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Neutron Stars: theoretical relevance

Probe the low-temperature high-density 
region of the QCD phase diagram!
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Neutron Star structure

Elastic crust

 Superfluid neutrons and 
superconducting  (type II) protons

 Exotic particles in the inner core

 Large magnetic fields

 Rapid rotation
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Astrophysical relevance

X-ray (Magnetars, 
LMXBs...)

Radio
 (Pulsars)

Gravitational
waves

-ray, optical..
(Pulsars, bursts..)

�
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Low Mass X-ray Binaries

Mass is stripped from the 
donor

Forms a disc and spirals in

Interacts with the magnetic 
field

Transfers angular 
momentum to the central 
NS, spinning it up
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GWs from Low Mass X-ray Binaries

Spin up halted well before breakup frequency

Disk/magnetosphere interaction?

GWs!: “mountains”, unstable modes, magnetic deformations

Cutoff of distribution at ~730 Hz

(Chakrabarty et al 2003, Patruno 2010)

(Bildsten 1998, Andersson 1998, Cutler 2002, BH et al. 06, Payne & Melatos 07, BH et al. 08)

(White & Zhang 1997, Andersson, Glampedakis, BH & Watts 2006, BH & Patruno 2011, Patruno, 
D’Angelo & BH 2012)
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Rotating observer

Inertial observer

 r-mode generically unstable to 
GW emission

 Emission at 

 Viscosity damps the mode 
   except in a window of 
   temperatures and frequencies 

r-mode instability

� � 4
3
�

(Animation by Ben Owen)

(Andersson 1998)

⌦
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r-mode instability window - I
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r-mode instability window - I
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r-mode instability window - I

�s � 10�5

 “Minimal” model - no exotica or 
superfluid mutual friction 

Duty cycle short (1% or less)

 Do not expect systems IN the   
window

 Saturation amplitude likely to be 
small (Bondarescu et al 2007)
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Spin equilibrium

 Is GW emission from an r-mode 
dictating spin equilibrium?

 Systems in the unstable region?

 But what if the saturation 
amplitude is VERY small? Then 
systems can live in the instability 
window...need                

[ BH, Degenaar & Ho (2012),  Mahmoodifar & Strohmayer (2013)]

↵ ⇡ 10�6 � 10�9

[ Bondarescu & Wasserman (2013)]
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Enhanced viscosity

1e+05 1e+06 1e+07 1e+08 1e+09 1e+10 1e+11
Temperature (K)

0

100

200

300

400

500

600

700

800

Sp
in

 fr
eq

ue
nc

y 
(H

z)

IGR J00291

UNSTABLE

STABLE

r=1

r=0.01

R=12.5 Km
r=0.01

R=10 Km

R=10 Km

Hyperon Bulk viscosity - 
active at lower T            

Ungapped quarks - effect 
much weaker with pairing         

[Andersson, BH & Comer (2010),  Alford & Schwenzer (2014)]

Author1 et al. / Nuclear Physics A 00 (2014) 1–4 3
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Figure 1. Boundaries of the r-mode instability regions for di↵erent star compositions compared to pulsar data. Left: Standard static instability
boundary compared to x-ray data [12] with error estimates from di↵erent envelope models. Right: Dynamic instability boundary in timing
parameter space compared to radio data [4] (all data points are upper limits for the r-mode component of the spindown). The curves represent:
1.4 M� neutron star (NS) with standard viscous damping [18, 19] (dashed) and with additional boundary layer rubbing [16] at a rigid crust (dotted)
as well as 1.4 M� strange star (SS) with long-ranged NFL interactions causing enhanced damping [20, 17] (using ↵

s

= 1) (solid). More massive
stars are not qualitatively di↵erent, as is seen by the shaded band which shows for the standard neutron star an estimate of all uncertainties in both
the micro- and macroscopic description. The encircled points denote the only millisecond radio pulsar J0437-4715 with a temperature estimate.

