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Goal: an analytic first approximation to QCD

• As Simple as Schrödinger Theory in Atomic Physics

• Relativistic, Frame-Independent, Color-Confining

• Confinement in QCD -- What sets the QCD mass scale?

• QCD Coupling at all scales

• Hadron Spectroscopy

• Light-Front Wavefunctions

• Form Factors, Hadronic Observables, Constituent Counting Rules

• Hadronization at the Amplitude Level

• Insights into QCD Condensates

• Chiral Symmetry

• Systematically improvable

• Eliminate scale ambiguities
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Confinement scale:   

Light-Front Schrödinger Equation
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• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!
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Fig. 1. Dirac’s three forms of Hamiltonian dynamics.

2.4. Forms of Hamiltonian dynamics

Obviously, one has many possibilities to parametrize space—time by introducing some general-
ized coordinates xJ (x). But one should exclude all those which are accessible by a Lorentz
transformation. Those are included anyway in a covariant formalism. This limits considerably the
freedom and excludes, for example, almost all rotation angles. Following Dirac [123] there are no
more than three basically different parametrizations. They are illustrated in Fig. 1, and cannot be
mapped on each other by a Lorentz transform. They differ by the hypersphere on which the fields
are initialized, and correspondingly one has different “times”. Each of these space—time parametriz-
ations has thus its own Hamiltonian, and correspondingly Dirac [123] speaks of the three forms of
Hamiltonian dynamics: The instant form is the familiar one, with its hypersphere given by t"0. In
the front form the hypersphere is a tangent plane to the light cone. In the point form the time-like
coordinate is identified with the eigentime of a physical system and the hypersphere has a shape of
a hyperboloid.

Which of the three forms should be prefered? The question is difficult to answer, in fact it is
ill-posed. In principle, all three forms should yield the same physical results, since physics should
not depend on how one parametrizes the space (and the time). If it depends on it, one has made
a mistake. But usually one adjusts parametrization to the nature of the physical problem to
simplify the amount of practical work. Since one knows so little on the typical solutions of a field
theory, it might well be worth the effort to admit also other than the conventional “instant” form.

The bulk of research on field theory implicitly uses the instant form, which we do not even
attempt to summarize. Although it is the conventional choice for quantizing field theory, it has
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Instant Form Front Form 
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ẑ

↵L = ↵R⇥ ↵P

↵Li = (xi
↵R⇤+↵b⇤i)⇥ ↵P

↵⇧i = ↵b⇤i ⇥ ↵k⇤i

↵⇧i = ↵Li � xi
↵R⇤ ⇥ ↵P = ↵b⇤i ⇥ ↵P

A(⇤,�⇤) = 1
2⇥

�
d�e

i
2⇤�M(�,�⇤)

P+, P⇤

xiP
+, xi

P⇤+ k⇤i

� = Q2

2p·q

ẑ
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For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression
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whereas the Pauli and electric dipole form factors are given by
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The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
[dx] [d2k⇧] ⇤

⇧
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where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and

k⌅
⇧i = k⇧i � xiq⇧ (15)

for each spectator i, where i ⌅= j. Note that because of the frame choice q+ = 0, only
diagonal (n⌅ = n) overlaps of the light-front Fock states appear [14].
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-

graviton

Vanishing Anomalous gravitomagnetic moment  B(0)

B(0) = 0 Each Fock State

sum over constituents

Hwang, Schmidt, sjb; 
Holstein et al

Terayev, Okun,  et al:  B(0) Must vanish because of 
Equivalence Theorem 
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Calculation of proton form factor in Instant Form 

• Need to boost proton wavefunction from p to p
+q:  Extremely complicated dynamical problem; 
even the particle number changes

• Need to couple to all currents arising from 
vacuum!! Remains even after normal-ordering

• Each time-ordered contribution is frame-
dependent

• Divide by disconnected vacuum diagrams

• Instant form:  acausal boundary conditions

< p + q|Jµ(0)|p >

p + qp p + qp
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312 S.J. Brodsky et al. / Nuclear Physics B 593 (2001) 311–335

laboratory to test the consistency of formulae which have been proposed to probe the spin structure
of hadrons.  2001 Elsevier Science B.V. All rights reserved.

PACS: 12.20.-m; 12.39.Ki; 13.40.Em; 13.40.Gp

1. Introduction

The light-cone Fock representation of composite systems such as hadrons in QCD
has a number of remarkable properties. Because the generators of certain Lorentz boosts
are kinematical, knowing the wavefunction in one frame allows one to obtain it in any
other frame. Furthermore, matrix elements of space-like local operators for the coupling
of photons, gravitons, and the moments of deep inelastic structure functions all can
be expressed as overlaps of light-cone wavefunctions with the same number of Fock
constituents. This is possible since in each case one can choose the special frame q+ = 0 [1,
2] for the space-like momentum transfer and take matrix elements of “plus” components
of currents such as J+ and T ++. Since the physical vacuum in light-cone quantization
coincides with the perturbative vacuum, no contributions to matrix elements from vacuum
fluctuations occur [3]. Light-cone Fock state wavefunctions thus encode all of the bound
state quark and gluon properties of hadrons including their spin and flavor correlations in
the form of universal process- and frame-independent amplitudes.
Formally, the light-cone expansion is constructed by quantizing QCD at fixed light-cone

time [4] τ = t + z/c and forming the invariant light-cone Hamiltonian:HQCD
LC = P+P− −

P⃗ 2
⊥ where P± = P 0 ± Pz [3]. The momentum generators P+ and P⃗⊥ are kinematical;
i.e., they are independent of the interactions. The generator P− = i d

dτ generates light-
cone time translations, and the eigen-spectrum of the Lorentz scalar HQCD

LC gives the mass
spectrum of the color-singlet hadron states in QCD together with their respective light-
cone wavefunctions. For example, the proton state satisfies: H

QCD
LC |ψp⟩ = M2

p|ψp⟩. The
expansion of the proton eigensolution |ψp⟩ on the color-singlet B = 1, Q = 1 eigenstates
{|n⟩} of the free Hamiltonian H

QCD
LC (g = 0) gives the light-cone Fock expansion:

∣∣ψp(P+, P⃗⊥)
〉 =

∑

n

n∏

i=1

dxi d2k⃗⊥i√
xi16π3

16π3δ
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i=1
xi

)
δ(2)

(
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i=1
k⃗⊥i
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×ψn

(
xi, k⃗⊥i ,λi

)∣∣n; xiP
+, xiP⃗⊥ + k⃗⊥i ,λi

〉
. (1)

The light-conemomentum fractions xi = k+
i /P+ and k⃗⊥i represent the relative momentum

coordinates of the QCD constituents. The physical transverse momenta are p⃗⊥i = xiP⃗⊥ +
k⃗⊥i . The λi label the light-cone spin projections Sz of the quarks and gluons along
the quantization direction z. The physical gluon polarization vectors ϵµ(k, λ = ±1) are
specified in light-cone gauge by the conditions k · ϵ = 0, η · ϵ = ϵ+ = 0. The n-particle
states are normalized as

〈
n; p′i

+, p⃗ ′⊥i ,λ
′
i

∣∣n; pi
+, p⃗⊥i ,λi

〉
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=
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16π3p+

i δ
(
p′i

+ − pi
+) δ(2)

(
p⃗ ′⊥i − p⃗⊥i

)
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. (2)

The solutions of H
QCD
LC |ψp⟩= M2

p|ψp⟩ are independent of P+ and P⃗⊥; thus given the
eigensolution Fock projections ⟨n;xi, k⃗⊥i ,λi |ψp⟩ = ψn(xi, k⃗⊥i ,λi ), the wavefunction of
the proton is determined in any frame [5]. In contrast, in equal-time quantization, a Lorentz
boost always mixes dynamically with the interactions, so that computing a wavefunction in
a new frame requires solving a nonperturbative problem as complicated as the Hamiltonian
eigenvalue problem itself.
The LC wavefunctions ψn/H (xi, k⃗⊥i ,λi ) are universal, process independent, and thus

control all hadronic reactions. Given the light-cone wavefunctions, one can compute
the moments of the helicity and transversity distributions measurable in polarized deep
inelastic experiments [5]. For example, the polarized quark distributions at resolution Λ
correspond to

qλq/Λp (x,Λ) =
∑

n,qa

∫ n∏

j=1
dxj d2k⃗⊥j
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λi
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δ(x − xq)δλaλqΘ

(
Λ2 −M2

n

)
,

(3)

where the sum is over all quarks qa which match the quantum numbers, light-cone
momentum fraction x, and helicity of the struck quark. Similarly, moments of transversity
distributions and off-diagonal helicity convolutions are defined as a density matrix of the
light-cone wavefunctions. Applications of non-forward quark and gluon distributions have
been discussed in Refs. [6,7]. The light-cone wavefunctions also specify the multi-quark
and gluon correlations of the hadron. For example, the distributions of spectator particles
in the final state which could be measured in the proton fragmentation region in deep
inelastic scattering at an electron–proton collider are in principle encoded in the light-cone
wavefunctions.
Given the ψ(Λ)

n/H , one can construct any spacelike electromagnetic, electroweak, or grav-
itational form factor or local operator product matrix element of a composite or elementary
system from the diagonal overlap of the LC wavefunctions [8]. Studying the gravitational
form factors is not academic: Ji has shown that there is a remarkable connection of the
x-moments of the chiral-conserving and chiral-flip form factors H(x, t, ζ ) and E(x, t, ζ )

which appear in deeply virtual scattering with the corresponding spin-conserving and spin-
flip electromagnetic form factors F1(t) and F2(t) and gravitational form factors Aq(t) and
Bq(t) for each quark and anti-quark constituent [9]. Thus, in effect, one can use virtual
Compton scattering to measure graviton couplings to the charged constituents of a hadron.
Exclusive semi-leptonic B-decay amplitudes involving timelike currents such as B→

Aℓν̄ can also be evaluated exactly in the light-cone formalism [10]. In this case, the
timelike decay matrix elements require the computation of both the diagonal matrix
element n→ n where parton number is conserved and the off-diagonal n + 1→ n− 1
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moment vanishes [22]. The light-cone formalism also properly incorporatesWigner boosts.

Thus this model of composite systems can serve as a useful theoretical laboratory to

interrelate hadronic properties and check the consistency of formulae proposed for the

study of hadron substructure.

7. Spin and orbital angular momentum composition of light-cone wavefunctions

In general the light-cone wavefunctions satisfy conservation of the z projection of

angular momentum:

J z =
n∑

i=1
sz
i +

n−1∑

j=1
lzj . (62)

The sum over sz
i represents the contribution of the intrinsic spins of the n Fock state

constituents. The sum over orbital angular momenta lzj = −i
(
k1j

∂
∂k2j

− k2j
∂

∂k1j

)
derives from

the n−1 relative momenta. This excludes the contribution to the orbital angularmomentum
due to the motion of the center of mass, which is not an intrinsic property of the hadron.

We can see how the angular momentum sum rule Eq. (62) is satisfied for the

wavefunctions Eqs. (20) and (23) of the QED model system of two-particle Fock states.

In Table 1 we list the fermion constituent’s light-cone spin projection sz
f = 1

2
λf, the boson

constituent spin projection sz
b = λb, and the relative orbital angular momentum lz for each

contributing configuration of the QED model system wavefunction.

Table 1 is derived by calculating the matrix elements of the light-cone helicity operator

γ +γ 5 [29] and the relative orbital angular momentum operator−i
(
k1 ∂

∂k2
− k2 ∂

∂k1

)
[16,30,

31] in the light-cone representation. Each configuration satisfies the spin sum rule: J z =
sz
f + sz

b + lz.

For a better understanding of Table 1, we look at the non-relativistic and ultra-relativistic

limits. At the non-relativistic limit, the transversal motions of the constituent can be

neglected and we have only the | + 1
2
⟩ → | − 1

2
+ 1⟩ configuration which is the non-

relativistic quantum state for the spin-half system composed of a fermion and a spin-1

boson constituents. The fermion constituent has spin projection in the opposite direction

to the spin J z of the whole system. However, for ultra-relativistic binding in which the

transversal motions of the constituents are large compared to the fermion masses, the

Table 1

Spin decomposition of the J z = + 1
2
electron

Configuration Fermion spin sz
f

Boson spin sz
b

Orbital ang. mom. lz

∣∣+ 1
2

〉
→

∣∣+ 1
2

+ 1
〉

+ 1
2

+1 −1
∣∣+ 1

2

〉
→

∣∣− 1
2

+ 1
〉

− 1
2

+1 0
∣∣+ 1

2

〉
→

∣∣+ 1
2

− 1
〉

+ 1
2

−1 +1
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Every Vertex
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Figure 1: Pictorial representation of the fragmentation amplitude Tn[(1 2 . . .n)λ0 → 1λ1 , 2λ2 , . . . , nλn] for a single
off-shell initial gluon. Variables λ0, . . . , λn denote the polarization of the gluons. The initial gluon (1 . . .n) fragments
into n final state gluons 1, . . . , n. The vertical dashed line indicates that for this part of the diagram one needs to take
an energy denominator, i.e. the leftmost gluon is in an intermediate state. The other energy denominators which are
taken for the intermediate states inside the blob are implicit and are not shown in the picture.

state, for the example depicted in Fig. 1 it could be the initial state of the total graph to which the subgraph in Fig. 1
is attached. In the LFPT [6, 30, 31, 32, 33] one has to evaluate the energy denominators for each of the intermediate
states for the process. The energy denominator for say j intermediate gluons is defined as the difference between the
light-front energies of the final and intermediate state in question

D j =
∑

out
El −

j
∑

i=1
Ei . (1)

where

Ei(l) ≡ k−i(l) =
k2i(l)
k+i(l)
, (2)

are the light-front energies and the first sum represents a sum over the energies of all final state gluons present in the
fragmentation function. Furthermore, one has to sum over all possible vertex orderings. The fragmentation function
shown in example in Fig. 1 would thus be given schematically by the expression

Tn ∼
∑

vertex orderings
gn−1Πn−1j=1

Vj

z jD j
, (3)

where Vj are the vertices and z j and D j are the corresponding fractional momenta and denominators for all the
intermediate states. Note the important fact that for the fragmentation function depicted in Fig. 1 the first gluon is
not really an initial state. As mentioned above, it is understood that the fragmentation function is only a subgraph,
attached via this gluon to a bigger graph. Therefore, the leftmost gluon is in fact an intermediate state for which the
energy denominator, denoted by the dashed line, has to be taken into account. The rightmost gluons are the final
on-shell particles, and the energy denominator is not included there. Finally, one needs to sum over all the vertex
orderings in the light-front time. The results derived in [13] and in the following sections are for the color ordered
multi-gluon amplitudes. Hence, we focus only on the kinematical parts of the subamplitudes.

The fragmentation function for a special choice of the helicities was evaluated exactly in [13]. The explicit results
for the transition +→ + · · ·+ reads

Tn[(12 . . .n)+ → 1+, 2+, . . . , n+] = (−ig)n−1
(

z1...n
z1 . . . zn

)3/2 1
vn n−1vn−1 n−2 . . . v21

, (4)

where the variables vi j were defined as

vi j ≡
(k j
z j
−
ki
zi

)

, vi j ≡ ϵ(−) · vi j , (5)

and ϵ(−) will be defined shortly. It is well known [3, 30, 31] that on the light-front the Poincaré group can be decom-
posed onto a subgroup which contains the Galilean-like nonrelativistic dynamics in 2-dimensions. The ’+’ compo-
nents of the momenta can be interpreted as the ’masses’. In this case the variable (5) can be interpreted as a relative

3

transverse light-front velocity of the two gluons. The same variable is present when evaluating the energy denomina-
tors of different intermediate states. The above variable is closely related to the variables used in the framework of
helicity amplitudes, see [34].

For a given pair of momenta ki and k j we have the result

⟨i j⟩ = √ziz j ϵ(−) ·
(ki
zi
−
k j
z j

)

=
√ziz j ϵ(−) · vi j , [i j] = √ziz j ϵ(+) ·

(ki
zi
−
k j
z j

)

=
√ziz j ϵ(+) · vi j , (6)

where the variables ⟨i j⟩ and [i j] are defined by

⟨i j⟩ = ⟨i − | j+⟩ , [i j] = ⟨i + | j−⟩ , (7)

and where chiral projections of the spinors for massless particles are defined as

|i±⟩ = ψ±(ki) =
1
2
(1 ± γ5)ψ(ki) , ⟨±i| = ψ±(ki) , (8)

for a given momentum ki. Above, we have also introduced the polarization four-vector of the gluon with four-
momentum k

ϵ(±) = ϵ
(±)
⊥ +

2ϵ(±) · k
η · k

η , (9)

where ϵ(±)⊥ = (0, 0, ϵ(±)), and the transverse vector is defined by ϵ(±) = ∓ 1√
2
(1,±i). Vector η is related to the choice of

the light-cone gauge, η ·A = 0, where η µ = (0, 2, 0) in the light-front coordinates. It is interesting that in the light-front
formalism the variables ⟨i j⟩ appear naturally in the vertices and in the energy denominators.

The fragmentation functions introduced above possess an important property which will be widely utilized in
this paper. Namely, it was demonstrated in [13] that the fragmentation functions factorize after the summation over
all the light-front time orderings. This property can then be used to write down the explicit recursion formula for the
fragmentation functions. That is to say, the fragmentation into n+1 gluons which is denoted by Tn+1[(1, 2, . . . , n+1)→
1, 2, . . . , n + 1] can be represented as the product of two lower fragmentation functions Ti[(1 . . . i) → 1, . . . , i ] and
Tn+1−i[(i + 1 . . . n + 1)→ i + 1, . . . , n + 1]. Finally, one needs to sum over the splitting combinations. This procedure
is schematically expressed in Fig. 2 and, to be precise, the expression which reflects the factorization reads

Tn+1[(12 . . .n + 1)→ 1, 2, . . . , n + 1] = −
2ig
Dn+1

n
∑

i=1

⎧

⎪

⎪

⎨

⎪

⎪

⎩

v∗(1...i)(i+1...n+1)
√

ξ(1...i)(i+1...n+1)

× Ti[(1 . . . i)→ 1, . . . , i ] Tn+1−i[(i + 1 . . .n + 1)→ i + 1, . . . , n + 1]
⎫

⎪

⎪

⎬

⎪

⎪

⎭

. (10)

Σi
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ki+1
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kn+1

T

k1
k2

ki

T

V3

k(12...n+1)Tn+1 =

Figure 2: Pictorial representation of the factorization property represented in Eq. (10), a light-front analog of the
Berends-Giele recursion relations [22]. The helicities of the outgoing gluons are chosen to be the same in this partic-
ular case. The dashed vertical line indicates the energy denominator Dn+1.

The energy denominator Dn+1 in the above equation has been defined as

Dn+1 =
k21
z1
+
k22
z2
+ . . . +

k2n
zn
−
k21...n
z1...n

, (11)
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• Square of Target LFWFs                 Modified by Rescattering: ISI & FSI

• No Wilson Line                             Contains Wilson Line, Phases
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• LF wavefunctions play the role of Schrödinger wavefunctions 
in Atomic Physics

• LFWFs=Hadron Eigensolutions: Direct Connection to QCD 
Lagrangian

• Relativistic, frame-independent: no boosts, no disc 
contraction, Melosh built into LF spinors 

• Hadronic observables computed from LFWFs: Form factors, 
Structure Functions, Distribution  Amplitudes, GPDs, TMDs, 
Weak Decays, .... modulo `lensing’ from ISIs, FSIs

• Cannot compute current matrix elements using instant form 
from eigensolutions alone -- need to include vacuum currents!

• Hadron Physics without LFWFs is like Biology without DNA!
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where V is the interaction part of HLC. Diagrammatically, V involves completely 

irreducible interactions--i.e. diagrams having no internal propagators-coupling 

Fock states (Fig. 5). These equations determine the hadronic spectrum and 
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Figure 5. Coupled eigenvalue equations for the light-cone wa.vefunctious of a 

pion. 

wave functions. Although the potential is essentially trivial, the many channels 

required to describe an hadronic state make these equations very difficult to solve. 

Nevertheless the first attempts at a direct solution have been made. 

The bulk of the probability for a nonrelativistic system is in a single Fock 

state-e.g. (eE> for positronium, or Ibb) for the r meson. For such systems it 

is useful to replace the full set of multi-channel eigenvalue equations by a single 

equation for the dominant wavefunction. To see how this can be done, note that 

the bound state equation, say for positronium, can be rewritten as two equations 

using the projection operator P onto the subspace spanned by eE states, and its 

complement & E 1 - P: 

Hpp IPs)~ + HPQ IPs)~ = h4” IPs)p 

(29) 

H&p [Ps)~ + HQQ jP& = hf” h)g 

where H~Q E PHQ.. ., and lPsjp E P jPs) . . . . Solving the second of these 

equations for IPs)~ and substituting the result into the first equation, we obtain 

a single equation for the ee or valence part of the positronium state: 

Her [Ps)~ = Al2 IPS)P (30) 
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a single equation for the ee or valence part of the positronium state: 

Her [Ps)~ = Al2 IPS)P (30) 

16 

LIGHT-FRONT MATRIX EQUATION

A+ = 0

⇥� ggg � d̄X

⇥� ggg � p̄n̄X

R = �(⇥�d̄X)
�(⇥�p̄n̄X)

R = C

ū(x) ⇥= d̄(x)

s̄(x) ⇥= s(x)

Minkowski space; frame-independent; no fermion doubling; no ghosts

Rigorous Method for Solving Non-Perturbative QCD!

• Light-Front Vacuum = vacuum of free Hamiltonian!
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⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

(x(1� x)|b⇤|

z

z�

z0 = 1
⇥QCD

�d⇥ np

• Light-Front Holography

General remarks about orbital angular mo-
mentum
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xi
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i
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�n
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• Light Front Wavefunctions:                                   

Schrödinger Wavefunctions
of Hadron Physics



LQCD = �1
4
Tr(Gµ⌫Gµ⌫) +

nfX

f=1

i ̄fDµ�µ f +
nfX

f=1

mf  ̄f f

Rigorous First-Principle Formulation of Non-Perturbative QCD

HLF
QCD

Fig. 6. A few selected matrix elements of the QCD front form Hamiltonian H"P
!

in LB-convention.

10. For the instantaneous fermion lines use the factor ¼
"

in Fig. 5 or Fig. 6, or the corresponding
tables in Section 4. For the instantaneous boson lines use the factor ¼

#
.

The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states
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$!"

b!
$"

(k
&
, #

&
)d!

$"M
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&N
, #
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�
x

]i + Hint
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The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
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LQCD � HQCD
LF

Hint
LF : Matrix in Fock Space

Physical gauge: A+ = 0

Exact frame-independent formulation of 
nonperturbative QCD!

Hint
LF

LFWFs: Off-shell in P- and invariant mass

|p, Jz >=
X

n=3

 n(xi,
~

k?i,�i)|n;xi,
~

k?i,�i >



 

DLCQ: Solve QCD(1+1) for any  quark mass and flavors

Hornbostel, Pauli, sjb



Remarkable Advantages of the Front Form

• Light-Front Time-Ordered Perturbation Theory:  Elegant, Physical

• Frame-Independent

• Few LF Time-Ordered Diagrams (not n!) -- all k+ must be positive

• Jz conserved at each vertex

• Cluster Decomposition -- only proof for relativistic theory

• Automatically normal-ordered; LF Vacuum trivial up to zero modes

• Renormalization: Alternate Denominator Subtractions: Tested to 
three loops in QED

• Reproduces Parke-Taylor Rules and Amplitudes  (Stasto-Cruz)

• Hadronization at the Amplitude Level with Confinement



 

|p,Sz>= ∑
n=3

ψn(xi, ~k?i,λi)|n;k?i,λi>|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

The Light Front Fock State Wavefunctions

Ψn(xi,~k?i,λi)

are boost invariant; they are independent of the hadron’s energy
and momentum Pµ.
The light-cone momentum fraction

xi =
k+
i
p+ =

k0i + kzi
P0+Pz

are boost invariant.
n

∑
i
k+
i = P+,

n

∑
i
xi = 1,

n

∑
i

~k?i =~0?.

sum over states with n=3, 4, ...constituents

Fixed LF time
Intrinsic heavy quarks    s̄(x) ⇤= s(x)

⇥M(x, Q0) ⇥
�

x(1� x)

⇤M(x, k2
⌅)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

ep⇥ e�+n

P�/p ⇤ 30%

Violation of Gottfried sum rule

ū(x) ⌅= d̄(x)

Does not produce (C = �) J/⇥,�

Produces (C = �) J/⇥,�

Same IC mechanism explains A2/3

s(x), c(x), b(x) at high x !
Hidden ColorMueller:  gluon Fock states     BFKL Pomeron
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LFWF: Invariant under boosts! 

