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Unsolved problems - 1

• where Laws of Nature are not known/hypothetical

‣ high Tc superconductivity

‣ quantum gravity

‣ Beyond SM...
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Unsolved problems - 2

• where Laws of Nature are relatively certain, but 
extracting predictions remains hard*

‣ turbulence

‣ strongly coupled QFT (QCD + many condensed matter 
examples)

*Hard = nontrivial even with supercomputers

Computational complexity:
can we find better algorithms?
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Conformal Field Theories
Running coupling in QCD:

IR fixed point
{
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IR fixed points are
• scale invariant (by definition)

• conformally invariant (generically, and perhaps always 
in unitary theories)

Condition for conformal invariance:

Condition for scale invariance:

Generically (2)⇒(1)
(          )
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Scale invariance

scaling dimension
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Theorem [Liouville,1850] 
In d≥3 the group of conformal transformations is 
• finite-dimensional
• isomorphic to SO(d+1,1)
• generated by Mμν, Pμ, D, and Kμ   

Conformal invariance
s.t. locally rotation + dilatation

 

special conformal transformation
8
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What does it buy you?

For starters, also 3-point functions are fixed:

[Polyakov 1971]
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CFTs in the real world
Rich source: condensed matter and statistical physics 

(2nd order phase transitions)

Example A: liquid-vapor transitions

1st order critical point 
(3d CFT)
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Example B:    uniaxial ferromagnets

1st order

critical point 
(3d CFT)
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Example C:     QCD matterQCD phase diagram (contemporary view)
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Models (and lattice) suggest the transition becomes 1st order at some µB .

Phase diagram of QCD: the critical point – p. 4/11

(3d CFT)

from a talk by Stephanov‘2004
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Universality

Critical points fall into large 
“universality classes”, described by the same CFT.

[Justification: RG theory of phase transitions]

Critical points A,B,C are all described by the same CFT 
(have the same operator spectrum and correlation functions)

“3d Ising model CFT”

13
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3d Ising CFT: RG definition

3d IR physics is different from 4d, 
because [φ]=1/2 and λ is relevant, [λ]=1  

IR fixed point
(3d Ising CFT)

14



/28

What do we need to find-1

• Scaling dimensions of operators Δi 

there are ∞ many operators of each spin

ω1 ω2 ω3 

analogy: eigenmodes in mechanics:

normalization

15
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What do we need to find-2

• 3-point function couplings fijk:

Unlike in engineering, eigenmodes interact nonlinearly

16
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Δi’s and fijk’s determine everything 
This follows from Operator Product Expansion:

In CFT’s, OPE has finite radius of convergence and can be 
used to reconstruct higher point functions, e.g.:

{ {
structure constants of the schematic form

⇤

k

f12kf34k(. . .) =
⇤

k

f14kf23k(. . .) . (3.3)

The (. . .) factors are functions of coordinates xi, called conformal partial waves. They are
produced by acting on the two-point function of the exchanged primary field �k with the
di⇥erential operators C appearing in the OPE of two external primaries. Thus, they are also
fixed by conformal invariance in terms of the dimensions and spins of the involved fields.
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Figure 1: The conformal bootstrap condition = associativity of the operator algebra.

The dream of the conformal bootstrap is that the condition (3.3), when imposed on four-
point functions of su⇤ciently many (all?) primary fields, should allow one to determine the
CFT data and thus solve the CFT. Of course, there are presumably many di⇥erent CFTs,
and so one can expect some (discrete?) set of solutions. One of the criteria which will help
us to select the solution representing the 3D Ising model is the global symmetry group,
which must be Z2.

Our method of dealing with the conformal bootstrap will require explicit knowledge of
the conformal partial waves. In the next section we will gather the needed results.

4 Conformal Blocks

In this paper we will be imposing the bootstrap condition only on four-point functions of
scalars. Conformal partial waves for such correlators were introduced in [7] and further
studied in [9, 10]; they were also discussed in [12]. Recently, new deep results about them
were obtained in [13–15]. Significant progress in understanding non-scalar conformal partial
waves was made recently in [43] (building on [44]), which also contains a concise introduction
to the concept. Below we’ll normalize the scalar conformal partial waves as in [15]; see
Appendix A for further details on our conventions.

