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In the present report we have constructed the renormal-
ized light front (LF) Hamiltonian for the λϕ4 model in
(2+1)-dimensional space-time. We have found the explicit
expression for the counterterm, necessary for the renormal-
ization, using the Pauli-Villars (PV) regularization. To do
this we compare the diagrams of the covariant perturba-
tion theory in Lorentz coordinates with the analogous di-
agrams of the perturbation theory generated by the LF
Hamiltonian which has also the cutoff in the momentum
p− (|p−| > δ > 0). We show that both perturbation the-
ories can be described by the same set of diagrams, with
the values of the compared diagrams coinciding in the limit
δ → 0. Then we renormalize the LF Hamiltonian by the
counterterm found in the calculation of the divergent part
of the corresponding diagram in the covariant perturbation
theory in Lorentz coordinates.

Furthermore we have taken into account the possibility
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of the spontaneous symmetry breaking in this model and
obtained the LF Hamiltonians corresponding to two differ-
ent vacua. We arrive at these LF Hamiltonians by consid-
ering the limit transition from the theories quantized on
the spacelike planes approaching the LF. It is possible to
describe the vacuum on these planes using the Gaussian
approximation. The Hamiltonians obtained with this ap-
proximation still require ultraviolet (UV) renormalization.
And the above-mentioned comparison of perturbative the-
ories, generated by these LF Hamiltonians, and the covari-
ant perturbation theory in Lorentz coordinates allows to
renormalize both of these Hamiltonians in the PV regular-
ization.

Hamiltonian formulation on the light front [1] leads in
quantum field theory to simple description of the vacuum
state, that simplifies the nonperturbative Hamiltonian ap-
proach to the bound state and mass spectrum problem
[2, 3]. The LF can be defined by the equation x+ = 0

where x+ = x0+x1√
2

plays the role of time (x0, x1, x⊥ are

Lorentz coordinates with x⊥ denoting the remaining spa-
tial coordinates). The role of usual space coordinates is

played by the LF coordinates x− = x0−x1√
2

, x⊥.

The generator P− of translations in x− is kinematical [1]
(i.e. it is independent of the interaction and quadratic in
fields, as a momentum in a free theory). It is nonnega-
tive (P− > 0) for quantum states with nonnegative mass
squared. So the state with the minimal eigenvalue p− = 0
of the momentum operator P− can describe (in the case
of the absence of the massless particles) the vacuum state,
and it is also the state minimizing the P+ in Lorentz in-
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variant theory. Furthermore it is possible to introduce the
Fock space on this vacuum and formulate in this space the
eigenvalue problem for the operator P+ (which is the LF
Hamiltonian) and find the spectrum of mass m in subspaces
with fixed values of the momenta p−, p⊥ [2, 4]:

P+|p−, p⊥〉 =
m2 + p2

⊥
2p−

|p−, p⊥〉. (1)

The theory on the LF has the singularity at p− = 0,
and the simplest regularization is the cutoff p− > δ > 0.
Other convenient translationally invariant regularization,
that can treat also zero (p− = 0) modes of fields, is the
cutoff |x−| 6 L plus periodic boundary conditions for
fields. This regularization discretizes the momentum p−
(p− = πn

L , n = 0, 1, 2, ...) and clearly separates zero and
nonzero modes. It is the so-called ”Discretized Light Cone
Quantization” (DLCQ).

All used regularizations of the singularity at p− = 0 are
not Lorentz invariant. This can lead to nonequivalence
of the results obtained with the LF and the conventional
formulation in Lorentz coordinates. It was shown in pa-
pers [4,18,19] that some diagrams of the perturbation the-
ory, generated by the LF Hamiltonian, and correspond-
ing diagrams of the conventional perturbation theory in
Lorentz coordinates can differ. In papers [4,19] it was found
how to restore the equivalence of the LF and conventional
perturbation theories in all orders in the coupling constant
by addition of new (in particular, nonlocal) terms to the
canonical LF Hamiltonian. These terms must remove the
above-mentioned differences of diagrams.

