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(I) resolved jets	



(II) novel excitations of hot quarks
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Jets: two main features
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large-angle emissions 
are restored with the 

total charge!
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Color coherence = angular ordering

☞ extremely important for the yield of soft particles in the cone!
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QCD jet in vacuum

4

hadronspartons

tform �
k||

k2
�

thadr �
k||

�2
QCD

Large time domain for pQCD:
1
E

< t <
E

�2
QCD

M� � E �jet

•   Inclusive jet observables determined by two scales: 

        the jet transverse mass  

        non-perturbative scale  
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Hard scale analysis
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Decoherence a high gluon energies
(A two scale problem)

• The decoherence parameter 
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Mehtar-Tani, Salgado, KT 2010-2012; Casalderrey-Solana, Iancu JHEP 1108, 015
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Resolved jets
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Dynamical process:
• medium resolves inner structure of the jet	


• every resolved sub-jet = color current interacts 

incoherently with the medium & radiates 
• modified (angular) ordering = enhancement of soft gluons

Casalderrey-Solana, Salgado, Mehtar-Tani, KT PLB 725 (2012) 357; Zapp, Krauss, Wiedemann JHEP 1303, 080
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Induced radiation

• two scales: medium length (L) and mean free path (λmfp)	


• multiple branchings important for soft gluons — factorize when 

tbr<L — probabilistic interpretation	


• turbulent behavior : soft radiation at large angles
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Jeon, Moore hep-ph/0309332; Baier, Mueller, Schiff, Son hep-ph/0009237; Blaizot, Iancu, Mehtar-Tani 1301.6102

Longitudinal coherence induces a characteristic 
formation time larger than mean free path�x⇥ = k�1
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Factorization of radiation
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• assume collimated jets and coherence — 
leading contribution to inclusive spectra at 
high energies	



• separation in angles — only the total 
charge radiates — jet calculus 

Mehtar-Tani, KT 1401.8293
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a cone defined by the jet reconstruction radius. We cal-
culate this quantity by
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which sums the energy of partons inside the jet cone, i.e.,
� < ⇥jet . In terms of transverse momenta this limitation
corresponds to k⇥ < xQ. On the other hand, the typi-
cal transverse momentum of a parton propagating in the
plasma is given by the characteristic scale Qs =

"
q̂L.

Hence, the angular condition can be turned into a con-
dition on the parton energy, x > x0, where x0 ! Qs/Q.
Hence, we shall approximate, E (� < ⇥jet ) # E (x > x0).
In our case Qs = 3.6 GeV severely restricts the amount
of soft induced radiation that is allowed within the cone.
The description of broadening will be discussed in more
detail in a forthcoming work, see also [17].

We have computed the in-cone energy fraction for two
jet reconstruction angles using the previously extracted
medium parameters within the uncertainty due to the
variation in ⇥BH . We find that up to 14–19% of the
energy flows out a cone of ⇥jet = 0.3 (x0 = 0.12). We
scarcely recover more energy by opening the jet cone to
⇥jet = 0.8 (x0 = 0.045), in which case roughly 9–15% of
the energy is still missing. This confirms that multiple
branching in the medium is an e⌅ective mechanism that
transports energy from hard to soft quanta at large angles
[11]. The results obtained here agree qualitatively with
the estimates from the CMS collaboration on the out-of-
cone energy flow for di-jets where it was observed that the
energy imbalance could be recovered only at angles larger
than 0.8 and were carried by tracks with 0.5 GeV < p⇥ <
4 GeV [5]. Moreover, the typical transverse momentum
broadening of the coherent jet due to scatterings in the
plasma is of the order of Qs. Hence, one can estimate the
angular deviation of the sub-leading jet to be �⇥jet $
Qs/p⇥ $ 0.036 for a jet p⇥ = 100 GeV. We note that,
�⇥jet % ⇥jet , in agreement with the observation that
most di-jets are back-to-back.

