UNIVERSITA
DEGLI STUDI

FIRENZE

Conformal bootstrap in 4D

Oleg Antipin

based on arXiv:1406.6166 [hep-th]
in collaboration with E.Molgaard and F. Sannino

Quark Confinement and the Hadron Spectrum XI

Saint-Peterburg September 12,2014



Qutline

Review of the conformal bootstrap
Sum rules in CFT with global symmetry
Example

Conclusions



Conformal bootstrap:
Basics objects ina CFT

Conformal group:
Poincare ( P, ) + Dilatations ( D ) + Special conformal (K ,)

Basic objects of the CFT:

0
0

Primary operators (elementary fields): K,0(0)

Descendant operators (composite fields): P, ...P, O(0)

All dynamics of the descendants
fixed by those of primaries



Conformal bootstrap:
CFT spectrum and OPE

CFT is specified by spectrum (dimensions and spins) of the
primary operators:

{0i} = (A4, 1;)

Basic property of a CFT is an existence of the operator
product expansion (OPE):

Oi()0;w) = Y. e —y)Muly) mlpp

k=Prim-+Desc

Inside correlations functions, product on the LHS can be
replaced by the sum on the RHS, as long as there are no
other operators at smaller distances from y than |x-y]|



Conformal bootstrap: OPE

OPE can be simpliﬁed by imposing conformal invariance :

1
O;(x) Z Lk (x — Y, Oy ) Ok (y) - _y‘Afi‘l‘Aj_Ak

k=Prim |

the differential operator L« that encodes descendants contribution depends on the
dimensions and spins of the primaries Ok and not on the dynamics of the CFT.

(Ai,1;,C%)  this data fixes all correlators in a CFT

® Start with n-point function and replace two operators with OPE.
The n-point function is now an (infinite) sum over (n-|)-point functions.

® The (n-1)-point functions can be reduced by an OPE to sums over (n-2)-
point functions and so on...

® Repeat until you get to the basic 2- and 3-point functions

_ O Cij
<Oz($) Oj(y» o |£C—y|2Ai <OZ(ZC1)OJ(ZC2)O]€(333)> — ‘A1+A2—A3|x13|A1+A3—A2‘x23‘A2+A3—A1

\3312



Conformal bootstrap:
Crossing symmetry

This procedure has ambiguity.
Consider, 4-point function in the, e.g.

Ct,C5, L (212, Opy ) L (234, 0z, ) (Ok(22) Ok (24))

<01(£IZ’1)02($2) 03($3)04(£C4)> — Z |$12’A1+A2—Ak ’3334|A3+A4—Ak

Consistency requires that

(T



Conformal bootstrap:
Crossing symmetry constraint

Introduce conformal blocks (kinematical info):

1 1
12,34 _
Gk (331733273337334) = |$12|A1—|—A2—Ak ‘m34‘A3+A4_Ak Lk(:Eleaxz)Lk(x34aa$4)<Ok($2) Ok($4)>

known

Dolan,Osborn ‘00,03 (12)-(34) = (14)-(23)

k ~k ~12,34 B k ok ~14,23
E 012034 Gk (33173727x375’34) — E 014023 Gk ($173347$27x3)
k k

This is non-perturbative constraint on the CFT data




Conformal bootstrap:
Constraint in lower dimensions

£2D) () {4.3a’+ 82 —87d° +2300d*, d=<0.122
0.64 +2.87d, d=0.122.
2~0i"""'""'""""""""""-"j:
15}
<'1§l.0§
osf

d
2D minimal unitary models: In 2D and 3D bound exhibit
pXY=1+g2e., A, =i- 7(m3+ . singular points which select
., the known CFT models
sz =2 —




Conformal bootstrap: Constraint in 4D

In an arbitrary 4D unitary CFT conformal symmetry implies 4-pt function:

(O1(21)O2(22)O3(23)O4(4)) ZC G, (21, T2, 73, 74)
A—A As—A
s (eSS e )N gl
1324 1324 — ’ZI;’14| ‘[L']_3| |[B12‘A1+A2‘$34‘A3+A4

(u,v)
(prn) pl2) (xa) plxs)) = 57

For all A equal: T
gu,v)=1+ Z PrQk(u,v), prx= (C’(f.x_b)2 >0

Dolan,Osborn ‘00,’03

|
8:1,0) = gas(,0) = 2 k(s i@ - @ 0 )],
k) = PF (B/2,/2,5%),  u=25, v=(1-2)(1-2)
Sum rule