that millisecond pulsars are spun up at rather high temperature, as seen on the left panel of fig. 1, and cannot cool
out of the static instability region for all relevant saturation amplitudes ↵sat & 10�10 [5]. This value is many orders of
magnitude smaller than what known saturation mechanisms can provide [14]. Consequently a source that happens to
lie in the dynamic instability region must also lie inside of the static region. If, in contrast, a source is outside of the
dynamic instability region for a given star composition, r-modes cannot be the dominant spindown mechanism and
such an instability region is therefore consistent with the data, as is the case for ungapped quark matter [17] (solid).

In order to clearly discriminate di↵erent forms of dense matter requires control over the significant uncertainties
in both our understanding of strongly interacting dense matter and of the properties of compact stars. A very favorable
feature of the semi-analytic results for the instability regions [5] is that they can be extremely insensitive [21, 8] to the
tremendous uncertainties in the underlying microscopic and macroscopic parameters (e.g. the bulk viscosity of dense
matter involves strong interaction corrections and allows only an order of magnitude estimate). This insensitivity is
illustrated for the instability regions of the minimal neutron star model in fig. 1, where the uncertainty range is shown
by the shaded bands and we use the uncertainty ranges for the underlying parameters estimated in [8]. These bands
show that the minimal hadronic reference model is indeed inconsistent with the data. The uncertainties in the quark
matter model are significantly bigger [17], but over large parts of the parameter space they are consistent with the
data, so that within uncertainties ungapped quark matter would be a viable candidate for the interior of compact stars.

Another important requirement to use r-mode seismology to detect the enhanced damping of exotic forms of
matter, is that we can rule out the tiny r-mode scenario, i.e. ensure r-modes are not saturated at such low amplitudes
that they would be virtually irrelevant. For this it is interesting that even very low amplitude r-modes, that would not
a↵ect the spindown evolution, would significantly heat a source and the corresponding temperature is directly given
in terms of f and ḟR and independent of the r-mode saturation mechanism [5]. The corresponding upper bounds from
the timing data lead to temperatures that are considerably larger than standard cooling models predict and which are
large enough that it could be possible to detect the thermal x-ray radiation [5]. Therefore, either the detection or strict
upper limits on the thermal x-ray observation of nearby isolated radio pulsars should tell us if r-modes can be present.

3

[BH & Andersson (2010)]
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[ BH, Degenaar & Ho (2012)  - Ho, Andersson & BH (2011) - BH, Glampedakis & Andersson (2014)]

Strong Mutual Friction - vortex/flux tube cutting?
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 Vortices can pin to flux tubes, but large counter-moving 
motion can lead to unpinning

  If vortices unpin strong MF due to cutting will limit the 
growth of the mode

Saturation amplitude

wpin ⇡ fpin
⇢n

⇡ 1.5⇥ 104 ⇢�1
14 B1/2

12 cm/s

[ BH, Glampedakis & Andersson (2014)]

 Phase conversion in hybrid stars may lead to saturation

[ Alford, Han & Schwenzer (2014)] ↵c ⇡ 10�5

↵c ⇡ 10�6
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Crust core interface?

 Ekman pumping at crust/core 
interface

Crust does not respond ‘rigidly’ at 
all frequencies

 Resonances between crustal 
modes and the r-mode are possible

amplitude such that nonlinear coupling to other modes
causes the instability to saturate [4]; the saturation ampli-
tude is expected to be much larger than that required for
spin balance [cf. Eq. (1)]. The subsequent evolution is
likely to be quite complex [5]. In principle, the NS will
heat up and spin down, and the LMXB should leave the
instability window in a time much shorter than the age of
the system [23]. Therefore the observed LMXBs should all
be stable, which contradicts the data in Fig. 2. Most im-
portantly, all reasonable evolutionary scenarios [5,23] pre-
dict maximum NS spin rates that are far below those
observed.

