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A few words on definition of the Light Front

Instead of usual Lorentz coordinates x°, x!, x2 and x3 the so called LF

coordinates are introduced:
0 3
x° + x
xT = 5 xt = (x1,x?) = xk

where the x* plays the role of time and the LF is defined by the equation

xt =0.
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Traditional Light Cone quantization and its difficulties

Usually the surface of quantization is x™ = 0. But this has the difficulty
that p_ = 0 is a singular field mode.
There are several aproaches to deal with it:

@ |p_| >8>0, ie., discarding zero modes.
This approach has difficulties describing vacuum effects.

e |x~| < L with (anti)periodic boundary conditions, i.e., DLCQ.
Here zero modes are not dynamical and can be obtained from

Hamiltonian constraints. But these constraints appears to be too
difficult to deal with.
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Our approach to quantization: 7-frame

To quantize the theory we use a surface that is near to the light front.
The corresponding coordinate system is:

,,72
Y=xteoxT, yiexT i =xt

and the surface of quantization is now y® = 0, it coincides with the LF in
the limit n — 0.

The momenta become now py — pg, p— — p3, and pp now plays the
role of the Hamiltonian. The mass squared is

M? = 2PyP3 + n°Py — P1.

All the p3s modes are now independent dynamical variables.
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Our approach to quantization: Lagrangian

So now we are going from traditional Lagrangian density in the Lorentz
frame

R
L= —ZF“ FW—&—w(ILD— mgq )
to ...
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Our approach to quantization: Lagrangian

...the Lagrangian density in the 7 - coordinate system:

L(y) = Tr {Fs(y) + 2Fox(y) Fak(y) + 12 F(y) — Fia() }
i 2
+ V24 (y) Dot (v) + %w_(y)w,(y) + V2! (y)D3y_(y)
+ il (y)(DL = m)ey (y) + il (v)(DL + m)v—(y)
where
Fun(y) = 0,Au(y) — OuAL(y) — ig [Au(y): Av(y)],

D, =0,—igAuly), D= Z oDy, o) are Pauli matrices,
k=12
Au(y) — vector gluon fields, related to 7)-coordinates y*,

WY

and g — is a coupling constant.

= <¢+> — bispinor fermion (quark) field with mass m
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Limit » — 0 and our model

Limit  — 0 can be investigated in QED141 in the formulation where

p3 = 7", ly3| < L. The result is that we cannot obtain a correct
description of vacuum effects ( i.e. mass spectrum dependence on
condensate parameters) if 7 — 0 at fixed L. But the limit L — oo at first
and then 1 — 0 gives correct result.

Even if L — 0o, n — 0 (and Ln — const) we get non-zero vacuum
condensate with some choise of this const.

To apply such limit to QCD we introduce the following simplification: for
zero modes we consider the parameter n = 1y “frozen” when n — 0 at
fixed L, and then consider the ng — 0, L — oo limit at Ly — const. In
QED141 this procedure gives correct description of vacuum effects.

At the first step we can obtain some effective Hamiltonian H = Hy + H,
where by Hp we denote the pure zero mode contribution, representing zero
mode as dynamical variable still “living” in np-frame.
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Discretization and ultraviolet regularization

We do the following discretization steps:

@ Use a lattice with respect to transverse coordinates x with a lattice

parameter a; = a

Q@ Auly) — (Ao,As, My =(I+ igaLAL)UL),
U, — are link variables, Ag, A3, A1 (y) and 1(y) — are site variables,
DU, (y) = 93UL(y) — igAs(y )UJ_( ) +igUL(y)As(y —arel)
DsU; =0, |DsMy|<A, Ul =urt A=A
Gauge Az = 0. In this gauge U] is the zero mode (wrt y3)
ly3| < L plus periodic boundary conditions, and hence ps, = =
Antiperiodic boundary conditions for fermions to avoid zero modes.
We will consider only states with p; = 0, so the formula for the mass
will be:

©000

M? = 2PyP3 + n?Py.