Consider a correlation function of four scalar primaries �i of dimension �i, which is fixed
by conformal invariance to have the form [3]

��1(x1)�2(x2)�3(x3)�4(x4)⇥ =
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Bootstrap idea
Ferrara, Gatto, Grillo 1973; Polyakov 1974

To fix Δi’s and fijk’s impose that 4pt functions be unique:
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Was shown to work in d=2 (Belavin, Polyakov, Zamolodchikov 1984)

Work in d≥3 restarted only recently 
(Rattazzi, S.R., Tonni, Vichi 2008)
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d=2         vs        d≥3 
* conformal algebra is infinite 
dimensional (Virasoro)

* there are interesting CFTs 
(e.g. 2d Ising model)
with a finite # of primary
operators of known 
dimension

* bootstrap needs to fix fijk’s 
only: a problem of fin-dim 
linear algebra

* conformal algebra is finite 
dimensional, SO(d+1,1)

* any CFT contains 
infinitely many primaries;
their dimensions are 
unknown

* bootstrap is a problem of 
infinite-dimensional 
analysis

19
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Exponential decoupling thm
(Pappadopulo, S.R, Espin, Rattazzi 2012)
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(valid for any unitary CFT, and any d)

⇒ makes bootstrap numerically tractable
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   O(100) papers since 2008

2<d≤ 4 and d=2 SL(2,C)
•bounds (dims, ope coeffs, central charges)
•extremal spectrum studies
•numerical techniques (simplex method, SDPA, dual/
direct)
•global syms
•impact of SUSY
•large N ↔ AdS

•lightcone results: large spin, small twist numerical impact?

-exact expressions
-power series expansions
-recursions
-for ops with spin
-large d limit

Conformal blocks

CFTd with bdry
Conformal defects ↔ d=1 bootstrap

[Study of 2d CFT torus partition functions]

ellipsoid method

• several correlators
• basis optimization
• external states with spin (T, J)

d=2 non-rational  Virasoro bootstrap
Bootstrap on other geometries (Rd-1 x S1)

Red = to do

d→ 1 limit

minor method by Gliozzi
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Bootstrap analysis for 3d Ising

Two most important 
operators: 

σ (Z2 odd), ε (Z2 even)

Ingredients which go into this plot:
- conformal symmetry & unitarity
- bootstrap equation for <σσσσ> 

σ x σ = 1+ ε +...

Conjecture:   3d Ising spectrum maximizes scalar gap

saturates the optimal bound on ��, achieved in the limit N ⇤ ⌅. Thus, in this work, we
will take seriously the idea:

• ⌃����⌥ in the 3d Ising CFT lies on the boundary of the space of unitary, crossing
symmetric four-point functions.

We will further present a plausible guess for where on the boundary the 3d Ising CFT lies,
and use this to formulate a precise conjecture for the spectrum of operators in the � � �
OPE.

3d Ising ?
�78 comp.⇥

0.50 0.52 0.54 0.56 0.58 0.60 0.62 0.64 �⇤1.0

1.2

1.4

1.6

1.8
�⇥

Figure 1: An upper bound on the dimension of the lowest dimension scalar � ⇧ ⇥ � ⇥, as a
function of �⇥. The blue shaded region is allowed; the white region is disallowed. Left : The
bound at N = 78 [1]. Right : The bound at N = 105, in the region near the kink. This bound
is thus somewhat stronger than the previous one, and the kink is sharper.

Although the 3d Ising CFT is certainly special, it is perhaps surprising that one might
find it by studying a single four-point function. After all, the full consistency constraints of
a CFT include crossing symmetry and unitarity for every four-point function, including all
possible operators in the theory. Nevertheless, other recent work supports the idea that for
some special CFTs it may be enough to consider ⌃����⌥. For example, one can compute
similar bounds in fractional spacetime dimension 2 ⇥ d ⇥ 4. These bounds have similar
kinks which agree with the operator dimensions present at the Wilson-Fisher fixed point
near d = 4 and the 2d Ising CFT when d = 2 [3]. An analogous story holds for theories with
O(n) global symmetry in 3d, where O(n) vector models appear to saturate their associated
dimension bounds [4].

As a check on our conjecture, we will also apply it to the 2d Ising CFT. We find good
agreement with the known exact solution, and previous numerical explorations of the 2d
bootstrap [2]. Our study of 2d will serve as a useful guide for interpreting our results in 3d.