General remarks about orbital angular mo-
mentum

⌃R�

xi
⌃R�+⌃b�i

�n
i
⌃b�i = ⌃0�

�n
i xi = 1

�n
i=1(xi

⌃P�+ ⌃k�i) = ⌃P�

xi
⌃P�+ ⌃k�i

�n
i

⌃k�i = ⌃0�

�n
i xi = 1

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Light-Front Wavefunctions of Virtual Photon

 n(xi,
~

k?i ,�i)

q+, q?

xiq
+
, xi~q? + ~

k?ix =
k

+

q

+

Virtual photon has space-like mass q2
= �Q2 < 0

q2 = q+q� � ~q2
?

Feynman virtuality from sum over all electron LF time-orderings

�⇤(q2)

Witten, DGLAP, ERBL Evolution



q̄

q

p

LHeC: Virtual Photon-Proton Collider

variable spacelike photon virtuality, 
various primary flavors

p

Perspective from the e-p collider frame

�⇤(q2)

e
e’

photon and proton fragmentation vs. central regions

Saturation, nuclear shadowing, antishadowing
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• Measurements are made at fixed τ

• Causality is automatic

• Structure Functions are squares of LFWFs

• Form Factors are overlap of LFWFs

• LFWFs are frame-independent -- no boosts!

• No dependence on observer’s frame

• LF Holography: Dual to AdS space

• LF Vacuum trivial -- no condensates!

• Profound implications for Cosmological 
Constant

Advantages of the Dirac’s Front Form for Hadron Physics



 

HQED

[� �2

2mred
+ Ve�(�S,�r)] �(�r) = E �(�r)

[� 1
2mred

d2

dr2
+

1
2mred

⌃(⌃ + 1)
r2

+ Ve�(r, S, ⌃)] �(r) = E �(r)

(H0 + Hint) |� >= E |� > Coupled Fock states

Effective two-particle equation

 Spherical Basis r, �,⇥

Coulomb  potential 

Includes Lamb Shift, quantum corrections

Bohr Spectrum

Veff ⇥ VC(r) = ��

r

QED atoms: positronium and 
muonium

Semiclassical first approximation to QED --> 

Eliminate higher Fock states 
(retarded interactions)



 

HQED

Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis

Confining AdS/QCD  
potential! 

HLF
QCD

(H0
LF + HI

LF )|� >= M2|� >

[
�k2
� + m2

x(1� x)
+ V LF

e� ] �LF (x,�k�) = M2 �LF (x,�k�)

�,⇥

Semiclassical first approximation to QCD 

4

U(⇣) = 4⇣2 + 22(L + S � 1)

Light-Front QCD

Eliminate higher Fock states 
(retarded interactions)

AdS/QCD:

�2 = x(1� x)b2
�

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
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z
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⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Sums an infinite # diagrams
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The null-plane Hamiltonians map the initial light-like surface onto some other surface, and therefore 
describe the dynamical evolution of the system. 

The energy P− translates the system in the null-plane time coordinate x+, whereas the spin Hamiltonians 
Fr rotate the initial surface about the surface of the light cone.

Figure 1. A null plane is a surface tangent to the light cone. The null-plane Hamiltonians map
the initial light-like surface onto some other surface and therefore describe the dynamical evolution
of the system. The energy P

� translates the system in the null-plane time coordinate x

+, whereas
the spin Hamiltonians Fr rotate the initial surface about the surface of the light cone.

2 Space-time symmetry in the front form

2.1 A null plane defined

In the front-form of relativistic Hamiltonian dynamics, one chooses the initial state of the

system to be on a light-like plane, or null-plane, which is a hypersurface of points x in

Minkowski space such that x · n = ⌧ (see fig. 1). Here n is a light-like vector which will

be chosen below, and ⌧ is a constant which plays the role of time. We will refer to a

null-plane as ⌃⌧

n

. The subgroup of the Poincaré group that maps ⌃⌧

n

to itself is called

the stability group of the null-plane and determines the kinematics within the null-plane.

The remaining three Poincaré generators map ⌃⌧

n

to a new surface, ⌃⌧

0
n

, and therefore

describe the evolution of the system in time. The front-form is special in that it has seven

kinematical generators, the largest stability group of all of the forms of dynamics [1]. It

stands to reason that in complicated problems in relativistic quantum mechanics one would

prefer a formulation which has the fewest number of Hamiltonians to determine.

– 4 –

 Null plane: a surface tangent to the light cone. 

Silas R. Beane

τ=t+z/c
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Derivation of the Light-Front Radial Schrodinger Equation  directly 
from LF QCD

M2 =
⌅ 1

0
dx

⌅
d2 k⇥
16�3

 k2
⇥

x(1� x)

���⇥(x, k⇥)
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0

dx

x(1� x)

⌅
d2 b⇥ ⇥�(x, b⇥)

⇥
� ⇤2

⇥b��

⇤
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1
�

d
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�
�

d

d�

⇥
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1
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�

�
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d�2
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+
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⇤
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+ U(�)

⇥
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U is the confining QCD potential 
Conjecture: ‘H’-diagrams generate 

Light-Front Schrödinger Equation
�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Relativistic LF single-variable radial 
equation for QCD & QED

G. de Teramond, sjb 
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z
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z0 = 1
⇥QCD
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⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
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x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

Frame Independent!

U(⇣) = 4⇣2 + 22(L + S � 1)

4



 

9th Summer School in Theoretical Physics, Chongqing, Matin Mojaza

Automation Example: Static-Quark Potential

V (Q2) =� (4⇡)2CF

Q2
a(Q2)

h
1 + (c2,0 + c2,1Nf )a(Q
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2
f )a(Q

2)2

+ (c4,0 + c4,1Nf + c4,2N
2
f + c4,3N

3
f )a(Q

2)3 + 8⇡2C3
A ln
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IR

Q2
a(Q2)3

i
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V (Q2) =� (4⇡)2CF

Q2
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h
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Three-loop static potential

Alexander V. Smirnov,1 Vladimir A. Smirnov,2 and Matthias Steinhauser3

1Scientific Research Computing Center, Moscow State University, 119992 Moscow, Russia
2Skobeltsyn Institute of Nuclear Physics of Moscow State University, 119992 Moscow, Russia

3Institut für Theoretische Teilchenphysik, Karlsruhe Institute of Technology (KIT), D-76128 Karlsruhe, Germany
(Dated: November 25, 2009)

We compute the three-loop corrections to the potential of two heavy quarks. In particular we
consider in this Letter the purely gluonic contribution which provides in combination with the
fermion corrections of Ref. [1] the complete answer at three loops.

PACS numbers: 12.38.Bx, 14.65.Dw, 14.65.Fy, 14.65.Ha

The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form

V (|q⃗ |) =

−
4πCFαs(|q⃗ |)

q⃗ 2

[

1 +
αs(|q⃗ |)

4π
a1 +

(

αs(|q⃗ |)

4π

)2

a2

+

(

αs(|q⃗ |)

4π

)3 (

a3 + 8π2C3
A ln

µ2

q⃗ 2

)

+ · · ·

]

. (1)

Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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We compute the three-loop corrections to the potential of two heavy quarks. In particular we
consider in this Letter the purely gluonic contribution which provides in combination with the
fermion corrections of Ref. [1] the complete answer at three loops.
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The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form

V (|q⃗ |) =

−
4πCFαs(|q⃗ |)

q⃗ 2

[

1 +
αs(|q⃗ |)

4π
a1 +

(

αs(|q⃗ |)

4π

)2

a2

+

(

αs(|q⃗ |)

4π

)3 (

a3 + 8π2C3
A ln

µ2

q⃗ 2

)

+ · · ·

]

. (1)

Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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We compute the three-loop corrections to the potential of two heavy quarks. In particular we
consider in this Letter the purely gluonic contribution which provides in combination with the
fermion corrections of Ref. [1] the complete answer at three loops.
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The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form

V (|q⃗ |) =

−
4πCFαs(|q⃗ |)

q⃗ 2

[

1 +
αs(|q⃗ |)

4π
a1 +

(

αs(|q⃗ |)

4π

)2

a2

+

(

αs(|q⃗ |)

4π

)3 (

a3 + 8π2C3
A ln

µ2

q⃗ 2

)

+ · · ·

]

. (1)

Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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consider in this Letter the purely gluonic contribution which provides in combination with the
fermion corrections of Ref. [1] the complete answer at three loops.
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The potential between two heavy quarks constitutes a
fundamental quantity in Quantum Chromodynamics. It
enters in a variety of physical processes like the thresh-
old production of top quark pairs and the description of
charm and bottom quark bound states. Furthermore, it
is crucial for the understanding of fundamental quantities
of QCD, such as confinement. (See Ref. [2] for a recent
review.)
The idea to describe a bound state of heavy coloured

objects in analogy to the well-established hydrogen atom,
goes back to the middle of the 1970s [3]. Shortly after-
wards, about 30 years ago, one-loop radiative corrections
have been evaluated in the works [4, 5]. It took almost 20
years until the next order became available [6–8] which,
at that time, was a heroic enterprize. The two-loop cor-
rections turned out to be numerically quite important
which triggered several investigations to go beyond. End
of last year the fermionic corrections to the three-loop
static potential have been completed [1, 9, 10]. In this
Letter we report about the pure gluonic part which com-
pletes the three-loop corrections to the static potential.
We present our results for the static potential in mo-

mentum space where it takes the form

V (|q⃗ |) =

−
4πCFαs(|q⃗ |)

q⃗ 2
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1 +
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Here, CA = Nc and CF = (N2
c − 1)/(2Nc) are the eigen-

values of the quadratic Casimir operators of the adjoint
and fundamental representations of the SU(Nc) colour
gauge group, respectively, and αs denotes the strong cou-
pling in the MS scheme. The one- and two-loop coeffi-
cients a1 [4, 5] and a2 [6–8, 11] are given in Eq. (4) of
Ref. [1] where also the higher order terms in ϵ, necessary
for the three-loop calculation, are presented. In Eq. (1)
we identify the renormalization scale µ2 and the momen-
tum transfer q⃗ 2. The complete dependence on µ can
easily be restored with the help of Eq. (2) of Ref. [1].
A new feature of the three-loop corrections to V (|q⃗ |)

is the appearance of infrared divergences [12] which is

FIG. 1: Sample diagrams contributing to the static potential
at tree-level, one-, two- and three-loop order. Solid and curly
lines represent quarks and gluons, respectively. In the case of
closed loops the quarks are massless; the external quarks are
heavy and treated in the static limit.

represented by the ln(µ2/q⃗ 2) term in Eq. (1). It has
been evaluated for the first time in Refs. [13, 14] (see also
Ref. [15]); in Eq. (1) we adopt the MS scheme which has
been used in Ref. [14]. Let us mention that the infrared
divergence cancels in physical quantities after including
the contribution where so-called ultrasoft gluons inter-
act with the heavy quark anti-quark bound state. An
explicit result can, e.g., be found in Ref. [14] where the
cancellation has been demonstrated in order to arrive at
the measurable energy levels of the heavy-quark system.
We note in passing that higher order logarithmic contri-
butions to the infrared behaviour of the static potential
have been computed in Refs. [16, 17].

Before presenting our results for a3 let us provide some
technical details. We generate the four-point quark anti-
quark amplitudes with the help of QGRAF [18]. Some sam-
ple diagrams up to three-loop order are shown in Fig. 1.
In a next step they are processed further with q2e and
exp [19, 20] where a mapping to the diagrams of Fig. 2 is
achieved. The mapping to two-point functions is possi-
ble since the only dimenionful quantity in our problem is
given by the momentum transfer between the quark and
the anti-quark. Although there is only one mass scale
in our problem technical complications arise from the
simultaneous presence of static lines (zigzag lines) and
relativistic propagators (solid lines) which significantly
increases the complexity of the reduction to master in-
tegrals. For this task we employ the program package
FIRE [21] in order to achieve a reduction to about 100 ba-
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Heavy Quark Potential is IR Divergent in QCD

Summation of H graphs could yield confining potential
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• Light Front Wavefunctions:                                   

AdS5:  Conformal Template for QCD

P+ = P0 + Pz
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xi = k+
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P0+Pz
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Duality of AdS5 with LF 
Hamiltonian Theory

• Light-Front Holography

Light-Front Schrödinger Equation
Spectroscopy and Dynamics
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HQCD
LF |ψ >=M2|ψ >

Dirac’s Front Form: Fixed τ = t+ z/c

Bound States in Relativistic Quantum Field Theory:

Light-Front Wavefunctions

xi =
k+
i

P+

0 < xi < 1

n�

i=1
xi = 1

Remarkable new insights from AdS/CFT,the duality 
between conformal field theory  and Anti-de Sitter 
Space 

Invariant under boosts.   Independent of Pμ

Direct connection to QCD Lagrangian

 (xi,
~

k?i,�i)
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Light-Front Schrödinger Equation
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• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!
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Single scheme-independent 
fundamental mass scale 
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1 The Holographic Correspondence

• In the “ semi-classical” approximation to QCD with massless quarks and no quantum loops the �

function is zero, and the approximate theory is scale and conformal invariant.

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

ds2 =
R2

z2
(⇥µ⇥dxµdx⇥ � dz2).

• Semi-classical correspondence as a first approximation to QCD (strongly coupled at all scales).

• xµ ⇤ ⇤xµ, z ⇤ ⇤z, maps scale transformations into the holographic coordinate z.

• Different values of z correspond to different scales at which the hadron is examined: AdS boundary at

z ⇤ 0 corresponds to the Q⇤⌅, UV zero separation limit.

• There is a maximum separation of quarks and a maximum value of z at the IR boundary

• Truncated AdS/CFT (Hard-Wall) model: cut-off at z0 = 1/�QCD breaks conformal invariance and

allows the introduction of the QCD scale (Hard-Wall Model) Polchinski and Strassler (2001).

• Smooth cutoff: introduction of a background dilaton field ⌅(z) – usual linear Regge dependence can

be obtained (Soft-Wall Model) Karch, Katz, Son and Stephanov (2006).

Changes in 
physical

length scale 
mapped to 

evolution in the 
5th dimension z 
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AdS/QCD G. F. de Téramond

Scale Transformations

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

SO(1, 5)

ds2 =
R2

z2
(�µ⇥dxµdx⇥ � dz2),

xµ ⇤ ⇥xµ, z ⇤ ⇥z, maps scale transformations into the holographic coordinate z.

• AdS mode in z is the extension of the hadron wf into the fifth dimension.

• Different values of z correspond to different scales at which the hadron is examined.

x2 ⇤ ⇥2x2, z ⇤ ⇥z.

x2 = xµxµ: invariant separation between quarks

• The AdS boundary at z ⇤ 0 correspond to theQ⇤⌅, UV zero separation limit.

Caltech High Energy Seminar, Feb 6, 2006 Page 11

invariant measure

AdS/CFT
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2 Bosonic Modes

• Conformal metric: ds2 = g⌅mdx⌅dxm. x⌅ = (xµ, z), g⌅m ⇤
�
R2/z2

⇥
�⌅m .

• Action for massive scalar modes on AdSd+1:

S[⇥] =
1
2

⌥
dd+1x

⇧
g 1

2

�
g⌅m⌃⌅⇥⌃m⇥� µ2⇥2

 
,
⇧

g ⇤ (R/z)d+1.

• Equation of motion
1
⇧

g

⌃

⌃x⌅

�⇧
g g⌅m ⌃

⌃xm
⇥
⇥

+ µ2⇥ = 0.

• Factor out dependence along xµ-coordinates , ⇥P (x, z) = e�iP ·x ⇥(z), PµPµ =M2 :
⇤
z2⌃2

z � (d� 1)z ⌃z + z2M2 � (µR)2
⌅
⇥(z) = 0.

• Solution: ⇥(z)⇤ z� as z ⇤ 0,

⇥(x, z) = Cz
d
2 J�� d

2
(zM) , � = 1

2

⇧
d +

⌦
d2 + 4µ2R2

⌃
.

• Normalization

Rd�1
⌥ ⇥�1

QCD

0

dz

zd�1
⇥2

S=0(z) = 1.

Bosonic Solutions:  Hard Wall Model

� = 2 + L (µR)2 = L2 � 4d = 4

�(z) = Czd/2J��d/2(zM)
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• Pseudoscalar mesons: O3+L = ⇤⇥5D{�1 . . . D�m}⇤ (⇥µ = 0 gauge).

• 4-d mass spectrum from boundary conditions on the normalizable string modes at z = z0,

⇥(x, zo) = 0, given by the zeros of Bessel functions ��,k: M�,k = ��,k�QCD.

• Normalizable AdS modes �(z)

10 2 3 4
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z

Φ(z)

2-2006
8721A7

10 2 3 4

-2
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4
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8721A13

Fig: Meson orbital and radial AdS modes for �QCD = 0.32 GeV.

Caltech High Energy Seminar, Feb 6, 2006 Page 19

Confinement in 
the 5th 

dimension

z0 = 1
⇥QCD

z�

�: conformal dimension of meson

P+ = P0 + Pz

Fixed � = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

de Teramond, sjb

• Near the boundary of AdSd+1 space z ⇤ 0:

⇥(x, z) ⇤ z�⇥+(x) + zd��⇥�(x).

• ⇥�(x) is the boundary limit of non-normalizable mode (source): ⇥� = ⇥0

• ⇥+(x) is the boundary limit of the normalizable mode (physical states)

• Using the equations of motion AdS action reduces to a UV surface term

Seff =
Rd�1

4
lim
z⇤0

�
ddx

1
zd�1

⇥⌅z⇥,

• Seff is identified with the boundary functional WCFT

⌥O�⇥0
=

�WCFT

�⇥0
=

�Se⇤

�⇥0
⇥ ⇥+(x),

Balasubramanian et. al. (1998), Klebanov and Witten (1999).

• Physical AdS modes ⇥P (x, z) ⇥ e�iP ·x ⇥(z) are plane waves along the Poincaré coordinates with

four-momentum Pµ and hadronic invariant mass states PµPµ = M2.

• For small-z ⇥(z) ⇥ z�. The scaling dimension � of a normalizable string mode, is the same
dimension of the interpolating operatorO which creates a hadron out of the vacuum: ⌥P |O|0� ⌅= 0.

z�

�: conformal dimension of meson

P+ = P0 + Pz

Fixed ⇥ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇤(�, b�)

Twist dimension 
of meson

Identify hadron by its interpolating operator at z   --> 0

� = 2 + L

equivalent to 
dimensions of chiral 

superfields

Hard Wall
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•Soft-wall dilaton profile breaks 
conformal invariance

•Color Confinement

•Introduces confinement scale

•Uses AdS5 as template for conformal 
theory

e'(z) = e+2z2

Dilaton-Modified AdS/QCD
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Dual QCD Light-Front Wave Equation z ⌃ �, �P (z)⌃ |⇧(P )�
[GdT and S. J. Brodsky, PRL 102, 081601 (2009)]

• Upon substitution z⇧� and ⌅J(�) ⌅ ��3/2+Je�(z)/2 �J(�) in AdS WE
⇤
�zd�1�2J

e�(z)
�z

�
e�(z)

zd�1�2J
�z

⇥
+

�
µR

z

⇥2
⌅

�J(z) = M2�J(z)

find LFWE (d = 4)
�
� d2

d�2
� 1� 4L2

4�2
+ U(�)

⇥
⌅J(�) = M2⌅J(�)

with

U(�) =
1
2
⌃⇥⇥(z) +

1
4
⌃⇥(z)2 +

2J � 3
2z

⌃⇥(z)

and (µR)2 = �(2� J)2 + L2

• AdS Breitenlohner-Freedman bound (µR)2 ⇤ �4 equivalent to LF QM stability condition L2 ⇤ 0

• Scaling dimension ⇤ of AdS mode �̂J is ⇤ = 2 + L in agreement with twist scaling dimension of a

two parton bound state in QCD and determined by QM stability condition

LC 2011 2011, Dallas, May 23, 2011 Page 10

e'(z)

G. de Teramond and sjb, PRL 102 081601 (2009)

General dilaton profile

U(⇣) =
1
2
�00(⇣) +

1
4
�0(⇣)2 +

2J � 3
2⇣

�0(⇣)
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• Nonconformal metric dual to a confining gauge theory

ds2 =
R2

z2
e⇤(z)

�
�µ⇥dxµdx⇥ � dz2

⇥

where ⇤(z) ⇧ 0 at small z for geometries which are

asymptotically AdS5

• Gravitational potential energy for object of mass m

V = mc2�g00 = mc2R
e⇤(z)/2

z

• Consider warp factor exp(±⇥2z2)

• Plus solution: V (z) increases exponentially confining

any object in modified AdS metrics to distances ⌃z⌥ ⌅ 1/⇥

KITPC, Beijing, October 19, 2010 Page 9

Klebanov and Maldacena 

Introduce  “Dilaton" to simulate confinement analytically

e'(z) = e+2z
Positive-sign dilaton • de Teramond, sjb
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• Obtain spin-J mode �µ1···µJ with all indices along 3+1 coordinates from � by shifting dimensions

�J(z) =
⇧ z

R

⌃�J
�(z)

• Substituting in the AdS scalar wave equation for �
⇤
z2⇧2

z �
�
3�2J � 2⇥2z2

⇥
z ⇧z + z2M2� (µR)2

⌅
�J = 0

• Upon substitution z⌅�

⌅J(�)⇤��3/2+Je⇥2�2/2 �J(�)

we find the LF wave equation

⌥
� d2

d�2
� 1� 4L2

4�2
+ ⇥4�2 + 2⇥2(L + S � 1)

�
⌅µ1···µJ =M2⌅µ1···µJ

with (µR)2 = �(2� J)2 + L2

Hadron 2009, FSU, Tallahassee, December 1, 2009 Page 18

General-Spin Hadrons
de Teramond, Dosch, sjb

e'(z) = e+2z2



 

AdS Soft-Wall Schrodinger Equation for 
bound state  of  two scalar constituents:

Derived from variation of Action for Dilaton-Modified AdS5

Identical to Light-Front Bound State Equation! 

U(z) = �4z2 + 2�2(L + S � 1)

• Dosch, de Teramond, sjbPositive-sign dilaton

⇥
� d2

dz2
� 1� 4L2

4z2
+ U(z)

⇤
�(z) =M2�(z)

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

e'(z) = e+2z2



 

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

(x(1� x)|b⇤|

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

LF(3+1)                AdS5

Light-Front Holography: Unique mapping derived from equality of LF 
and AdS  formula for EM and gravitational current matrix elements 

and identical equations of motion

⇤(x, �) =
�

x(1� x)��1/2⇥(�)

de Teramond, sjb

(µR)2 = L2 � (J � 2)2



 



Light-Front Holography 

AdS/QCD
Soft-Wall  Model

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

Conformal Symmetry
of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Unique 
Confinement Potential!

de Tèramond, Dosch, sjb

 ' 0.6 GeV

1/ ' 1/3 fm

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!