The method of the restoration of the equivalence between
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the LF and conventional perturbation theories, found in
[4, 19], was applied to constructing of correct renormalized
LF Hamiltonian for (3+1)-dimensional Quantum Chromo-
dynamics [4, 20]. In the papers [4, 21] this method was
applied to massive Schwinger model ((1+1)-dimensional
Quantum Electrodynamics) and correct LF Hamiltonian
was constructed. This Hamiltonian was used for numerical
calculations of the mass spectrum [23], and the obtained
results well agree with lattice calculations in Lorentz coor-
dinates [24] for all values of the coupling (including very
large ones).

The number of the above-mentioned new terms, which
must be added to canonical LF Hamiltonian, and coun-
terterms, necessary for the ultraviolet (UV) renormaliza-
tion, depends essentially on the regularization scheme. For
the case of QCD(3+1) [4, 20] in the light-cone gauge one
gets the finite number of these terms only in the regulariza-
tion of the Pauli-Villars (PV) type [25]. This regularization
violates gauge invariance. However it was shown in [4, 20]
that gauge invariance can be restored in renormalized LF
theory with proper choice of coefficients before these new
terms and counterterms. On the other side, the PV regu-
larization involves the introduction of auxiliary ghost fields
(with the large mass playing the role of the regularization
parameter). These ghost fields generate the states with
the indefinite metric, and one has to deal with such states
in the nonperturbative (e.g. variational) calculations us-
ing the LF Hamiltonian. Attempts to do these calculations
were made in papers [26–29] for nongauge theories. It is
important to generalize this for gauge theories like QCD
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(e.g. for the formulation [4, 20], where the PV regulariza-
tion introduces ghost gauge fields).

The question of using the PV regularization in the LF
Hamiltonian approach isn’t studied sufficiently. So we ad-
dress this question in the present report. For the investiga-
tion of the problem we start with the construction of the
renormalized LF Hamiltonian in the PV regularization for
the scalar field theory in the (2+1)-dimensional space-time.

We compare the perturbation theory generated by the LF
Hamiltonian and covariant perturbation theory in Lorentz
coordinates by the method of papers [4,19]. This allows to
find the counterterm necessary for the renormalization of
the LF Hamiltonian by the calculation of the divergent part
of the corresponding diagram in the covariant perturbation
theory in Lorentz coordinates. Let us note that there is the
possibility to carry out the renormalization directly in x+-
ordered perturbation theory [9]. However the renormalized
theory on the LF at that approach can, in principle, turn
out to be nonequivalent to the original Lorentz covariant
theory due to possible differences between finite diagrams
generated by the LF Hamiltonian and corresponding to
them covariant diagrams.

To take into account the different vacua appearing in
considered model due to the spontaneous symmetry break-
ing we consider the transition to the LF Hamiltonian from
the theories quantized on the spacelike planes approaching
to the LF. In these theories it is possible to determine the
true vacuum using the Gaussian approximation [39]. Ac-
cordingly we get two different expressions for the LF Hamil-
tonian for the cases without and with the spontaneous sym-
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metry breaking. To clarify the way of the construction of
the LF Hamiltonian we start from the Lagrangian formula-
tion in the coordinates yµ approaching the LF coordinates
xµ = (x+, x−, x⊥) :

y0 = x+ +
η2

2
x−, y1 = x−, y⊥ = x⊥, (2)

where η > 0 is a small parameter. The Lagrangian density
of the conventional scalar field theory can be written in
these coordinates as follows [4, 22]:

L(y) = ∂0ϕ(y)∂1ϕ(y) +
η2

2
(∂0ϕ(y))2 − 1

2
(∂⊥ϕ(y))2−

−m2
B

2
(ϕ(y))2 − λ(ϕ(y))4, (3)

where mB is a mass parameter (the bare mass). The equa-
tion y0 = 0 defines the space-like plane, so the canonical
quantization on this plane is equivalent to the ordinary
quantization on the x0 = 0 plane in Lorentz coordinates.
From the Lagrangian (3) we obtain the following Hamilto-
nian density:

H =
(Π− ∂1ϕ)2

2η2
+

1

2
(∂⊥ϕ)2 +

m2
B

2
ϕ2 + λϕ4, (4)

where Π(y) is the momentum canonically conjugated to the
field ϕ(y), the Π(y) = η2∂0ϕ(y) + ∂1ϕ(y).