4

(El-Showk, Paulos, Poland, Simmons-Duffin, S.R., Vichi, 2012)

allowed region

22



/28

c-Minimization

σ x σ = 1+ ε + Tμν + ...

Conjecture:   3d Ising CFT has minimal central charge

Another interesting quantity is central charge c:

(El-Showk, Paulos, Poland, Simmons-Duffin, S.R., Vichi, 2012)

In [1], we also computed bounds on the squared OPE coe⇤cient of the stress tensor
pT ⇥ pd,2, which is related via Ward identities to the central charge c,

c ⌅ �2
⇥

pT
, (2.8)

with a d-dependent factor which depends on the normalization of c.7 To avoid normalization
ambiguities, we will give results below for the ratio c/cfree, the latter being the central charge
of the free scalar theory in the same number of dimensions.

Figure 4 shows this lower bound on c (equivalently, an upper bound on pT ) as a function
of �⇥. The bound displays a sharp minimum at the same value of �⇥ as the kink in
Figure 1, suggesting that the 3d Ising CFT might also minimize c.8 We will call this
method of localizing the 3d Ising point “c-minimization,” although it should be kept in
mind that in practice we minimize c by maximizing pT , which is a linear function on C�� .

0.50 0.52 0.54 0.56 0.58 0.60 �⇥0.90

0.95

1.00

1.05

1.10

1.15

1.20

1.25
c�cfree

Figure 4: A lower bound on c (the coe⇥cient of the two-point function of the stress tensor),
as a function of �⇥. Left: the bound from [1] computed with N = 78. Right: a slightly
stronger bound at N = 105 in the region near the minimum.

We have done numerical studies of both ��-maximization and c-minimization, and found
evidence that for all �⇥ in the neighborhood of the expected 3d Ising value ⇤ 0.518 these
optimization problems are solved at the same (uniquely-determined) point on the boundary
of C�� . In other words, they are equivalent conditions. As an example, one can compute the
maximum possible dimension �max

� , and also the value ��
� in the four-point function that

minimizes c. As already mentioned, for each �⇥ this four-point function turns out to be
unique, so that ��

� is uniquely determined. It is then interesting to consider the di⇥erence
(non-negative by definition)

� = �max
� ���

� , ��
� ⇥ ��|c⇥min. (2.9)

We plot this di⇥erence in Figure 5, where we have chosen N = 105. The di⇥erence is tiny
for all values of �⇥, and near one point it drops sharply towards zero — as we will see

7In our previous work [1, 3] c was denoted CT .
8By contrast, bounds on c in 4d do not show a similar minimum [10–12].

9

23

contribution goes as c-1
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Precision bootstrap

Figure 7: A lower bound on c in the region of �� close to the minimum in Figure 4. We plot
three bounds, computed with N = 231 (dark blue), 190 (lighter blue), 153 (lightest blue). The
pink rectangle in the zoomed inlay corresponds to our conservative upper and lower bounds
(3.1) for the location of the minimum for N ⇥ ⇤, which according to our conjecture should
correspond to the 3d Ising CFT.

3.2 Extracting the Spectrum and OPE Coe�cients in � � �

The c-minimization bounds in Figure 7 actually contain much more information than plotted
there. For each point saturating those bounds, there is a unique unitary four-point function
⌅����⇧ which solves the corresponding N crossing constraints. It is very interesting to
study how the spectrum of operators appearing in the conformal block decomposition of
this four-point function, and their OPE coe⇤cients, depend on ��. This will be done in
the next section for the leading scalar, and in the following sections for the higher states.

We should stress that no additional computation is needed to extract the solution to
crossing corresponding to the minimal c. The minimization algorithm starts somewhere
inside the allowed region (i.e. above the bound) and performs a series of steps. Each
step replaces a solution to crossing by another solution with a strictly smaller c, thus
moving towards the boundary. After many steps (tens of thousands), c stops varying
appreciably, and the algorithm terminates. We thus obtain both the minimal c value and the
corresponding solution to crossing. Empirically, we observe that the spectrum and the OPE
coe⇤cients change a lot from one step to the other in the initial phases of the algorithm,
while in the end they stabilize to some limiting values, which depend just on �� and the
value of N we are working at. These limiting values depend smoothly on ��, except for
some interesting rearrangements in the higher states happening near the 3d Ising point,
which will be discussed below. The smoothness of these limits is by itself also evidence for
their uniqueness. As mentioned above, to reach the boundary, the simplex method must
perform tens of thousands of small steps, di⇥erent for even nearby values of��. The absence
of uniqueness would be detectable by jittering in the plots below, but we observe no such

13

jittering.