For r-mode stability, a revision of our understanding of
the relevant damping mechanisms is required. We consider
possible resolutions, starting with the viscous boundary
layer. The crust-core transition may be more complex
than has been assumed thus far. This should be expected
given the presence of a type-II superconductor in the outer
core of the star [16]. The details of the transition are likely
to strongly affect the instability window, but the problem
has not attracted real attention. Crust physics may also be
vital. There may be resonances between the r mode and
torsional oscillations of the elastic crust [9]. Such reso-
nances would have a sizable effect on the slippage factor,
leading to a complicated instability window. Figure 3 gives
an example; the illustrated instability window has a rela-
tively broad resonance at 600 Hz, which is the typical
frequency of the first overtone of pure crustal modes.
Although our example is phenomenological (cf. [9]), it
suggests that this mechanism may explain the stability of
LMXBs. Realistic crust models are needed to establish to
what extent this is viable.

Another possibility is an instability window that increa-
ses with temperature [24]. If this is the case, then LMXBs
may evolve to a quasiequilibrium where the r-mode insta-
bility is balanced (on average) by accretion and r-mode
heating is balanced by cooling (as in our temperature
estimates). This solution is interesting because it predicts
persistent (low-level) gravitational radiation. Figure 3

shows a model using hyperon bulk viscosity suppressed
by superfluidity. However, this explanation has a major
problem. We must be able to explain how the observed
millisecond radio pulsars emerge from the accreting
systems. Once the accretion phase ends, the NS will
cool, enter the instability window, and spin down to
!300 Hz (see Fig. 3). In other words, it would be very
difficult to explain the formation of a 716 Hz pulsar [25].
A more promising possibility involves mutual friction

due to vortices in a rotating superfluid. The standard
mechanism (electrons scattered off of magnetized vortices)
is too weak to affect the instability window [26]. However,
if we increase (arbitrarily) the strength of this mechanism
by a factor!25, then mutual friction dominates the damp-
ing (see Fig. 3). Moreover, this would set a spin threshold
for instability similar to the highest observed !s and would
allow systems to remain rapidly rotating after accretion
shuts off. Enhanced friction may result from the interaction
between vortices and proton flux tubes in the outer core, as
proposed in a model for pulsar free precession [27]. This
mechanism has not been considered in the context of
neutron star oscillations and instabilities, but it seems clear
that such work is needed.
In summary, we considered astrophysical constraints on

the r-mode instability provided by the observed LMXBs.
Having refined our understanding of the likely core tem-
peratures in these systems using recent superfluid data, we
showed that several systems lie well inside the expected
instability region. This highlights our lack of understand-
ing of the physics of the instability and the associated
evolution scenarios and at the same time points to several
interesting directions for future work.
W.C.G.H. thanks Peter Shternin for the APR EOS.
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amplitude such that nonlinear coupling to other modes
causes the instability to saturate [4]; the saturation ampli-
tude is expected to be much larger than that required for
spin balance [cf. Eq. (1)]. The subsequent evolution is
likely to be quite complex [5]. In principle, the NS will
heat up and spin down, and the LMXB should leave the
instability window in a time much shorter than the age of
the system [23]. Therefore the observed LMXBs should all
be stable, which contradicts the data in Fig. 2. Most im-
portantly, all reasonable evolutionary scenarios [5,23] pre-
dict maximum NS spin rates that are far below those
observed.

For r-mode stability, a revision of our understanding of
the relevant damping mechanisms is required. We consider
possible resolutions, starting with the viscous boundary
layer. The crust-core transition may be more complex
than has been assumed thus far. This should be expected
given the presence of a type-II superconductor in the outer
core of the star [16]. The details of the transition are likely
to strongly affect the instability window, but the problem
has not attracted real attention. Crust physics may also be
vital. There may be resonances between the r mode and
torsional oscillations of the elastic crust [9]. Such reso-
nances would have a sizable effect on the slippage factor,
leading to a complicated instability window. Figure 3 gives
an example; the illustrated instability window has a rela-
tively broad resonance at 600 Hz, which is the typical
frequency of the first overtone of pure crustal modes.
Although our example is phenomenological (cf. [9]), it
suggests that this mechanism may explain the stability of
LMXBs. Realistic crust models are needed to establish to
what extent this is viable.