Finally, we focus on the modifications of the frag-
mentation functions of jets. Concretely we will con-
centrate on the so called intra-jet energy distribution
of hadrons dN vac

�
d ln(1/x) ! Dvac (x;Q) which is typ-

ically plotted in terms of the variable � = ln(1
�
xh)

where xh =
⌃
x2 + (mh/p⇥)2 and x are ratios of the

hadron and parton energies to the jet energy, respec-
tively. The Q dependence of Dvac is governed by the
Modified Leading-Logarithmic Approximation (MLLA)
evolution equations [13] which take into account the dou-
ble logarithmic contributions (DLA) as well as the full
set of single logarithmic corrections. One of the key fea-
tures of this evolution is the angular ordering (AO) of
subsequent emissions which is a manifestation of color
coherence. The evolution takes place between the jet
scale Q and the hadronization scale Q0 which can be set

to ⇤QCD by invoking the Local Parton-Hadron Duality
hypothesis. The resulting parton spectrum can then be
directly compared to hadron spectra by introducing an
energy independent scaling factor.

The collimation property of vacuum jets can be in-
ferred directly from the fact that Dvac only depends on
the jet energy and cone angle in terms of Q, which is
the largest scale of the process. The separation of in-
trinsic jet and medium scales allow to find the modified
fragmentation function directly via the jet calculus rule,

Dcoh
med (x;Q,L) =

⇧ 1

x

dz

z
Dvac

⇥x
z
;Q

⇤
Dmed

q (z, p⇥, L) ,(6)

where Dmed
q (x, p⇥, L) is the distribution of primary

quarks [21]. Here we point out two crucial points con-
cerning Eq. (6). First and foremost, the subscript of the
resulting distribution refers to the coherent jet (color)
structure that survives the medium interactions at this
level of approximation. In other words, vacuum and
medium fragmentation take place independently of each
other and are governed by separate evolution equations.
Secondly, we have also neglected the variation of the in-
trinsic jet scale which comes about due to the energy loss
at large angles discussed above. As this was estimated to
contribute to a $ 20% variation to the jet scale, we will
allow for a certain variation of the jet energy scale of the
medium-modified jets.

Remarkably, the simple picture incorporated in
Eq. (6), which has shown to be quite consistent up to
now, breaks down in the soft sector (cf. grey band in Fig.
2). This can be traced back to the transverse momentum
broadening of soft quanta, Eq. (5), which practically re-
moves them from the cone. However, by comparing the
minimal angle for induced radiation ⇥c = (q̂L3

�
12)�1/2

[10, 11], which with our set of parameters corresponds to
$ 0.08, to the typical jet reconstruction radius, presently
considered to be ⇥jet = 0.3. This implies that sub-
leading structures of the jet are resolved by the medium
[3, 12]. Postponing for the moment a more refined treat-
ment of jet energy loss, we will rather emphasize how this
breakdown of jet color coherence, initially studied in [3],
demands a more subtle and novel treatment of soft gluon
emission at relatively small angles.

Up to now, we have neglected the fact that the jet-
medium interactions give rise to additional radiation that
violates the strict AO of the vacuum shower [12]. Since
this component is geometrically separated from the AO
vacuum-like radiation and associated with large forma-
tion times, it is therefore not a⌅ected by the medium
(e.g. by transverse momentum broadening). Note that
since this contribution also is subleading in DLA, it is
enough to include the e⌅ect from the first nontrivial split-
ting. This allows us to add this contribution incoherently
to the full, medium-modified intrajet distribution. The
intrajet distribution in heavy-ion collisions can thus be

medium induced, 
large angle radiation

small angle, vacuum-
like evolution

Jeon, Moore hep-ph/0309332; Baier, Mueller, Schiff, Son hep-ph/0009237; Blaizot, Iancu, Mehtar-Tani 1301.6102

For inclusive spectrum:
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Nuclear modification factor
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• assuming quark jets (n=5.6)	


• allows to fix medium scales 

(fixing L = 2.5 fm)	


• high-p⊥ jets are the most 

reliable probe of q̂

Mehtar-Tani, KT 1401.8293Qs = 3.6 GeV

Missing pt in dijet events ! !

missing energy at !<" 14 - 19 % 9 - 15 %

Jet deflection :: ∆Θ ~ Qs/E ~0.04
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Fragmentation function
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• need to correct jet calculus 
rule for decoherence effects!	