(mq=0)

Single scheme-independent 
fundamental mass scale 
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Fig: Orbital and radial AdS modes in the soft wall model for � = 0.6 GeV .
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n

Light meson orbital (a) and radial (b) spectrum for � = 0.6 GeV.

Exploring QCD, Cambridge, August 20-24, 2007 Page 26

S = 0 S = 0

Soft Wall 
Model

Pion mass  
automatically zero!

mq = 0

Quark separation 
increases with L

Pion has 
zero mass!

Same slope in n and L!



 
G. de Teramond, H. G. Dosch, sjb 

U(⇣2) = 4⇣2 + 22(J � 1)

z ! ⇣

Pion: Negative term  for J=0 cancels 
positive terms from LFKE and potential



 

Same slope in n and L!Massless pion in Chiral Limit!

Mass ratio of the ρ and the a1 mesons: coincides with Weinberg sum rules

mq = 0

G. de Teramond, H. G. Dosch, sjb 
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J=0

J=1

J=2

� = 2



Light-Front Holography
• AdS5/CFT4   Duality between AdS5 and 

Conformal Gauge Theory in 3+1 at fixed LF 
time  G. de Téramond, H. G. Dosch, sjb

•  ``AdS4/CFT3  Construction from Collective 
Fields”    Robert de Mello Koch, Antal Jevicki, Kewang Jin, 
João P. Rodrigues

• “Exact holographic mapping and emergent 
space-time geometry”  Xiao-Liang Qi

• Ehrenfest arguments:   Glazek and Trawinski

Valery E. Lyubovitskij, Tanja Branz, Thomas Gutsche, 
Ivan Schmidt, Alfredo Vega

http://arxiv.org/find/hep-th/1/au:+Qi_X/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Qi_X/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Koch_R/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Koch_R/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Jevicki_A/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Jevicki_A/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Jin_K/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Jin_K/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Rodrigues_J/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Rodrigues_J/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Qi_X/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Qi_X/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Qi_X/0/1/0/all/0/1
http://arxiv.org/find/hep-th/1/au:+Qi_X/0/1/0/all/0/1


 

Prediction from AdS/QCD: Meson LFWF

�(x, k�)
0.20.40.60.8

1.3

1.4

1.5

0

0.05

0.1

0.15

0.2

0

5

       “Soft Wall” 
model

�(x, k�)(GeV)

de Teramond, 
Cao, sjb⇥M(x, Q0) ⇥

�
x(1� x)

⇤M(x, k2
⇤)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

µ�

massless quarks

Note coupling 

k2
�, x

Provides Connection of Confinement to Hadron Structure

⇤M (x, k⇥) =
4⇥

�
�

x(1� x)
e
� k2

⇥
2�2x(1�x)

x

1� x

�⇡(x) =
4p
3⇡

f⇡

p
x(1� x)

f⇡ =
p

Pqq̄

p
3

8
 = 92.4 MeV
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Nearly Conformal QCD and AdS/CFT G. F. de Téramond, UCR

• Propagation of external perturbation suppressed inside AdS.

• At large enoughQ ⇤ r/R2, the interaction occurs in the large-r conformal region. Important

contribution to the FF integral from the boundary near z ⇤ 1/Q.

J(Q, z), �(z)

1 2 3 4 5

0.2

0.4

0.6

0.8

1

z

• Consider a specific AdS mode ⇥(n) dual to an n partonic Fock state |n⇧. At small z, ⇥(n)

scales as ⇥(n) ⇤ z�n . Thus:

F (Q2) ⌅
�

1
Q2

⇥��1

,

where ⇥ = �n � �n, �n =
⇤n

i=1 �i. The twist is equal to the number of partons, ⇥ = n.

Quark-Hadron Duality, Frascati, 6-8 June 2005 Page 22

Dimensional Quark Counting Rules:
General result from 

AdS/CFT and Conformal Invariance

Hadron Form Factors from AdS/QCD 

Polchinski, Strassler
de Teramond, sjb

J(Q, z) = zQK1(zQ)

�s(Q2)

⇥(Q2) = d�s(Q2)
d logQ2 � 0

�(Q2)� �
15⇤

Q2

m2

Q2 << 4m2

A

J(Q, z) �(z)

high Q2

D(z) ⇥ (1� z)2Nspect�1

zD(z) = F (x = 1/z)

zD(z)c⇤pX = Fp⇤cX(x = 1/z)

zi ⌅ m⇧i =
⇥

m2
i + k2

⇧

X = cūd̄ū

F (Q2)I⇤F =
� dz

z3�F (z)J(Q, z)�I(z)

High Q2 
from 

small z  ~ 1/Q

Twist ⌧ = n + L



 

Holographic Mapping of AdS Modes to QCD LFWFs

• Integrate Soper formula over angles:

F (q2) = 2⇥

⇧ 1

0
dx

(1� x)
x

⇧
�d�J0

⇥
�q

⌥
1� x

x

⇤
⇤̃(x, �),

with ⌃⇤(x, �) QCD effective transverse charge density.

• Transversality variable

� =
⌥

x

1� x

���
n�1⌅

j=1

xjb⇥j

���.

• Compare AdS and QCD expressions of FFs for arbitrary Q using identity:

⇧ 1

0
dxJ0

⇥
�Q

⌥
1� x

x

⇤
= �QK1(�Q),

the solution for J(Q, �) = �QK1(�Q) !

Exploring QCD, Cambridge, August 20-24, 2007 Page 35

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

Drell-Yan-West: Form Factors are 
Convolution of LFWFs

Identical to Polchinski-Strassler Convolution of AdS Amplitudes

de Teramond, sjb
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Untitled-1 1

F�(q2)

q2(GeV 2)

However J/⇤ � ⇥�

is largest two-body hadron decay

Small value for ⇤⇥ � ⇥�

⇥

�

Spacelike pion form factor from AdS/CFT

F�(q2)

q2(GeV 2)

However J/⇤ � ⇥�

is largest two-body hadron decay

Small value for ⇤⇥ � ⇥�

⇥

�

Hard Wall: Truncated Space Confinement

Soft Wall: Harmonic Oscillator Confinement

One parameter -  set by pion decay constant

Data Compilation
Baldini, Kloe and Volmer

de Teramond, sjb
See also: Radyushkin 



 

⇤M (x, k⇥) =
4⇥

�
�

x(1� x)
e
� k2

⇥
2�2x(1�x)



 

J. R. Forshaw, 
R. Sandapen

�⇤p! ⇢0p0

�L

�T



 

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

(x(1� x)|b⇤|

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

LF(3+1)                AdS5

Light-Front Holography: Unique mapping derived from equality of LF 
and AdS  formula for EM and gravitational current matrix elements 

and identical equations of motion

⇤(x, �) =
�

x(1� x)��1/2⇥(�)

de Teramond, sjb
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• Hadronic gravitational form-factor in AdS space

A�(Q2) = R3
⌅

dz

z3
H(Q2, z) |��(z)|2 ,

where H(Q2, z) = 1
2Q2z2K2(zQ)

• Use integral representation for H(Q2, z)

H(Q2, z) = 2
⌅ 1

0
x dxJ0

⇥
zQ

⇧
1� x

x

⇤

• Write the AdS gravitational form-factor as

A�(Q2) = 2R3
⌅ 1

0
x dx

⌅
dz

z3
J0

⇥
zQ

⇧
1� x

x

⇤
|��(z)|2

• Compare with gravitational form-factor in light-front QCD for arbitrary Q

���⇤̃qq/�(x, �)
���
2

=
R3

2⇥
x(1� x)

|��(�)|2

�4
,

which is identical to the result obtained from the EM form-factor

From String to Things, INT, Seattle, April 10, 2008 Page 31

Abidin & Carlson 

Gravitational Form Factor in AdS space

Identical  to LF Holography obtained from electromagnetic current

de Teramond  & sjb



New Perspectives for Hadron Physics  Stan BrodskyCERN TH 
January 22, 2014

An analytic first approximation to QCD

• As Simple as Schrödinger Theory in Atomic Physics

• LF radial variable  ζ conjugate to invariant mass squared

• Relativistic, Frame-Independent, Color-Confining

• Unique confining potential!

• QCD Coupling at all scales: Essential for Gauge Link 
phenomena

• Hadron Spectroscopy and Dynamics from one parameter 

• Wave Functions, Form Factors, Hadronic Observables, 
Constituent Counting Rules

• Insight into QCD Condensates: Zero cosmological constant!

• Systematically improvable with DLCQ-BLFQ Methods

AdS/QCD + Light-Front Holography 
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Current Matrix Elements in AdS Space (SW)

• Propagation of external current inside AdS space described by the AdS wave equation
⇤
z2⇧2

z � z
�
1 + 2�2z2

⇥
⇧z �Q2z2

⌅
J�(Q, z) = 0.

• Solution bulk-to-boundary propagator

J�(Q, z) = �
⇧

1 +
Q2

4�2

⌃
U

⇧
Q2

4�2
, 0, �2z2

⌃
,

where U(a, b, c) is the confluent hypergeometric function

�(a)U(a, b, z) =
⌥ ⇥

0
e�ztta�1(1 + t)b�a�1dt.

• Form factor in presence of the dilaton background ⇥ = �2z2

F (Q2) = R3
⌥

dz

z3
e��2z2

⇥(z)J�(Q, z)⇥(z).

• For large Q2 ⇤ 4�2

J�(Q, z)⌅ zQK1(zQ) = J(Q, z),

the external current decouples from the dilaton field.

Exploring QCD, Cambridge, August 20-24, 2007 Page 34

sjb and GdT 
Grigoryan and Radyushkin

Dressed 
Current

 in Soft-Wall 
Model
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F.-G. Cao, 
G. de Teramond, 

sjb

Photon-to-pion transition form factor

qq̄ components.

The simple valence qq̄ model discussed above should thus be modified at small Q2

by introducing the dressed current. In the case of soft-wall potential, the EM bulk-to-

boundary propagator is

V (Q2, z) = �

⇤
1 +

Q2

4�2

⌅
U

⇤
Q2

4�2
, 0, �2z2

⌅
, (17)

where U(a, b, c) is the Tricomi confluent hypergeometric function. The modified current

V (Q2, z), (17), has the same boundary conditions as the free current (9), and reduces to

(9) in the limit Q2 ⇥ ⇤. Eq. (17) can be conveniently written in terms of the integral

representation [33]

V (Q2, z) = �2z2

⇧ 1

0

dx

(1� x)2
x

Q2

4�2 e�⇥2z2x/(1�x). (18)

Inserting the pion wave function (5) for twist ⇤ = 2 and the confined EM current (18)

in the amplitude (3) one finds

F⇤�(Q
2) =

Pqq̄

⇥2f⇤

⇧ 1

0

dx

(1 + x)2
xQ2Pqq̄/(8⇤2f2

⇥). (19)

Eq. (19) gives the same value for F⇤�(0) as (14) which was obtained with the free current.

Thus the anomaly result F⇤�(0) = 1/(4⇥2f⇤) is reproduced if Pqq̄ = 0.5 is also taken in

(19). Upon integration by parts, Eq. (19) can also be written as

Q2F⇤�(Q
2) = 8f⇤

⇧ 1

0

dx
1� x

(1 + x)3

�
1� xQ2Pqq̄/(8⇤2f2

⇥)
⇥

. (20)

Noticing that the second term in Eq. (20) vanishes at the limit Q2 ⇥ ⇤, one recovers

Brodsky-Lepage’s asymptotic prediction for the pion TFF: Q2F⇤�(Q2 ⇥⇤) = 2f⇤. [11]

The results calculated with (19) for Pqq̄ = 0.5 are shown as dashed curves in Figs. 1

and 2. One can see that the calculations with the dressed current are larger as compared

with the results computed with the free current and the experimental data at low- and

medium-Q2 regions (Q2 < 10 GeV2). The new results again disagree with BABAR’s data

at large Q2.

11

Lepage,  sjb



 

Predicting the isospin asymmetry in B ! K!! using holographic AdS/QCD
distribution amplitudes for the K!

M. Ahmady*

Department of Physics, Mount Allison University, Sackville, New Brunswick E4L 1E6, Canada

R. Sandapen†
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I. INTRODUCTION

The rare decay B ! K!! is the dominant mode of
exclusive radiative decays of the B ! V! where V is a
vector meson. It was first observed by the CLEO collabo-
ration in 1993 [1] and since then it has been measured with
increasing precision by the BABAR [2], Belle [3] and
CLEO [4] collaborations. The most recent data for the
branching ratios of the decay B0 ! K!0! and Bþ !
K!þ! are given in Table I. As can be seen, all three
experiments report a slightly higher branching ratio
for B0 ! K!0! and this indicates a nonzero isospin
asymmetry defined as

!0& ¼ "ð #B0 ! #K!0!Þ & "ðB& ! K!0&!Þ
"ð #B0 ! #K!0!Þ þ "ðB& ! K!0&!Þ : (1)

The most recent isospin asymmetry measurements
reported by BABAR and Belle are shown in the last row
of Table I. Note that!0þ ¼ !0& to within 2%, which is the
maximum measured CP asymmetry for this decay.

In general, radiative B decays to vector mesons are of
considerable interest because they proceed via flavor-
changing neutral currents, which are heavily suppressed
in the Standard Model (SM) and are thus sensitive to
enhancement by new physics (NP) [5]. Such exclusive
decays are also relatively clean to investigate experimen-
tally especially in a hadronic environment like the LHC.
On the other hand, the theory of exclusive decays is com-
plicated by their sensitivity to nonperturbative physics.
Nevertheless, it is very important to have reliable SM
predictions for these decays in order to detect any NP
signals.

The standard theoretical framework for computing
exclusive radiative B decays is QCD factorization
(QCDF) [6]. QCDF is the statement that to leading-power
accuracy in the heavy-quark limit, the matrix element of
the effective weak Hamiltonian operators factorizes into
perturbatively calculable kernels and nonperturbative but
universal quantities, namely the B ! V transition form
factor and the leading twist distribution amplitudes (DAs)
of the B and vector mesons. In a standard notation, these
matrix elements are written as [6,7]

hVðP; eTÞ!ðq; "ÞjQij #Bi

¼
!
FB!VTI

i þ
Z 1

0
d#dz$Bð#ÞTII

i ð# ; zÞ$?
V ðzÞ

"
( "

þOð%QCD=mbÞ: (2)

The first term is simply the product of perturbatively
calculable quantities TI

i with the nonperturbative transition
form factor FB!V . The second term is a convolution of the
perturbatively computable kernels TII

i with the nonpertur-
bative DA of the Bmeson,$Bð#Þ, and the DA of the vector
meson, $?

V ðzÞ, where z is the fraction of the meson
light-front momentum carried by the quark. Formally, the
second term is a correction of order %s to the first term.
Traditionally, the form factor and DAs are obtained from
QCD sum rules (SR) or lattice QCD.
To leading-power accuracy in the heavy-quark mass, the

decay amplitude for B ! K!! is given by [6,8]

ALeadingðB!K!!Þ¼GFffiffiffi
2

p V!
csVcba

c
7hK!ðP;eTÞ!ðq;"ÞjQ7j #Bi;

(3)

where at next-to-leading order (NLO) in the strong
coupling, ac7 is given by [6]
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X?ð!hÞ ¼
Z 1

0
dz"?

K$ ðz;!hÞ
!
1þ !z

3!z2

"
; (12)

and

H?ðsc;!hÞ

¼
Z 1

0
dz
!
g?ðvÞ
K$ ðz;!hÞ&

1

4

dg?ðaÞ
K$

dz
ðz;!hÞ

"
Gðsc; !zÞ; (13)

where Gðsc; !zÞ is the penguin function [12]. The first three
integrals F?, G? and X? depend on the twist-2 DAwhile
H? depends on the twist-3 DAs. It turns out that X?ð!Þ
diverges with the standard SR twist-2 DA [12].

This isospin asymmetry was first computed in Ref. [12]
using sum-rules DAs evaluated at a scale !h ¼

ffiffiffi
5

p
GeV.

The diverging integral X? was regulated using a cutoff,
thus introducing an additional uncertainty in the theoretical
prediction. In Ref. [7], the contribution of the divergent
integral was neglected while other contributions beyond
QCDF—namely, long-distance photon emission and gluon
emission from quark loops—were taken into account.

Our goal in this paper is to compute the isospin asym-
metry given by Eq. (8) as well as the branching ratio given
by Eq. (7) using holographic AdS/QCD DAs for the trans-
versely polarized K$ meson. In doing so, we shall show
that the end-point divergence inX? can be avoided and that
we predict an isospin asymmetry that is consistent with
experiment. Moreover, we shall see that our AdS/QCD
prediction for the branching ratio at leading power
accuracy agrees with the sum-rules prediction and with
experiment.

We now turn to the derivation of the holographic AdS/
QCD DAs of the K$ meson. They are obtained using an
AdS/QCD holographic light-front wave function [13] for
the K$ meson. Our derivation is a generalization of our
earlier derivation [11] for the AdS/QCD DAs of the #
meson. We now account for unequal quark masses and
thus for the resulting SU(3) flavor symmetry-breaking
effects.

II. HOLOGRAPHIC ADS/QCD
DISTRIBUTION AMPLITUDES

The AdS/QCD holographic wave function [13,14] for a
ground-state vector meson in which the quark of mass mq

carries a fraction z of the meson light-front momentum
[15] can be written as [16]

"$ðz; %Þ ¼ N $
&ffiffiffiffi
'

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1& zÞ

p
exp

!
&&2%2

2

"

' exp
!
&ð1& zÞm2

q þ zm2
!q

2&2zð1& zÞ

"
; (14)

where % ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1& zÞ

p
r with r being the transverse separa-

tion between the quark and antiquark. This wave function is
obtained by solving the AdS/QCD holographic light-front

Schroedinger equation [13] for mesons where the interact-
ing potential in four-dimensional physical spacetime is
determined by the dilaton background field that breaks
conformal invariance in five-dimensional AdS space.
Theoretical and phenomenological considerations constrain
the form of the dilaton field to be quadratic [17]. In that
case, the parameter & is fixed by the meson mass: & ¼
MV=

ffiffiffi
2

p
. Note that we allow the normalization constant

N $ to depend on the polarization $ ¼ L, T of the vector
meson [18]. For the K$ vector meson, MV ¼ MK$ , q ¼ s
and !q ¼ !u or !d.
The AdS/QCD wave function of the K$ vector meson

can thus be written as

"$
K$ ðz; %Þ ¼ N $

&ffiffiffiffi
'

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1& zÞ

p
exp

!
&&2%2

2

"

' exp
$
&
%m2

s & zðm2
s &m2

!qÞ
2&2zð1& zÞ

&'
; (15)

with & ¼ 0:63 GeV and where we have made explicit the
SU(3) flavor symmetry-breaking correction proportional to
(m2

s &m2
!q) in the last exponential.

The meson light-front wave functions can be written
in terms of the AdS/QCD wave function. In momentum
space [19]

"K$;$
h; !h

ðz;kÞ ¼
ffiffiffiffiffiffiffi
Nc

4'

s
SK

$;$
h; !h

ðz;kÞ"$
K$ ðz;kÞ; (16)

where

SK
$;$

h; !h
ðz;kÞ ¼ !uhðzPþ;&kÞffiffiffi

z
p e$:(

v !hðð1& zÞPþ;kÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1& zÞ

p ; (17)

and "$
K$ ðz;kÞ is the two-dimensional Fourier transform of

the AdS/QCD wave function given by Eq. (14). Note that
in Eq. (17), h is the helicity of quark and !h is the helicity of
the antiquark. The normalization N $ of the AdS/QCD
wave function is fixed by imposing that [18,20]

X

h; !h

Z d2k

ð2'Þ2 j"
K$;$
h; !h

ðz;kÞj2 ¼ 1: (18)

Choosing the longitudinal and transverse polarization
vectors as

eL ¼
!
Pþ

MK$
;&MK$

Pþ ; 0?

"
and eT ¼ 1ffiffiffi

2
p ð0; 0; 1;(iÞ;

(19)

where Pþ is the ‘‘plus’’ component of the four-momentum
of the K$ meson given by

P! ¼
!
Pþ;

M2
K$

Pþ ; 0?

"
(20)

and using the light-front spinors of Ref. [21], we find that
the spinor wave functions are given by
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I. INTRODUCTION

The rare decay B ! K!! is the dominant mode of
exclusive radiative decays of the B ! V! where V is a
vector meson. It was first observed by the CLEO collabo-
ration in 1993 [1] and since then it has been measured with
increasing precision by the BABAR [2], Belle [3] and
CLEO [4] collaborations. The most recent data for the
branching ratios of the decay B0 ! K!0! and Bþ !
K!þ! are given in Table I. As can be seen, all three
experiments report a slightly higher branching ratio
for B0 ! K!0! and this indicates a nonzero isospin
asymmetry defined as

!0& ¼ "ð #B0 ! #K!0!Þ & "ðB& ! K!0&!Þ
"ð #B0 ! #K!0!Þ þ "ðB& ! K!0&!Þ : (1)

The most recent isospin asymmetry measurements
reported by BABAR and Belle are shown in the last row
of Table I. Note that!0þ ¼ !0& to within 2%, which is the
maximum measured CP asymmetry for this decay.

In general, radiative B decays to vector mesons are of
considerable interest because they proceed via flavor-
changing neutral currents, which are heavily suppressed
in the Standard Model (SM) and are thus sensitive to
enhancement by new physics (NP) [5]. Such exclusive
decays are also relatively clean to investigate experimen-
tally especially in a hadronic environment like the LHC.
On the other hand, the theory of exclusive decays is com-
plicated by their sensitivity to nonperturbative physics.
Nevertheless, it is very important to have reliable SM
predictions for these decays in order to detect any NP
signals.

The standard theoretical framework for computing
exclusive radiative B decays is QCD factorization
(QCDF) [6]. QCDF is the statement that to leading-power
accuracy in the heavy-quark limit, the matrix element of
the effective weak Hamiltonian operators factorizes into
perturbatively calculable kernels and nonperturbative but
universal quantities, namely the B ! V transition form
factor and the leading twist distribution amplitudes (DAs)
of the B and vector mesons. In a standard notation, these
matrix elements are written as [6,7]

hVðP; eTÞ!ðq; "ÞjQij #Bi

¼
!
FB!VTI

i þ
Z 1

0
d#dz$Bð#ÞTII

i ð# ; zÞ$?
V ðzÞ

"
( "

þOð%QCD=mbÞ: (2)

The first term is simply the product of perturbatively
calculable quantities TI

i with the nonperturbative transition
form factor FB!V . The second term is a convolution of the
perturbatively computable kernels TII

i with the nonpertur-
bative DA of the Bmeson,$Bð#Þ, and the DA of the vector
meson, $?

V ðzÞ, where z is the fraction of the meson
light-front momentum carried by the quark. Formally, the
second term is a correction of order %s to the first term.
Traditionally, the form factor and DAs are obtained from
QCD sum rules (SR) or lattice QCD.
To leading-power accuracy in the heavy-quark mass, the

decay amplitude for B ! K!! is given by [6,8]

ALeadingðB!K!!Þ¼GFffiffiffi
2

p V!
csVcba

c
7hK!ðP;eTÞ!ðq;"ÞjQ7j #Bi;

(3)

where at next-to-leading order (NLO) in the strong
coupling, ac7 is given by [6]
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Uniqueness of Dilaton

pion is massless in chiral limit iff 
p=2!

p

m2
⇡/2

'p(z) = pzp

e'(z) = e+2z2

• Dosch, de Teramond, sjb



Uniqueness

• ζ2 confinement potential and dilaton profile unique!

• Linear Regge trajectories in n and L: same slope!

• Massless pion in chiral limit!   No vacuum condensate!