Crossing
constraint :

o° gai(u,v) —u' QAJ(Z’ u)
v"g(u v)=1u q(v u) * 1=) paFans,  Fani= g



Conformal bootstrap: Constraint in 4D

Sum rule

° gai(u, v) — u? (v, u)

1= Z pAJFd,AJ ’ Fial =

lld — Ud

Faar (d=1]=2) Faga; (d=1,=4)

- I"JA[ ((!ZIJZO)
1.5

1.0

0.25 05 0.75 1 0.25 05 0.75 1 -

Need to have A < 3.6

Fipn; >0 at z =z =1/2,
1—9246.... A>l49 otherwise sum rule cannot
1<d<1+e. be satisfied

Strategy: look for differential operator that gives 0 on the LHS
but stays positive when applied to the F-functions on the RHS



Conformal bootstrap:
Constraint in 4D

For the lowest dimension scalar primary operator ¢ in the OPE :

H@)B(0) = —57 (1 + Cogle26%(0) +...) . d=Ay A=d[s]

. . Rattazzi, Rychkov, Tonni, Vichi *08
the bOU nd on A was derlved . Poland, Simmons-Duffin, Vichi ‘11

A< Apae =2+ 3.006(d — 1) + 0.16(1 — e~ 20d=1))

Does not exhibit
singular points




CFT with a global symmetry:

Basic objects: HY =(N¢,Nj) and H. = (Nj,N¢)
(Ng, Ng) x (Ng,Ng) =(1,1) + (1, Adj) + (Adj, 1) + (Adj, Adj)

Basic OPE : Hio(2) x HJ;(0) ~ ya;yidﬂ

{%6&[3 (1 + esla|>sTr[HHT)(0)) + cL\w\ALMiiaﬁ<o>+cR|x|ARMim<o>+cAr:vrAAMiM(o)}

Performing OPE twice we decompose a 4-pt function into conformal blocks

(H(21)H' (22) H(w3)H' (24)) =
—

(1,1)4(1, Adj) + (Adj, 1) + (Adj, Adj)] X [(1, 1)+ (1, Adj) +(Adj, 1) +|(Adj, Adj) | =

Gs(1,1) + Gr(1,1a4) + Gr(1aA,1) + GA(1AA,1AA)



CFT with a global symmetry:
SU(N)xSU(N)
Requiring crossing symmetry :
(H (o) H (2 H () Y (24)) = (HL () () H ) H (22)

1 1 . -
Gs — N—(GL + Gg) + EGA = u"™ Gy ,

f f

-’ o

.

p— 1 — —
, " Gp = u™ | Gs — —(GL + Gr) + —Ga | ,
4 equations Ny N; where
H _ i — 1,9H (~ _ i.ﬁ- \ gy
IfOI" 4 o (GR N_fGA)— u \GL NfGA) , G — G(U o U)
UNKNOWNS 1 ~ 1 =
o (GL - N—fGA) =yt [GR - EGA]



Example: QCD + mesons + gluinos

See also E. Molgaard talk O.A, Mojaza, Sannino’ 11

QCD+gluino “Higgs”-sector

L=Tr [—%Fwﬂn. +iADA + QiDQ + 9, H'O*H + yH@Hd - ul(Tr[HQ[HW h;H”r ]
- — 6, gt

¢ +in Nf : (1,1) = 0;j0apHiaHy,; = Tr[HH'

H;j = \/—5 + Z (R +im® (Adj, 1) = Hi, H|; = (HH');
(1,Adj) = HioH},, = (HH) o5




Symmetries

L=Lx(Fu M\, Hig) +ygbHyp —uy (TrH H)™ — uyTr (H' H)

Model contains QCD SU(Nf) x SU(Nf)

Veneziano limit : global symmetry

Nec =00, Nf = 0o Fields| [SU(N)]|SUNf)L SUNHr Uy U()ar
X = Nf /Nc fixed 2 | aa | 1 , A
q = 0 N
Rescaled couplings : g | O 1 0 = -k
@N, 2N, N> uN, H 1 ] | 0 zly—f
T @np T @nye 7 T @y 2T @ny G, | Adj 1 1 0 0

External parameters: (X, number of gluions)



Our goal

To test the numerical bootstrap solutions within this
explicit model

To achieve this:

® We have to check that this theory has a fixed point i.e. it is conformal.

As we will see this fixed point will be perturbative Banks-Zaks fixed
point.

