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Why KSπ
− and K −η decay channels?

Sensitive to vector resonances such as K ∗−
(892) and K ∗−

(1410)
Available experimental data from the Belle Collaboration

Why a joint fit if...
τ− → KSπ

−ντ has already been studied in detail
(Jamin-Pich-Portolés Phys.Lett. B640 (2006), Boito-Escribano-Jamin JHEP 1009 (2010) 031)

τ− → K −ηντ has been analyzed in detail (Escribano-Gonzàlez-Solís-Roig JHEP 10 (2013) 039)

Purpose
To constraint the mass and the width of the K ∗−(1410) resonance
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Hadronic Matrix Element

τ−

ντ

W− π−, η

KS, K−

τ−

ντ

W−

s
d̄, ū

d, u
ū

@ quark level @ meson level

⇐⇒non-perturbative object

M
q2<<M2

W= g2

8M2
W

Vusū(pντ )γµ(1 − γ5)u(pτ)⟨P−P0∣s̄γµ(1 −��@@γ5

¯
0−,1+↛0+,1−

)u∣0⟩

P−P0 = KSπ
−,K −η

The hadronic matrix element is generally parametrized as

⟨P−P0∣s̄γµu∣0⟩ = CV
P−P0 [(pP0 − pP−)µF P−P0

+ (s) − (pP0 + pP−)µF P−P0

− (s)]

with CV
KSπ−

= −1 and CV
K−η(′)

= −
√

3/2.
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Hadronic Matrix Element

Taking the divergence we obtain on one hand

⟨0∣∂µ(s̄γµu)∣P+P0⟩ = i(ms −mu)⟨0∣s̄u∣P+P0⟩ = i∆KπCS
P−P0 F P−P0

0 (s) (1)

where ∆Kπ = M2
K −M2

π , CS
KSπ

− = −1/
√

6 and CS
K−η =

2√
3

and on the other hand we get (where qµ = (pP0 + pP−)µ and q2 = s)

iqµ⟨P−P0∣s̄γµu∣0⟩ = iCV
P−P0 [(m2

P0 −m2
P−)F P−P0

+ (s) − sF P−P0

− (s)] (2)

⇒ Vector current not conserved

Equating Eq.(1) and Eq.(2) allows us to relate F P−P0
− (s) with F P−P0

0 (s) as

F P−P0

− (s) = −
∆P−P0

s

⎡⎢⎢⎢⎢⎣

CS
P−P0

CV
P−P0

∆Kπ

∆P−P0
F P−P0

0 (s) + F P−P0

+ (s)
⎤⎥⎥⎥⎥⎦

(3)

The vectorial hadronic matrix element finally reads

⟨P−P0∣s̄γµu∣0⟩ = [(pP0 − pP−)µ +
∆P−P0

s qµ]CV
P−P0 F P−P0

+ (s) + ∆Kπ
s qµCS

P−P0 F P−P0

0 (s)

Advantages of this decomposition:
F P−P0

0 (s) corresponds to the S-wave projection of the final state, whereas F P−P0
+ (s) is the

P-wave component.
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Form Factors Vector Form Factor

Chiral Perturbation Theory

=

P−

P 0 P 0

P−

+

P−

P 0
KS, π0, η, η′

π−, K−

+

P 0

P−

+

P 0

P−

non-perturbative object

⇓

←Ð

←Ð

JµV = i F2
π
2 (DµU†U +DµUU†) = −iφDµφ +O(φ

3∂µφ

F2
π

) + ...,

←Ð
L4φ

p2

←Ð

φr ,Lp4

U = exp(i
√

2φ/Fπ) φ =
⎛
⎜⎜⎜
⎝

1√
2
π0 + 1√

6
η8 + 1√

3
η1 π+ K+

π− − 1√
2
π0 + 1√

6
η8 + 1√

3
η1 K 0

K− K̄ 0 − 2√
6
η8 + 1√

3
η1

⎞
⎟⎟⎟
⎠

F KSπ
−

+ (s) = 1 + 2
F 2
π

Lr
9(µ) + 3

2 (H̃Kπ(s) + cos θH̃Kη(s) + sin θH̃Kη′(s))
F K−η
+ (s) = cos θF KSπ

−

+ (s)
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Form Factors Vector Form Factor

Resonance Chiral Theory

=

P−

P 0 P 0

P−

+

P−

P 0
K∗−(892)
K∗−(1410)