•  Conformally invariant action for massless quarks retained 

despite mass scale

• Same principle, equation of motion as de Alfaro, FurlanFubini, 
Conformal Invariance in Quantum Mechanics Nuovo Cim. A34 (1976) 569 

de Teramond, Dosch, sjb 

U(⇣) = 4⇣2 + 22(L + S � 1) e'(z) = e+2z2

http://inspirehep.net/record/108211
http://inspirehep.net/record/108211
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QCD Lagrangian

Yang Mills Gauge Principle: Color 
Rotation and Phase Invariance at 

Every Point of Space and Time 

Scale-Invariant Coupling
Renormalizable 

Asymptotic Freedom
Color Confinement

LQCD = �1
4
Tr(Gµ⌫Gµ⌫) +

nfX

f=1

i ̄fDµ�µ f +
nfX

f=1

mf  ̄f f

iDµ = i@µ � gAµ Gµ⌫ = @µAµ � @⌫Aµ � g[Aµ, A⌫ ]

Fundamental Theory of Hadron and Nuclear Physics 

QCD Mass Scale from Confinement not Explicit

quark

Classically Conformal if mq=0
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What determines the QCD mass scale ΛQCD? 

• Mass scale does not appear in the QCD Lagrangian 
(massless quarks)

• Dimensional Transmutation? Requires external constraint 
such as 

• dAFF: Confinement Scale κ appears spontaneously via the 
Hamiltonian:

• The confinement scale regulates infrared divergences,  

connects  ΛQCD   to the confinement scale κ

• Only dimensionless mass ratios (and M times R ) predicted

• Mass and time units [GeV] and [sec] from physics external 
to QCD

• New feature: bounded frame-independent relative time 
between constituents

↵s(MZ)

G = uH + vD + wK 4uw � v2 = 4 = [M ]4



 

IL NUOVO CIMENT0 VOL. 34 A, N. 4 21 Agosto 1976 

Conformal Invariance in Quantum Mechanics. 

V. DE 2s 
Istituto di .Fisiea Teoriea dell' Universit~ - Tori~o 
Istituto Nazionate di Fis ica Nucleare - Sezione di Torino 

S. FUBINI and G. FURLAN (*) 
C E R N  - Geneva 

(ricevuto fl 3 Maggio 1976) 

Summary. - -  The properties of a field theory in one over-all time dimen- 
sion, invariant under the full eonformal group, are studied in detail. A 
compact operator, which is not the Hamiltonian, is diagonalized and 
used to solve the problem of motion, providing a discrete spectrum and 
normalizable eigenstates. The role of the physical parameters present 
in the model is discussed, mainly in connection with a semi-classical 
approximation. 

1 .  - I n t r o d u c t i o n .  

Most quan tum field theories, which are being used at  present, contain only 
dimensionless coupling constant  so tha t  dilatation invariance is broken only 
by  mass terms. This has led to much a t tent ion to the limits in which such 
mass terms also tend to zero, either in terms of massless field theories or as 
special asymptot ic  limits of F e y n m a n  diagrams. 

A special feature of massless field theories is t ha t  they  exhibit an invariance 
group which is larger than  Poincard's  and which also contains the dilatation 
D and the conformal operator  K ,  (1). 

(*) On leave of absence from Istituto di Fisica Teorica dell'Universitk, Trieste and 
Istituto Nazionale di Fisica Nueleare, Sezione di Trieste. 
(1) A sample of recent developments, with abundant references to previous work, 
is contained in: Scale and Conformal Symmetry  in Hadron Physics,  edited by R. GATTO 
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G = uH + vD + wK

G| (⌧) >= i
@

@⌧
| (⌧) >

G = H⌧ =
1
2
�
� d2

dx2
+

g

x2
+

4uw � v2

4
x2

�

Retains conformal invariance of action despite mass scale!

Identical to LF Hamiltonian with unique potential and dilaton!

• de Alfaro, Fubini, Furlan

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

U(⇣) = 4⇣2 + 22(L + S � 1)

4uw � v2 = 4 = [M ]4

• Dosch, de Teramond, sjb

New term



New Perspectives for Hadron Physics  Stan BrodskyCERN TH 
January 22, 2014

fixed uniquely: it is, like the original Hamiltonian with unbroken dilatation symmetry,179

a constant of motion (2). This procedure breaks scale invariance by a redefinition of180

the fields and the time parameter (16). The Lagrangian, expressed in terms of the181

original fields Q(t) is unchanged up to a total derivative (2). The dAFF mechanism182

is reminiscent of spontaneous symmetry breaking, however, this is not the case since183

there are no degenerate vacua (14) and thus a massless scalar 0++ state is not required.184

The dAFF mechanism is also di↵erent from usual explicit breaking by just adding a185

term to the Lagrangian (15).186

In their discussion of the evolution operator H⌧ dAFF mention a critical point,187

namely that “the time evolution is quite di↵erent from a stationary one”. By this188

statement they refer to the fact that the variable ⌧ is related to the variable t by189

⌧ =
2p

4uw � v2
arctan

✓
2tw + vp
4uw � v2

◆
, (22)

i.e., ⌧ has only a finite range. Since q2(⌧) vanishes at the borders of this range (See190

(16)), the surface term in (18) vanishes also there. In our approach ⌧ = x+/P+
191

can be interpreted as the LF time di↵erence of the confined q and q̄ in the hadron,192

a quantity which is naturally of finite range and in principle could be measured in193

double-parton scattering processes. It is also interesting to notice that the conformal194

group in one dimension with generators Ht, K and D is locally isomorphic to the195

group SO(2, 1) and thus, a correspondence can be established between the SO(2, 1)196

group of conformal quantum mechanics and the AdS2 space with isometry group197

SO(2, 1) (16).198

Following the work of de Alfaro, Fubini and Furlan in Ref. (2), we have discussed199

in this letter an e↵ective theory which encodes the fundamental conformal symmetry200

of the QCD Lagrangian in the limit of massless quarks. It is an explicit model in201

which the confinement length scale appears in the light-front Hamiltonian from the202

breaking of dilatation invariance, without a↵ecting the conformal invariance of the203

action. In the context of the dual holographic model it shows that the form of the204

dilaton profile is unique, which leads by the mapping to the light-front Hamiltonian205

9

dAFF: New Time Variable

• Identify with difference of LF time Δx+/P+ 

between constituents

• Finite range 

• Measure in Double Parton Processes
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Remarkable Features of 
Light-Front Schrödinger Equation

• Relativistic, frame-independent

• QCD scale appears - unique LF potential

• Reproduces spectroscopy and dynamics of light-quark hadrons with 
one parameter

• Zero-mass pion for zero mass quarks!

• Regge slope same for n and L  -- not usual HO

• Splitting in L persists to high mass   -- contradicts conventional 
wisdom based on breakdown of chiral symmetry

• Phenomenology: LFWFs, Form factors, electroproduction

• Extension to heavy quarks

U(⇣) = 4⇣2 + 22(L + S � 1)
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Light-Front Holography 
AdS/QCD

Soft-Wall  Model

Conformal Symmetry

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Light-Front Schrödinger Equation

de Teramond, Dosch, sjb

Semi-Classical Approximation to QCD
Relativistic, frame-independent
Unique color-confining potential

Zero mass pion for massless quarks
Regge trajectories with equal slopes in n and L

Light-Front Wavefunctions



 

Fermionic Modes and Baryon Spectrum
[GdT and S. J. Brodsky, PRL 94, 201601 (2005)]

From Nick Evans

• Action for Dirac field in AdSd+1 in presence of dilaton background ⇧(z) [Abidin and Carlson (2009)]

S =
⇧

dd+1⌃ge⌅(z)
�
i⌅eM

A �ADM⌅ + h.c + ⇧(z)⌅⌅� µ⌅⌅
⇥

• Factor out plane waves along 3+1: ⌅P (xµ, z) = e�iP ·x⌅(z)
⌃
i
⇤
z�⌦m�⌦ m + 2�z

⌅
+ µR + ⇥2z

⌥
⌅(x⌦) = 0.

• Solution (⌅ = µR� 1
2 , ⌅ = L + 1)

⌅+(z) ⇤ z
5
2+⇤e��2z2/2L⇤

n(⇥2z2), ⌅�(z) ⇤ z
7
2+⇤e��2z2/2L⇤+1

n (⇥2z2)

• Eigenvalues (how to fix the overall energy scale, see arXiv:1001.5193)

M2 = 4⇥2(n + L + 1)

• Obtain spin-J mode ⇤µ1···µJ�1/2
, J > 1

2 , with all indices along 3+1 from ⌅ by shifting dimensions

• Large NC : M2 = 4⇥2(NC + n + L� 2) =⌅ M ⇤
⌃

NC ⇥QCD

Escuela de Fı́sica, UCR, December 1, 2010 Page 25

GdT and sjb, PRL 94, 201601 (2005)

positive parity

Yukawa interaction 
in 5 dimensions 

e'(z)
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Non-Conformal Extension of Algebraic Structure (Soft Wall Model)

• We write the Dirac equation

(��(⇤)�M)⌃(⇤) = 0,

in terms of the matrix-valued operator �

�⇤(⇤) = �i

⇤
d

d⇤
�

⇧ + 1
2

⇤
⇥5 � ⌅2⇤⇥5

⌅
,

and its adjoint �†, with commutation relations

⇧
�⇤(⇤),�†

⇤(⇤)
⌃

=
�

2⇧ + 1
⇤2

� 2⌅2

⇥
⇥5.

• Solutions to the Dirac equation

⌃+(⇤) ⇤ z
1
2+⇤e�⇥2�2/2L⇤

n(⌅2⇤2),

⌃�(⇤) ⇤ z
3
2+⇤e�⇥2�2/2L⇤+1

n (⌅2⇤2).

• Eigenvalues

M2 = 4⌅2(n + ⇧ + 1).

Exploring QCD, Cambridge, August 20-24, 2007 Page 49

⌫ = L + 1

Dirac Equation for Nucleons in Soft-Wall AdS/QCD
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Baryon Spectrum in Soft-Wall Model

• Upon substitution z ! ⇣ and

 

J

(x, z) = e�iP ·xz2 J

(z)u(P ),

find LFWE for d = 4

d

d⇣
 J

+

+

⌫ +

1

2

⇣
 J

+

+ U(⇣) J

+

= M J

�,

� d

d⇣
 J

� +

⌫ +

1

2

⇣
 J

� + U(⇣) J

� = M J

+

,

where U(⇣) =

R

⇣

V (⇣)

• Choose linear potential U = 2⇣

• Eigenfunctions

 J

+

(⇣) ⇠ ⇣
1

2

+⌫e�

2

⇣

2

/2L⌫

n

(2⇣2

),  J

�(⇣) ⇠ ⇣
3

2

+⌫e�

2

⇣

2

/2L⌫+1

n

(2⇣2

)

• Eigenvalues

M2

= 42

(n + ⌫ + 1), ⌫ = L + 1 (⌧ = 3)

• Full J � L degeneracy (different J for same L) for baryons along given trajectory !

Niccolò Cabeo 2012, Ferrara, May 25, 2011
Page 33



 

Fermionic Modes and Baryon Spectrum
[Hard wall model: GdT and S. J. Brodsky, PRL 94, 201601 (2005)]

[Soft wall model: GdT and S. J. Brodsky, (2005), arXiv:1001.5193]

From Nick Evans

• Nucleon LF modes

⇤+(�)n,L = ⇥2+L

⌅
2n!

(n + L)!
�3/2+Le�⇥2�2/2LL+1

n

�
⇥2�2

⇥

⇤�(�)n,L = ⇥3+L 1⇤
n + L + 2

⌅
2n!

(n + L)!
�5/2+Le�⇥2�2/2LL+2

n

�
⇥2�2

⇥

• Normalization ⇤
d� ⇤2

+(�) =
⇤

d� ⇤2
�(�) = 1

• Eigenvalues

M2
n,L,S=1/2 = 4⇥2 (n + L + 1)

• “Chiral partners”
MN(1535)

MN(940)
=
⇤

2

LC 2011 2011, Dallas, May 23, 2011 Page 13

Chiral Symmetry 
of Eigenstate!
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Figure 2. Orbital and radial baryon excitation spectrum. Positive-parity spin- 1
2 nucleons (a) and spectrum gap

between the negative-parity spin- 3
2 and the positive-parity spin- 1

2 nucleons families (b). Minus parity N (c) and
plus and minus parity � families (d), for

p
� = 0.49 GeV (nucleons) and 0.51 GeV (Deltas).

minus-parity spin- 3
2 nucleon families, as indicated by arrows in this figure. This means the respective

assignment ⌫ = L and ⌫ = L+1 for the lower and upper trajectories in Fig. 2 (b). We also note that the
degeneracy of states with the same orbital quantum number L is also well described, as for example
the degeneracy of the L = 1 states N(1650), N(1675) and N(1700) in Fig. 2 (b).

We have also to take into account baryons with negative parity and internal spin S = 1
2 , as well

as baryon states with positive parity and internal spin S = 3
2 such as the �(1232). Those states are

well described by the assignment ⌫ = L + 1
2 . This means, for example, that M2 (+)

n,L,S= 3
2
= M2 (�)

n,L,S= 1
2

and
consequently the positive and negative-parity � states lie in the same trajectory consistent with the
experimental results, as depicted in Fig. 2 (d). The newly found state, the N(1875) [23], depicted in
Fig. 2 (c) is well described as the first radial excitation of the N(1520), and the near degeneracy of
the N(1520) and N(1535) is also well accounted. Likewise, the �(1660) corresponds to the first radial
excitation of the �(1232) as shown in Fig. 2 (d). The model explains the important degeneracy of
the L = 2, �(1905), �(1910), �(1920), �(1950) states which are degenerate within error bars. Our
results for the � states agree with those of Ref. [24]. “Chiral partners" such as the N(1535) and the
N(940) with the same total angular momentum J = 1

2 , but with di↵erent orbital angular momentum
are non-degenerate from the onset. To recapitulate, the parameter ⌫ has the internal spin S and parity
P assignment given in the table below.

Table 1. Orbital assignment for baryon trajectories according to parity and internal spin.

S = 1
2 S = 3

2

P = + ⌫ = L ⌫ = L + 1
2

P = - ⌫ = L + 1
2 ⌫ = L + 1

The assignment ⌫ = L for the lowest trajectory, the proton trajectory, is straightforward and follows
from the mapping of AdS to light-front physics. The assignment for other spin and parity baryons
states given in Table 2.2 is phenomenological. It is expected that further analysis of the di↵erent
quark, or quark–diquark, configurations and symmetries of the baryon wave function will indeed
explain the actual assignment in Table 2.2, which successfully describes the full light baryon orbital
and radial excitation spectrum, and in particular the gap between trajectories with di↵erent parity and
internal spin. The holographic variable ⇣ has a cluster decomposition and thus labels a system of
n-partons as an active quark plus a system of n � 1 spectators [2]. From this perspective, a baryon
with n = 3 looks in light-front holography as a quark–diquark system.

spin-32 nucleon trajectory. It is remarkable that the gap scale 4λ determines not only the

slope of the trajectories, but also the gap in the spectrum between the plus-parity spin-12 and

the minus-parity spin-32 nucleon families, as indicated by arrows in this figure. This means

the respective assignment ν = L and ν = L+ 1 for the lower and upper trajectories in Fig.

2 (b). We also note that the degeneracy of states with the same orbital quantum number L

is also well described, as for example the degeneracy of the L = 1 states N(1650), N(1675)

and N(1700) in Fig. 2 (b).

We have also to take into account baryons with negative parity and internal spin S = 1
2 ,

as well as baryon states with positive parity and internal spin S = 3
2 such as the ∆(1232).

Those states are well described by the assignment ν = L + 1
2 . This means, for example,

that M2 (+)

n,L,S= 3
2

= M2 (−)

n,L,S= 1
2

and consequently the positive and negative-parity ∆ states lie

in the same trajectory consistent with the experimental results, as depicted in Fig. 2 (d).

The newly found state, the N(1875) [23], depicted in Fig. 2 (c) is well described as the first

radial excitation of the N(1520), and the near degeneracy of the N(1520) and N(1535) is

also well accounted. Likewise, the ∆(1600) corresponds to the first radial excitation of the

∆(1232) as shown in Fig. 2 (d). The model explains the important degeneracy of the L = 2,

∆(1905), ∆(1910), ∆(1920), ∆(1950) states which are degenerate within error bars. Our

results for the ∆ states agree with those of Ref. [24]. “Chiral partners” such as the N(1535)

and the N(940) with the same total angular momentum J = 1
2 , but with different orbital

angular momentum are non-degenerate from the onset. To recapitulate, the parameter ν

has the internal spin S and parity P assignment given in the table below.

Table 1: Orbital assignment for baryon trajectories according to parity and internal spin.

S = 1
2 S = 3

2

P = + ν = L ν = L+ 1
2

P = - ν = L+ 1
2 ν = L+ 1

The assignment ν = L for the lowest trajectory, the proton trajectory, is straightforward

and follows from the mapping of AdS to light-front physics. The assignment for other spin

and parity baryons states given in Table 1 is phenomenological. It is expected that fur-

ther analysis of the different quark, or quark–diquark, configurations and symmetries of the

baryon wave function will indeed explain the actual assignment in Table 1, which successfully

describes the full light baryon orbital and radial excitation spectrum, and in particular the

gap between trajectories with different parity and internal spin. The holographic variable ζ

8

J=1/2 “Chiral partners”, e.g. N(1535) and N(1400), with different L, non-degenerate

M2 = 42(n + ⌫ + 1)

⌫ = |µR|� 1/2

No spin-orbit coupling

by the model. Note that the solution for λ < 0 leads to a pion mass heavier than the ρ meson

in clear disagreement with observations.

2.2 A Light-Front Holographic Model for Baryons

The analytical exploration of the baryon spectrum using light-front holographic ideas

is not as simple or as well understood as the meson case. However, as we shall discuss is

this section, even a relatively simple approach provides a framework for a useful description

of the baryon spectrum which gives important insights into its systematics. In a chiral

spinor component representation, the light-front wave equations for baryons are given by the

coupled linear differential equations [15]

−
d

dζ
ψ− −

ν + 1
2

ζ
ψ− − V (ζ)ψ− = Mψ+,

d

dζ
ψ+ −

ν + 1
2

ζ
ψ+ − V (ζ)ψ+ = Mψ−, (4)

where ν is given in terms of the mass appearing in the Dirac equation in AdS space: ν =

|µR|− 1
2 . One can also show that the effective potential V is J-independent [15, 19]. This is

a remarkable result, since it implies that independently of the specific form of the potential,

the value of the baryon masses along a given Regge trajectory depends only on the LF orbital

angular momentum L, and thus, in contrast with the vector mesons, there is no spin-orbit

coupling, in agreement with the observed near-degeneracy in the baryon spectrum.

We choose an effective linear confining potential V = λ ζ which also leads to linear Regge

trajectories in both the orbital and radial quantum numbers for baryon excited states. The

linear potential also leads to the LF oscillator form λ2ζ2 in the second order version of Eqs.

4. For λ > 0 we find the result

M2 = 4 λ (n + ν + 1) .

For λ < 0 no solution is possible [15]. To determine the internal spin, internal orbital angular

momentum and radial quantum number assignment of theN and∆ excitation spectrum from

the total angular momentum-parity PDG assignment, it is convenient to use the conventional

SU(6) ⊃ SU(3)flavor × SU(2)spin multiplet structure.

The lowest possible stable state, the proton, corresponds to n = 0 and ν = 0. This fixes

the scale
√
λ ≃ 0.5 GeV. The resulting predictions for the positive-parity spin- 12 nucleons

are shown in Fig. 2 (a) for the parent Regge trajectory for n = 0 and ν = 0, 2, 4, · · · , L,
where L is the relative LF angular momentum between the active quark and the spectator

6
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Figure 2: Orbital and radial baryon excitation spectrum. Positive-parity spin-12 nucleons (a) and

spectrum gap between the negative-parity spin-32 and the positive-parity spin-12 nucleons families

(b). Minus parity N (c) and plus and minus parity ∆ families (d), for
√
λ = 0.49 GeV (nucleons)

and 0.51 GeV (Deltas).

cluster. The predictions for the daughter trajectories for n = 1, n = 2, · · · are also shown in

this figure. Only confirmed PDG [23] states are shown. The Roper state N(1440) and the

N(1710) are well accounted for as the first and second radial excited states of the proton.

The newly identified state, the N(1900) [23] is depicted here as the first radial excitation of

the N(1720). The model is successful in explaining the parity degeneracy observed in the

light baryon spectrum, such as the L = 2, N(1680)−N(1720) pair in Fig. 2 (a). In Fig. 2

(b) we compare the positive parity spin-12 parent nucleon trajectory with the negative parity

7

42
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Table 1: SU(6) classification of confirmed baryons listed by the PDG. The labels S, L
and n refer to the internal spin, orbital angular momentum and radial quantum number

respectively. The �

5
2
�
(1930) does not fit the SU(6) classification since its mass is too low

compared to other members 70-multiplet for n = 0, L = 3.

SU(6) S L n Baryon State

56 1
2 0 0 N 1

2
+
(940)

1
2 0 1 N 1

2
+
(1440)

1
2 0 2 N 1

2
+
(1710)

3
2 0 0 �

3
2
+
(1232)

3
2 0 1 �

3
2
+
(1600)

70 1
2 1 0 N 1

2
�
(1535) N 3

2
�
(1520)

3
2 1 0 N 1

2
�
(1650) N 3

2
�
(1700) N 5

2
�
(1675)

3
2 1 1 N 1

2
�

N 3
2
�
(1875) N 5

2
�

1
2 1 0 �

1
2
�
(1620) �

3
2
�
(1700)

56 1
2 2 0 N 3

2
+
(1720) N 5

2
+
(1680)

1
2 2 1 N 3

2
+
(1900) N 5

2
+

3
2 2 0 �

1
2
+
(1910) �

3
2
+
(1920) �

5
2
+
(1905) �

7
2
+
(1950)

70 1
2 3 0 N 5

2
�

N 7
2
�

3
2 3 0 N 3

2
�

N 5
2
�

N 7
2
�
(2190) N 9

2
�
(2250)

1
2 3 0 �

5
2
�

�

7
2
�

56 1
2 4 0 N 7

2
+

N 9
2
+
(2220)

3
2 4 0 �

5
2
+

�

7
2
+

�

9
2
+

�

11
2

+
(2420)

70 1
2 5 0 N 9

2
�

N 11
2
�

3
2 5 0 N 7

2
�

N 9
2
�

N 11
2
�
(2600) N 13

2
�

1

PDG 2012



New Perspectives for Hadron Physics  Stan BrodskyCERN TH 
January 22, 2014

M2

L

n! 3 n! 0n! 1n! 2

!!2420"

!!1600"
!!1232"

!!1950"
!!1920"
!!1910"
!!1905"

!!1930"

0 1 2 3 4
0

1

2

3

4

5

6

7

M2

L

N!2600"

N!2220"

N!2250"
N!2190"

N!940"
N!1720"
N!1680"

N!1650"N!1675"N!1700"

N!1535"
N!1520"

0 1 2 3 4 5 6
0

2

4

6

8

All confirmed 
resonances 
from PDG 

2012

de Teramond, sjb 

See also Forkel, Beyer, Federico, Klempt

0 2 4

6

4

2

0

L

M
2

  
(G

e
V

2
)

2-2012
8820A12

n=3 n=2 n=1 n=0

N(2220)

N(1720)N(1710)

N(1440)

N(940)

N(1900)

N(1680)

0 2 4
0

2

4

6

L

M
2

  
(G

e
V

2
)

2-2012
8820A3

Δ(2420)

n=0n=1n=2n=3

Δ(1950)

Δ(1920)

Δ(1600)

Δ(1232)

Δ(1910)

Δ(1905)

Figure 8: Orbital and radial baryon excitations for the positive-parity Regge trajectories for the

N (left) and ∆ (right) families for κ = 0.49 − 0.51 GeV.

while maintaining chiral symmetry for the pion [121] in the LF Hamiltonian equations. In

practice, these constraints require a subtraction of −4κ2 from (102). 22

As is the case for the truncated-space model, the value of ν is determined by the short

distance scaling behavior, ν = L+1. Higher-spin fermionic modes Ψµ1···µJ−1/2
, J > 1/2, with

all of its polarization indices along the 3 + 1 coordinates follow by shifting dimensions for

the fields as shown for the case of mesons in Ref. [54] 23. Therefore, as in the meson sector,

the increase in the mass M2 for baryonic states for increased radial and orbital quantum

numbers is ∆n = 4κ2, ∆L = 4κ2 and ∆S = 2κ2, relative to the lowest ground state, the

proton; i.e., the slope of the spectroscopic trajectories in n and L are identical. Thus for the

positive-parity nucleon sector

M2 (+)
n,L,S = 4κ2

(

n+ L+
S

2
+

3

4

)

, (103)

where the internal spin S = 1
2 or 3

2 .