After these general preliminary remarks, let us explore the spectrum and the OPE
coe⇤cients corresponding to the c bounds in Figure 7.

3.3 The Leading Z2-Even Scalar �

In this section, we are interested in the leading scalar operator � ⇥ ⇥ � ⇥. In Figure 8 we
plot its dimension �� as a function of �⇥.

Figure 8: The dimension of the leading scalar � ⇥ ⇥ � ⇥, from the four-point functions
realizing the minimal c bounds in Figure 7, with the same line color assignment. The pink
rectangle has the same horizontal extension as in Figure 7; its vertical extension gives our
prediction (3.2) for �� in the 3d Ising CFT.

The curves in Figure 8 look qualitatively similar to the �� bound in Figure 1, although
it should be kept in mind that they have been computed by a di⇥erent method. In Figure 1,
we were maximizing ��, while in Figure 8 we minimized c and extracted �� corresponding
to this minimum. Nevertheless, as discussed in section 2.4, the two methods give very close
results near the 3d Ising point, so here we are using the c-minimization method.

The plots in Figure 8 have a narrowly localized kink region, which keeps shrinking as
N is increased. Just as we used the c bounds to give predictions for �⇥ and c, we can now
use Figure 8 to extract a prediction for ��. The upper and lower bounds are given by the
pink rectangle in the zoomed inlay. Notice that the horizontal extension of this rectangle
is exactly the same as in Figure 7—the changes in slope happen at precisely the same �⇥’s
as for the c bounds. This is not surprising since c and �� enter as variables in the same
bootstrap equation, and any non-analyticity in one variable should generically have some
reaction on the others. On the other hand, the vertical extension of the rectangle gives our

14

(El-Showk, Paulos, Poland, Simmons-Duffin, S.R., Vichi, 2014)

We find that the resulting Z2-even spectrum shows a dramatic transition in the vicinity
of �⇥ = 0.518154(15), giving a high precision determination of the leading critical exponent
⇥. Focusing on the transition region, we are able to extract precise values of the first
several Z2-even operator dimensions and of their OPE coe⇥cients, see Table 1. We also
give reasonable estimates for the locations of all low dimension (� � 13) scalar and spin 2
operators in the Z2-even spectrum.

spin & Z2 name � OPE coe⇥cient

⌅ = 0, Z2 = � ⇤ 0.518154(15)
⌅ = 0, Z2 = + � 1.41267(13) f 2

⇥⇥� = 1.10636(9)
�⇥ 3.8303(18) f 2

⇥⇥�� = 0.002810(6)
⌅ = 2, Z2 = + T 3 c/cfree = 0.946534(11)

T ⇥ 5.500(15) f 2
⇥⇥T � = 2.97(2)⇥ 10�4

Table 1: Precision information about the low-lying 3d Ising CFT spectrum and OPE
coe�cients extracted in this work. See sections 3.4 and 3.6 for preliminary information about
higher-dimension � = 0 and � = 2 operators. See also section 4 for a comparison to results by
other techniques.

The transition also shows the highly intriguing feature that certain operators disappear
from the spectrum as one approaches the 3d Ising point. This decoupling of states gives
an important characterization of the 3d Ising CFT. This is similar to what occurs in the
2d Ising model, where the decoupling of operators can be rigorously understood in terms of
degenerate representations of the Virasoro symmetry. To better understand this connection,
we give a detailed comparison to the application of our c-minimization algorithm in 2d,
where the exact spectrum of the 2d Ising CFT and its interpolation through the minimal
models is known. We conclude with a discussion of important directions for future research.

2 A Conjecture for the 3d Ising Spectrum

Consider a 3d CFT with a scalar primary operator ⇤ of dimension �⇥. In [1], we studied
the constraints of crossing symmetry and unitarity on the four-point function ⇤⇤⇤⇤⇤⌅.
From these constraints, we derived universal bounds on dimensions and OPE coe⇥cients of
operators appearing in the ⇤⇥⇤ OPE. Figure 1, for example, shows an upper bound on the
dimension of the lowest-dimension scalar in ⇤ ⇥ ⇤ (which we call �), as a function of �⇥.
This bound is a consequence of very general principles - conformal invariance, unitarity, and
crossing symmetry - yet it has a striking “kink” near (�⇥,��) � (0.518, 1.412), indicating
that these dimensions have special significance in the space of 3d CFTs. Indeed, they are
believed to be realized in the 3d Ising CFT.