Another possibility is an instability window that increa-
ses with temperature [24]. If this is the case, then LMXBs
may evolve to a quasiequilibrium where the r-mode insta-
bility is balanced (on average) by accretion and r-mode
heating is balanced by cooling (as in our temperature
estimates). This solution is interesting because it predicts
persistent (low-level) gravitational radiation. Figure 3

shows a model using hyperon bulk viscosity suppressed
by superfluidity. However, this explanation has a major
problem. We must be able to explain how the observed
millisecond radio pulsars emerge from the accreting
systems. Once the accretion phase ends, the NS will
cool, enter the instability window, and spin down to
!300 Hz (see Fig. 3). In other words, it would be very
difficult to explain the formation of a 716 Hz pulsar [25].
A more promising possibility involves mutual friction

due to vortices in a rotating superfluid. The standard
mechanism (electrons scattered off of magnetized vortices)
is too weak to affect the instability window [26]. However,
if we increase (arbitrarily) the strength of this mechanism
by a factor!25, then mutual friction dominates the damp-
ing (see Fig. 3). Moreover, this would set a spin threshold
for instability similar to the highest observed !s and would
allow systems to remain rapidly rotating after accretion
shuts off. Enhanced friction may result from the interaction
between vortices and proton flux tubes in the outer core, as
proposed in a model for pulsar free precession [27]. This
mechanism has not been considered in the context of
neutron star oscillations and instabilities, but it seems clear
that such work is needed.
In summary, we considered astrophysical constraints on

the r-mode instability provided by the observed LMXBs.
Having refined our understanding of the likely core tem-
peratures in these systems using recent superfluid data, we
showed that several systems lie well inside the expected
instability region. This highlights our lack of understand-
ing of the physics of the instability and the associated
evolution scenarios and at the same time points to several
interesting directions for future work.
W.C.G.H. thanks Peter Shternin for the APR EOS.
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FIG. 3 (color online). Three scenarios that could explain
r-mode stability in the observed LMXBs. Left panel: Crust
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amplitude such that nonlinear coupling to other modes
causes the instability to saturate [4]; the saturation ampli-
tude is expected to be much larger than that required for
spin balance [cf. Eq. (1)]. The subsequent evolution is
likely to be quite complex [5]. In principle, the NS will
heat up and spin down, and the LMXB should leave the
instability window in a time much shorter than the age of
the system [23]. Therefore the observed LMXBs should all
be stable, which contradicts the data in Fig. 2. Most im-
portantly, all reasonable evolutionary scenarios [5,23] pre-
dict maximum NS spin rates that are far below those
observed.

For r-mode stability, a revision of our understanding of
the relevant damping mechanisms is required. We consider
possible resolutions, starting with the viscous boundary
layer. The crust-core transition may be more complex
than has been assumed thus far. This should be expected
given the presence of a type-II superconductor in the outer
core of the star [16]. The details of the transition are likely
to strongly affect the instability window, but the problem
has not attracted real attention. Crust physics may also be
vital. There may be resonances between the r mode and
torsional oscillations of the elastic crust [9]. Such reso-
nances would have a sizable effect on the slippage factor,
leading to a complicated instability window. Figure 3 gives
an example; the illustrated instability window has a rela-
tively broad resonance at 600 Hz, which is the typical
frequency of the first overtone of pure crustal modes.
Although our example is phenomenological (cf. [9]), it
suggests that this mechanism may explain the stability of
LMXBs. Realistic crust models are needed to establish to
what extent this is viable.