® At the fixed point we need to calculate the conformal dimensions of
the operators that enter the basic OPE

® Compare these conformal dimensions with the bounds from numerical
solutions to the bootstrap system

Unfortunately, the bootstrap bound exploiting the full SU(N)xSU(N) global symmetry has not been
obtained yet and we have to resort to the currently available bounds.

To achieve this, we will simplify the bootstrap system by using Veneziano limit...



Perturbative Bank-Zaks CFT

Proper perturbative truncation has to respect the Weyl consistency
conditions (WCC) obeyed by different beta functions across the
different loop orders. At the LO :

2 2
NZ Nj N )

O(’"Br) O™ Bm) 0
1287202 " 384m2ay ' 19272

agi — 89]' ) XU = diag[Xagag y Xagagyr Xz1219 XZQZQ] — (

O.A., Gillioz, et al. ’13
and Gillioz talk

2 )
Br = — 57 |11 - 2¢ - 2x + (34 - 16¢ — 13x) a, + 3x°ay,

Beta 81x2 337 + 6x) , 2857 + 112x2 — x(1709 — 257¢) — 1976¢ + 14562
+ agay — ag; + a,| ,

. 4 4 18 s

functions
20(x + €) — 203 , +12
In3;l;e Bay = au |2(x + 1)ay — 6a, + (8x + S)agay + (x 6) a, — 8xzoay — i > )af{ + 4z
. o WCC-related terms
SCheme B.. =4(z;+325+4z122+z1ay) , B =2(22001 + 423 — xa}y) . are color-coded

Solution to this system of equations defines our perturbative CFT



Comparison with the bootstrap bound

The bootstrap bound exploiting the full SU(N)xSU(N) global symmetry has not
been obtained yet and we have to resort to the currently available bounds...

We need to calculate the conformal dimensions of the composite operators:

1

i

{51']'5045 (1 + Cs|.’13‘AST7“[HHT](O)) —+ CA’£U|AAMija5(O) - }

(1,1): As=2+7vs  (Adj, Adj): As=2+4
To the two-loop order and in Veneziano limit we find:

Ys = Yreat = Qs — 2 =2ay +4(21 + 222) — 8am (21 + 222) — 2025 — 3zaz; + Sajag

YA = VYrrrepTent] = A4 — 2 = 2ag + 4z§ — Sxa% + oagaH

Conformal dimension of the H: 7w =dn—1, 74 =2y !



Comparison with the bootstrap bound

YA = 2VH implies: Mijap(0) ~ : HinH}; = (0)

1

T
Hioz(x) X HB](O) ™~ ’$’2dH

{57;9'5@5 (1 -+ Cs|£E|ASTT[HHT](O)) + cA|a:|AAMija5(()) 4. }

This leads to the "generalized free scalar theory” :

1
(i (1) HY, (22) Mijop (1) = (Hioan) HL(9)) (Hyp(u)H (22)) = 5
14 723

completely specified by o

2-point function: X34 135"
From the 3-point function:

CA CA

<Hm(a31)H};j(x2)MijaB(y)> = 210 DRy |y (AR A2 gy (A2t Ay A - @1, 297 |24, 240




Solving the bootstrap in Veneziano limit

1 1 =
| Gs — —(GL + Gr) + —Ga | = u™ Gy ,
Recall the N TN *
SyStem Ud” Ga = lld” 55 — i(éL + 51{) . i?éA
N N
( 1 ~ 1~
s \GR—EGA)z U (GL—EGA)
H ( 1 —_— H ~ _i~
o \GL—N—fGA)—u (GR NfGA)
o ' Gconn o
Solve in the Gon = Y pidgitn ) = Gl + b . . Dlsconnecltecil.
Al f lagrams are leadin
large Nf e Y iy - 3 liag ding
expansion: R = L P8 =y in the large N limit

Gdisc (Y i
O we found on the previous slide



Solving the bootstrap in Veneziano limit

Structure of the 4-pt function:

(HT H HT H Ht H
N , T v A : :
,° ’ AN _——— - E :

\ H H' gisconnected H 2 H' H HY

O):  uGHe=vMGE, with Gi<=(2)

O(1): oG = yhGl* | with G = (3)

* Gzisc — Gcgisc =1




Solving the bootstrap in Veneziano limit

0(/N2) : i (Ggonn — (G + GR)) + 0 = ud;;éimn ’

