condition: 

cutoff:

freeze:

f(x, ⇢) = 0

f(x, ⇢) = f(x, ⇢c ��)

⇢  ⇢c ��

dfg(x, kT )

d ln 1/x
=

↵sNc

⇡

Z
d

2
k

0
TK(kT , k

0
T ) fg(x, k

0
T )
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Dips in t-profile for VM production

Photoproduction of 

Dips in t move to lower values for lighter vector mesons

J/ ,�, ⇢

This feature could be very helpful in confirming parton saturation
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