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Abstract:

We study Abelian projection of quark confinement in SU(3) lattice QCD,

In terms of the dual superconductor picture.

In the maximal Abelian (MA) gauge, we perform the Cartan decomposition
of the nonabelian gauge field in SU(3) quenched lattice QCD with 3=6.4
(i.e., a =0.058fm) and 324. We investigate the quark-antiquark potential V(r),
its Abelian part V,,.((r) and its off-diagonal part V «(r). As a remarkable fact,
we find almost perfect Abelian dominance for quark confinement

(the string tension) on the fine lattice with an enough large volume.

Also, we find a nontrivial summation relation of V(r) = V(1) + Vx(r).
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Confinement mechanism

To understand the quark confinement mechanism is one of

the most important unsolved issues remaining in theoretical physics,
since quarks were introduced to particle physics in 1960's.

It is also identified as an extremely difficult mathematical problem to
derive quark confinement directly from quantum chromodynamics
(QCD), which was established as the fundamental theory of the
strong interaction in 1970's.

The difficulty is considered to originate from nonabelian dynamics
and nonperturbative features of QCD, which are quite different from
the case of quantum electrodynamics (QED).

Indeed, it remains unclear whether quark confinement is peculiar to
the nonabelian nature of QCD or not. Then, it is interesting and
meaningful to investigate Abelianization scheme of QCD such as
dual superconductor theory and center vortex theory.



Confinement has been studied in terms of inter-quark potential.
Unlike QED, QCD is considered to form color-flux-tube between
guarks, and this one-dimensional squeezing of color-electric field
leads to linear confinement potential in the infrared region.

One-dimensional squeezing of color electric field
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The inter-quark potential is obtained
from the Wilson loop in lattice QCD.

Quark—antiquark static potential in Lattice QCD
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Quark—antiquark static potential in Lattice QCD
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At the short distances, the Q-(_Q potential behaves as
g 9 the Coulomb potential, which is expected from
the one-gluon-exchange (OGE) process.
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Quark—antiquark static potential in Lattice QCD
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At the long distances, the
Q-Q potential behaves as
a linear potential, which
Indicates one-dimensional
squeezing of the color-
electric flux between
quark and antiquark.

One-dimensional squeezing of color flux between q and q
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Quantitatively,
guark-antiquark potential
Is well described by

a simple sum of
Coulomb plus linear.

One-dimensional squeezing of color flux between g and q
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Baryonic Three-Quark Potential in QCD

Similar to the QQbar potential, the 3Q potential can be calculated with
the 3Q Wilson loop defined on the contour of three large staples as

N. Brambilla et al., PLB362 (1995) 113.

Takahashi, H.S. et al. PRL 86 (2001) 18.
Takahashi, H.S. et al. PRD65 (2002)1145009.

N Vaq = _T"HJoTiln<W3Q>T

The 3Q Wilson loop physically means that
gauge-invariant 3Q state is created att = 0 and is annihilated att =T
with the three quarks spatially fixed in R3forO <t <T.
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Baryonic Three-Quark Potential in Lattice QCD

Takahashi, H.S. et al. PRL 86 (2001) 18.
Takahashi, H.S. et al. PRD65 (2002)1145009.
Takahashi, H.S. Phys. Rev. Lett. 90 (2003).
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The 3Q potential is also well described by a simple sum of
one-gluon-exchange (OGE) Coulomb plus string-picture linear potential.




Flux tube formation for QQbar and 3Q systems in Lattice QCD

H. Ichie et al., Nucl. Phys. A721, 899 (2003).
V.G. Bornyakov et al., PRD70, 054506 (2004).

G.S. Bali

Color—Electric Flux Tube

Non-perturbative

Actually, apart from the color-Coulomb energy around quarks,
flux-tube formation has been observed in lattice QCD both for
QQbar and 3Q systems, and such one-dimensional squeezing
of color flux leads to linear confinement potential.