The resulting predictions for the spectroscopy of positive-parity light baryons are shown

in Fig. 8. Only confirmed PDG [49] states are shown. The Roper state N(1440) and

22This subtraction to the mass scale may be understood as the displacement required to describe nucleons

with NC = 3 as a composite system with leading twist 3+L; i.e., a quark-diquark bound state with a twist-2

composite diquark rather than an elementary twist-1 diquark.
23The detailed study of higher fermionic spin wave equations in modified AdS spaces is based on our

collaboration with Hans Guenter Dosch [32]. See also the discussion in Ref. [33].

45

the N(1710) are well accounted for in this model as the first and second radial states of

the proton. Likewise, the ∆(1660) corresponds to the first radial state of the ∆(1232) as

shown in in Fig. 8. The model is successful in explaining the parity degeneracy observed in

the light baryon spectrum, such as the L= 2, N(1680)−N(1720) degenerate pair and the

L = 2, ∆(1905), ∆(1910), ∆(1920), ∆(1950) states which are degenerate within error bars.

The parity degeneracy of baryons shown in Fig. 8 is also a property of the hard-wall model

described in the previous section, but in that case the radial states are not well described [51].

In order to have a comprehensive description of the baryon spectrum, we need to extend

(103) to the negative-parity baryon sector. In the case of the hard-wall model, this was

realized by choosing the boundary conditions for the plus or minus components of the AdS

wave function Ψ±. In practice, this amounts to allowing the negative-parity spin baryons to

have a larger spatial extent, a point also raised in [134]. In the soft-wall model there are no

boundary conditions to set in the infrared since the wave function vanishes exponentially for

large values of z. We note, however, that setting boundary conditions on the wave functions,

as done in Sec. 5.1, is equivalent to choosing the branch ν = µR − 1
2 for the negative-

parity spin-12 baryons and ν = µR + 1
2 for the positive parity spin-32 baryons. This gives

a factor 4κ2 between the lower-lying and the higher-lying nucleon trajectories as illustrated

in Fig. 9, where we compare the lower nucleon trajectory corresponding to the J = L + S

spin-12 positive-parity nucleon family with the upper nucleon trajectory corresponding to the

J = L+ S − 1 spin-32 negative-parity nucleons. As is clearly shown in the figure, the gap is

precisely the factor 4κ2.

If we apply the same spin-change rule previously discussed for the positive-parity nucle-

ons, we would expect that the trajectory for the family of spin- 12 negative-parity nucleons

is lower by the factor 2κ2 compared to the spin-32 minus-parity nucleons according to the

spin-change rule previously discussed. Thus the formula for the negative-parity baryons

M2 (−)
n,L,S = 4κ2

(

n+ L+
S

2
+

5

4

)

, (104)

where S = 1
2 or 3

2 . It is important to recall that our formulas for the baryon spectrum are

the result of an analytic inference, rather than formally derived.

The full baryon orbital excitation spectrum listed in Table 2 for n = 0 is shown in Fig.

10. We note that M2 (+)

n,L,S= 3
2

= M2 (−)

n,L,S= 1
2

and consequently the positive and negative-parity ∆

states lie in the same trajectory, consistent with the experimental results. Only the confirmed

PDG [49] states listed in Table 2 are shown. Our results for the ∆ states agree with those

of Ref. [59]. “Chiral partners” as the N(1535) and the N(940) with different orbital angular
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positive parity

negative parity

Baryon Spectroscopy from AdS/QCD and Light-Front Holography

 = 0.49 GeV  = 0.51 GeV



• Boost Invariant

• Trivial LF vacuum! No condensate, but consistent with GMOR

• Massless Pion

• Hadron Eigenstates (even the pion) have LF Fock components of different Lz

• Proton: equal probability

• Self-Dual Massive Eigenstates: Proton is its own chiral partner.

• Label State by minimum L as in Atomic Physics

• Minimum L dominates at short distances               

• AdS/QCD Dictionary: Match to Interpolating Operator Twist at z=0.

Chiral Features of Soft-Wall 
AdS/QCD Model

Sz = +1/2, Lz = 0;Sz = �1/2, Lz = +1

No mass -degenerate parity partners!

Jz = +1/2 :< Lz >= 1/2, < Sz
q >= 0
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Space-Like Dirac Proton Form Factor

• Consider the spin non-flip form factors

F+(Q2) = g+

⇤
d� J(Q, �)|⇥+(�)|2,

F�(Q2) = g�

⇤
d� J(Q, �)|⇥�(�)|2,

where the effective charges g+ and g� are determined from the spin-flavor structure of the theory.

• Choose the struck quark to have Sz = +1/2. The two AdS solutions ⇥+(�) and ⇥�(�) correspond

to nucleons with Jz = +1/2 and�1/2.

• For SU(6) spin-flavor symmetry

F p
1 (Q2) =

⇤
d� J(Q, �)|⇥+(�)|2,

Fn
1 (Q2) = �1

3

⇤
d� J(Q, �)

�
|⇥+(�)|2 � |⇥�(�)|2

⇥
,

where F p
1 (0) = 1, Fn

1 (0) = 0.

Exploring QCD, Cambridge, August 20-24, 2007 Page 52
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• Compute Dirac proton form factor using SU(6) flavor symmetry

F p
1 (Q2) = R4

⇧
dz

z4
V (Q, z)�2

+(z)

• Nucleon AdS wave function

�+(z) =
�2+L

R2

⌃
2n!

(n + L)!
z7/2+LLL+1

n

�
�2z2

⇥
e��2z2/2

• Normalization (F1
p(0) = 1, V (Q = 0, z) = 1)

R4

⇧
dz

z4
�2

+(z) = 1

• Bulk-to-boundary propagator [Grigoryan and Radyushkin (2007)]

V (Q, z) = �2z2

⇧ 1

0

dx

(1� x)2
x

Q2

42 e��2z2x/(1�x)

• Find

F p
1 (Q2) =

1⇤
1 + Q2

M2
⇢

⌅⇤
1 + Q2

M2
⇢0

⌅

withM⇥
2
n ⇤ 4�2(n + 1/2)

LC 2011 2011, Dallas, May 23, 2011 Page 20



New Perspectives for Hadron Physics  Stan BrodskyCERN TH 
January 22, 2014

0 1 2 3 4 5 6
0

0.5

1

1.5

2

Untitled-1 1

Spacelike Pauli Form Factor

F2(Q2)

Q2(GeV2)

JADE determination of �s(MZ)

M =
⇥

TH ⇥�⌅i

M ⇤ f(⇥CM)
QNtot�4

�
initial ⇤

H
i =

�
final ⇤

H
j

Harmonic Oscillator Confinement
Normalized to anomalous 

moment

F p
2 (Q2)

� = 0.49 GeV

G. de Teramond, sjb 

From overlap of L = 1 and L = 0 LFWFs



New Perspectives for Hadron Physics  Stan BrodskyCERN TH 
January 22, 2014

Using SU(6) flavor symmetry and normalization to static quantities
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Flavor Decomposition of Elastic Nucleon Form Factors

G. D. Cates et al. Phys. Rev. Lett. 106, 252003 (2011)

• Proton SU(6) WF: F p

u,1

=

5

3

G
+

+

1

3

G�, F p

d,1

=

1

3

G
+

+

2

3

G�

• Neutron SU(6) WF: Fn

u,1

=

1

3

G
+

+

2

3

G�, Fn

d,1

=

5

3

G
+

+

1

3

G�

G
+

(Q2

) =

1⇣
1+

Q2

M2

⇢

⌘⇣
1+

Q2

M2

⇢0

⌘

and

G�(Q2

) =

1⇣
1+

Q2

M2

⇢

⌘⇣
1+

Q2

M2

⇢0

⌘⇣
1+

Q2

M2

⇢
00

⌘

Q2

G!!Q2"

G"!Q2"

PRELIMINARY
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Nucleon Transition Form Factors

• Compute spin non-flip EM transition N(940)⇥ N�(1440): �n=0,L=0
+ ⇥ �n=1,L=0

+

• Transition form factor

F1
p
N⇥N�(Q2) = R4

⇧
dz

z4
�n=1,L=0

+ (z)V (Q, z)�n=0,L=0
+ (z)

• Orthonormality of Laguerre functions
�
F1

p
N⇥N�(0) = 0, V (Q = 0, z) = 1

⇥

R4
⇧

dz

z4
�n⇥,L

+ (z)�n,L
+ (z) = �n,n⇥

• Find

F1
p
N⇥N�(Q2) =

2
⌅

2
3

Q2

M2
P⇤

1 + Q2

M2
�

⌅⇤
1 + Q2

M2
�⇥

⌅⇤
1 + Q2

M2

�
⇥⇥

⌅

withM�
2
n ⇥ 4⇥2(n + 1/2)

LC 2011 2011, Dallas, May 23, 2011 Page 21

de Teramond, sjb

Consistent with counting rule, twist 3
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Nucleon Transition Form Factors

F p

1

N!N

⇤(Q
2

) =

p
2

3

Q

2
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⇢⇣
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Q
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Q
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Proton transition form factor to the first radial excited state. Data from JLab

Niccolò Cabeo 2012, Ferrara, May 25, 2011
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Dressed soft-wall current brings in higher 
Fock states and more vector meson poles
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Higher Fock Components in LF Holographic QCD

• Effective interaction leads to qq ! qq, qq ! qq but also to q ! qqq and q ! qqq

• Higher Fock states can have any number of extra qq pairs, but surprisingly no dynamical gluons

• Example of relevance of higher Fock states and the absence of dynamical gluons at the hadronic scale

|⇡i =  
qq/⇡

|qqi
⌧=2

+  
qqqq

|qqqqi
⌧=4

+ · · ·

• Modify form factor formula introducing finite width: q2 ! q2

+

p
2iM� (P

qqqq

= 13 %)
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Meson Transition Form-Factors

[S. J. Brodsky, Fu-Guang Cao and GdT, arXiv:1005.39XX]

• Pion TFF from 5-dim Chern-Simons structure [Hill and Zachos (2005), Grigoryan and Radyushkin (2008)]

⇤
d4x

⇤
dz ⇥LMNPQAL�MAN�P AQ

⇤ (2⌅)4�(4) (p⇧ + q � k) F⇧�(q2)⇥µ⌅⌃⌥⇥µ(q)(p⇧)⌅⇥⌃(k)q⌥

• Take Az ⇧ �⇧(z)/z, �⇧(z) =
⌃

2Pqq ⇤ z2e�⇥2z2/2, ⌥�⇧|�⇧� = Pqq

• Find
�
⇧(x) =

⌦
3f⇧x(1� x), f⇧ =

⌃
Pqq ⇤/

⌦
2⌅

⇥

Q2F⇧�(Q2) =
4⌦
3

⇤ 1

0
dx

⇧(x)
1� x

⌅
1� e�PqqQ2(1�x)/4⇧2f2

� x
⇧

normalized to the asymptotic DA [Pqq = 1 ⌅ Musatov and Radyushkin (1997)]

• Large Q2 TFF is identical to first principles asymptotic QCD result Q2F⇧�(Q2 ⌅⌃) = 2f⇧

• The CS form is local in AdS space and projects out only the asymptotic form of the pion DA

LC 2011 2011, Dallas, May 23, 2011 Page 25
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Photon-to-pion transition form factor

F.-G. Cao, 
G. de Teramond, 

sjb

where � = 1/137. The form factor F⇥�(0) is also well described by the Schwinger, Adler,

Bell and Jackiw anomaly [31] which gives

F SABJ
⇥� (0) =

1

4⇤2f⇥
, (16)

in agreement within a few percent of the observed value obtained from the the decay

⇤0 ⇥ ⇥⇥.

Taking Pqq̄ = 0.5 in (14) one obtains a result in agreement with (16). Thus (13) repre-

sents a description on the pion TFF which encompasses the low-energy non-perturbative

and the high-energy hard domains, but includes only the asymptotic DA of the qq̄ com-

ponent of the pion wave function at all scales. The results from (13) are shown as dotted

curves in Figs. 1 and 2 for Q2F⇥�(Q2) and F⇥�(Q2) respectively. The calculations agree

reasonably well with the experimental data at low- and medium-Q2 regions (Q2 < 10

GeV2) , but disagree with BABAR’s large Q2 data.
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FIG. 1: The ��� ⇥ ⇥0 transition form factor shown as Q2F⇥�(Q2) as a function of Q2 = �q2.

The dotted curve is the asymptotic result predicted by the Chern-Simons form. The dashed

and solid curves include the e�ects of using a confined EM current for twist-two and twist-two

plus twist-four respectively. The data are from [15, 18, 19].

9

qq̄ components.

The simple valence qq̄ model discussed above should thus be modified at small Q2

by introducing the dressed current. In the case of soft-wall potential, the EM bulk-to-

boundary propagator is

V (Q2, z) = �

⇤
1 +

Q2

4�2

⌅
U

⇤
Q2

4�2
, 0, �2z2

⌅
, (17)

where U(a, b, c) is the Tricomi confluent hypergeometric function. The modified current

V (Q2, z), (17), has the same boundary conditions as the free current (9), and reduces to

(9) in the limit Q2 ⇥ ⇤. Eq. (17) can be conveniently written in terms of the integral

representation [33]

V (Q2, z) = �2z2

⇧ 1

0

dx

(1� x)2
x

Q2

4�2 e�⇥2z2x/(1�x). (18)

Inserting the pion wave function (5) for twist ⇤ = 2 and the confined EM current (18)

in the amplitude (3) one finds

F⇤�(Q
2) =

Pqq̄

⇥2f⇤

⇧ 1

0

dx

(1 + x)2
xQ2Pqq̄/(8⇤2f2

⇥). (19)

Eq. (19) gives the same value for F⇤�(0) as (14) which was obtained with the free current.

Thus the anomaly result F⇤�(0) = 1/(4⇥2f⇤) is reproduced if Pqq̄ = 0.5 is also taken in

(19). Upon integration by parts, Eq. (19) can also be written as

Q2F⇤�(Q
2) = 8f⇤

⇧ 1

0

dx
1� x

(1 + x)3

�
1� xQ2Pqq̄/(8⇤2f2

⇥)
⇥

. (20)

Noticing that the second term in Eq. (20) vanishes at the limit Q2 ⇥ ⇤, one recovers

Brodsky-Lepage’s asymptotic prediction for the pion TFF: Q2F⇤�(Q2 ⇥⇤) = 2f⇤. [11]

The results calculated with (19) for Pqq̄ = 0.5 are shown as dashed curves in Figs. 1

and 2. One can see that the calculations with the dressed current are larger as compared

with the results computed with the free current and the experimental data at low- and

medium-Q2 regions (Q2 < 10 GeV2). The new results again disagree with BABAR’s data

at large Q2.

11

Lepage,  sjb

(Chern-Simons)



 

5 Non-Perturbative QCD Coupling From LF Holography
With A. Deur and S. J. Brodsky

• Consider five-dim gauge fields propagating in AdS5 space in dilaton background ⇧(z) = ⇤2z2

S = �1
4

�
d4x dz

⇧
g e⇥(z) 1

g2
5

G2

• Flow equation
1

g2
5(z)

= e⇥(z) 1
g2
5(0)

or g2
5(z) = e��2z2

g2
5(0)

where the coupling g5(z) incorporates the non-conformal dynamics of confinement

• YM coupling �s(⇥) = g2
Y M (⇥)/4⌅ is the five dim coupling up to a factor: g5(z)⌅ gY M (⇥)

• Coupling measured at momentum scale Q

�AdS
s (Q) ⇤

� ⇥

0
⇥d⇥J0(⇥Q)�AdS

s (⇥)

• Solution

�AdS
s (Q2) = �AdS

s (0) e�Q2/4�2
.

where the coupling �AdS
s incorporates the non-conformal dynamics of confinement

Hadron 2009, FSU, Tallahassee, December 1, 2009 Page 27

Running Coupling from  Modified AdS/QCD
Deur,  de Teramond, sjb



 

Running Coupling from Light-Front Holography and AdS/QCD

�AdS
s (Q)/⇥ = e�Q2/4�2

�s(Q)
⇥

Deur,  de Teramond, sjb
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Extensions of AdS/QCD LF Holography

• Massive quarks

• Broken Chiral Symmetry

• Structure Functions

• Counting Rules at x ~1, Duality

• Nucleon GPDs

Valery E. Lyubovitskij, Tanja Branz, Thomas Gutsche, Ivan Schmidt, Alfredo Vega
Ian Cloet, C. D. Roberts
Ruben Sandapen, Jeff Forshaw
Burkardt, Schmidt, Lepage, sjb
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Prediction from AdS/CFT: Meson LFWF
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2

where c is the dimensionless normalization factor

c�2 =
� 1

0
dx e

� 1
�2

„
m2

1
x +

m2
2

1�x

«

. (5)

The Fourier transform of (4) is the impact space LFWF

 ⌥(x,b⇥) =
c ⇥ 

⌅

⌦
x(1� x) e�

1
2 �2⇥2

, (6)

where the invariant quantity ⌃ is

⌃2 = x(1� x)b2
⇥ +

1
⇥4

⇤
m2

1

x
+

m2
2

1� x

⌅
. (7)

Impact space holographic LFWFs for the ⌅, K, D, �c, B
and �b mesons are depicted in Fig. 1.

The non-perturbative input to hard exclusive processes
and heavy hadron decays can be computed in terms of
gauge invariant hadronic distribution amplitudes (DAs),
which describe the momentum-fraction distribution of
partons at zero transverse impact distance in a Fock
state with a fixed number of constituents. The me-
son DA is computed from the transverse integral of the
valence quark light-front wavefunction in the light-cone
gauge [17]

⇧M (x,Q) =
� k2

⇥<Q2
d2k⇥
16⌅3

⌥M (x,k⇥), (8)

and thus ⇧(x) ⇥ ⇧(x,Q ⌅ ⇧) ⌅  ⌥(x,b⇥ ⌅ 0)/
 

4⌅.
From (6) we obtain the holographic distribution ampli-
tude ⇧(x)

⇧M (x) =
c ⇥

2⌅

⌦
x(1� x) e

� 1
2�2

»
m2

1
x +

m2
2

1�x

–

, (9)

in the soft wall model. The distribution amplitudes for
the ⌅, K, D, �c, mesons are shown in Fig. 2. Predictions
for the first and second moment of the meson distribution
amplitude

⌥⇤N �M =

⌥ 1
�1 ⇤N⇧M (⇤)
⌥ 1
�1 ⇧M (⇤)

, (10)

and comparison with available lattice computations are
given on Table I . In the chiral limit, the AdS distribu-
tion amplitude ⇧AdS(x) ⇤

⌦
x(1� x) gives for the second

moment ⌥⇤2�AdS ⌅ 1/4, compared with the asymptotic
value ⌥⇤2�PQCD ⌅ 1/5 from the PQCD asymptotic DA
⇧PQCD(x) ⇤ x(1� x) [17] .

...............

III. PARTONIC MASS SHIFT

We compute the partonic mass shift contribution to a
meson due to the constituents quark masses [21]

M2 =M2
massless +

⇧
m2

1

x

⌃
+
⇧

m2
2

1� x

⌃
, (11)

FIG. 1: Two-parton flavored meson holographic LFWF
⌅(x,b�): (a) |⇤+� = |ud�, (b) |K+� = |us�, (c) |D+� = |cd�,
(d) |�c� = |cc�, (e) |B+� = |ub� and (f) |�b� = |bb�. Values
for the quark masses used are mu = 2 MeV, md = 5 MeV,
ms = 95 Mev, mc = 1.25 GeV and mb = 4.2 GeV. The value
of ⇥ = 0.375 GeV is extracted from the pion form factor [16].

for the holographic LFWF (4). Results for the partonic
mass shift contribution �M =

�
M2 �M2

massless

⇥1/2 are
compared with hadronic masses on Table II.

.....

IV. CONCLUSIONS

..........

|�+ >= |ud̄ > |K+ >= |us̄ >

|D+ >= |cd̄ >

|�b >= |bb̄ >

|�c >= |cc̄ >

mu = 2 MeV
md = 5 MeV

ms = 95 MeV

mc = 1.25 GeV

mb = 4.2 GeV

� = 375 MeV

b[GeV�1]

x

|B+ >= |ub̄ >



Application to Strange Hadrons
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n = 1 : K⇤(1430)
n = 2 : K⇤(1789)

n = 0 : �(1012),�(1850)
n = 1 : �(1680)

G. de Teramond, H. G. Dosch, sjb 
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Light and heavy mesons in a soft-wall holographic model Valery E. Lyubovitskij

Table 4: Decay constants fP in MeV of pseudoscalar mesons

Meson Data [13] Our
π− 130.4±0.03±0.2 131
K− 156.1±0.2±0.8 155
D+ 206.7±8.9 167
D+
s 257.5±6.1 170

B− 193±11 139
B0s 253±8±7 144
Bc 489±5±3 [14] 159

Table 5: Decay constants fV in MeV of vector mesons

Meson Data [13] Our Meson Data [13] Our
ρ+ 210.5±0.6 170 ρ0 154.7 ± 0.7 120
D∗ 245±20+3

−2 [15] 167 ω 45.8 ± 0.8 40
D∗
s 272±16+3

−20 [16] 170 φ 76 ± 1.2 58
B∗ 196±24+39

−2 [15] 139 J/ψ 277.6 ± 4 116
B∗
s 229±20+41

−16 [15] 144 ϒ(1s) 238.5 ± 5.5 56

where the scale parameter Λ̄ is of order O(1), and the mass splitting of vector and pseudoscalar
states ΔMqQ =MV

qQ−MP
qQ, which is of order 1/mQ:

ΔMqQ =
2

MV
qQ+MP

qQ

(
κ2+

64παs
9

βS v
mq

)
∼

1
mQ

. (3.5)

where parameters κ and λqQ scale as κ ∼ O(1) and λqQ ∼ O(m1/2Q ). Note that this scaling is
also consistent with the scaling of the leptonic decay constants of heavy-light mesons fP ∼ fV ∼
1/√mQ. We also correctly reproduce the expansion of the heavy quarkonia mass in the heavy
quark limit: MQ1Q̄2 = mQ1 +mQ2 +E+O(1/mQ1,2) , where E is binding energy.

We present results for mass spectrum and decay constants of light and heavy mesons in Ta-
bles 1-5. Note that with the universal value of the dilaton scale parameter κ = 550 MeV, we can
well reproduce data for the coupling constants of light mesons. For heavy–light mesons we need a
bit larger value of the parameter κ , because the leptonic decay constants are proportional to κ . For
the description of leptonic decay constants of heavy quarkonia we need an even larger value of κ .
In particular, it should be roughly 2, 3 and 4 times larger for cc̄, cb̄ and bb̄ states, respectively, than
the unified value 550 MeV.

In conclusion, we present a detailed analysis of the mass spectrum and decay properties of
light, heavy–light mesons and heavy quarkonia in an holographic soft-wall model using conven-
tional sign of the dilaton profile φ(z) = κ2z2. In our calculations we consider one-gluon exchange
and hyperfine splitting corrections phenomenologically by modifying the potential. We showed
that obtained results for heavy–light mesons are consistent with constraints imposed by HQET.
In future work we plan to improve the description of the meson data and extend our formalism
to baryons.