The curves in Figure 1 are part of a family of bounds labeled by an integer N (defined
in section 2.3), which get stronger as N increases. It appears likely that the 3d Ising CFT

3
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Results by traditional techniques

4 Comparison to Results by Other Techniques

In the previous section, we used the conformal bootstrap method together with our c-
minimization conjecture to determine several operator dimensions and OPE coe⇥cients of
the 3d Ising CFT. We will now compare our results to prior studies of the 3d Ising model
at criticality, by other techniques.

Operator dimensions and critical exponents

One well studied class of universal quantities characterizing the critical point are the
critical exponents.16 They have simple expressions in terms of the CFT operator dimensions.
In particular, the well-known critical exponents ⇥, ⇤, ⇧ can be expressed via the dimensions
of ⌅, �, and �� from the formulas:

�⇥ = 1/2 + ⇥/2, �� = 3� 1/⇤, ��� = 3 + ⇧ . (4.1)

In Table 2 we quote some notable prior determinations of these exponents. The first
two determinations from [22] are by field theoretic (FT) techniques (the �-expansion and
fixed-dimension expansion). For ⇥ and ⇤, these are an order of magnitude less precise than
the best available determination from the lattice: the Monte Carlo simulations (MC) and
the high-temperature expansion (HT). It is again the MC which provides the best estimate
of ⇧, followed by FT, and HT.

ref year Method ⇤ ⇥ ⇧
[22] 1998 �-exp 0.63050(250) 0.03650(500) 0.814(18)
[22] 1998 3D exp 0.63040(130) 0.03350(250) 0.799(11)
[23] 2002 HT 0.63012(16) 0.03639(15) 0.825(50)
[24] 2003 MC 0.63020(12) 0.03680(20) 0.821(5)
[25] 2010 MC 0.63002(10) 0.03627(10) 0.832(6)

this work 0.62999(5) 0.03631(3) 0.8303(18)

Table 2: The most precise prior determinations of the leading critical exponents, compared
to our results.

In the same table we give the values of ⇥, ⇤, ⇧ obtained via (4.1) using the values
of operator dimensions from the previous section. Comparing our values with the recent
precise MC determinations by Hasenbusch [25], we see that the agreement is very good, our
results being factor 2 - 3 more precise. The agreement with the older MC results [24] is not
as good, with about 2⌅ tension in every exponent. Our results clearly favor [25] over [24].

Subleading correction-to-scaling exponents

Another method for computing the critical exponents is the functional renormalization
group (FRG), in its various incarnations. For the leading exponents ⇥, ⇤, ⇧, it is not

16Another such class are the amplitude ratios. These are related to IR-dominated properties of RG flows
produced when the theory is perturbed away from the critical point. Unlike the critical exponents, the
amplitude ratios cannot be easily computed in terms of the CFT parameters.

23

Zinn-Justin {
Vicari
Blöte

Hasenbusch

Numerical resources: 
2-3 CPU years
vs 30 CPU years for Hasenbusch
(1000 CPU years would be needed to reach our precision)
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O(N) models

∆φ

∆S

Ising

O(10)

O(20)

O(2)

O(3)
O(4)
O(5)
O(6)

O(N) Singlet Bounds

0.505 0.5150.51 0.5250.52 0.5350.530.5
1

1.2

1.4

1.6

1.8

2

2.2

Figure 2: Upper bounds on the dimension of the lowest dimension singlet S in the φ × φ
OPE, where φ transforms as a vector under an O(N) global symmetry group. Here, we
show N = 1, 2, 3, 4, 5, 6, 10, 20. The blue error bars represent the best available analytical and
Monte Carlo determinations of the operator dimensions (∆φ,∆S) in the O(N) vector models
for N = 1, 2, 3, 4, 5, 6 (with N = 1 being the 3D Ising Model). The black crosses show the
predictions in Eq. (4.1) from the large-N expansion for N = 10, 20, ..., 100. In this expansion,
∆φ has been determined to three-loop order, while ∆S is at two-loop order. The dashed line
interpolates the large-N prediction for N ∈ (4,∞).