Another possibility is an instability window that increa-
ses with temperature [24]. If this is the case, then LMXBs
may evolve to a quasiequilibrium where the r-mode insta-
bility is balanced (on average) by accretion and r-mode
heating is balanced by cooling (as in our temperature
estimates). This solution is interesting because it predicts
persistent (low-level) gravitational radiation. Figure 3

shows a model using hyperon bulk viscosity suppressed
by superfluidity. However, this explanation has a major
problem. We must be able to explain how the observed
millisecond radio pulsars emerge from the accreting
systems. Once the accretion phase ends, the NS will
cool, enter the instability window, and spin down to
!300 Hz (see Fig. 3). In other words, it would be very
difficult to explain the formation of a 716 Hz pulsar [25].
A more promising possibility involves mutual friction

due to vortices in a rotating superfluid. The standard
mechanism (electrons scattered off of magnetized vortices)
is too weak to affect the instability window [26]. However,
if we increase (arbitrarily) the strength of this mechanism
by a factor!25, then mutual friction dominates the damp-
ing (see Fig. 3). Moreover, this would set a spin threshold
for instability similar to the highest observed !s and would
allow systems to remain rapidly rotating after accretion
shuts off. Enhanced friction may result from the interaction
between vortices and proton flux tubes in the outer core, as
proposed in a model for pulsar free precession [27]. This
mechanism has not been considered in the context of
neutron star oscillations and instabilities, but it seems clear
that such work is needed.
In summary, we considered astrophysical constraints on

the r-mode instability provided by the observed LMXBs.
Having refined our understanding of the likely core tem-
peratures in these systems using recent superfluid data, we
showed that several systems lie well inside the expected
instability region. This highlights our lack of understand-
ing of the physics of the instability and the associated
evolution scenarios and at the same time points to several
interesting directions for future work.
W.C.G.H. thanks Peter Shternin for the APR EOS.
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FIG. 3 (color online). Three scenarios that could explain
r-mode stability in the observed LMXBs. Left panel: Crust
mode resonance at 600 Hz. Middle panel: Superfluid hyperons
(based on [7] with " ¼ 0:1). Right panel: Strong vortex mutual
friction (based on the strong or weak superfluidity models
from [29] with B # 0:01). The dashed lines indicate the
break-up limit.
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amplitude such that nonlinear coupling to other modes
causes the instability to saturate [4]; the saturation ampli-
tude is expected to be much larger than that required for
spin balance [cf. Eq. (1)]. The subsequent evolution is
likely to be quite complex [5]. In principle, the NS will
heat up and spin down, and the LMXB should leave the
instability window in a time much shorter than the age of
the system [23]. Therefore the observed LMXBs should all
be stable, which contradicts the data in Fig. 2. Most im-
portantly, all reasonable evolutionary scenarios [5,23] pre-
dict maximum NS spin rates that are far below those
observed.

For r-mode stability, a revision of our understanding of
the relevant damping mechanisms is required. We consider
possible resolutions, starting with the viscous boundary
layer. The crust-core transition may be more complex
than has been assumed thus far. This should be expected
given the presence of a type-II superconductor in the outer
core of the star [16]. The details of the transition are likely
to strongly affect the instability window, but the problem
has not attracted real attention. Crust physics may also be
vital. There may be resonances between the r mode and
torsional oscillations of the elastic crust [9]. Such reso-
nances would have a sizable effect on the slippage factor,
leading to a complicated instability window. Figure 3 gives
an example; the illustrated instability window has a rela-
tively broad resonance at 600 Hz, which is the typical
frequency of the first overtone of pure crustal modes.
Although our example is phenomenological (cf. [9]), it
suggests that this mechanism may explain the stability of
LMXBs. Realistic crust models are needed to establish to
what extent this is viable.