7

Valery E. Lyubovitskij, Tanja Branz, Thomas Gutsche, Ivan Schmidt, Alfredo Vega



Applications to Collider Physics
• Non-Perturbative Structure Functions

• Fundamental understanding of angular momentum

• Higher Fock States: Intrinsic Heavy Quarks

• Higgs at High xF

• Hadronization at the Amplitude Level

• Direct Higher-Twist Processes: Violation of leading twist scaling

• Collisions of Flux-Tubes: Ridge effect in p-p scattering

• Multiparton amplitudes: Cluster decomposition, Jz conservation, Parke-Taylor

• Multi-gluon initiated processes: Novel nuclear effects

• Non-Universal Anti-shadowing

• Hadronization from first principles -- at  the Amplitude Level

• Principle of Maximum Conformality

• Connection to Pomeron 
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Hadronization at the Amplitude Level
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Construct helicity amplitude using Light-Front Perturbation 
theory;   coalesce quarks via LFWFs
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Off -Shell  T-Matrix

• Quarks and Gluons Off-Shell

• LFPth:  Minimal Time-Ordering Diagrams-Only positive k+

• Jz Conservation at every vertex 

•  Frame-Independent

• Cluster Decomposition

• “History”-Numerator structure universal

• Renormalization- alternate denominators

• LFWF takes Off-shell to On-shell

• Tested in QED: g-2 to three loops
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Roskies, Suaya, sjb

Chueng Ji, sjb



 

Hadronization at the Amplitude Level
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Construct helicity amplitude using Light-Front Perturbation theory;   
coalesce quarks via LFWFs
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Use AdS/CFT orthonormal Light Front Wavefunctions
as a basis for diagonalizing the QCD LF Hamiltonian

• Good initial approximation

• Better than plane wave basis

• DLCQ discretization -- highly successful 1+1

• Use independent HO LFWFs, remove CM 
motion

• Similar to Shell Model calculations
• Hamiltonian light-front field theory within an AdS/QCD basis. 

J.P. Vary, H. Honkanen, Jun Li, P. Maris, A. Harindranath,                                             

G.F. de Teramond, P. Sternberg, X. Zhao, E.G. Ng, C. Yang,sjb

BLFQ

http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Vary%2C%20J%2EP%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Vary%2C%20J%2EP%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Honkanen%2C%20H%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Honkanen%2C%20H%2E%22
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• Zero mass pion for mq =0  (n=J=L=0)

• Regge trajectories: equal slope in n and L

• Form Factors at high Q2: Dimensional 
counting

• Space-like and Time-like Meson and Baryon 
Form Factors

• Running Coupling for NPQCD

• Meson Distribution Amplitude 

AdS/QCD and Light-Front Holography

[Q2
]

n�1
F (Q2

)! const

�⇡(x) / f⇡

p
x(1� x)

↵s(Q2) / e�
Q2

42

M2
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String Theory

AdS/CFT

Semi-Classical QCD / Wave Equations

Mapping of  Poincare’ and 
Conformal SO(4,2) symmetries of 

3+1 space 
to  AdS5 space

Integrable!

Boost Invariant 3+1 Light-Front Wave Equations

Hadron Spectra, Wavefunctions, Dynamics

AdS/QCD
Conformal behavior at short 

distances

 Confinement at large distance
Unique!

Counting rules for Hard Exclusive 
Scattering

Regge Trajectories

Holography

Integrable! J =0,1,1/2,3/2 plus L

Goal: First Approximant to QCD

QCD at the Amplitude Level

• Conformal template: 

• Use isometries of AdS5



 

Results
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√s=38.8/31.6 GeV E706
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√s=900/500 GeV UA1
√s=1800/630 GeV CDF
√s=1800/630 GeV CDF 2
√s=1800/630 GeV CDF γ
√s=1800/630 GeV D0 γ
√s=1800/630 GeV CDF jets
√s=1800/630 GeV D0 jets

Significant increase of the hadron nexp with x
⊥

nexp ≃ 8 at large x
⊥

Huge contrast with photons and jets !
nexp constant and slight above 4 at all x

⊥

Francois Arleo (LAPTH) Higher-twist in hadron production Moriond QCD 2010 7 / 15

Photons and Jets 
agree with PQCD 

xT scaling
Hadrons do not!

E
d⇤

d3p
(pp� HX) =

F (xT , �cm = ⇥/2)
pn

T

Arleo,Hwang, Sickles, sjb
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Baryon can be made directly within hard subprocess
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Collision can produce 3 
collinear quarks 

Coalescence 
within hard 
subprocess

Bjorken
Blankenbecler, Gunion, sjb

Berger, sjb 
Hoyer, et al: Semi-Exclusive
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Small color-singlet
Color Transparent

Minimal same-side energy

d

Sickles; sjb

Explains 
Baryon 

anomaly

The Nucleus as a Color Filter in {QCD} Decays: 
Hadroproduction in Nuclei. 
By Stanley J. Brodsky, Paul Hoyer.
Phys.Rev.Lett. 63 (1989) 1566.

http://inspirehep.net/record/278358
http://inspirehep.net/record/278358
http://inspirehep.net/record/278358
http://inspirehep.net/record/278358


 

RHIC/LHC predictions

PHENIX results

Scaling exponents from
√

s = 500 GeV preliminary data
[ A. Bezilevsky, APS Meeting ]

Magnitude of ∆ and its x
⊥
-dependence consistent with predictions

Francois Arleo (LAPTH) Higher-twist in hadron production Moriond QCD 2010 11 / 15

Arleo, Hwang, Sickles, sjb

� = n
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Two(parBcle(correlaBons:(CMS(results(

�Discovery� 

!  Ridge: Distinct long range correlation in η collimated around ΔΦ≈ 0 
                  for two hadrons in the intermediate 1 < pT, qT < 3 GeV   

Raju Venugopalan
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Possible origin of same-side CMS ridge in p p Collisions

Bjorken, Goldhaber, sjbThe key point is that a multi-particle correlation should give a much more conspicuous signal

than the two-particle correlation used so far in the experimental analysis, but of course only

in that small fraction of the events where the prerequisite conditions of coincidence of narrow

strings in the projectile and target are in fact obtained. To be specific, we suggest looking at

the following vector ~V , computing its magnitude for each event. If the number of events with

large magnitude are greater than expected from chance, one would have powerful evidence

for the proposed colliding flux tube mechanism. Define

~V =
NX

i=1

[cos 2�ix̂+ sin 2�iŷ] , (1)

and obtain the distribution of ~V 2. If the particles were distributed randomly in �, then the

expectation value of ~V 2 would be N , where N is the number of particles in the event in

the given region of transverse momentum. The probability of getting a value N2 may be

estimated by introducing quadrants in the variable 2�: Assume each vector can take only

the values ±x̂ or ±ŷ, with each having a probability 1/4. Suppose the first vector is +x̂.

Then the chance that the remainder would all be in the same direction would be (1/4)N�1.

For N = 5, this would yield a probability 1/256. If, among events in which the ridge was

seen, with more than 110 particles per event, and 5 particles separated from each other by

about one unit in �⌘ in an interval of p? between 1 and 2 GeV/c, as many as 2% of the

events should show ~V 2 ⇡ 25, that could be evidence for the kind of correlation we suggest.

This exercise is equivalent to asking the probability – assuming complete randomness in � –

that all 5 particles are in either of two opposite octants of �. If they were more collimated

than that, the probability would be even smaller.

It is likely that insistence on rapidity separation of emerging particles by one unit is

unnecessary: If there were only short-range correlations, then the value of ~V 2 inevitably

would lie far below its allowed maximum. Thus counting all particles in each event in the

specified range of transverse momentum, regardless of rapidity separation, should give a

reliable measure of the correlation. Technically, ~V is just the square of the usual ellipticity

variable. An advantage of squaring is that maximal ellipticity events are easy to pick out.

Also, it is easier to think about such a scalar variable rather than a vector variable.

At this point let us take a step back to gain perspective on what could cause such

phenomena. Obviously projectile and target must overlap in impact parameter to some

extent. Dynamics, in the form of conservation of momentum or of attraction of outgoing

6



We suggest that this “ridge”-like correlation may be a 
reflection of the rare events generated by the collision of 
aligned flux tubes connecting the valence quarks in the wave 
functions of the colliding protons. 

The “spray” of particles resulting from the approximate line 
source produced in such inelastic collisions then gives rise to 
events with a strong correlation between particles produced 
over a large range of both positive and negative rapidity. 
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Figure 2: Comparison of the HERMES x(s(x) + s̄(x)) data with the
calculations based on the BHPS model. The solid and dashed curves
are obtained by evolving the BHPS result to Q2 = 2.5 GeV2 using
µ = 0.5 GeV and µ = 0.3 GeV, respectively. The normalizations of
the calculations are adjusted to fit the data at x > 0.1 with statistical
errors only, denoted by solid circles.

their measurement of charged kaon production in SIDIS re-
action [6]. The HERMES data, shown in Fig. 2, exhibits
an intriguing feature. A rapid fall-off of the strange sea
is observed as x increases up to x ∼ 0.1, above which the
data become relatively independent of x. The data suggest
the presence of two different components of the strange
sea, one of which dominates at small x (x < 0.1) and the
other at larger x (x > 0.1). This feature is consistent
with the expectation that the strange-quark sea consists
of both the intrinsic and the extrinsic components hav-
ing dominant contributions at large and small x regions,
respectively. In Fig. 2 we compare the data with calcula-
tions using the BHPS model with ms = 0.5 GeV/c2. The
solid and dashed curves are results of the BHPS model
calculations evolved to Q2 = 2.5 GeV2 using µ = 0.5 GeV
and µ = 0.3 GeV, respectively. The normalizations are
obtained by fitting only data with x > 0.1 (solid circles in
Fig. 2), following the assumption that the extrinsic sea has
negligible contribution relative to the intrinsic sea in the
valence region. Figure 2 shows that the fits to the data are
quite adequate, allowing the extraction of the probability
of the |uudss̄⟩ state as

Pss̄
5 = 0.024 (µ = 0.5 GeV);

Pss̄
5 = 0.029 (µ = 0.3 GeV). (4)

We consider next the quantity ū(x) + d̄(x) − s(x) −
s̄(x). Combining the HERMES data on x(s(x)+s̄(x)) with
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Figure 3: Comparison of the x(d̄(x)+ū(x)−s(x)−s̄(x)) data with the
calculations based on the BHPS model. The values of x(s(x)+ s̄(x))
are from the HERMES experiment [6], and those of x(d̄(x) + ū(x))
are obtained from the PDF set CTEQ6.6 [11]. The solid and dashed
curves are obtained by evolving the BHPS result to Q2 = 2.5 GeV2

using µ = 0.5 GeV and µ = 0.3 GeV, respectively. The normalization
of the calculations are adjusted to fit the data.

the x(d̄(x)+ ū(x)) distributions determined by the CTEQ
group (CTEQ6.6) [11], the quantity x(ū(x)+ d̄(x)−s(x)−
s̄(x)) can be obtained and is shown in Fig. 3. This ap-
proach for determining x(ū(x)+ d̄(x)−s(x)− s̄(x)) is iden-
tical to that used by Chen, Cao, and Signal in their recent
study of strange quark sea in the meson-cloud model [12].

An important property of ū + d̄ − s − s̄ is that the
contribution from the extrinsic sea vanishes, just like the
case for d̄− ū. Therefore, this quantity is only sensitive to
the intrinsic sea and can be compared with the calculation
of the intrinsic sea in the BHPS model. We have

ū(x) + d̄(x) − s(x)− s̄(x) =

Puū(xū) + P dd̄(xd̄)− 2P ss̄(xs̄). (5)

We can now compare the x(ū(x) + d̄(x) − s(x) − s̄(x))
data with the calculation using the BHPS model. Since
ū+ d̄−s− s̄ is a flavor non-singlet quantity, we can readily
evolve the BHPS prediction to Q2 = 2.5 GeV2 using µ =
0.5 GeV and the result is shown as the solid curve in Fig. 3.
It is interesting to note that a better fit to the data can
again be obtained with µ = 0.3 GeV, shown as the dashed
curve in Fig. 3.

From the comparison between the data and the BHPS
calculations shown in Figs. 1-3, we can determine the prob-
abilities for the |uuduū⟩, |uuddd̄⟩, and |uudss̄⟩ configura-
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calculations based on the BHPS model. The values of x(s(x)+ s̄(x))
are from the HERMES experiment [6], and those of x(d̄(x) + ū(x))
are obtained from the PDF set CTEQ6.6 [11]. The solid and dashed
curves are obtained by evolving the BHPS result to Q2 = 2.5 GeV2

using µ = 0.5 GeV and µ = 0.3 GeV, respectively. The normalization
of the calculations are adjusted to fit the data.
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An important property of ū + d̄ − s − s̄ is that the
contribution from the extrinsic sea vanishes, just like the
case for d̄− ū. Therefore, this quantity is only sensitive to
the intrinsic sea and can be compared with the calculation
of the intrinsic sea in the BHPS model. We have
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data with the calculation using the BHPS model. Since
ū+ d̄−s− s̄ is a flavor non-singlet quantity, we can readily
evolve the BHPS prediction to Q2 = 2.5 GeV2 using µ =
0.5 GeV and the result is shown as the solid curve in Fig. 3.
It is interesting to note that a better fit to the data can
again be obtained with µ = 0.3 GeV, shown as the dashed
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tions as follows:

Puū
5 = 0.122; Pdd̄

5 = 0.240; Pss̄
5 = 0.024

(µ = 0.5 GeV) (6)

or

Puū
5 = 0.162; Pdd̄

5 = 0.280; Pss̄
5 = 0.029

(µ = 0.3 GeV) (7)

depending on the value of the initial scale µ. It is re-
markable that the d̄(x) − ū(x), the s(x) + s̄(x), and the
d̄(x) + ū(x) − s(x)− s̄(x) data not only allow us to check
the predicted x-dependence of the five-quark Fock states,
but also provide a determination of the probabilities for
these states.

Equations 6 shows that the combined probability for
proton to be in the |uudQQ̄⟩ states is around 40%. It is
worth noting that an earlier analysis of the d̄−ū data in the
meson cloud model concluded that proton has ∼60% prob-
ability to be in the three-quark bare-nucleon state [13], in
qualitative agreement with the finding of this study. A sig-
nificant feature of the present work is the extraction of the
|uudss̄⟩ component, which would be related to the kaon-
hyperon states in the meson cloud model. It is also worth
mentioning that in the BHPS model the |uudQQ̄⟩ states
have the same contribution to the proton’s magnetic mo-
ment as the |uud⟩ three-quark state, since Q and Q̄ in the
|uudQQ̄⟩ states have no net magnetic moment. Therefore,
the good description of the nucleon’s magnetic moment
by the constituent quark model is preserved even with the
inclusion of a sizable five-quark components in the BHPS
model.

We note that the probability for the |uudss̄⟩ state is
smaller than those of the |uuduū⟩ and the |uuddd̄⟩ states.
This is consistent with the expectation that the probability
for the |uudQQ̄⟩ five-quark state is roughly proportional
to 1/m2

Q [1, 4]. One can then estimate that the probability
for the intrinsic charm from the |uudcc̄⟩ Fock state, Pcc̄

5 to
be roughly 0.01. This is also consistent with an estimate
based on the bag model [14], as well as with an analysis
of the EMC charm-production data [15]. Figure 4 shows
the x distribution of intrinsic c̄ calculated with the BHPS
model using 1.5 GeV/c2 for the mass of the charm quark.
Also shown in Fig. 4 is the calculation which evolve the
BHPS calculation from the initial scale, µ = 0.5 GeV, to
Q2 = 75 GeV2, the largest Q2 scale reached by EMC [16].
It is interesting to note that the intrinsic charm contents
at the large x (x > 0.3) region are drastically reduced
when Q2 evolution is taken into account. Figure 4 suggests
that the most promising region to search for evidence of
intrinsic charm could be at the somewhat lower x region
(0.1 < x < 0.4), rather than the largest x region explored
by previous experiments. It is worth noting that we adopt
the simple assumption that the initial scale is the same for
all five-quark states. It is conceivable that the initial scale
for intrinsic charm is significantly higher due to the larger
mass of the charmed quark. The dashed curve shows the x

x
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Figure 4: Calculations of the c̄(x) distributions based on the BHPS
model. The solid curve corresponds to the calculation using Eq. 1
and the dashed and dotted curves are obtained by evolving the BHPS
result to Q2 = 75 GeV2 using µ = 3.0 GeV, and µ = 0.5 GeV,
respectively. The normalization is set at Pcc̄

5
= 0.01.

distribution of intrinsic c̄ at Q2 = 75 GeV2 when the initial
scale is set at µ = 3 GeV, corresponding to the threshold
of producing a pair of charmed quarks. As expected, the
shape of the intrinsic c̄ x distribution becomes similar to
that of the BHPS model.

In conclusion, we have generalized the existing BHPS
model to the light-quark sector and compared the calcu-
lation with the d̄− ū, s+ s̄, and ū + d̄ − s− s̄ data. The
qualitative agreement between the data and the calcula-
tions provides strong support for the existence of the in-
trinsic u, d and s quark sea and the adequacy of the BHPS
model. This analysis also led to the determination of the
probabilities for the five-quark Fock states for the proton
involving light quarks only. This result could guide future
experimental searches for the intrinsic c quark sea or even
the intrinsic b quark sea [17], which could be relevant for
the production of Higgs boson at LHC energies [18].
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Figure 3: The cross section of inclusive Higgs production in fb, coming

from the nonperturbative intrinsic bottom distribution, at both LHC

(
√

s = 14 TeV, solid curve) and Tevatron (
√

s = 2 TeV, dashed curve)

energies.

that the cross section for inclusive Higgs production from intrinsic bottom is much

higher than the one coming from intrinsic charm. Although it is true that the Higgs-

quark coupling, proportional to mQ, cancels in the cross section with PIQ ∝ 1/m2
Q,

the matrix element between IQ and Higgs wave functions has an additional mQ factor.

This is because the Higgs wave function is very narrow and the overlap of the two

wave functions results in ΨQQ(0) ∝ mQ. Thus, the cross section rises as m2
Q, as we

see in the results.

We can compare our predictions for inclusive Higgs production coming from

IB with our previous ansatz for the Higgs production gluon-gluon fusion process

xdN/dx = 6(1 − x)5. At the maximum (xF = 0.9) of the IB curve we get a value of

roughly 50 fb, while there gluon-gluon gives 0.067 fb. Thus this high-xF region is the

ideal place to look for Higgs production coming from intrinsic heavy quarks.

We obtain essentially the same curves for Tevatron energies (
√

s = 2 TeV) , al-

though the rates are reduced by a factor of approximately 3.

We also show in Fig.4 the results for Higgs production coming from the perturba-

tive charm distribution. The magnitude of the production cross section is considerably
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• IC Explains Anomalous �(xF ) not �(x2)
dependence of pA⇥ J/⌅X

(Mueller, Gunion, Tang, SJB)
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high xF (NA3, Fermilab)
(Kopeliovitch, Schmidt, So�er, SJB)

• IC Explains J/⌅ ⇥ ⇤⇥ puzzle
(Karliner, SJB)

• IC leads to new e�ects in B decay
(Gardner, SJB)
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Higgs production at xF = 0.8



p

N
A

J/ 

pA! J/ X

8C ⇥ 8C

(gg)8C + g8C ! J/ 

Double-gluon subprocess

Strong shadowing of color-
octet di-gluon

Front Surface 
dominated!

Zhu, sjb

Crossing: Diffractive  
& pomeron exchange

Forward 
rapidity y ~4



Two gluons at g(0.005) ⇠ 13
0.005 = 2600 vs. one gluon at g(0.01) ⇠ 8

0.01 = 800

xg(x,Q

2)⇥ 0.1

di-gluon

one gluon
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• Light Front Quantization 

• The LF Vacuum and the Physical Universe

• QCD Condensates and the Cosmological 
Constant

• Higgs Model on The LF and the Cosmological 
Constant

• Light-Front Holography and AdS/QCD

QCD and the Standard-Model Vacuum on the Light Front



 
QCD Problem Solved if quark and gluon condensates reside within hadrons, not vacuum!

�� = 0.76(expt)
(��)EW � 1056

(��)QCD � 1045
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DARK ENERGY AND
THE COSMOLOGICAL CONSTANT PARADOX

A. ZEE

Department of Physics, University of California, Santa Barbara, CA 93106, USA
Kavil Institute for Theoretical Physics, University of California,

Santa Barbara, CA 93106, USA
zee@kitp.ucsb.edu

I give a brief and idiosyncratic overview of the cosmological constant paradox.

1.

Gravity knows about everything, whatever its origin, luminous or dark, even the
energy contained in fluctuating quantum fields.

As is well known, this leads us to one of the gravest puzzles of theoretical
physics. Consider the Feynman diagram with the graviton coupling to a matter
field (for example an electron field) loop. If we claim to understand the physics
of the electron field up to an energy scale of M, then the graviton sees an energy
density given schematically by Λ ∼ M 4 + M2m2

elog( M
me

) + m4
elog( M

me
) + · · · . Just

about any reasonable choice of M leads to a humongous energy density!!! In fact,
even if the first two terms were to be mysteriously deleted, there is still an energy
density of order m4

e, that is, an energy density corresponding to one electron mass
in a volume the size of the Compton wavelength of the electron, filling all of space,
which is clearly unacceptable.

Apparently, this disastrous prediction of quantum field theory has nothing to
do with quantum gravity. Indeed, the quantum field theory we need for the matter
field is merely free field theory: we are just adding up zero point energy of harmonic
oscillators.

The cosmological constant paradox may be summarized as follows. In some
suitable units, the cosmological constant was expected to have the value ∼ 10123.
This was so huge that it was decreed to be equal to = 0 identically, while the
measured value turned out to be ∼ 1. I have argued elsewhere that the proton
decay rate might offer an instructive lesson here.

I am presuming that the observed dark energy is the fabled cosmological con-
stant. The evidence seems increasingly to favor this simplest of hypotheses. Even
if this were not the case, much of the paradox still remains.

I define Λ by writing the Einstein-Hilbert action as
∫

d4x
√

g( 1
GR+Λ). It is useful
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“One of the gravest puzzles of 
theoretical physics”

(⌦⇤)QCD /< 0|qq̄|0 >4

Proc.Nat.Acad.Sci. 108 (2011) 45-50 “Condensates in Quantum Chromodynamics and the Cosmological Constant”R. Shrock, sjb

C. Roberts, R. Shrock, P. Tandy, sjb “New Perspectives on the Quark Condensate”Phys.Rev. C82 (2010) 022201



 

Two Definitions of Vacuum State

Instant Form: Lowest Energy Eigenstate of Instant-
Form Hamiltonian

Front Form: Lowest Invariant Mass Eigenstate of Light-Front 
Hamiltonian

Frame-independent eigenstate at fixed LF time τ = t+z/c 
within  causal horizon

Eigenstate defined at one time t over all space; 
Acausal! Frame-Dependent

Frame-independent description of the causal physical universe!
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Casher and Susskind Maris, Roberts, Tandy Shrock and sjb 

Quark and Gluon condensates reside 

within hadrons, not vacuum 

• Bound-State Dyson Schwinger Equations 

• AdS/QCD

• Implications for cosmological constant --                      
Eliminates  45 orders of magnitude 
conflict



Craig	  Roberts:	  USTC	  Hefei,	  October	  2013

Prospects	  for	  the	  physics	  of	  cold,	  sparse	  hadrons	  (87p)

Original Note of Warning

140

Chiral	  Magne,sm	  (or	  Magnetohadrochironics)
A.	  Casher	  and	  L.	  Susskind,	  Phys.	  Rev.	  D9	  (1974)	  436

!These	  authors	  argue	  
	   that	  dynamical	  chiral-‐
	   symmetry	  breaking	  
	   can	  be	  realized	  as	  a
	   property	  of	  hadrons,	  
	   instead	  of	  via	  a	  
	   nontrivial	  vacuum	  exterior	  to	  

the	  measurable	  degrees	  of	  
freedom

The	  essen,al	  ingredient	  required	  for	  a	  
spontaneous	  symmetry	  breakdown	  in	  a	  
composite	  system	  is	  the	  existence	  of	  a	  
divergent	  number	  of	  cons,tuents	  
–	  DIS	  provides	  evidence	  for	  divergent	  sea	  of	  
low-‐momentum	  partons	  –	  parton	  model.
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New perspectives on the quark condensate
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We show that the chiral-limit vacuum quark condensate is qualitatively equivalent to the pseudoscalar meson
leptonic decay constant in the sense that they are both obtained as the chiral-limit value of well-defined gauge-
invariant hadron-to-vacuum transition amplitudes that possess a spectral representation in terms of the current-
quark mass. Thus, whereas it might sometimes be convenient to imagine otherwise, neither is essentially a constant
mass-scale that fills all spacetime. This means, in particular, that the quark condensate can be understood as a
property of hadrons themselves, which is expressed, for example, in their Bethe-Salpeter or light-front wave
functions.