←Ð

LV = i GV
2
√

2
⟨Vµν[uµ,uν]⟩ = i GV√

2F2
π

⟨Vµν[(∂µφ)(∂νφ) − (∂νφ)(∂µφ)]⟩

uµ = iu†DµUu†

u2 = U
Vµν =

⎛
⎜⎜⎜
⎝

1√
2
ρ0 + 1√

6
ω8 + 1√

3
ω1 ρ+ K⋆+

ρ− − 1√
2
ρ0 + 1√

6
ω8 + 1√

3
ω1 K⋆0

K⋆− K̄⋆0 − 2√
6
ω8 + 1√

3
ω1

⎞
⎟⎟⎟
⎠

F KSπ
−

+ (s) = 1 + FV GV
F2
π

s
M2

K⋆−s
+ F ′V G′V

F2
π

s
M2

K⋆′−s
F K−η
+ (s) = cos θ (1 + FV GV

F2
π

s
M2

K⋆−s
+ F ′V G′V

F2
π

s
M2

K⋆′−s
)
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Form Factors Vector Form Factor

Resonance Chiral Theory

=

P−

P 0 P 0

P−

+

P−

P 0
K∗−(892)
K∗−(1410)

←Ð

LV = i GV
2
√

2
⟨Vµν[uµ,uν]⟩ = i GV√

2F2
π

⟨Vµν[(∂µφ)(∂νφ) − (∂νφ)(∂µφ)]⟩

uµ = iu†DµUu†

u2 = U
Vµν =

⎛
⎜⎜⎜
⎝

1√
2
ρ0 + 1√

6
ω8 + 1√

3
ω1 ρ+ K⋆+

ρ− − 1√
2
ρ0 + 1√

6
ω8 + 1√

3
ω1 K⋆0

K⋆− K̄⋆0 − 2√
6
ω8 + 1√

3
ω1

⎞
⎟⎟⎟
⎠

Requirement: F Kπ
+ (s) vanish for s →∞⇒ FV GV + F ′

V G′
V = F 2

π

F KSπ
−

+ (s) = 1 + FV GV
F2
π

s
M2

K⋆−s
+ F ′V G′V

F2
π

s
M2

K⋆′−s
F K−η
+ (s) = cos θF KSπ

−
+ (s)

F Kπ
+ (s) =

M2
K⋆+γs

M2
K⋆−s −

γs
M2

K⋆′−s γ = −F ′
V G′

V
F 2
π
= FV GV

F 2
π
− 1

S.Gonzalez-Solis (IFAE-UAB) XI Quark Confinement 12 September 2014 7 / 17



Treatment of unstable particles (resonances) and final state interactions

F Kπ
+ (s) =

M2
K⋆ + γs

M2
K⋆ − s

− γs
M2

K⋆′ − s

Limitation: Breaks down when s =M2
K⋆(′) (resonance on-shell)

Remedy: To resumme self-energy insertions in the propagator
The resonance propagator to all-orders can be expressed as

+ + + . . . = i
s−M2

K!+Σ(s)
Σ(s) Σ(s) Σ(s)

Unitarity implies the generalized optical theorem

M(i → f) −M†(f → i)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

loop−level

= −iΣX ∫ ΠX
LIPS(2π)4δ4(pi − pX )M(i → X)M†(X → f)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
tree−level

ImM(A→ A) = iMAΣX Γ(A→ X); (M ∼ Σ(s) = HKπ(s)∣ChPT )

Breit-Wigner-like parameterization:

F Kπ
+ (s) =

M2
K⋆ + γs

M2
K⋆ − s − iMK⋆ΓKπ

K⋆ (s)
− γs

M2
K⋆′ − s − iMK⋆′Γ

Kπ
K⋆′(s)

; ⋆ ReH̃Kπ(s) neglected

ΓKπ
K⋆(′)(s) = 2

3
ΓK 0π− + 1

3
ΓK−π0

; ΓP0P−
K⋆(′)(s) = ΓK⋆(′)

s
M2

K⋆(′)

σ3
P0P−(s)

σ3
P0P−(M2

K⋆(′)
)



Form Factors Vector Form Factor

Dispersive representation of the FF (Boito-Escribano-Jamin JHEP 1009 (2010) 031)

F Kπ
+ (s) =

M2
K⋆ + γs

M2
K⋆ − s− 3

2 M2
K⋆ReH̃Kπ(s) − iMK⋆ΓKπ

K⋆ (s)
− γs

M2
K⋆′ − s− 3

2 M2
K⋆ReH̃Kπ(s) − iMK⋆′Γ

Kπ
K⋆′(s)