Dual Superconductor Picture for Confinement

Historical Overview

In 1970’s, Nambu, 't Hooft, Mandalstam proposed Dual Superconductor

picture for quark confinement, based on the analogy between Abrikosov
vortex in Type-Il superconductor and flux-tube/string picture for hadrons.
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Dual Superconductor Theory in QCD

However, there are two large gaps between
QCD and dual superconductor picture

1. The dual superconductor is based on the Abelian gauge theory
subject to the Maxwell-type equations, where electro-magnetic duality
Is manifest, while QCD is a non-abelian gauge theory.

2. The dual superconductor requires condensation of color-magnetic
monopoles as the key concept, while QCD does not include such a
monopole as the elementary degrees of freedom.

In 1981, 't Hooft gave a possible mathematical foundation of this picture
by way of Abelian Gauge Fixing in QCD, which is a partial gauge fixing
on SU(N)/U(1)N-1, similar to Non-Abelian Higgs theory.

By Abelian gauge fixing, QCD is reduced into Abelian gauge theory,
and magnetic monopoles appear as topological objects.




Maximally Abelian Gauge

The maximally Abelian (MA) gauge is successful Abelian gauge.

In continuum Euclidean QCD, MA gauge is defined by minimizing
off-diagonal gluon-field amplitude using SU(3) gauge transformation.

RolAu()] = [ d'a te{[D, HI[D, H]'} oc [ d'e 31470

Local condition of MA gauge is expressed as

[H [f)ﬁh [f’)ﬁﬂ]” =0

Note that MA gauge is a partial gauge fixing on SU(N)/U(1)N-4,
since there remains Abelian gauge symmetry U(1)N-,

In the lattice formalism, MA gauge is defined by maximizing
Abelian part of link-variables by SU(3) gauge transformation.

ReZTr( (s)HU, (s )H)

S,



In MA gauge, QCD is reduced into an Abelian gauge theory with
magnetic monopoles. ['t Hooft, NPB190(1981)]

1. Non-Abelian gauge symmetry SU(3) is reduced into Abelian gauge
symmetry U(1)?, i.e., SU(3) — U(1)2. (maximal torus subgroup of SU(3))

2. There appear magnetic monopoles from hedgehog singularity,

corresponding to the Nontrivial Homotopy Group T1, (SU(3)/U(1)%)=Z7,
similar to the appearance of 't Hooft-Polyakov or GUT monopoles.

Monopoles appear around
hedgehog singularities in gluon field
in MA gauge (SU(2) Lattice QCD)
H. Ichie and H.S., NPB574 (2000) 70.

Thus, in MA gauge, QCD can be dual superconductor theory,
If Abelian dominance (inactiveness of off-diagonal gluon) and
monopole condensation are realized.




Monopole Current appearing in MA gauge in SU(2) lattice QCD

-Monopole clustering — A signal of monopole condensation
[A.S. Kronfeld, M.L. Laursen, G. Schierholz, U.-J. Wiese PLB (1987).]

-Magnetic Screening — An evidence of Monopole condensation
[H.S., Amemiya, Ichie, NPA (2000).]




In MA gauge in SU(2) QCD

Analysis of gluon propagators

|

Large effective-mass
generation of off-diagonal
gluons in MA gauge

l My = 1GeV

Infrared inactiveness of
off-diagonal gluons
In MA gauge

}

Infrared Abelian Dominance

infrared quantities such as
confinement and chiral symmetry

breaking would be well described only

with diagonal gluons in MA gauge

K.Amemiya, H.S., PRD 60 (1999) 114509.

172 3 4 And

rme(r) [GeV 7] 12°X 24,1620
[ [ I I
326 Abe.l( ) i

Abel off B

ﬂ —
‘?