DOI: 10.1103/PhysRevC.82.022201 PACS number(s): 11.30.Rd, 14.40.Be, 24.85.+p, 11.15.Tk

Nonzero vacuum expectation values of local operators,
i.e., condensates, are introduced as parameters in QCD sum
rules, which are used to estimate essentially nonperturbative
strong-interaction matrix elements. They are also basic to
current algebra analyses. It is widely held that such quark
and gluon condensates have a physical existence, which is
independent of the hadrons that express QCD’s asymptotically
realizable degrees-of-freedom; namely, that these condensates
are not merely mass-dimensioned parameters in a theoretical
truncation scheme, but in fact describe measurable spacetime-
independent configurations of QCD’s elementary degrees-of-
freedom in a hadronless ground state.

We share the view that these condensates are fundamental
dynamically-generated mass-scales in QCD. However, we
shall argue that their measurable impact is entirely expressed
in the properties of QCD’s asymptotically realizable states;
namely hadrons. In taking this position we have assumed
confinement, from which follows quark-hadron duality and
hence that all observable consequences of QCD can, in
principle, be computed using a hadronic basis. Here, the term
“hadron” means any one of the states or resonances in the
complete spectrum of color-singlet bound states generated by
the theory.

We focus herein on ⟨0|q̄q|0⟩, where |0⟩ is viewed as
some hadronless ground state of QCD. This is the vacuum
quark condensate. Its nonzero value is usually held to signal
dynamical chiral symmetry breaking (DCSB), a concept
of critical importance in QCD, whose connection with the
dressed-quark propagator was anticipated [1–5] (see also
references therein). As reviewed elsewhere (most recently,
e.g., Refs. [6–8]), DCSB is a remarkably efficient mass-
generating mechanism, the origin of constituent-quark masses
and intimately connected with confinement. It is also the basis
for the successful application of chiral-effective field theories
(see, e.g., Refs. [9,10] for contemporary perspectives). On the
face of it, this seems far more than can be understood simply
in terms of a nonzero vacuum expectation value ⟨0|q̄q|0⟩.

The notion that nonzero vacuum condensates exist and
possess a measurable reality has long been recognized as
posing a conundrum for the light-front formulation of QCD.
This formulation follows from Dirac’s front form of relativistic
dynamics [11], and is widely and efficaciously employed
in perturbative and nonperturbative QCD [12,13]. In the
light-front formulation, the ground state is a structureless Fock
space vacuum, in which case it would seem to follow that
DCSB is impossible. In response, it was argued by Casher
and Susskind [14] that, in the light-front framework, DCSB
must be a property of hadron wave functions, not of the
vacuum. This thesis has also been explored in a series of recent
articles [15–17].

A nonzero spacetime-independent QCD vacuum conden-
sate also poses a critical dilemma for gravitational interactions
because it would lead to a cosmological constant some
45 orders of magnitude larger than observation. As noted
elsewhere [15], this conflict is avoided if strong interaction
condensates are properties of rigorously well-defined wave
functions of the hadrons, rather than the hadronless ground
state of QCD.

Given the importance of DCSB and the longstanding
puzzles described above, we will focus our attention on
the vacuum quark condensate. The essential issues become
particularly clear in the context of the Gell-Mann–Oakes–
Renner relation [18,19], which is usually understood as the
statement

f 2
π m2

π = −
(
mu

ζ + md
ζ

)
⟨q̄q⟩0

ζ , (1)

wherein mπ is the pion’s mass; fπ is its leptonic decay
constant; m

q
ζ , with q = u, d, is the current-quark mass at a

renormalization scale ζ ; and ⟨q̄q⟩0
ζ is the chiral-limit vacuum

quark condensate, with a precise definition of the chiral limit
given below in Eqs. (8), (9). In arriving at Eq. (1) using
standard methods, one makes truncations; namely, soft-pion
techniques [20] have been used to relate an in-pion matrix

0556-2813/2010/82(2)/022201(5) 022201-1 ©2010 The American Physical Society



 

Ward-Takahashi Identity for axial current

Pµ�5µ(k, P ) + 2im�5(k, P ) = S�1(k + P/2)i�5 + i�5S
�1(k � P/2)

S�1(`) = i� · `A(`2) + B(`2) m(`2) =
B(`2)
A(`2)

Pµ �5�
µ

=
2im�5

Pµ < 0|q̄�5�
µq|⇡ >= 2m < 0|q̄i�5q|⇡ >

Identify pion pole at P 2
= m2

⇡

f⇡m2
⇡ = �(mu + md)⇢⇡

plus non-pole
�5µ

�5

GMOR satisfied, no VEV
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Effective Confinement potential from soft-wall AdS/QCD gives  Regge 
Spectroscopy plus higher-twist correction to current propagator 

e+e� ! X, ⌧ decay, Q ¯Q phenomenology

�⇤ �⇤

Re+e�(s) = Nc

X

q

e2
q(1 + O4

s2
+ · · · )

q

q̄

mimics dimension-4 gluon condensate                                           in 

light-quark meson spectra

 ' 0.5 GeV

< 0|↵s

⇡
Gµ⌫(0)Gµ⌫(0)|0 >

M2 = 42(n + L + S/2)
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• Same phenomenological predictions

• Higgs field has three components

• Real part creates Higgs particle 

• Imaginary part (Goldstone) become longitudinal 
components of  W,  Z

• Higgs VEV of instant form becomes k+=0 LF zero mode!

• Analogous to a background static classical Zeeman 
or Stark Fields

• Zero  contribution to Tμμ ; zero coupling to gravity

Standard Model on the Light-Front 
P. Srivastava, sjb
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Determinations of  the vacuum Gluon Condensate

1.22

1.24

1.26

1.28

1.3

1.32

6 8 10 12 14 16 18 20

m, GeV

M
(1)

(Q2)=0n

0.036

0.012

0

-0.012

-0.024

-0.036

n

0.024 GeV4G
2

a)

1.24

1.26

1.28

1.3

1.32

-0.03 -0.02 -0.01 0 0.01 0.02 0.03

m, GeV

G2 , GeV4

b)

Figure 4: a): MS mass found from experimental moments Mn(Q2
n) for different n and Q2

n

determined by the equation M̄ (1)
n (Q2

n) = 0 for different values of the gluon condensate. The
shaded area shows the experimental error for

〈

αs

π G2
〉

= 0, for nonzero condensates only the
central lines are shown. b): m̄(m̄2) in GeV vs

〈

αs

π G2
〉

in GeV4 determined from n = 10 and
Q2 = 0.98 × 4m̄2. The αs is taken at the scale (41).

other experiments. In particular, as boundary condition in the RG equation (12) we put:

αs(m
2
τ ) = 0.330 ± 0.025 , mτ = 1.777 GeV (40)

found from hadronic τ -decay analysis [19] at the τ -mass in agreement with other data [20].
Another question is the choice of the scale µ2, at which αs should be taken. Since the

higher order perturbative corrections are not known, the moments Mn(Q2) will depend on
this scale. In the massless limit the most natural choice is µ2 = Q2. On the other hand
for massive quarks and Q2 = 0 the scale is usually taken µ2 ∼ m2. So we choose the
interpolation formula:

µ2 = Q2 + m̄2 (41)

At this scale αs is smaller than at µ2 = m̄2 for the price of larger M̄ (2)
n according to (39).

(Notice, that in the Tables in the Appendix as well as in the Fig 2 the ratio M̄ (2)/M̄ (0) is
given at the scale µ2 = m̄2.) Sometimes we will vary the coefficient before m̄2 (41) to test
the dependence of the results on the scale.

The sum rules for low order moments Mn(Q2), n ≤ 3 cannot be used because of large
contribution of high excited states and continuum as well as large α2

s corrections (see the
Tables in Appendix), especially at Q2 = 0. As the Fig 3 demonstrates, at n ≥ 4 the αs

correction to the gluon condensate is large at Q2 = 0. The ⟨G3⟩ condensate contribution is
also large (see below), which demonstrates, that the operator product expansion is divergent
here. For these reasons we will avoid using the sum rules at small Q2.

As the Fig 2 shows, the first correction to the moments M̄ (1)
n (Q2) vanishes along the

diagonal line, approximately parametrized by the equation Q2/(4m̄2) = n/5−1. The second-
order correction M̄ (2) and the correction to the condensate contribution M̄ (G,1) are also

12

< 0|�s
⇥ G2|0 > [GeV4]

+0.009± 0.007 from charmonium sum rules
+0.006± 0.012 from � decay.

Ioffe, Zyablyuk

Geshkenbein, Ioffe, Zyablyuk

Davier et al.�0.005± 0.003 from � decay.

Consistent with zero 
vacuum condensate
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Light-Front vacuum can simulate empty universe

• Independent of observer frame

• Causal

• Lowest invariant mass state M= 0.

• Trivial up to k+=0 zero modes-- already normal-ordering

• Higgs theory consistent with trivial LF vacuum (Srivastava, sjb)

• QCD and AdS/QCD: “In-hadron”condensates (Maris, Tandy Roberts)

• QED vacuum; no loops

• Zero cosmological constant from QED, QCD

Shrock, Tandy, Roberts, sjb



 

QCD gives Λ=zero if Quark and Gluon condensates reside within hadrons, not vacuum!

Electroweak contribution gives Λ=zero from Zero Mode solution to Higgs Potential

Electroweak Problem also could be solved in technicolor-- condensates within technihadrons 

�� = 0.76(expt)(��)EW � 1056

(��)QCD � 1045
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DARK ENERGY AND
THE COSMOLOGICAL CONSTANT PARADOX

A. ZEE

Department of Physics, University of California, Santa Barbara, CA 93106, USA
Kavil Institute for Theoretical Physics, University of California,

Santa Barbara, CA 93106, USA
zee@kitp.ucsb.edu

I give a brief and idiosyncratic overview of the cosmological constant paradox.

1.

Gravity knows about everything, whatever its origin, luminous or dark, even the
energy contained in fluctuating quantum fields.

As is well known, this leads us to one of the gravest puzzles of theoretical
physics. Consider the Feynman diagram with the graviton coupling to a matter
field (for example an electron field) loop. If we claim to understand the physics
of the electron field up to an energy scale of M, then the graviton sees an energy
density given schematically by Λ ∼ M 4 + M2m2

elog( M
me

) + m4
elog( M

me
) + · · · . Just

about any reasonable choice of M leads to a humongous energy density!!! In fact,
even if the first two terms were to be mysteriously deleted, there is still an energy
density of order m4

e, that is, an energy density corresponding to one electron mass
in a volume the size of the Compton wavelength of the electron, filling all of space,
which is clearly unacceptable.

Apparently, this disastrous prediction of quantum field theory has nothing to
do with quantum gravity. Indeed, the quantum field theory we need for the matter
field is merely free field theory: we are just adding up zero point energy of harmonic
oscillators.

The cosmological constant paradox may be summarized as follows. In some
suitable units, the cosmological constant was expected to have the value ∼ 10123.
This was so huge that it was decreed to be equal to = 0 identically, while the
measured value turned out to be ∼ 1. I have argued elsewhere that the proton
decay rate might offer an instructive lesson here.

I am presuming that the observed dark energy is the fabled cosmological con-
stant. The evidence seems increasingly to favor this simplest of hypotheses. Even
if this were not the case, much of the paradox still remains.

I define Λ by writing the Einstein-Hilbert action as
∫

d4x
√

g( 1
GR+Λ). It is useful

1336

“One of the gravest puzzles of 
theoretical physics”

Central Question: What is the source of Dark Energy?

(⌦⇤)EW = 0(⌦⇤)QCD = 0

Higgs Zero-Mode Curvature?�� = 0.76(expt)
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QCD Myths
• Anti-Shadowing is Universal

• ISI and FSI are higher twist effects and universal

• High transverse momentum hadrons arise only from 
jet fragmentation  -- baryon anomaly!

• heavy quarks only from gluon splitting

• renormalization scale cannot be fixed

• QCD condensates are vacuum effects

• Infrared Slavery

• Nuclei are composites of nucleons only

• Real part of DVCS arbitrary
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Lessons from QED
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Setting the Renormalization Scale in QCD:
The Principle of Maximum Conformality

Stanley J. Brodsky1, 2 and Leonardo Di Giustino1
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A key problem in making precise perturbative QCD predictions is the uncertainty in determining
the renormalization scale µ of the running coupling αs(µ

2). The purpose of the running coupling in
any gauge theory is to sum all terms involving the β function; in fact, when the renormalization scale
is set properly, all non-conformal β ̸= 0 terms in a perturbative expansion arising from renormaliza-
tion are summed into the running coupling. The remaining terms in the perturbative series are then
identical to that of a conformal theory; i.e., the corresponding theory with β = 0. The resulting
scale-fixed predictions using the “principle of maximum conformality” (PMC) are independent of
the choice of renormalization scheme – a key requirement of renormalization group invariance. The
results avoid renormalon resummation and agree with QED scale-setting in the Abelian limit. The
PMC is also the theoretical principle underlying the BLM procedure, commensurate scale relations
between observables, and the scale-setting method used in lattice gauge theory. The number of
active flavors nf in the QCD β function is also correctly determined. We discuss several methods
for determining the PMC scale for QCD processes. We show that a single global PMC scale, valid
at leading order, can be derived from basic properties of the perturbative QCD cross section. The
elimination of the renormalization scale ambiguity and the scheme dependence using the PMC will
not only increase the precision of QCD tests, but it will also increase the sensitivity of collider
experiments to new physics beyond the Standard Model.

PACS numbers: 11.15.Bt, 12.20.Ds

I. INTRODUCTION

A key difficulty in making precise perturbative QCD predictions is the uncertainty in determining the renormaliza-
tion scale µ of the running coupling αs(µ2). It is common practice to simply guess a physical scale µ = Q of order
of a typical momentum transfer Q in the process, and then vary the scale over a range Q/2 and 2Q. This procedure
is clearly problematic since the resulting fixed-order pQCD prediction will depend on the choice of renormalization
scheme; it can even predict negative QCD cross sections at next-to-leading-order [1].
The purpose of the running coupling in any gauge theory is to sum all terms involving the β function; in fact,

when the renormalization scale µ is set properly, all non-conformal β ̸= 0 terms in a perturbative expansion arising
from renormalization are summed into the running coupling. The remaining terms in the perturbative series are
then identical to that of a conformal theory; i.e., the theory with β = 0. The divergent “renormalon” series of order
αn
s β

nn! does not appear in the conformal series. Thus as in quantum electrodynamics, the renormalization scale µ is
determined unambiguously by the “Principle of Maximal Conformality (PMC)”. This is also the principle underlying
BLM scale setting [2]
It should be recalled that there is no ambiguity in setting the renormalization scale in QED. In the standard Gell-

Mann–Low scheme for QED, the renormalization scale is simply the virtuality of the virtual photon [3]. For example,
in electron-muon elastic scattering, the renormalization scale is the virtuality of the exchanged photon, spacelike
momentum transfer squared µ2 = q2 = t. Thus

α(t) =
α(t0)

1−Π(t, t0)
(1)

where

Π(t, t0) =
Π(t)−Π(t0)

1−Π(t0)
(2)
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A key problem in making precise perturbative QCD predictions is the uncertainty in determining
the renormalization scale µ of the running coupling αs(µ

2). The purpose of the running coupling in
any gauge theory is to sum all terms involving the β function; in fact, when the renormalization scale
is set properly, all non-conformal β ̸= 0 terms in a perturbative expansion arising from renormaliza-
tion are summed into the running coupling. The remaining terms in the perturbative series are then
identical to that of a conformal theory; i.e., the corresponding theory with β = 0. The resulting
scale-fixed predictions using the “principle of maximum conformality” (PMC) are independent of
the choice of renormalization scheme – a key requirement of renormalization group invariance. The
results avoid renormalon resummation and agree with QED scale-setting in the Abelian limit. The
PMC is also the theoretical principle underlying the BLM procedure, commensurate scale relations
between observables, and the scale-setting method used in lattice gauge theory. The number of
active flavors nf in the QCD β function is also correctly determined. We discuss several methods
for determining the PMC scale for QCD processes. We show that a single global PMC scale, valid
at leading order, can be derived from basic properties of the perturbative QCD cross section. The
elimination of the renormalization scale ambiguity and the scheme dependence using the PMC will
not only increase the precision of QCD tests, but it will also increase the sensitivity of collider
experiments to new physics beyond the Standard Model.

PACS numbers: 11.15.Bt, 12.20.Ds

I. INTRODUCTION

A key difficulty in making precise perturbative QCD predictions is the uncertainty in determining the renormaliza-
tion scale µ of the running coupling αs(µ2). It is common practice to simply guess a physical scale µ = Q of order
of a typical momentum transfer Q in the process, and then vary the scale over a range Q/2 and 2Q. This procedure
is clearly problematic since the resulting fixed-order pQCD prediction will depend on the choice of renormalization
scheme; it can even predict negative QCD cross sections at next-to-leading-order [1].
The purpose of the running coupling in any gauge theory is to sum all terms involving the β function; in fact,

when the renormalization scale µ is set properly, all non-conformal β ̸= 0 terms in a perturbative expansion arising
from renormalization are summed into the running coupling. The remaining terms in the perturbative series are
then identical to that of a conformal theory; i.e., the theory with β = 0. The divergent “renormalon” series of order
αn
s β

nn! does not appear in the conformal series. Thus as in quantum electrodynamics, the renormalization scale µ is
determined unambiguously by the “Principle of Maximal Conformality (PMC)”. This is also the principle underlying
BLM scale setting [2]
It should be recalled that there is no ambiguity in setting the renormalization scale in QED. In the standard Gell-

Mann–Low scheme for QED, the renormalization scale is simply the virtuality of the virtual photon [3]. For example,
in electron-muon elastic scattering, the renormalization scale is the virtuality of the exchanged photon, spacelike
momentum transfer squared µ2 = q2 = t. Thus

α(t) =
α(t0)

1−Π(t, t0)
(1)

where

Π(t, t0) =
Π(t)−Π(t0)

1−Π(t0)
(2)

In the (physical) Gell Mann-Low scheme, the momentum scale of the running 
coupling is the virtuality of the exchanged photon; independent of initial scale.

For any other scale choice an infinite set of diagrams must be taken into 
account to obtain the correct result!

In any other scheme, the correct scale displacement must be used

2

sums all vacuum polarization contributions to the dressed photon propagator, both proper and improper. (Here
Π(t) = Π(t, 0) is the sum of proper vacuum polarization insertions, subtracted at t = 0). Formally, one can choose
any initial renormalization scale µ2

0 = t0, since the final result when summed to all orders will be independent
of t0. This is the invariance principle used to derive renormalization group results such as the Callan-Symanzik
equations [4, 5]. However, the formal invariance of physical results under changes in t0 does not imply that there is no
optimal scale. In fact, as seen in QED, the scale choice µ2 = q2, the photon virtuality, immediately sums all vacuum
polarization contributions to all orders exactly in the conventional Gell-Mann-Low scheme. With any other choice of
scale, one will recover the same result, but only after summing an infinite number of vacuum polarization corrections.
Thus, although the initial choice of renormalization scale t0 is arbitrary, the final scale t which sums the vacuum

polarization corrections is unique and unambiguous. The resulting perturbative series is identical to the conformal
series with zero β-function. In the case of muonic atoms, the modified muon-nucleus Coulomb potential is precisely
−Zα(−q⃗ 2)/q⃗ 2; i.e., µ2 = −q⃗2. Again, the renormalization scale is unique.
One can employ other renormalization schemes in QED, such as the MS scheme, but the physical result will be

the same once one allows for the relative displacement of the scales of each scheme. For example, one can start with
the result in the MS scheme for spacelike argument q2 = −Q2, for the standard one-loop charged lepton pair vacuum
polarization contribution to the photon propagator using dimensional regularization:
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The e−5/3 displacement of renormalization scales between the MS and Gell-Mann–Low schemes is a result of the
convention [6] which was chosen to define the minimal dimensional regularization scheme. One can use another
definition of the renormalization scheme, but the final physical prediction cannot depend on the convention. This
invariance under choice of scheme is a consequence of the transitivity property of the renormalization group [3, 7–9].
The same principle underlying renormalization scale-setting in QED must also hold in QCD since the nf terms

in the QCD β function have the same role as the lepton Nℓ vacuum polarization contributions in QED. QCD and
QED share the same Yang-Mills Lagrangian. In fact, one can show [10] that QCD analytically continues as a

function of NC to Abelian theory when NC → 0 at fixed α = CFαs with CF = N2
C−1
2NC

. For example, at lowest order

βQCD
0 = 1

4π

(

11
3 NC − 2

3nf

)

→ − 1
4π

2
3nf at NC = 0. Thus the same scale-setting procedure must be applicable to all

renormalizable gauge theories.
Thus there is a close correspondence between the QCD renormalization scale and that of the analogous QED process.

For example, in the case of e+e− annihilation to three jets, the PMC/BLM scale is set by the gluon jet virtuality, just
as in the corresponding QED reaction. The specific argument of the running coupling depends on the renormalization
scheme because of their intrinsic definitions; however, the actual numerical prediction is scheme-independent.
The basic procedure for PMC/BLM scale setting is to shift the renormalization scale so that all terms involving

the β function are absorbed into the running coupling. The remaining series is then identical with a conformal theory
with β = 0. Thus, an important feature of the PMC is that its QCD predictions are independent of the choice of
renormalization scheme. The PMC procedure also agrees with QED in the NC → 0 limit.
The determination of the PMC-scale for exclusive processes is often straightforward. For example, consider the

process e+e− → cc̄ → cc̄g∗ → cc̄bb̄, where all the flavors and momenta of the final-state quarks are identified. The nf

terms at NLO come from the quark loop in the gluon propagator. Thus the PMC scale for the differential cross section
in the MS scheme is given simply by the MS scheme displacement of the gluon virtuality: µ2

PMC = e−5/3(pb + pb̄)
2.