• vacuum baseline reproduced 
by MLLA :: valid close to the 
humpbacked plateau	



• coherent jet quenching 
important for intermediate l	



• decoherence plays main role 
at large l (small x)

Mehtar-Tani, KT 1401.8293
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                    varying non-perturbative contribution in Qmed/Q0
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FIG. 2. Upper panel: the longitudinal fragmentation function
plotted as a function of � = ln 1

�
x. Lower panel: the ratio of

medium-modified and vacuum fragmentation functions. The
experimental data are taken from [8]. See text for further
details.

written as the sum of two components,

Djet
med (x;Q,L) = Dcoh

med (x;Q,L) + �Ddecoh
med (x;Q,L) ,(7)

whereDcoh
med is the coherent modiÞed jet spectrum found

from Eq. (6) and the decoherence of in-cone vacuum radi-
ation is contained in �Ddecoh

med . We compute the real con-
tribution at two successive emissions at DLA accuracy
with the inclusion of running coupling e⇤ects, yielding

�Ddecoh
med (x;Q, öq, L) =

! E

⇥

d⇤⇥
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! �jet

Q0/ ⇥
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! �med (⇥⇥) �s(⇤⇥⇥⇥)
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d⇥
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where the decoherence parameter reads�med (⇥⇥) = 1 "
exp[" ⇥⇥öqL3/12] [12] and⇥max = min( ⇥jet , Qmed/⇤). In
this context, Qmed = max

"
(⇥⇥L)�1, Qs

#
is the hardest

scale of the splitting. To test the sensitivity of the re-
sulting distribution to this parameter we have varied
Qmed while keeping Qs at the central value such that
0.8 < ln Qmed

$
Q0 < 3.2. As a further reÞnement, we

will also demand that the Þrst splitting occurs inside
the medium. This puts a constraint on the formation
time of the Þrst gluon, i.e., tf (⇤⇥) # (⇤⇥⇥⇥2)�1 < L. For
consistency, we will also count the traversed path length
from the production point by shifting L $ L " tf (⇤⇥) in
�med (⇥⇥).

The resulting vacuum and medium distributions for
jets with Q = 30 GeV are shown in the upper panel of

Fig. 2, while the lower panel details the ratio of the latter
to the former. We compare to experimental data from
CMS for jets with p⇤ > 100 GeV [8]. First, the vacuum
baseline data are reproduced by the MLLA equation by
adjusting the relevant parameters (Q0 = 0.4 GeV, mh =
1.1 GeV and K = 1.6) to optimize the description, de-
picted by a sold (blue) line in the upper part of Fig. 2.
Due to the energy loss in the medium, we have allowed
the jet scale of the medium-modiÞed jets to vary within
E % [100,125] GeV (we plot the results for the extreme
cases). In what follows, the variation of the BH frequency
was found to be negligible and the central value⇤BH =
1.5 GeV was used. The result of using only Eq. (6),
depicted by the dashed (grey) lines, which assume co-
herent radiation, yields a suppression of the distribution
at all � as compared to that in vacuum. This reßects
the energy loss via soft gluon radiation at large angles
o⇤ the total charge of the jet and is in agreement with
the suppression of the nuclear modiÞcation factor. How-
ever, the data indicates that the suppression turns into
an enhancement when� ! 3 in the most central col-
lisions [8]. Accounting for color decoherence as given in
Eq. (7) we describe the excess of soft particles in the mea-
sured medium-modiÞed fragmentation function, see the
thin-solid (red) curves in Fig. 2. The resulting ratio of
medium-to-vacuum distributions show the characteristic
dip and enhancement behavior with increasing� around
the humpbacked plateau. Note that the MLLA equation
is valid at intermediate values of � and that the region of
small � " 1 is sensitive to energy conservation and hence
should be discarded. On the other hand, for� & 4.5 the
distribution in reaching the limits of phase space and is
very sensitive to non-perturbative physics and the precise
jet energy scale.