L |
Hewl

12°K24 1 = oy, * oy HH E
. = ) =
N a4 220 - H"'f"'n z 4=
g w213 o 3 -
A V225 = n
e = 20 " x LY
A ¥ 23 , ‘ﬁ. = '?;E
[ ] 2.32 0 1 | -
r - 233 il = 'Ih‘ =
= a 234 C ."5,"_ } } =
& & 235 - e 2
® ® 237 - '-, ]
a vV 24 g _

T m 0.01

AN 235
- 2.40

0

i 230

! 235

| . 240 0.001 I I LI I

-\ X

an
LI IlIHIl
-
s

BEEX @

0.2 0.4 0.6 0.8 1.0 1.2
r [fm]
: . : J3/2 ~off 372 ~Abels | )
FIG. 3. The logarithmic plot of ; Gﬁﬁ(i) and 7 Gﬁﬁ (r) as

the function of the distance » in the MA gauge with the U(1);
Landau gauge fixing. using the SU(2) lattice QCD with 123x 24
22=8=24), 16* and 20* (2.3=8=2.4). The off-diagonal gluon
propagator behaves as the Yukawa-type function Gf&fﬂ(;')
~[exp(—M ) 1/r>? with M g=1 GeV for r=0.2 fim. Therefore,
the off-diagonal gluon seems to have a large mass M g=1 GeV in
the MA gauge.



Large off-diagonal gluon mass and infrared Abelian dominance

N

MA gauge in SU(3) Lattice QCD

S. Gongyo, T. Iritani, H.S., PRD 86 (2012) 094018, PRD 87 (2013) 074506.

We investigate gluon propagators in MA gauge with U(1)? Landau gauge
fixing in SU(3) quenched QCD, and find a large off-diagonal gluon mass
of about 1GeV, which leads to Infrared inactiveness of off-diagonal
gluons and infrared Abelian dominance, similar to low-energy
Abelianization in the Weinberg-Salam model.
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Abelian Dominance in SU(2) Lattice QCD

G.S. Bali, V. Bornyakov, M. Mueller-Preussker, K. Schilling, PRD54 (1996) 2863.
A Highlight of M.-I. Polikarpov’s Plenary Review Talk at LATTICE 1996.
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Abelian Dominance in SU(2) Lattice QCD

G.S. Bali, V. Bornyakov, M. Mueller-Preussker, K. Schilling, PRD54 (1996) 2863.
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Let us go to SU(3) lattice QCD study of
Abelian Dominance for Confinement
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Maximally Abelian (MA) Gauge and
Cartan decomposition on lattice

In the lattice formalism, MA gauge is defined by maximizing
the “Abelian part of the link-variable”,

ReZTr(L# VAU ()ﬁ)

using SU(3) gauge transformatlon

After the MA gauge fixing, the SU(3) link variables are
factorized with respect to the Cartan decomposition of
SU(3) into U(1)? and SU(3)/U(1)>.

SU(3) link-variable U,(s)=M (s)u,(s) e SU(3)

 Abelian link-variable U (s) =e'%*®" eU (1)’

off-diagonal link-variable M ,(s)= e WF" e sU(3)/U (1)




Residual Abelian gauge symmetry
iIn MA gauge

In the MA gauge, there remains residual U(1)? Abelian gauge symmetry,
which does not change the MA gauge condition, e.g.,

RIU,(s)] = Re > Tr (U)(s) H Uy () H )

ENT

Here, using Abelian gauge function v(s) €U (1)°,

Off-diagonal link-variables behave as charged matter fields
to keep the form of SU(3)/U(1)?

M ,(s)—> V()M ,(s)v*(s) € SU(3) /U (1)

Abelian link-variables behave as Abelian gauge fields

u,(s) > v(s)u,(s)v' (s+ i) eU (D)




Abelian Wilson loop and MA-projected quark potential

ordinary SU(3) Wilson loop SU(3) quark potential T
2(R+T)
W[U,1=Tr T U, (s) = V(R)——TIILQ;IMW[U ]).
R
Abelian Wilson loop MA-projected quark potential
2(R+T)
Wlu,]=Tr 1?1 U, (8) = Vg (R)=- T|I_r)TJO?|n<W[U ]>

Similar to the extraction of the quark potential from the Wilson loop,
MA-projected quark potential can be obtained from Abelian Wilson loop.