Further we consider the transition from the theories with
the Hamiltonians (4) taken at different values of the pa-
rameter η, to the LF Hamiltonian in the limit η → 0. This
gives a possibility to take into account (before reaching the
LF) two different vacua existing in this model. Indeed, at
η > 0 we still can use known methods [44] for the descrip-
tion of the quantum vacuum. In particular we can apply
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the variational method [39] to find the minimum of the vac-
uum average of the Hamiltonian density. This method uses
different Fock vacua and Bogolyubov transformations from
one Fock vacuum to another (this method corresponds to
the ”Gaussian” variational approximation to the vacuum
wave function). Let us apply this method to the Hamil-
tonian density (4). We introduce the following expressions
for ϕ and Π (at y0 = 0):

ϕ(y) =
1

2π

∫
dk1dk⊥√

2ω(k)

(
a(k) + a+(−k)

)
e−ik·y +ϕ0, (5)

Π(y) =
−i

2π

∫
dk1dk⊥

√
ω(k)

2

(
a(k)−a+(−k)

)
e−ik·y, (6)

where k = (k1, k⊥) and k ·y = k1y
1+k⊥y⊥. Here we define

the creation and annihilation operators corresponding to
the varying Fock vacua |0〉:
a(k)|0〉 = 0, [a(k), a+(k

′
)] = δ(2)(k−k

′
), [a(k), a(k

′
)] = 0.(7)

The parameters ω(k) and ϕ0 in (5), (6) play the role of
variational parameters (the ϕ0 doesn’t depend on k). The
variation of the parameters ω(k) and ϕ0 is equivalent to lin-
ear transformations of operators a, a+ that is equivalent to
the variation of the vacuum state vector |0〉 in the assumed
approximation. We implicitly suppose that the integration
domain in the k1 is limited by the cutoff |k1| > δ. It is
related to the necessity to get in the limit η → 0 the the-
ory on the LF which is regularized by the cutoff |k−| > δ.
Further we substitute the expressions (5) and (6) into the
Hamiltonian (4) and use the equalities (7). We obtain the
following result:

〈0|H|0〉 =
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=
1

16π2η2

∫
dk1dk⊥

(
ω(k) +

k2
1 + η2(m2

B + k2
⊥ + 12λϕ2

0)

ω(k)

)
+

+
m2

B

2
ϕ2

0 + λϕ4
0 + 3λ

(
1

8π2

∫
dk1dk⊥
ω(k)

)2

. (8)

This expression contains divergent integrals. So we intro-
duce the regularization of these integrals by a cutoff in the
momenta. Varying the quantity (8) w.r.t. ω(k) and equat-
ing the result to zero we get

1

16π2η2

(
1− k2

1 + η2
(
m2

B + k2
⊥ + 12λϕ2

0

)

ω2(k)
−

− 3λη2

2π2ω2(k)

∫
dq1dq⊥
ω(q)

)
= 0. (9)

Using the definition

m2 ≡ m2
B + 12λϕ2

0 +
3λ

2π2

∫
dq1dq⊥
ω(q)

, (10)

we obtain

ω2(k) = k2
1 + η2(m2 + k2

⊥). (11)

Below we show that m2 can be chosen to be finite in the
regularization removing limit.