Analyticity through dispersion relation

F Kπ
+ (s) = 1

π ∫
∞

sth
ds′ ImF(s′)

s′(s′−s−iε)

⇓ Elastic unitarity+Watson’s theorem

ImF(s′) = ∣F(s′)∣ sin δ1/2
1 (s′) = tan δ1/2

1 (s′)ReF(s′)

⇓ Omnès solution

F Kπ
+ (s) = P(s)exp [ s

π ∫
∞

sth
ds′

δ
1/2
1 (s′)

s′(s′−s−i0)]

f̃ Kπ
+ (s) = exp

⎡⎢⎢⎢⎢⎣
α1

s
m2
π−

+ 1
2
α2

s2

m4
π−

+ s3

π
∫

scut

sKπ
ds′

δ(s′)
(s′)3(s′ − s − i0)

⎤⎥⎥⎥⎥⎦
; δ(s) = tan−1 [ ImF+(s)

ReF+(s)
]
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Form Factors Vector Form Factor

Comments:
Three-times subtracted dispersion relations → helps the convergence of the form factor

The higher-energy region of the FF (which is less know) is suppressed

Dispersive representation

f̃ Kπ
+ (s) = exp [α1

s
m2
π−
+ 1

2α2
s2

m4
π−
+ s3

π ∫
scut

sKπ
ds′ δ(s′)

(s′)3(s′−s−i0)]
←Ð

α1 = λ
′
+

←Ð
α2 + α2

1 = λ
′′
+

λ
′
+ and λ

′′
+ are important parameters for describing the the Kπ form factor at low energies

e.g. K`3 decay is typically described by (in the regime m` < t < (mK −mπ) << M2
K⋆ , the FF is real)

f Kπ
+ (t) =

M2
K⋆

M2
K⋆ − t

Taylor expansionÐÐÐÐÐÐÐÐ→ f Kπ
+ (t) = 1 + λ

′
+

M2
π−

t + 1
2
λ
′′
+

M4
π−

t2

Both λ
′
+ and λ

′′
+ will be fitted as well
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Form Factors Scalar Form Factor

Scalar form factor through dispersion relation

F P−P0

0 (s) = 1
π
∫

∞

sth

ds′
ImF(s′)

s′(s′ − s − iε)

=Im

P−

P 0

P−

P 0

K−/K̄0

η, η′, π0/π−

T

F i
0(s) =

1
π

3

∑

j=1
∫

∞

si

ds′
σj(s′)F j

0(s
′
)T i→j

0 (s
′
)
⋆

(s′ − s − i0)

Analytic and Unitary ✓

(Jamin-Oller-Pich: Nucl.Phys. B622 (2002))
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Experimental data analysis τ− → KSπ
−ντ

τ− → KSπ−ντ Belle’s data Phys. Lett. B 654 (2007) 65 [arXiv:0706.2231]
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Experimental data analysis τ− → KSπ
−ντ

τ− → KSπ−ντ Belle’s data Phys. Lett. B 654 (2007) 65 [arXiv:0706.2231]
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Precise experimental data :
Τ - ® KS Π - ΝΤ seems to be a good source for

determining the K*-H892L resonance parameters

Less precise experimental data.
Our proposal : to add Τ - ® K- ΗΝ

Τ
to the fit in order

to constraint the K*-H1410L resonance parameters
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Experimental data analysis τ− → K−ηντ

τ− → K −ηντ Belle’s data Phys. Lett. B 672 (2009) 109 [arXiv:0811.0088]
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No unfolded/physical τ− → K −ηντ data available⇒ To ’unfold’ τ− → K −ηντ data
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Experimental data analysis τ− → K−ηντ

Unfolding τ− → K −ηντ Belle’s data through an "unfolding" function from τ− → KSπ
−ντ
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○ Experimentalist: To provide unfolded data would be really useful ,
○ Theorists: To provide theoretical models to be fitted by experimentalists
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Experimental data analysis τ− → K−ηντ

We relate the experimental data with the differential decay
distribution from theory through

dNevents

d
√

s
= Nevents∆bin

1
ΓτBR(τ → P−P0ντ)

dΓ (τ− → P−P0ντ)
d
√

s
(4)

dΓ (τ− → P−P0ντ )
d
√

s
=

G2
F M3

τ

32π3s
SEW ∣VusF P−P0

+ (0)∣2 (1 − s
M2
τ

)
2

(5)