N.B. The Abelian Wilson loop and MA-projected quark potential
are invariant under residual Abelian gauge transformation.




Pioneering work in SU(3) Lattice QCD 1
J.D. Stack, W.W. Tucker, R.J. Wensley, NPB639 (2002) 2013.

The maximal abelian gauge, monopoles, and vortices in SU(3) lattice gauge theory

1.1

1F

09

0.8

aVi{H/a)

06

0.7

sfull SU(3)
aU(1) x U(1)
+Z(3)

emonopoles

05 F/

0.4

1 SU(@3)

| Abelian

| monopole G Apel = 0.9 Osu(3)

1

Analysis with
Coulomb + linear Ansatz

. l

MA projection of Inter-Quark Potential in Quenched SU(3) Lattice QCD
at $=6.0 (a=0.1fm) on 16% (L=1.6fm)



Pioneering work in SU(3) Lattice QCD 2
V.G. Bornyakov et al. (DIK collaboration) PRD70 (2004) 074511.

Dynamics of monopoles and flux tubes in two-flavor dynamical QCD

V.G. Bornyakov,"*” H. Ichie.”* Y. Koma,” Y. Mori.” Y. Nakamura,’ D. Pleiter.” M. L. Polikarpov.” G. Schierholz.®”’
T. Streuer,®® H. Stiiben,” and T. Suzuki’
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(They also investigated full QCD and flux-tube formation.)



Lattice calculation condition

- SU(3) standard plaquette action at quenched level

- lattice parameter: p=2N_g°=6.4,
corresponding to fine lattice spacing: a=0.058fm

- Lattice size: L4=324 (i.e., L=1.86fm)

- 70 gauge configurations
(thermalization: 20000 sweeps, interval :500 sweeps)

- standard gauge-invariant smearing method
for the sake of accurate potential calculations

- Jackknife error estimate
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Abelian Dominance for Confinement
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Quantitative Analysis on Abelian Dominance for Confinement
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Quantitative Analysis on Abelian Dominance for Confinement
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Quantitative Analysis on Abelian Dominance for Confinement

Difference between SU(3) potential Vsu@) and Abelian part V

SU(3)(r) Vapel(l) o A C  x°/Nui
0.5 '|_'HL I ‘L T T T Vv 0.01507(20) 0.290(3) 0.603(2) 1.14
— ¥FAhbel I 1 46
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|

- No string tension in the difference
Vsu@)(r = Vapel(r)-




Quantitative Analysis on Abelian Dominance for Confinement

Difference between SU(3) potential Vsu@) and Abelian part V

SU(3)(r) Vapel(r)
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i error of fit 1

----- fit 2: —Aa/r+ Ca
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V — Vabe — 0.221(2) 0.432(1) (034

- No string tension in the difference
VSU(B)(r) = Vapel(D)-

- The difference
Vsu@)(r) = Vapel(1) can be well fitted
by pure Coulomb potential.

= This also suggests
Perfect Abelian Dominance for
Confinement



Off-diagonal part of quark potential

ordinary SU(3) Wilson loop  SU(3) quark potential T
2(R+T) 1
W[U,1=Tr T U, (s) = V(R)=—T|Iggo;|n<W[U;,]>T

2(R+T)

WM, ]=Tr I Mﬂi(si)—>Voff(R):—TIiﬂlTiln<W[l\/lﬂ]>T

Like (Abelian) Wilson loop, we consider
Since this is not invariant under residual Abelian gauge, we take
the U(1)? Abelian Landau gauge. From the off-diagonal Wilson loop,

we define



Off-diagonal part of quark potential
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Off-diagonal part V_«(r) of quark potential
iIn SU(3) lattice QCD with p=6.4 and 324
in MA gauge with U(1)? Landau gauge fixing.
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Fit analysis with

Coulomb-plus-linear Ansatz

Abelian part _
Vapel(F) for each QQbar potential
A
V(r)=——+0or+C
I
@ A C  x°/Nas
v 0.01507(20) 0.290(3) 0.603(2) 1.14
Vabe  —0.01528(14) 0.067(2) 0.170(1) 1.17
Ve (=0.00038(11) 0.179(3) 0.302(1) 2.41

Almost no string tension in the off diagonal part V_«(r)

= Off diagonal part V_«(r) is almost pure Coulomb potential.