The variation of Eq. (8) with respect to ϕ0 gives the
equation

ϕ0

(
m2

B + 4λϕ2
0 +

3λ

2π2

∫
dk1dk⊥
ω(k)

)
= 0 (12)

which can be rewritten in the following form (here we use
the definition (10)):

ϕ0(m
2 − 8λϕ2

0) = 0. (13)
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The solutions of this equation are ϕ0 = 0 and ϕ2
0 = m2

8λ .
One can check that these solutions correspond to the min-
imum of the 〈0|H|0〉 at m2 > 0. Let us choose the bare
mass mB so that the parameter m be finite:

m2
B = − 3λ

2π2

∫
dk1dk⊥√
k2

1 + η2k2
⊥

+ r, (14)

where the r is finite in the regularization removing limit.
Then the Eq. (10) takes the following form:

m2 = 12λϕ2
0 +

3λ

2π2

∫
dk1dk⊥

(
1√

k2
1 + η2(k2

⊥ + m2)
−

− 1√
k2

1 + η2k2
⊥

)
+ r. (15)

The integral in the Eq. (15) is convergent and needs no reg-
ularization. Then by the change of the variable k1 → ηk1

one can reduce this integral to a simpler form for which the
result (in the δ → 0 limit) is already known and equals
to −2πm. Let us define µ = m

λ and ρ = r
λ2 . Then the

Eq. (15) can be rewritten in the following form

µ2 +
3µ

π
− 12ϕ2

0

λ
− ρ = 0. (16)

We denote the solution of this equation for the case ϕ0 = 0

by µ1(ρ), and for the case ϕ2
0 = m2

8λ by µ2(ρ). These so-
lutions are shown in Fig. 1. The curves 1 and 2 show
the solutions µ1(ρ) and µ2(ρ) correspondingly. We con-
sider these solutions at µ > 0. For any ρ in the domain
0 < ρ 6 9

2π2 (the largest value corresponds to the right-
most point of the curve 2) there are several distinct values
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Fig. 1 The dependence of µ = m
λ on ρ = r

λ2 . Quantities r and

m are defined by Eqs. (14) and (15). The curves 1 and 2 repre-

sent the solutions µ1(ρ) and µ2(ρ) of Eq. (16). The bold curves

show where these solutions correspond to the minimum of vacuum

energy density (8). The ρc is the point where this minimum is

common for both solutions. The µ1c, µ2c are limit values of µ1(ρ),

µ2(ρ) as we approach to ρc along bold parts of curves. We find from

expressions (17), (18) ρc ' 0.4157, µ1c ' 0.3248 and µ2c ' 1.2385.

of µ on the branches of curves with µ > 0. The direct
evaluation of the quantity (8) shows that its minimum cor-
responds to points on the bold curves in Fig. 1. Indeed,
we consider the r.h.s. of Eq. (8) for the curve 1 and upper
part of the curve 2 at common value of ρ and take the dif-
ference of these expressions. Using Eq. (10) and Eq. (14)
we find the following finite result for this difference in the
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regularization removing limit1:

λ3

2

(
1

16

(
2µ4

1 + µ4
2

)
+

1

3π

(
µ3

1 − µ3
2

)
+

ρ

12

(
µ2

2 − µ2
1

))
.(17)

We estimate this expression numerically at different values
of ρ taking into account the explicit dependence of µ1, µ2

on ρ according to Eq. (16). We find that this expression
is positive at ρ < ρc where ρc is the value of ρ for which
the expression (17) is equal zero. For ρc < ρ 6 9

2π2 this
expression is negative. The µ1c and µ2c are the limit values
of µ1(ρ) and µ2(ρ) in the limit transition ρ → ρc along
bold parts of curves 1 and 2 respectively. Numerically we
find ρc ' 0.4157, µ1c ' 0.3248 and µ2c ' 1.2385.

Analogous comparison for corresponding lower and upper
points on the curve 2 gives the following expression:

λ3

2

(
1

16

(
µ4

2 − µ̄4
2

)
+

1

3π

(
µ̄3

2 − µ3
2

)
+

ρ

12

(
µ2

2 − µ̄2
2

))
, (18)

where µ̄2 denotes lower point on the curve 2. Analogously
we find numerically that this expression is positive at ρ < 9

2π2 .
Thus we prove that the minimum of vacuum energy cor-

responds to the points on the bold curves. Therefore we
have the following inequalities limiting the parameters λ,
m1 ≡ λµ1, m2 ≡ λµ2 which one should use in calculations
with our Hamiltonian:

λ

m1
<

1

µ1c
, i.e. µ1 > µ1c for ϕ0 = 0;