To summarize, we have investigated several jet observ-
ables that have recently been measured at the LHC. Our
model based on the QCD limit of color coherence is con-
sistent with the di⇤erent features seen in data and we are
able to pin down departures from this picture in the soft
sector of fragmentation functions, which we argue is an
evidence for partial decoherence. Our approach further
shows how jets produced in these collisions can be used
as a powerful tool to extract information about the QGP
and color coherence.
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Confinement at high T
• QCD at high T (g≪1) is confining (Linde 80; Gross, Pisarski, Yaffe 81)	



• 3D effective theory with mass gap ~ g2T: magnetic confinement	


• beyond hard-thermal-loop’s (HTL) scope (Braaten, Pisarski 92)	



• as a consequence, positivity violation of spectral functions at any T:	


• absence of free particles at low momentum, therefore “confinement”	


• well-established for pure-glue (e.g. Maas, Phys. Rept. (2013))	


• unclear for quarks	



• gauge-fixing in the IR (Gribov 78; Feynman 81; Zwanziger 97/07)	


• Gribov copies for non-Abelian theories in the IR, beyond Faddeev-Popov	


• due to magnetic confinement, Gribov copies matter at finite T	


• Gribov-Zwanziger action : renormalizable (improve in IR, recover FP in UV)
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Hot-quark collective d.o.f.s
• quark d.o.f.s at high T (g≪1)	



• gauge invariant from G-Z action	


• improved HTL (iHTL) analysis for QCD:	



• particle/hole excitations recovered	


• new massless excitation  

(speed of sound, long-range correlation)	


• scaling (g-independent) w.r.t. improved 

thermal mass (same as normal HTL)	


• 1st evidence of positivity violation for hot 

quarks & 1st direct connection between 
positivity violation & a collective d.o.f.!	



• genuine non-Abelian effect — not in QED
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Perspectives for the future

• crucial significance of confinement 
effects to deconfined phase	


• massless modes: long-range 

correlations, strongly coupled!	


• gluons on the way	


• transport coefficients (q!, " , 

electrical conductivity etc.)	


• iHTL effective action	


• instabilities & thermalization	


• phase transition & bound states
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FIG. 3: Transverse gluon spectral function ⇢(!, ~p ) for
T = 1.98T

c

.

the maximum of the spectral function.
The dependence of our results on the shift function

is surprisingly small. We have employed different an-
sätze and found that only the necessary condition, that
the shift function must be larger in magnitude than the
negative values of the spectral function at the respective
point, must be fulfilled. All other features could be cho-
sen freely as long as (6) is kept finite. The longitudinal
spectral functions show no different behavior and differ
only slightly from the transverse spectral functions.

We have calculated the shear viscosity applying the
Kubo relation (7) for the spectral function of the energy-
momentum tensor at vanishing frequency and divided by
the entropy density. In Fig. 4 we show the results as a
function of temperature. The black error bars indicate
the combined systematic error from both MEM computa-
tion and one-loop approximation as discussed above. In
the shaded region only MEM errors are displayed. The
error analysis exhibits a small systematic and statisti-
cal error for temperatures T

c

 T . 2T

c

. For larger
temperature the one-loop approximation within the op-
timized RG-scheme becomes worse and higher order dia-
grams have to be included. In turn, for smaller temper-
atures T  T

c

additionally the accuracy of the spectral
functions has to be increased in order to provide reliable
quantitative results. Moreover, the uncertainty in the rel-
ative temperature scales on the lattice and the functional
methods gets important due to the strong temperature
dependence in this regime. An additional systematic er-
ror relates to the systematic error of the input data. We
have also computed the ratio ⌘/s from the lattice prop-
agators in [25] for temperatures about T

c

and the result
varies with about 5%. This error is not included in the
plot in Fig. 4.