Another possibility is an instability window that increa-
ses with temperature [24]. If this is the case, then LMXBs
may evolve to a quasiequilibrium where the r-mode insta-
bility is balanced (on average) by accretion and r-mode
heating is balanced by cooling (as in our temperature
estimates). This solution is interesting because it predicts
persistent (low-level) gravitational radiation. Figure 3

shows a model using hyperon bulk viscosity suppressed
by superfluidity. However, this explanation has a major
problem. We must be able to explain how the observed
millisecond radio pulsars emerge from the accreting
systems. Once the accretion phase ends, the NS will
cool, enter the instability window, and spin down to
!300 Hz (see Fig. 3). In other words, it would be very
difficult to explain the formation of a 716 Hz pulsar [25].
A more promising possibility involves mutual friction

due to vortices in a rotating superfluid. The standard
mechanism (electrons scattered off of magnetized vortices)
is too weak to affect the instability window [26]. However,
if we increase (arbitrarily) the strength of this mechanism
by a factor!25, then mutual friction dominates the damp-
ing (see Fig. 3). Moreover, this would set a spin threshold
for instability similar to the highest observed !s and would
allow systems to remain rapidly rotating after accretion
shuts off. Enhanced friction may result from the interaction
between vortices and proton flux tubes in the outer core, as
proposed in a model for pulsar free precession [27]. This
mechanism has not been considered in the context of
neutron star oscillations and instabilities, but it seems clear
that such work is needed.
In summary, we considered astrophysical constraints on

the r-mode instability provided by the observed LMXBs.
Having refined our understanding of the likely core tem-
peratures in these systems using recent superfluid data, we
showed that several systems lie well inside the expected
instability region. This highlights our lack of understand-
ing of the physics of the instability and the associated
evolution scenarios and at the same time points to several
interesting directions for future work.
W.C.G.H. thanks Peter Shternin for the APR EOS.
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FIG. 3 (color online). Three scenarios that could explain
r-mode stability in the observed LMXBs. Left panel: Crust
mode resonance at 600 Hz. Middle panel: Superfluid hyperons
(based on [7] with " ¼ 0:1). Right panel: Strong vortex mutual
friction (based on the strong or weak superfluidity models
from [29] with B # 0:01). The dashed lines indicate the
break-up limit.
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FIG. 5: Evolution of the spin frequency ν and temperature T∞
8 for a superfluid NS in LMXB allowing for the avoided crossing

of m = 2 modes I and II. The corresponding track A −B − C −D − E − F − A is shown by thick solid line. The dotted line
shows the Cooling=Heating curve (see text for details). Other notations are the same as in Fig. 4.

that our main results are insensitive to the actual value of αsat i
10. If one or more modes are saturated, the evolution

equations can be derived in a similar way as it was done in Sec. II.

VI. OUR RESONANCE UP-LIFT SCENARIO

Using the results of the preceding sections, we can examine quantitatively how the resonance coupling of superfluid
and normal modes modifies the standard scenario discussed in Sec. III B (see also Fig. 2).
A typical NS evolution trackA−B−C−D−E−F−A is shown in Fig. 5 by the thick solid line, calculated for exactly

the same model as the instability curves in Sec. VA (see Fig. 4). Other notations coincide with those in Fig. 4. As in
Sec. VA, we suppose that the mode I experiences an avoided crossing with the mode II at T∞ = T∞

0 = 1.5× 108 K.
To plot the Cooling=Heating curve (shown by the dotted line in Fig. 5) we use Eq. (42) with dT∞/dt = 0. When

doing this we assume that all the modes, which are unstable at a given temperature and frequency, are saturated, while
the stable modes have vanishing oscillation amplitudes. This means that in each point of the Cooling=Heating curve
the neutrino luminosity is exactly compensated by the stellar heating due to nonlinear damping of saturated modes.
Let us note that in the stability region (the grey filled area in the figure) we do not use this definition, but instead, by
analogy with Fig. 2, continue the Cooling=Heating curve according to Eq. (25)11. A break of the Cooling=Heating

10 In particular, the choice of αsat for m = 3 ro-mode appears to be insignificant and does not even affect the position of the Cool-
ing=Heating curve (see Sec. VI).