In practice, one can identify the PMC/BLM scale for QCD by varying the initial renormalization scale µ2
0 to identify

all of the β-dependent nonconformal contributions. At lowest order β0 = 1
4π (11/3NC − 2/3nf). Thus at NLO one can

simply use the dependence on the number of flavors nf which arises from the quark loops associated with ultraviolet
renormalization as a marker for β0.
In QCD, the nf terms also arise from the renormalization of the three-gluon and four-gluon vertices as well as from

gluon wavefunction renormalization.
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Principle of Maximum Conformality (PMC)



Principle of Maximum Conformality (PMC)
• Sets pQCD renormalization scale correctly at every finite order

• Predictions are scheme-independent

• Satisfies all principles of the renormalization group

• Agrees with Gell Mann-Low procedure for pQED in Abelian limit

• Shifts all β terms into αs,  leaving conformal series

• Automatic procedure: Rδ scheme

• Number of flavors nf set

• Eliminates n! renormalon growth

• Choice of initial scale irrelevant

• Eliminates unnecessary systematic error -- conventional guess is scheme-
dependent, disagrees with QED

• Reduces disagreement with pQCD  for top/anti-top asymmetry at Tevatron 
from 3σ to 1σ  

Xing-Gang Wu, Matin Mojaza 
Leonardo  di Giustino, SJB
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Independent of the initial renormalization scale

Obeys renormalization group properties;
renormalization scheme- and scale-invariance, transitivity, etc...

The argument of the running coupling is the ‘final scale’ that resums all non-
conformal terms; a function of scheme and renormalization scale

a(τ, {ci})

τ

A

B

C

D

E F

Resummed perturbative QED = dressed 
skeleton expansion; 

the perturbative coefficients are those of the 
would-be conformal theory

Let’s give this lesson a name so we don’t forget:
The Principal of Maximum Conformality

and Stanford Linear Accelerator Center, Stanford Unioersity, Stanford, California 94305*

G. Peter Lepage
Institute for Aduanced Study, Princeton, New Jersey 08540

and Laboratory ofNuclear Studies, Cornell Unioersity, Ithaca, New York I4853*

Paul B.Mackenzie
Fermilab, Batavia, Illinois 6D51D
(Received 23 November 1982)

We present a new method for resolving the scheme-scale ambiguity that has plagued perturbative
analyses in quantum chromodynamics (QCD) and other gauge theories. For aphelian theories the
method reduces to the standard criterion that only vacuum-polarization insertions contribute to the
effective coupling constant. Given a scheme, our procedure automatically determines the coupling-
constant scale appropriate to a particular process. This leads to a new criterion for the convergence
of perturbative expansions in QCD. We examine a number of well known reactions in QCD, and
find that perturbation theory converges well for all processes other than the gluonic width of the Y.
Our analysis calls into question recent determinations of the QCD coupling constant based upon Y
decay.

I. INTRODUCTION the for orthopositronium is much

On some possible extensions 
of the Brodsky-Lepage-Mackenzie approach 
beyond the next-to-leading order 
G. Grunberg  
Centre de Physique Theorique, Ecole Polytechnique, F-91128 Palaiseau, France 

and 

A.L. Kataev 1 
Randall Laboratory of Physics, University of Michigan. Ann Arbor, M148109-1120, USA 

Received 20 May 1991; revised manuscript received 20 January 1992 

Noting that the choice of  renormalization point advocated by Brodsky, Lepage and Mackenzie ( BLM ) is the flavor independent 
prescription which removes all f-dependence from the next-to-leading order coefficients, we consider the possible generalization 
which requires all higher order coefficients ri to be f-independent constants r,*. We point out that in QCD, setting ri= r,* is always 
possible, but leaves us with an ambiguous prescription. We consider an alternative possibility within the framework of  the BLM 
approach and apply the corresponding prescription to the next-to-next-to-leading approximation of trtot(e+e - ~hadrons)  in QCD. 
The analogous questions and the special features of the BLM and effective charge approaches in QED are also discussed. 

PHYSICAL REVIEW D VOLUME 51, NUMBER 7 1 APRIL 1995

Commensurate scale relations in quantum chromodynamics

Stanley J. Brodsky
Stanford Linear Accelerator Center, Stanford University, Stanford, California 9)909

Hung Jung Lu*
Department of Physics, University of Maryland, College Park, Maryland 20742

(Received 4 May 1994)

We use the BLM method to relate perturbatively calculable observables in +CD, including the
annihilation ratio R +, , the heavy quark potential, and radiative corrections to structure function
sum rules. The commensurate scale relations connecting the effective charges for observables A and
B have the forin cry(Qq) = nor(Qg) (1+regis —P + ), where the coefficient rqg~ is independent
of the number of ffavors f contributing to coupling constant renormalization. The ratio of scales
Qz/Qir is unique at leading order and guarantees that the observables A and B pass through new
quark thresholds at the same physical scale. We also show that the commensurate scales satisfy the
renormalization group transitivity rule which ensures that predictions in PQCD are independent of
the choice of an intermediate renormalization scheme C. In particular, scale-Axed predictions can
be made without reference to theoretically constructed renormalization schemes such as MS. +CD
can thus be tested in a new and precise way by checking that the observables track both in their
relative normalization and in their commensurate scale dependence. The generalization of the BLM
procedure to higher order assigns a different renormalization scale for each order in the perturbative
series. The scales are determined by a systematic resummation of running coupling constant effects.
The application of this procedure to relate known physical observables in +CD gives rather simple
results. In particular, we find that up to light-by-light-type corrections all terms involving (s,
and m in the relation between the annihilation ratio R + and the Bjorken sum rule for polarized
electroproduction are automatically absorbed into the renormalization scales. The final series has

Scale setting using the extended renormalization group and the principle of maximum
conformality: The QCD coupling constant at four loops

Stanley J. Brodsky1,* and Xing-Gang Wu1,2,†

1SLAC National Accelerator Laboratory, 2575 Sand Hill Road, Menlo Park, California 94025, USA
2Department of Physics, Chongqing University, Chongqing 401331, China

(Received 30 November 2011; published 22 February 2012)

A key problem in making precise perturbative QCD predictions is to set the proper renormalization

scale of the running coupling. The extended renormalization group equations, which express the

invariance of the physical observables under both the renormalization scale- and scheme-parameter

transformations, provide a convenient way for estimating the scale- and scheme-dependence of the

physical process. In this paper, we present a solution for the scale equation of the extended renormal-

ization group equations at the four-loop level. Using the principle of maximum conformality (PMC)/

Brodsky-Lepage-Mackenzie (BLM) scale-setting method, all nonconformal f!ig terms in the perturbative

expansion series can be summed into the running coupling, and the resulting scale-fixed predictions are

independent of the renormalization scheme. The PMC/BLM scales can be fixed order-by-order. As a

useful reference, we present a systematic and scheme-independent procedure for setting PMC/BLM scales

up to next-to-next-to-leading order. An explicit application for determining the scale setting of Reþe"ðQÞ
up to four loops is presented. By using the world average "MSðM Þ ¼ 0:1184& 0:0007, we obtain the
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Review

The renormalization scale-setting problem in QCD
Xing-Gang Wua,⇤, Stanley J. Brodskyb, Matin Mojazab,c

a Department of Physics, Chongqing University, Chongqing 401331, PR China
b SLAC National Accelerator Laboratory, Stanford University, CA 94039, USA
c CP3-Origins, Danish Institute for Advanced Studies, University of Southern Denmark, DK-5230, Denmark

a r t i c l e i n f o

Keywords:
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QCD

a b s t r a c t

A key problem in making precise perturbative QCD predictions is to set the proper renor-
malization scale of the running coupling. The conventional scale-setting procedure assigns
an arbitrary range and an arbitrary systematic error to fixed-order pQCD predictions. In
fact, this ad hoc procedure gives results which depend on the choice of the renormaliza-
tion scheme, and it is in conflict with the standard scale-setting procedure used in QED.
Predictions for physical results should be independent of the choice of the scheme or other
theoretical conventions. We review current ideas and points of view on how to deal with
the renormalization scale ambiguity and show how to obtain renormalization scheme-
and scale-independent estimates.We begin by introducing the renormalization group (RG)
equation and an extended version, which expresses the invariance of physical observ-
ables under both the renormalization scheme and scale-parameter transformations. The
RG equation provides a convenient way for estimating the scheme- and scale-dependence

Review of past
30 years development

Systematic All-Orders Method to Eliminate Renormalization-Scale and
Scheme Ambiguities in Perturbative QCD

Matin Mojaza*

CP3-Origins, Danish Institute for Advanced Studies, University of Southern Denmark, DK-5230 Odense, Denmark
and SLAC National Accelerator Laboratory, Stanford University, Stanford, California 94039, USA

Stanley J. Brodsky†

SLAC National Accelerator Laboratory, Stanford University, Stanford, California 94039, USA

Xing-Gang Wu‡

Department of Physics, Chongqing University, Chongqing 401331, People’s Republic of China
(Received 13 January 2013; published 10 May 2013)

We introduce a generalization of the conventional renormalization schemes used in dimensional

regularization, which illuminates the renormalization scheme and scale ambiguities of perturbative

QCD predictions, exposes the general pattern of nonconformal f!ig terms, and reveals a special

degeneracy of the terms in the perturbative coefficients. It allows us to systematically determine the

argument of the running coupling order by order in perturbative QCD in a form which can be readily

automatized. The new method satisfies all of the principles of the renormalization group and eliminates an

unnecessary source of systematic error.
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In dim. reg.         poles come in powers of [Bollini & Gambiagi, ‘t Hooft & Veltman, ’72] 1/✏
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subtracted in addition to the standard subtraction
ln 4⇡ � �E of the MS-scheme. The �-subtraction defines
an infinite set of renormalization schemes which we call
�-Renormalization (R�) schemes; since physical results
cannot depend on the choice of scheme, predictions must
be independent of �. The R�-scheme exposes the gen-
eral pattern of nonconformal {�i}-terms, and it reveals a
special degeneracy of the terms in the perturbative coef-
ficients which allows us to resum the perturbative series.
The resummed series matches the conformal series, which
is itself free of any scheme and scale ambiguities as well
as being free of a divergent renormalon series. It is the
final expression one should use for physical predictions.
It also makes it possible to setup an algorithm for au-
tomatically computing the conformal series and setting
the e↵ective scales for the coupling at each perturbative
order.

II. THE �-RENORMALIZATION SCHEME

In dimensional regularization logarithmically divergent
integrals are regularized by computing them in d = 4�2✏
dimensions [25–28]. This requires the following transfor-
mation of the integration measure and introduction of an
arbitrary mass scale µ:

Z

d4p ! µ2✏

Z

d4�2✏p . (1)

Divergences are then separated as 1/✏ poles and can be
absorbed into redefinitions of the couplings. The choice
of subtraction procedure is known as the renormalization

scheme and is chosen at the theorist’s convenience. To
avoid dealing with coupling constants changing dimen-
sionality as a function of ✏ one rescales the the couplings
as well with the mass scale µ in the d = 4� 2✏ theory. In
particular, for QCD one rewrites the bare gauge coupling
a0 = ↵0/4⇡ = g2/(4⇡)2 as:

a0 = µ2✏ZaSaS , (2)

where aS is the renormalized gauge coupling under a spe-
cific renormalization scheme S and ZaS is the renormal-
ization constant of the coupling. The mass scale µ is
now understood as the renormalization scale. The bare
coupling must be independent of the arbitrary scale µ,
thus

µ2 da0
dµ2

= 0. (3)

Using this and the expansions

µ2 daS
dµ2

= �✏aS + �(aS) , (4)

�(a) = �a2
1
X

i=0

�ia
i , (5)

Za = 1 +
1
X
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i , (6)

it is easily derived that:
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a4 + · · ·

and the �i coe�cients are known up to �3, or four loops
[29]. The coe�cients �i are renormalization-scheme de-
pendent; however, it is easy to demonstrate by a general
scheme-transformation that the first two coe�cients �0

and �1 are universal for all mass-independent renormal-
ization schemes.
In the minimal subtraction (MS) scheme [30] one ab-

sorbs the 1/✏ poles appearing in loop integrals which
come in powers of

ln
µ2

⇤2
+

1

✏
+ c , (8)

where c is the finite part of the integral. Since anything
can be hidden into infinity, one can subtract any finite
part as well with the pole. This is equivalent to redefin-
ing the arbitrary scale µ in Eq.(1). The MS-scheme [31]
di↵ers from the MS-scheme by an additional absorption
of the term ln(4⇡)� �E , which corresponds to redefining
µ to:

µ2 = µ2
MS

exp(ln 4⇡ � �E) . (9)

We will generalize this by defining the
�-Renormalization scheme, R�, where one absorbs
ln(4⇡)� �E � �, i.e.

µ2 = µ2
� exp(ln 4⇡ � �E � �) , (10)

where � is an arbitrary finite number, and by appropriate
choice will connect all MS-type schemes. In particular1:

R0 = MS , (11)

Rln 4⇡��E = MS . (12)

The scheme-transformation between di↵erent R� cor-
responds simply to a displacement in their corresponding
scales, i.e.

µ2
�2 = µ2

�1 exp(�2 � �1) . (13)

In particular:

µ2
� = µ2

MS
exp(�) . (14)

1
Note that we have chosen MS as the reference scheme for R0.

This is done since most results today are known in this scheme;

however there is nothing special about MS, and R0 can be rede-

fined to be any other MS-scheme

In the modified minimal subtraction scheme (MS-bar) one subtracts together 
with the pole a constant [Bardeen, Buras, Duke, Muta (1978) on DIS results]:  
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and the �i coe�cients are known up to �3, or four loops
[29]. The coe�cients �i are renormalization-scheme de-
pendent; however, it is easy to demonstrate by a general
scheme-transformation that the first two coe�cients �0

and �1 are universal for all mass-independent renormal-
ization schemes.
In the minimal subtraction (MS) scheme [30] one ab-

sorbs the 1/✏ poles appearing in loop integrals which
come in powers of

ln
µ2

⇤2
+

1

✏
+ c , (8)

where c is the finite part of the integral. Since anything
can be hidden into infinity, one can subtract any finite
part as well with the pole. This is equivalent to redefin-
ing the arbitrary scale µ in Eq.(1). The MS-scheme [31]
di↵ers from the MS-scheme by an additional absorption
of the term ln(4⇡)� �E , which corresponds to redefining
µ to:

µ2 = µ2
MS

exp(ln 4⇡ � �E) . (9)

We will generalize this by defining the
�-Renormalization scheme, R�, where one absorbs
ln(4⇡)� �E � �, i.e.

µ2 = µ2
� exp(ln 4⇡ � �E � �) , (10)

where � is an arbitrary finite number, and by appropriate
choice will connect all MS-type schemes. In particular1:

R0 = MS , (11)

Rln 4⇡��E = MS . (12)

The scheme-transformation between di↵erent R� cor-
responds simply to a displacement in their corresponding
scales, i.e.

µ2
�2 = µ2

�1 exp(�2 � �1) . (13)

In particular:

µ2
� = µ2

MS
exp(�) . (14)

1
Note that we have chosen MS as the reference scheme for R0.

This is done since most results today are known in this scheme;

however there is nothing special about MS, and R0 can be rede-

fined to be any other MS-scheme

A finite subtraction from infinity is arbitrary. Let’s make use of this!

This corresponds to a shift in the scale: 

µ2
MS

= µ2
exp(ln 4⇡ � �E)

µ2
� = µ2

MS
exp(��) = µ2

exp(ln 4⇡ � �E � �)

Subtract an arbitrary constant and keep it in your calculation:      -scheme

2

subtracted in addition to the standard subtraction
ln 4⇡ � �E of the MS-scheme. The �-subtraction defines
an infinite set of renormalization schemes which we call
�-Renormalization (R�) schemes; since physical results
cannot depend on the choice of scheme, predictions must
be independent of �. The R�-scheme exposes the gen-
eral pattern of nonconformal {�i}-terms, and it reveals a
special degeneracy of the terms in the perturbative coef-
ficients which allows us to resum the perturbative series.
The resummed series matches the conformal series, which
is itself free of any scheme and scale ambiguities as well
as being free of a divergent renormalon series. It is the
final expression one should use for physical predictions.
It also makes it possible to setup an algorithm for au-
tomatically computing the conformal series and setting
the e↵ective scales for the coupling at each perturbative
order.

II. THE �-RENORMALIZATION SCHEME

In dimensional regularization logarithmically divergent
integrals are regularized by computing them in d = 4�2✏
dimensions [25–28]. This requires the following transfor-
mation of the integration measure and introduction of an
arbitrary mass scale µ:

Z

d4p ! µ2✏

Z

d4�2✏p . (1)

Divergences are then separated as 1/✏ poles and can be
absorbed into redefinitions of the couplings. The choice
of subtraction procedure is known as the renormalization

scheme and is chosen at the theorist’s convenience. To
avoid dealing with coupling constants changing dimen-
sionality as a function of ✏ one rescales the the couplings
as well with the mass scale µ in the d = 4� 2✏ theory. In
particular, for QCD one rewrites the bare gauge coupling
a0 = ↵0/4⇡ = g2/(4⇡)2 as:

a0 = µ2✏ZaSaS , (2)

where aS is the renormalized gauge coupling under a spe-
cific renormalization scheme S and ZaS is the renormal-
ization constant of the coupling. The mass scale µ is
now understood as the renormalization scale. The bare
coupling must be independent of the arbitrary scale µ,
thus

µ2 da0
dµ2

= 0. (3)

Using this and the expansions

µ2 daS
dµ2

= �✏aS + �(aS) , (4)

�(a) = �a2
1
X

i=0

�ia
i , (5)

Za = 1 +
1
X

i=1

zia
i , (6)

it is easily derived that:
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and the �i coe�cients are known up to �3, or four loops
[29]. The coe�cients �i are renormalization-scheme de-
pendent; however, it is easy to demonstrate by a general
scheme-transformation that the first two coe�cients �0

and �1 are universal for all mass-independent renormal-
ization schemes.
In the minimal subtraction (MS) scheme [30] one ab-

sorbs the 1/✏ poles appearing in loop integrals which
come in powers of

ln
µ2

⇤2
+

1

✏
+ c , (8)

where c is the finite part of the integral. Since anything
can be hidden into infinity, one can subtract any finite
part as well with the pole. This is equivalent to redefin-
ing the arbitrary scale µ in Eq.(1). The MS-scheme [31]
di↵ers from the MS-scheme by an additional absorption
of the term ln(4⇡)� �E , which corresponds to redefining
µ to:

µ2 = µ2
MS

exp(ln 4⇡ � �E) . (9)

We will generalize this by defining the
�-Renormalization scheme, R�, where one absorbs
ln(4⇡)� �E � �, i.e.

µ2 = µ2
� exp(ln 4⇡ � �E � �) , (10)

where � is an arbitrary finite number, and by appropriate
choice will connect all MS-type schemes. In particular1:

R0 = MS , (11)

Rln 4⇡��E = MS . (12)

The scheme-transformation between di↵erent R� cor-
responds simply to a displacement in their corresponding
scales, i.e.

µ2
�2 = µ2

�1 exp(�2 � �1) . (13)

In particular:

µ2
� = µ2

MS
exp(�) . (14)

1
Note that we have chosen MS as the reference scheme for R0.

This is done since most results today are known in this scheme;

however there is nothing special about MS, and R0 can be rede-

fined to be any other MS-scheme

R�

�-Renormalization Scheme ( R� scheme)
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Exposing the Renormalization Scheme Dependence
Observable in the      -scheme:

⇢�(Q
2) =r0 + r1a(µ) + [r2 + �0r1�]a(µ)

2 + [r3 + �1r1� + 2�0r2� + �2
0r1�

2]a(µ)3 + · · ·

R0 = MS , Rln 4⇡��E = MS µ2
= µ2

MS
exp(ln 4⇡ � �E) , µ2

�2 = µ2
�1 exp(�2 � �1)

Note the divergent ‘renormalon series’ n!�n↵n
s

⇢�(Q
2) =r0 + r1a1(µ1) + (r2 + �0r1�1)a2(µ2)

2 + [r3 + �1r1�1 + 2�0r2�2 + �2
0r1�

2
1 ]a3(µ3)

3

The �pka
n
-term indicates the term associated to a diagram with 1/✏n�k

di-

vergence for any p. Grouping the di↵erent �k-terms, one recovers in the Nc ! 0

Abelian limit the dressed skeleton expansion.

R�

Exercise: 
Use the scale displacement relation to derive these expressions

Renormalization Scheme Equation
d⇢

d�
= ��(a)

d⇢

da
!
= 0 �! PMC
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Special Degeneracy in PQCD

There is nothing special about a particular value for � , thus for any �

⇢(Q2) =r0,0 + r1,0a(Q) + [r2,0 + �0r2,1]a(Q)2 + [r3,0 + �1r2,1 + 2�0r3,1 + �2
0r3,2]a(Q)3

+ [r4,0 + �2r2,1 + 2�1r3,1 +
5

2
�1�0r3,2 + 3�0r4,1 + 3�2

0r4,2 + �3
0r4,3]a(Q)4

According to the principal of maximum conformality we must set the scales 
such to absorb all ‘renormalon-terms’, i.e. non-conformal terms

⇢(Q2) = r0,0 + r1,0a(Q) + (�0a(Q)2 + �1a(Q)3 + �2a(Q)4 + · · · )r2,1

+ (�2
0a(Q)3 +

5

2
�1�0a(Q)4 + · · · )r3,2 + (�3

0 + · · · )r4,3

+ r2,0a(Q)2 + 2a(Q)(�0a(Q)2 + �1a(Q)3 + · · · )r3,1
+ · · ·

r2,0a(Q2)
2 = r2,0a(Q)2 � 2a(Q)�(a)r3,1 + · · ·

r1,0a(Q1) = r1,0a(Q)� �(a)r2,1 +
1

2
�(a)

@�

@a
r3,2 + · · ·+ (�1)n

n!

dn�1�

(d lnµ2)n�1
rn+1,n
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Small value of  renormalization scale  increases asymmetry

g

Xing-Gang Wu, sjb

Interferes with Born term. 

Contributes to the p̄p! ¯ttX asymmetry at the Tevatron

t

t̄



 

The Renormalization Scale Ambiguity for Top-Pair Production 
Eliminated Using the ‘Principle of Maximum Conformality’ (PMC)

Xing-Gang Wu 
 SJB

Conventional guess for 
renormalization scale 

and range

Experimental 
asymmetry

PMC Prediction

Top quark forward-backward asymmetry predicted by pQCD NNLO 
within 1 σ of CDF/D0 measurements using PMC/BLM scale setting 
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Conformal Template
• Self-Consistent breaking of scale 

invariance--Unique Confining 
Potential and Dilaton

• Non-Perturbative QCD Running 
Coupling

• Principle of Maximum Conformality -- 
sets renormalization scale in PQCD -- 
result is scheme independent!

• ERBL evolution and eigensolutions
Frishman, Sachrajda, Lepage, sjb; Braun



 

Light-Front Holography 
AdS/QCD

Soft-Wall  Model

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

Conformal Symmetry
of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Unique 
Confinement Potential!

de Tèramond, Dosch, sjb

 ' 0.6 GeV

1/ ' 1/3 fm

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!
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An analytic first approximation to QCD

• As Simple as Schrödinger Theory in Atomic Physics

• LF radial variable  ζ conjugate to invariant mass squared

• Relativistic, Frame-Independent, Color-Confining

• Unique confining potential!

• QCD Coupling at all scales: Essential for Gauge Link 
phenomena

• Hadron Spectroscopy and Dynamics from one parameter 

• Wave Functions, Form Factors, Hadronic Observables, 
Constituent Counting Rules

• Insight into QCD Condensates: Zero cosmological constant!

• Systematically improvable with DLCQ-BLFQ Methods

AdS/QCD + Light-Front Holography 
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New Perspectives for QCD

• Light-Front QCD and Holography 

• Unique Color Confinement Potential

• Principle of Maximal Conformality

• Non-Universal Anti-Shadowing and other Novel Nuclear 
Effects

• Lensing effects and Factorization Breaking

• Direct and Multiparton Processes

• Heavy Quark Distributions and Novel Higgs Production 
Mechanisms

• Ridge Correlations at the LHC 

• The QCD Vacuum and the Cosmological Constant



 

162Valparaiso, Chile  May 19-20, 2011

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

c c

c̄

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Stan Brodsky 

January 22, 2014

Novel QCD Phenomena and New Perspectives for 
Hadron Physics from Light-Front Holography

CERN TH Seminar