The curve in Fig. 4 exhibits a clear minimum at
T = 1.25T

c

with a value of ⌘/s = 0.115(17). This
region is well in the regime with small systematic and

0 1 2 3 4
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FIG. 4: Viscosity over entropy ratio ⌘/s for SU(3) gauge
theory. The AdS/CFT bound is displayed, as well as lat-
tice results from [9, 34, 35]. The black error bars indicate
the combined systematic error from both MEM compu-
tation and one-loop approximation as discussed above.

In the shaded region only MEM errors are displayed.

statistical errors. Below the critical temperature we find
a steep rise of ⌘/s towards lower temperatures due to
the decrease of the entropy density. In view of the above
error analysis this should be seen as a qualitative result.
Within the present accuracy we also cannot resolve
potential signatures of the first order phase transition.
Our results agree qualitatively with model computations
of ⌘/s, see e.g. [36]. Note also, that for T  T

c

glueballs
are expected to be the relevant degrees of freedom. It
would be interesting to see how the present results fit into
a corresponding quasi-particle picture based on glueballs.
Conclusions

We have computed gluon spectral functions from
non-perturbative, Euclidean propagators in Landau
gauge finite temperature Yang–Mills theory. This has
been done with a modified version of the maximum
entropy method that allows for negative parts in the
spectral functions. As expected the spectral functions
show a violation of positivity. Our results cover the
temperature regime 0.4T

c

. T . 4.5T

c

. We have
computed the shear viscosity ⌘ from a closed expression
in terms of the gluon spectral function. With the
lattice entropy taken from [22–24] this leads us to the
viscosity over entropy ratio ⌘/s in the above temperature
range. We find a minimum value of ⌘/s = 0.115(17) at
T = 1.25T

c

which is close to, but above the KSS bound
of ⌘/s = 1/(4⇡). Interestingly, the results agree within
the errors with previous lattice computations, [9, 34].
Given the very different computational methods, this
provides non-trivial support for the respective results.
In [34] a mapping of Yang–Mills ⌘/s to QCD is proposed
for T = 2.3T

c

. Adapting the procedure we propose a
minimal ⌘/s for QCD of 0.18. The present framework is
readily extended to full QCD with dynamical fermions,
which is currently under investigation.

Haas, Fister, Pawlowski 1308.4960

T≃2 TC
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Summary

• jets are excellent tools to study the QGP	



• inclusive spectra, angular decorrelations 
dominated by jet core interactions	



• substructure, differential measurements sensitive 
to decoherence	



• missing ingredient in hot QGP	



• confinement effects crucial at high temperatures	


• presence of massless mode paves the way for 

transport properties of strongly coupled QGP
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Soft gluons in the cone

16

Contribution from 2nd emission in	


 DLA w/ running coupling.
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FIG. 2. Upper panel: the longitudinal fragmentation function
plotted as a function of � = ln 1

�
x. Lower panel: the ratio of

medium-modified and vacuum fragmentation functions. The
experimental data are taken from [8]. See text for further
details.

written as the sum of two components,

Djet
med (x;Q,L) = Dcoh

med (x;Q,L) + �Ddecoh
med (x;Q,L) ,(7)

whereDcoh
med is the coherent modiÞed jet spectrum found

from Eq. (6) and the decoherence of in-cone vacuum radi-
ation is contained in �Ddecoh

med . We compute the real con-
tribution at two successive emissions at DLA accuracy
with the inclusion of running coupling e⇤ects, yielding