λ

m2
<

1

µ2c
, i.e. µ2 > µ2c for ϕ2

0 =
m2

2

8λ
. (19)

1At the first step we represent the expression for the integral in

Eq. (10) through m2
B, m2, ϕ2

0, λ and then use this representation in

Eq. (8).
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Let us apply these results to the Hamiltonian (4). We
define the ϕ̃ = ϕ− ϕ0 and rewrite the Hamiltonian in the
normal ordered form w.r.t. those operators a(k) and a+(k)
which correspond to the found vacuum. Owing to Eq. (10)
the resulting expression becomes dependent on the mass
parameters m1, m2 only. These parameters correspond
to solutions shown in Fig. 1. In the case ϕ0 = 0 we get
the following Hamiltonian (throwing out the constant term
〈0|H|0〉):

H =

= :

∫
dy1dy⊥

(
(Π− ∂1ϕ̃)2

2η2
+

1

2
(∂⊥ϕ̃)2 +

m2
1

2
ϕ̃2 + λϕ̃4

)
:, (20)

where the symbol ”: :” denotes the normal ordering. Anal-

ogously, in the case ϕ2
0 =

m2
2

8λ we obtain

H = :

∫
dy1dy⊥

(
(Π− ∂1ϕ̃)2

2η2
+

1

2
(∂⊥ϕ̃)2 +

m2
2

2
ϕ̃2+

+4λϕ0ϕ̃
3 + λϕ̃4

)
: . (21)

Here the terms linear in the fields ϕ̃, Π are discarded be-
cause they don’t contribute to the integral (21) due to the
condition |k1| > δ > 0 proposed earlier for the integration
in formulae (5) and (6) (see the text before Eq. (8)).

To find the form of the LF Hamiltonian let us consider
the eigenvalue problem:

H|f〉 = E|f〉, (22)

where the H is the Hamiltonian (20) or (21). One can
expand these Hamiltonians in powers of the parameter η.
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We separate the η−2 term of these Hamiltonians and write
them in the form

H =
H0

η2
+ H2, (23)

where

H0 = 2

∫ 0

−∞
dk1

∫
dk⊥|k1| a+(k) a(k). (24)

In the derivation of this expression we use the equality

ω(k) = |k1|+η2(m2+k2
⊥)

|2k1| + O(η4) following from the Eq. (11).

Let us write the following asymptotic expansions:

E(η) =
E0

η2
+E2+· · · , |f (η)〉 = |f0〉+η2|f2〉+· · · (25)

In the lowest order approximation w.r.t. η we obtain the
equations:

H0|f0〉 = E0|f0〉 , (H0−E0)|f2〉+(H2−E2)|f0〉 = 0.(26)

In the limit η → 0 we have x1 → x−, |f〉 → |f0〉, i.e. the
states |f0〉 form the state space on the LF. To get finite
eigenvalues for the LF Hamiltonian we demand E0 = 0.
Then from the Eq. (24) and the first of Eqs. (26) we obtain

a(k)|f0〉 = 0 at k1 < 0. (27)

Therefore in the limit η → 0 the LF state space is the
subspace of our Fock space in which only the quanta with
k− > 0 are present. Now let us take the projection of the
second of the Eqs. (26) on the subspace of states |f0〉 and
denote by P the projector on this subspace. Then we get
the equation which can be interpreted as the eigenvalue
equation for the LF Hamiltonian. So now we have

HLF = PH2P . (28)
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Using the expressions (20) and (21) and the equality (27)
we obtain the following results:

HLF = :

∫
dx−dx⊥

(
1

2
(∂⊥Φ)2 +

m2
1

2
Φ2 + λΦ4

)
: (29)

for the case ϕ0 = 0 and

HLF =

= :

∫
dx−dx⊥

(
1

2
(∂⊥Φ)2 +

m2
2

2
Φ2 + 4λϕ0Φ

3 + λΦ4

)
: (30)

for the case ϕ2
0 =

m2
2

8λ . Here we denote by Φ(x) the field on
the LF,

Φ(x) =
1

2π

∫ ∞

δ

dk−√
2k−

∫
dk⊥

(
a(k−, k⊥) e−ik·x+

+ a+(k−, k⊥) eik·x), (31)

where k · x = k−x− + k⊥x⊥. The operators a+(k−, k⊥)
and a(k−, k⊥) play the role of creation and annihilation
operators in the LF Fock space. They satisfy canonical
commutation relations on the LF. Note that the integration
range in Eq. (31) is limited from below by a small parameter
δ which we implicitly use in the Eqs. (5), (6) (see the text
before Eq. (8)).