11 The point is that the Cooling=Heating curve in the instability region is almost indistinguishable from the curve given by Eq. (25), see
the following discussion herein.

[Gusakov, Chugunov & Kantor (2014a,b)]
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FIG. 6: An example of the stability curves in case of two avoided crossings of m = 2 oscillation modes of a superfluid NS. As in
Fig. 4, the solid red and blue lines are plotted for the modes I and II experiencing an avoided crossing at T∞ = 1.5×108 K (the
coupling parameter s = 0.001). An additional violet solid line corresponds to the mode III, which exhibit an avoided crossing
with the mode II at T∞ = 4.5× 107 K. This avoided crossing is drawn for s = 0.01. Other notations are the same as in Fig. 4.

(iv) A star, which starts to evolve in the stability region with the temperature lower than that of the avoided
crossing of modes I and II, will eventually find itself in the stage C −D.
The other sources with lower T∞ (e.g., IGR J00291-5934) can be explained in a similar manner. First, it is obvious

that the temperature T∞
0 of the avoided crossing of modes I and II depends on the NS mass. Hence, if the masses

of colder sources differ from those of the hotter ones, the avoided crossing of modes I and II can occur at a different
T∞
0 . In particular, it can be shifted to the region of lower temperatures, which are typical for these (rather cold)

stars. Second, as it was shown in calculations of non-rotating NS oscillation spectra [38, 47, 90, 98], a normal mode
can experience an avoided crossing with the superfluid modes more than once. To illustrate this idea, we demonstrate
in Fig. 6 the instability curves in case of two avoided crossings of oscillation modes. The first avoided crossing takes
place at T∞ = 4.5× 107 K between the mode III (the violet solid line), which behaves as m = 2 ro-mode at low T∞,
and the mode II (the blue solid line). For this avoided crossing the coupling parameter was chosen to be s = 0.01.
The second avoided crossing of modes I and II is discussed above (see Fig. 5); it takes place at T∞ = 1.5× 108 K. In
this case the mode II behaves as m = 2 ro-mode only at intermediate temperatures 6×107 K ! T∞ ! 1.3×108 K. At
higher and at lower temperatures it transforms into superfluid modes, which are different. It is easy to demonstrate
that, for low enough T∞

eq ! 4 × 107 K, the evolution track goes along the left (low-temperature) boundary of the
first stability peak, corresponding to the avoided crossing of the modes II and III (i.e., along the violet line in Fig.
6). This stage is a direct analogue of the C − D stage in Fig. 5, and an NS stays there for a long time. One sees
that two avoided crossings16 are already sufficient to explain all the existing observations of frequencies and quiescent
temperatures of NSs in LMXBs.

16 In reality, the number of avoided crossings can be larger.
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FIG. 5: Evolution of the spin frequency ν and temperature T∞
8 for a superfluid NS in LMXB allowing for the avoided crossing

of m = 2 modes I and II. The corresponding track A −B − C −D − E − F − A is shown by thick solid line. The dotted line
shows the Cooling=Heating curve (see text for details). Other notations are the same as in Fig. 4.

that our main results are insensitive to the actual value of αsat i
10. If one or more modes are saturated, the evolution

equations can be derived in a similar way as it was done in Sec. II.