�Ddecoh
med (x;Q, öq, L) =

! E

⇥

d⇤⇥
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! �jet

Q0/ ⇥
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⇥⇥

! �med (⇥⇥) �s(⇤⇥⇥⇥)
! �max
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d⇥
⇥

�s(⇤⇥) , (8)

where the decoherence parameter reads�med (⇥⇥) = 1 "
exp[" ⇥⇥öqL3/12] [12] and⇥max = min( ⇥jet , Qmed/⇤). In
this context, Qmed = max

"
(⇥⇥L)�1, Qs

#
is the hardest

scale of the splitting. To test the sensitivity of the re-
sulting distribution to this parameter we have varied
Qmed while keeping Qs at the central value such that
0.8 < ln Qmed

$
Q0 < 3.2. As a further reÞnement, we

will also demand that the Þrst splitting occurs inside
the medium. This puts a constraint on the formation
time of the Þrst gluon, i.e., tf (⇤⇥) # (⇤⇥⇥⇥2)�1 < L. For
consistency, we will also count the traversed path length
from the production point by shifting L $ L " tf (⇤⇥) in
�med (⇥⇥).

The resulting vacuum and medium distributions for
jets with Q = 30 GeV are shown in the upper panel of

Fig. 2, while the lower panel details the ratio of the latter
to the former. We compare to experimental data from
CMS for jets with p⇤ > 100 GeV [8]. First, the vacuum
baseline data are reproduced by the MLLA equation by
adjusting the relevant parameters (Q0 = 0.4 GeV, mh =
1.1 GeV and K = 1.6) to optimize the description, de-
picted by a sold (blue) line in the upper part of Fig. 2.
Due to the energy loss in the medium, we have allowed
the jet scale of the medium-modiÞed jets to vary within
E % [100,125] GeV (we plot the results for the extreme
cases). In what follows, the variation of the BH frequency
was found to be negligible and the central value⇤BH =
1.5 GeV was used. The result of using only Eq. (6),
depicted by the dashed (grey) lines, which assume co-
herent radiation, yields a suppression of the distribution
at all � as compared to that in vacuum. This reßects
the energy loss via soft gluon radiation at large angles
o⇤ the total charge of the jet and is in agreement with
the suppression of the nuclear modiÞcation factor. How-
ever, the data indicates that the suppression turns into
an enhancement when� ! 3 in the most central col-
lisions [8]. Accounting for color decoherence as given in
Eq. (7) we describe the excess of soft particles in the mea-
sured medium-modiÞed fragmentation function, see the
thin-solid (red) curves in Fig. 2. The resulting ratio of
medium-to-vacuum distributions show the characteristic
dip and enhancement behavior with increasing� around
the humpbacked plateau. Note that the MLLA equation
is valid at intermediate values of � and that the region of
small � " 1 is sensitive to energy conservation and hence
should be discarded. On the other hand, for� & 4.5 the
distribution in reaching the limits of phase space and is
very sensitive to non-perturbative physics and the precise
jet energy scale.

To summarize, we have investigated several jet observ-
ables that have recently been measured at the LHC. Our
model based on the QCD limit of color coherence is con-
sistent with the di⇤erent features seen in data and we are
able to pin down departures from this picture in the soft
sector of fragmentation functions, which we argue is an
evidence for partial decoherence. Our approach further
shows how jets produced in these collisions can be used
as a powerful tool to extract information about the QGP
and color coherence.
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Figure 6. Inclusive gluon production o⇥ one of the qq̄-antenna constituent, after azimuthal angle
average, for energies 0 < ! < ! max. Parameters are " qq̄ = 0.2, �med = 0.5 and Qhard/ ! = 0.4.

This are the general features encoded in the hard emission currents in eqs. (2.22) and

(6.7) and generalizes the picture of medium-induced decoherence described in Section 5

and refs. [7, 8].