A summation formula for quark potential

We find a simple but nontrivial summation relation of
V(r) = Vapel(N + V(D).

0.7 —

Sy o1 T ';,,'.f SU(3) potential V(r)
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VAbeI(r)+ Voff(r)
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Comparison between SU(3) potential V(r) and
sum of Abelian and off-diagonal parts, Vo (r)+ V().




Non-triviality of the summation formula

V(r) = Vapel(r) + Vou(r)
This simple summation formula is indeed nontrivial
because of the nonabelian nature of gauge fields.

Consider the ordinary SU(N) Wilson loop W[U]
and Cartan decomposition of SU(N) link-variables U in it:

WU, 1=Tr{U, (s)U, (s,)--U, (sy)]
~Tr{M,, (s)u,, ()M, ($,)u,.(5,)- M, (S)U, (1)}

Here, Abeliggrand off-diagonal variables
are not commutable.



Non-triviality of the summation formula

V(r) = Vapel(r) + Vou(r)
This simple summation formula is indeed nontrivial
because of the nonabelian nature of gauge fields.

Consider the ordinary SU(N) Wilson loop W[U]
and Cartan decomposition of SU(N) link-variables U in it:

WU, 1=Tr{U, (s)U, (s,)--U, (sy)]
=Tr{M,, (s)u,, ()M, ($,)u,.(5,)- M, (S)U, (1)}
()M, (50)-U, (DU, (S,)-++U, (54)]

Here, Abeliggrand off-diagonal variables
are not commutable.




Non-triviality of the summation formula

V(r) = Vapel(r) + Vou(r)
This simple summation formula is indeed nontrivial
because of the nonabelian nature of gauge fields.

Consider the ordinary SU(N) Wilson loop W[U]
and Cartan decomposition of SU(N) link-variables U in it:

WU, 1=Tr{U, (s)U, (s,)--U, (sy)]
=Tr{M,, (s)u,, ()M, ($,)u,.(5,)- M, (S)U, (1)}
()M, (50)-U, (DU, (S,)-++U, (54)]

Here, Abeliggrand off-diagonal variables
are not commutable. Then, a simple factorization of Wilson loop
and a simple summation on the potential cannot be expected.

WU, J=WIM J-WIu, ] V(r) # V(1) +V,(r)




Summary:

We have studied Abelian projection of quark confinement in SU(3) lattice
QCD, in terms of the dual superconductor picture.

In the maximal Abelian (MA) gauge, we have performed the Cartan
decomposition of the nonabelian gauge field in SU(3) quenched lattice QCD
with 3=6.4 (i.e., a =0.058fm) and 324.

We have investigated the quark-antiquark potential V(r), its Abelian part
Vapel(r) and its off-diagonal part V «(r). As a remarkable fact, we find almost
perfect Abelian dominance for quark confinement (the string tension) on the
fine lattice with an enough large volume.

Also, we have found a nontrivial summation relation of
V(I’) = VAbeI(r) + Voff(r)-
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Abstract: We investigate the maximally Abelian (MA) projection of the inter-quark
potential in SU(3) quenched lattice QCD with $=6.4 (i.e., a =0.058fm) and 324, and
find almost perfect Abelian dominance of quark confinement (the string tension).
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' The difference between the SU(3) potential
and the Abelian part. Its form is almost

the pure Coulomb form, which suggests
perfect Abelian dominance of confinement.
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The SU(3) potential and the Abelian part
obtained from lattice QCD at =6.4 and 324.
They have almost the same slope at large distance.
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