O(j /N ) 18 (égonn _ (él, + éR)) 4+ 7 = Ud”Gif"" ’
o1/ N ) [vdH(GL + Gr) —u (G + 5R)] = 2(u®™ — )

uconn o dy ~comm L dy ~conny .y conn
Gg UG =ut(1+G, ) -1+ G, ™)

after additional
COnSidel"atiOnS vdH(GgO"")nOT\—fJCt lld”(Gw"")non —fact _ ll vdH
(with some caveats)



Numerical results

Banks-Zaks FP exists when |-loop coefficient of the gauge beta function
is small and the signs of the |- and 2 -loop coefficients are opposite:

2 ,
Ba, = — 305 11 - 26 - 2x + (34 - 16 - 13x) 4y + 3x°ay,

+ 81x2a,a 3x%(7 + 6x) N 2857 + 112x* — x(1709 — 257¢) — 1976¢ + 145[’2(12
4 g¥H 4 H 18 2l -
(18)
20(x + ) — 203 , x(x +12
Bay = an |2(x + 1)ay — 6a, + (8x + S)agay + ( 6) a, — 8xzoay — > )af, +4z0|,
(19)
B, =4 (zf +33 +4nzy +may) ,  Pr, = 2(2200n + 425 - xajy) . (20)

Comparison with the bootstrap bound strategy:

e For a given FP (which means FP values of (4}, a;, 2, z]) corresponding to a fixed

x = N¢/N; and {), calculate the (ys, ya) and yy values

e Use the same value of yy to compute the Vyur = Apax — 2 value from and

compare with the (ys, y4) values

A < Apag =2+ 3.006(d — 1) +0.16(1 — e

—20(d—1))



Numerical results ( QCD in the Veneziano limit)
in the WCC (321) scheme

— 4 ] : Ys
0.20 i 0.25} .
g 3 - Earlier 4D ,,.
. 020t bound i
a yur 015} 1 4D bound
0. IOE- ,,,,,,,, - :
_ 00st =
~0.05f _— P VA
- = 0,006
5.50 5.52 5.54 5.56 5.58 5.60 5.62 5.

FIG. 3.a Fixed point structure of the model with .
The functional form of the strongest 4D bound

£ = 0. The boundary of asymptotic freedomis ot - \\55 chosen somewhat arbitrary and might not be
the left-hand edge of the plotatx = 5.5,the FP  the best approximation in the perturbative region

value of a, is the solid red line, ay is the dotted
black, z1 is the dot-dashed green, and z; is the
dashed blue.



Numerical results ( QCD in the Veneziano limit
with one gluino ) in the WCC (321) scheme
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Numerical results ( QCD in the Veneziano limit
with five gluinos ) in the WCC (321) scheme
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Conclusions

® We reviewed the 4D bound on the lowest dimension scalar in the
arbitrary 4D CFT from the bootstrap equation

® We derived the crossing symmetry constraints for the QCD-like theories

® We considered the QCD in the Veneziano limit and computed anomalous
dimensions appearing in the basic OPE to the 2-loop level. We found that
anomalous dimension of the singlet is bigger than of the adjoint

® We showed that the OPE contains a “double trace” operator leading to
disconnected correlators of “generalized free scalar field”

® We solved the QCD-bootstrap system analytically in the large-N
expansion and argued that there is a part of the conformal block for
singlet operator satisfying the bootstrap condition without global
symmetry

Future: Solve the bootsrap system for QCD numerically and
compare with the perturbative results in our perturbative model



CFT with a global symmetry:
SU(N)xSU(N)

[ I=5ij5¢rﬁ . .
I‘eqUII‘Ing .

— 2 —

([ I)2(1+Gs)+(o_.—%£ I) Ga + | I(H—%l I)GL“L(G_,_%I [)1 IGR\>(|2)-(34)

—=o \2 —o \2 —2 —2 — o |\ &2
(o_.)(1+55)+(1 I—%H)éﬁu(l I—%H)c‘;ﬁ(l I—%H)HGM(M)-(B)

2 d 1 1 q=
(11 « « (1+GS—F(GL+GR)+FGA =0 Gy
H SN2 H 'f f
(

t
~ H (T ¢ wtenmutf14G- LG+ G+ L
— DU =0 %1+Gs——(G + 4+ —
H

.
—

u—d

-
— g

o4

H
H' '_° R TN Pt B i b e
Ht (\ H . I I . U (GR Nf GA) =70 (GL Nf GA)

It (Gum 6] =0 (Gum -l

In the large Nf limit :

u [1 + Gg —I-GA] — @ {1 —I-és —|—éA] u? [GL —I—GR] — @ [GL —|-GR}