×
⎧⎪⎪⎨⎪⎪⎩
(1 + 2s

M2
τ

)q3
P−P0(s)∣F̃ P−P0

+ (s)∣2 +
3∆2

P−P0

4s
qP−P0(s)∣F̃ P−P0

0 (s)∣2
⎫⎪⎪⎬⎪⎪⎭

(6)

where

qP−P0(s) =

√
s2 − 2sΣP−P0 +∆2

P−P0

2
√

s
, ΣP−P0 = m2

P− +m2
P0 , ∆P−P0 = m2

P− −m2
P0

and

F̃ P−P0

+,0 (s) =
F P−P0

+,0 (s)

F P−P0
+,0 (0)

with θ = (−13.3 ± 1.0)○ being the η − η′ mixing angle and Vus ⋅ FK−π0
+ (0) = 0.2163 ± 0.0005 from K 0,±

l3
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Experimental data analysis τ− → K−ηντ

We relate the experimental data with the differential decay
distribution from theory through

dNevents

d
√

s
= Nevents∆bin

1
ΓτBR(τ → P−P0ντ)

dΓ (τ− → P−P0ντ)
d
√

s
(4)

dΓ (τ− → P−P0ντ )
d
√

s
=

G2
F M3

τ

32π3s
SEW ∣VusF P−P0

+ (0)∣2 (1 − s
M2
τ

)
2

(7)

×
⎧⎪⎪⎨⎪⎪⎩
(1 + 2s

M2
τ

)q3
P−P0(s)∣F̃ P−P0

+ (s)∣2 +
3∆2

P−P0

4s
qP−P0(s)∣F̃ P−P0

0 (s)∣2
⎫⎪⎪⎬⎪⎪⎭

(8)

P−P0 = KSπ
− → BRBelle

exp = 0.404% Nevents = 53113 ∆bin = 0.0115 GeV/bin

P−P0 = K−η → BRBelle
exp = 1.58 ⋅ 10−4 Nevents = 1271 ∆bin = 0.025 GeV/bin

Γτ = 2.265 ⋅ 10−12

Function minimised in our fit

χ2 = ∑
bin

(N
th −N exp

σN exp
)

2

+ ∑
KSπ

−,K−η
( B̄th − B̄exp

σB̄exp
)

2
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Fit results

Joint fit to τ− → KSπ
−ντ and τ− → K −ηντ
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Fit results

How to determine the physical parameters of the resonances?

To look for the zero’s of the denominator of the propagator in the com-
plex plane through spole = (Mphys − i

2Γphys)2

M2
K⋆ − spole −

3
2

M2
K⋆ReH̃Kπ(s) − iMK⋆ΓK⋆(s) = 0,

where MK⋆ and ΓK⋆ are model parameters
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Fit results

Obtained parameters from a joint fit to τ− → KSπ
−ντ and τ− → K −ηντ
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MK∗−(892) = 892.03 ± 0.19 MeV

ΓK∗−(892) = 46.18 ± 0.44 MeV

MK∗−(1410) = 1304 ± 17 MeV

ΓK∗−(1410) = 171 ± 62 MeV

γKπ = γKη = −3.4+1.2
−1.4 ⋅ 10−2

B̄Kπ = (0.0404 ± 0.012)%

B̄Kη = (1.58 ± 0.10) ⋅ 10−4

λ′Kπ = (23.9 ± 0.9) ⋅ 10−3

λ′Kη = (20.9 ± 2.7) ⋅ 10−3

λ′′Kπ = (11.8 ± 0.2) ⋅ 10−4

λ′′Kη = (11.1 ± 0.5) ⋅ 10−4

χ2/d .o.f = 108.1/105 = 1.03

⎫⎪⎪⎬⎪⎪⎭
no gain

⎫⎪⎪⎬⎪⎪⎭
improvement

⎫⎪⎪⎬⎪⎪⎭
isospin violation?

⎫⎪⎪⎬⎪⎪⎭
isospin violation?

τ− → K −π0ντ&K`3

⇑
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Conclusions

Conclusions

A good description of the vector form factor (by
analyticity+unitarity arguments) is crucial to unveil the parameters
of the intermediate resonances which drive the decays
Fitting both decay spectra together we have considerable
improved the determination of the K ∗−(1410) mass while we
slightly reduced the uncertainty of the width
Call for (an unfolded) analysis of τ− → K −π0ντ for unveiling
possible isospin violations on the low-energy parameters λ

′(′′)

Agreement between theory and Belle’s data
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Extra slides

The ChPT loop functions H̃PQ from page 6 can be found in
Gasser-Leutwyler Annals Phys. 158 (1984) 142
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