Let us wrap up the discussion by considering hard gluon emissions. While interferences

are already strongly suppressed for ! > m D/ " qøq in the “dipole regime” due to longitudinal

interference e⇥ects (the LPM e⇥ect), the same is not true for the “saturation” regime where

the independent spectrum will dominate in the energy interval mD/ " qøq � ! < !̄ c. In this

case, the antenna spectrum is predominantly the superposition of two independent spectra

and the bulk of the independent radiation takes place at smaller angles than the opening

angle, see Section 6.2.

7 Numerical results

We proceed with a numerical evaluation of the antenna spectrum. Following the strategy

of Section 2, we divide the spectrum into coherent contributions o⇥ the quark an the

antiquark, namely

dN med = dN med
q + dN med

øq , (7.1)

where

!
dN med

q

d3k
=

#sCF

(2$)2 ! 2

�
R med

q ! J med
q

⇥
. (7.2)

The independent spectrum R med
q was already discussed in detail in Section 4 and is defined

explicitly in eq. (4.7). The interferences, on the other hand, are not as simply recovered as

in the vacuum case.
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E p = k + ~  1 + ~  E p - k )  " (3.3a) 

The positive-energy solution Eh(k) to fh(Eh, k)=0 determines the dispersion 
relation for the hole state: 

E h = - k + ~  - 1 + ~  I + T  In Eh_~  . (3.3b) 

At k = 0, Ep = E h = d /as  anticipated by Gross, Pisarski, and Yaffe [5]. This 
kinematic mass is quite analogous to the plasmon mass for the gluon. The two 
dispersion relations are plotted as function of k in fig. 1. Both these branches 
were calculated by Klimov [6] but without interpretation. 

At large k, both branches are asymptotic to k. But at small momentum the 
hole solution has a negative slope. To interpret this, note that the vertex 
operator at zero momentum transfer is 

0 
r~(~ '  k) = ak~, S-'(w, k). 

From this one can show that the fermion change and current density are 

a - 0 ZzU.(k)r (E~, k)U,,(k)= 1, 
^ OE~ 

Z';O,,(k)r(E., k)U,,(k)= k a--k 

v j 

Ehol e 

MT -.T// k 
= ~ 6  MT 

1 2 

Fig. 1. Dispersion relation for particles and holes. 
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Charge and current densities:

At low momentum: both are 
genuine multi-particle 

excitations!

H.A. Weldon I Particles and holes 175 

where a denotes either particle or hole. The particle soluton is a quark 
excitation; the hole solution is a missing antiquark. Both have a fermionic 
charge of + I. But fig, I shows that very low-momentum holes have a negative 
current (i.e. opposite to their momentum). In fact J - ~ - k / 3  for small k. This 
requires cooperative behavior of three or more fermions. One can, for 
example, obtain this current with two quarks and one antiquark as follows: 

Part icle Charge Momentum Curre, i t  

q +1 +k/6 +k/6 
q +1 +k/6 +k/6 
,q - 1  +2k /3  -2k /3  
Total  + 1 + k - k / 3 

There are many ways of generalizing this model, but all rcquirc coopcrativc 
behavior. 

The creation probabilities Z 2 defined by (2.4) are calculated by differentiat- 
ing (3.2): 

1 = 

Z (k) ~o -- E a 

Since the ©~(gET") part of the self-energy (i.e. all of (3.1)) is gauge invariant, 
then so are these Z: factors. (The temperature-independent part is gauge- 
dependent but much smaller: C;(g2k:).) The Z 2 are plotted in fig. 2. At zero 
momentum it is equally probable to produce a hole as a particle because 

1 k 
+ + - . .  (k 

I k Zh(k) .~. + . . .  (k ,~ M ) . 
2 6M 

(3.4) 

1.0 I zpar t ic le"  
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Fig. 2. Creation probabilities Z~(k). 
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