In such a formulation U, are the “frozen” zero modes.
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Our Hamiltonian

L 2
[ é P abe _th ¢ @\ o f
H= E o | o (7 5 E Frbeatbae ) 4 ?(a_) +a tr(612 cn)
o

oL —L n>0

(XT(X — aes)o s U;,l (I — fgaAk/) —xf (x + aek/)(/ + igaA s (x + aek/)) Upr (x + aepr)o s + 2max'r) .
. 6:1 ((I + igaAk) Ukorx(x — aex) — akUk_l(x + aey) (/ — igaAy(x + aek)) x(x + aex) + 2max>

+ ... (terms from normal ordering):| } =Hy +’l-vl

where ...
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Our Hamiltonian

x =24y, e=270ny

Fi_ = tr()\aF+_)

1
Fi_ ; (Ak — (U;lAk Uk) (X + aek))

. N
= Bot ([o-mead + [o- (U A)  UP AU (x a0 XX )

2
Gio(x) = — é ((I + igaAl) Ur (/ + igaAz(fal)) Ua(—a1) — (1 o 2))

Ar(x) = a\ﬁz< i L)e " +h.c.)

X0 = —= Z( bl () P+ di (e )

T, — canonically conjugated variables to Uy, [ﬂ'j_, UJ_} = -y U,
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Our Hamiltonian: purely zero modes

(m3)* | 2L

» 2 + 252
4Lng g’a
Uia = UL Ua(x — aer) — U Ur(x — aep)

b = tI‘U;2 Uso,
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Definition of mass

Now we have a problem due to the broken Lorentz symmetry: How to
define invariant mass?
We suggest the following procedure:

@ First we define Py = Hy — Eyac

@ For zero modes we use the expression for M? in the 7 system of
coordinates. So M2 = n2 P2

@ For non-zero modes we use the standard light cone mass expression:
M? = 2Py P;3

We define the “invariant” mass in our model in the following way:
M? = M3 + M

This expression appears to be boost-invariant.
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Quark-Antiquark model: Definition

The features of the model:
@ 2 + 1-dimensional

@ g and g interact only with zero modes of the gluon field
@ An arbitrary state is described as

7Ly = Z Z bh(x U (x* +arer)... UN(x + laer )dl(x + laL el )pvac(U) 0)

m,l xL

where pyac is the eigenfunction of Hy corresponding to Eyac. In our (2 + 1) dimensional case
Evac = 0 and ¢yac = L.

Zubov & Prokhvatilov (SPbSU) LF model for @ — Q@ system QCHSXI 2014 13 /19



Quark-Antiquark model: Hamiltonian

The simplified Hamiltonian:

L
_ _| & . g A? o1 (1A
= D e () o

xL

+ ——[ fxt =)o UT(x1) — XT(XL+al)U(xl+aL)o—1+2maxT(xL)]'

8a
07 [UG ) ox(xt — ar) — o UT(xF + an )x(xt +a1) + 2max(x )]

+ ... (terms from normal ordering):| } =Ho+H

All these operators are understood to be in the normal-ordered form.
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Spectrum computation

Now we can find matrix element of every term in the mass formula.
Solving this matrix equation we obtain the approximate spectrum of

Q — Q system.

The basis set is limited by the length of state and by the total momentum
p3 ="

The limit L — oo is achieved by increasing n such that ps is fixed. When
we arrive at stable spectrum we assume that the Lorentz symmetry is
restored.
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Spectrum features

@ There are quite a few subtle moments in spectrum computation. For
example a question about renormalization of coupling constants.
Unfortunately we cannot discuss them yet.

@ There are several phenomenological parameters in the model.

@ The main feature we want to emphasize is the form of Q@ — Q
potential we get: it is quadratic with respect to the transverse
direction and it has a “'t Hooft"” form in the longitudinal direction.

@ The spectrum “stabilizes” when the longitudinal resolution increases.

@ Due to the special form of potential the spectrum shows clear
“Regge” trajectory.
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Conclusions

@ We propose a new semi-phenomenological approach to the QCD
spectrum computation on the Light Front.

@ The spectrum obtained show (qualitatively) desired features.

Zubov & Prokhvatilov (SPbSU) LF model for @ — Q@ system QCHSXI 2014 17 /19



Typical spectrum and wave functions

Mass spectrum of Hamiltonian:
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Typical spectrum and wave functions

2D Ve Fusction in coondinate space. Nucber 1 2D Wave Fuscton in oordinatespese. Hurber 3. 2D Weve Fuseton incoordinat space. e 5 2D Weve Fusetion in coondiate space. Nusaber 7

Several first 2D wavefunctions squared of Hamiltonian (]cp(xj‘,x_)|2).
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