VI. OUR RESONANCE UP-LIFT SCENARIO

Using the results of the preceding sections, we can examine quantitatively how the resonance coupling of superfluid
and normal modes modifies the standard scenario discussed in Sec. III B (see also Fig. 2).
A typical NS evolution trackA−B−C−D−E−F−A is shown in Fig. 5 by the thick solid line, calculated for exactly

the same model as the instability curves in Sec. VA (see Fig. 4). Other notations coincide with those in Fig. 4. As in
Sec. VA, we suppose that the mode I experiences an avoided crossing with the mode II at T∞ = T∞

0 = 1.5× 108 K.
To plot the Cooling=Heating curve (shown by the dotted line in Fig. 5) we use Eq. (42) with dT∞/dt = 0. When

doing this we assume that all the modes, which are unstable at a given temperature and frequency, are saturated, while
the stable modes have vanishing oscillation amplitudes. This means that in each point of the Cooling=Heating curve
the neutrino luminosity is exactly compensated by the stellar heating due to nonlinear damping of saturated modes.
Let us note that in the stability region (the grey filled area in the figure) we do not use this definition, but instead, by
analogy with Fig. 2, continue the Cooling=Heating curve according to Eq. (25)11. A break of the Cooling=Heating

10 In particular, the choice of αsat for m = 3 ro-mode appears to be insignificant and does not even affect the position of the Cool-
ing=Heating curve (see Sec. VI).

11 The point is that the Cooling=Heating curve in the instability region is almost indistinguishable from the curve given by Eq. (25), see
the following discussion herein.

[Gusakov, Chugunov & Kantor (2014a,b)]
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FIG. 6: An example of the stability curves in case of two avoided crossings of m = 2 oscillation modes of a superfluid NS. As in
Fig. 4, the solid red and blue lines are plotted for the modes I and II experiencing an avoided crossing at T∞ = 1.5×108 K (the
coupling parameter s = 0.001). An additional violet solid line corresponds to the mode III, which exhibit an avoided crossing
with the mode II at T∞ = 4.5× 107 K. This avoided crossing is drawn for s = 0.01. Other notations are the same as in Fig. 4.

(iv) A star, which starts to evolve in the stability region with the temperature lower than that of the avoided
crossing of modes I and II, will eventually find itself in the stage C −D.
The other sources with lower T∞ (e.g., IGR J00291-5934) can be explained in a similar manner. First, it is obvious

that the temperature T∞
0 of the avoided crossing of modes I and II depends on the NS mass. Hence, if the masses

of colder sources differ from those of the hotter ones, the avoided crossing of modes I and II can occur at a different
T∞
0 . In particular, it can be shifted to the region of lower temperatures, which are typical for these (rather cold)

stars. Second, as it was shown in calculations of non-rotating NS oscillation spectra [38, 47, 90, 98], a normal mode
can experience an avoided crossing with the superfluid modes more than once. To illustrate this idea, we demonstrate
in Fig. 6 the instability curves in case of two avoided crossings of oscillation modes. The first avoided crossing takes
place at T∞ = 4.5× 107 K between the mode III (the violet solid line), which behaves as m = 2 ro-mode at low T∞,
and the mode II (the blue solid line). For this avoided crossing the coupling parameter was chosen to be s = 0.01.
The second avoided crossing of modes I and II is discussed above (see Fig. 5); it takes place at T∞ = 1.5× 108 K. In
this case the mode II behaves as m = 2 ro-mode only at intermediate temperatures 6×107 K ! T∞ ! 1.3×108 K. At
higher and at lower temperatures it transforms into superfluid modes, which are different. It is easy to demonstrate
that, for low enough T∞

eq ! 4 × 107 K, the evolution track goes along the left (low-temperature) boundary of the
first stability peak, corresponding to the avoided crossing of the modes II and III (i.e., along the violet line in Fig.
6). This stage is a direct analogue of the C − D stage in Fig. 5, and an NS stays there for a long time. One sees
that two avoided crossings16 are already sufficient to explain all the existing observations of frequencies and quiescent
temperatures of NSs in LMXBs.

16 In reality, the number of avoided crossings can be larger.
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Conclusions

 We can still obtain important information about 
the r-mode instability window and NS physics even 
before GW detection

 Extra physics is needed to explain the 
observations - ungapped quark mater a contender 
for stellar interiors

 More theory needed - and more data! GWs will 
open a new window
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