For the renormalization of our model in the conventional
Feynman covariant perturbation theory it is necessary to
consider only one logarithmically divergent diagram (32).
This diagram in the PV regularization has the following
form:

= I(~p) =
96iλ2

(2π)6

∫
d3~k1 d3~k2 d3~k3 δ




3∑
j=1

~kj − ~p


×
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×
3∏

j=1

(
1

~k2
j + m2

− 1

~k2
j + M 2

)
, (32)

where the integration is over the Euclidean momenta, the
parameter m is the mass parameter, the M is PV regu-
larization parameter, the factor 96 = (4!)2/6 includes the
symmetry coefficient 1/6 of this diagram (the factor (4!)2 is
related to the definition of the coupling λ in the Lagrangian:

L =
1

2
∂µϕ∂µϕ− m2

2
ϕ2 − γϕ− gϕ3 − λϕ4. (33)

To find the counterterm we need to calculate only the di-
vergent (at M →∞) part of the I(~p). This divergent part
can be evaluated as the divergent part of the I(~p)|~p=0. We
obtain for I(0) the following result:

I(0) =
6iλ2

π2
ln

M

m
+ O(1). (34)

Using this result one can find the corresponding counter-
term in the standard way [44]. The corresponding La-
grangian and Hamiltonian:

L =
1

2

(
∂µϕ∂µϕ− m̃2ϕ2

)− 1

2

(
∂µϕg∂

µϕg −M 2ϕ2
g

)−

−3λ2

π2

(
ln

M

m̃

)
(ϕ + ϕg)

2−g̃ (ϕ + ϕg)
3−λ (ϕ + ϕg)

4 , (35)

HLF = :

∫
dx−dx⊥

(
1

2
(∂⊥Φ)2−1

2
(∂⊥Φg)

2+
m̃2

2
Φ2−M 2

2
Φ2

g+

+
3λ2

π2

(
ln

M

m̃

)
(Φ + Φg)

2+g̃ (Φ + Φg)
3+λ (Φ + Φg)

4

)
: .(36)

15



The theory with this LF Hamiltonian turns out to be equiv-
alent in all orders of perturbation theory to the conventional
renormalized covariant perturbation theory in Lorentz co-
ordinates in the limit δ → 0 (and then M → ∞).

Therefore the Eq. (36) gives the perturbatively renormal-
ized LF Hamiltonian. We notice that the LF Hamiltonian
(36) can be considered, at definite choice of its parameters,
as one of the LF Hamiltonians (29), (30), correspondingly
regularized and renormalized. The coupling constant g̃ can

be identified with 4λϕ0 (ϕ0 = 0 or ϕ2
0 =

m2
2

8λ ), while m̃ can
be identified with m1 or m2 for the LF Hamiltonians (29)
and (30) respectively. Thus we obtain the renormalized LF
Hamiltonians for the cases without and with the sponta-
neous symmetry breaking. The parameters m1, m2 and λ
satisfy the inequalities (19) in the Gaussian approximation.
Nevertheless one can assume that these inequalities are ap-
proximately valid for the renormalized LF Hamiltonians in
the PV regularization.

Having such LF Hamiltonians one can start nonperturba-
tive calculation of the mass spectrum solving the eigenvalue
problem:

(2P−HLF − P 2
⊥)|p−, p⊥〉 = m2|p−, p⊥〉. (37)

This calculation could help to study the peculiarities of the
PV regularization related to the presence of ghost fields and
states with the indefinite metric. That is important for the
application of this method to QCD.
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