singlet scalar operators have dimension greater than ∆S, all symmetric tensor scalars have
dimension greater than 1, and the dimensions of all the other operators are constrained
only by the unitarity conditions. Note that due to the assumption on symmetric tensor
scalars this is not the most general bound. However, we found that this mild assumption
improves numerical stability while not significantly affecting the bound on ∆S – moreover
the assumption is certainly satisfied for O(N) vector models, as can be seen from previous
determinations of the operator dimensions (see Table 2).

The boundaries for the allowed values of ∆S as a function of ∆φ are shown in Fig. 2.
These bounds are determined by a bisection search in ∆S to within 10−3. The parameter
k of section 2.3, controlling the number of derivatives in the functional α, is set to k = 10
everywhere. For a given N , only the values of ∆S below the corresponding solid line are
allowed.

In Fig. 2 we see that the bounds on∆S grow monotonically from∆S = 1 at∆φ = 0.5, the
point corresponding to the non-interacting theory. At a certain value of ∆φ, each boundary
line exhibits a change in the slope. This type of behavior was already discussed for the Ising

12

(Kos,Poland,Simmons-Duffin,2013)

26



/28

O(2) controversy

λ -point of liquid Helium-4

locally linear dependence on the temperature within the
sample. An example of a fit is shown by the solid line in Fig.
16. It can be seen that a reasonable representation of the
behavior is obtained over a significant portion of the decay.
The data above the transition became progressively more dif-
ficult to analyze as the temperature was increased. This was
due primarily to the increased length of the extrapolation
back to the center of the pulse after the thermal transient had
decayed sufficiently. The bin-averaged specific-heat results
near the transition are shown on a linear scale in Fig. 17.

C. Curve fitting

As described in the Introduction, the RG theory makes a
prediction for the critical exponent ! , describing the diver-
gence of the heat-capacity near the transition and for the ratio
of the leading-order coefficients on the two sides of the tran-
sition. The asymptotic form for the heat-capacity near the

transition is expected to be given by Eq. "1#. We fit the re-
sults over the whole range measured with the truncated trial
function:

Cp!
A"

!
t"!"1#ac

"t$#bc
"t2$##B", T$T%

!
A#

!
!t!"!#B", T%T% , "9#

where we have assumed the constraint B#!B". The simpler
form was used above T% because the data extend only to
!t!&10"6, where the additional terms would still be negli-
gible. All parameters were allowed to vary except for $ ,
which was fixed at its theoretical value25 of 0.529, and T% ,
which was determined as described earlier. See Ref. 60 for
the complete set of raw data used in the curve fitting. Also
listed is the bin-averaged dataset shown in Fig. 15.
The best-fit values for the parameters are listed in the first

line of Table II along with the ratio A#/A". The correspond-
ing uncertainties are listed below the values and refer to the
standard statistical error evaluated from the curve fitting rou-
tine. The uncertainties for the derived quantities A#/A"
and P were evaluated by the usual formulas for propagation
of errors61 taking into account the strong correlation between
the fitted parameters ! , A# , and A" . To obtain some feel
for the sensitivity of the results to small changes in the analy-
sis, we performed a number of extra fits to the data. The
second group in the table shows the effect of modifying Eq.
"9# to the form

Cp!
A"

!
t"!"1#ac

"t$##bc
"t#B", T$T%

!
A#

!
!t!"!#B", T%T% , "10#

FIG. 17. Bin-averaged data close to the transition. Line shows
the best-fit function.

TABLE II. Results from curve fitting to the specific-heat measurements using Eq. "9# except where noted. Statistical uncertainties are
given in parentheses beneath the values.

Constraint ! A#/A" A" B" ac
" bc

" P Range of fit

Eq. "9# "0.01264 1.05251 5.6537 460.19 "0.0157 0.3311 4.154 5&10"10$!t!$10"2

"0.00024# "0.0011# "0.015# "7.3# "0.0015# "0.011# "0.022#
Eq. "10# "0.01321 1.05490 5.6950 443.76 "0.0253 "128.4 4.155 5&10"10$!t!$10"2

"0.00025# "0.0011# "0.092# "7.0# "0.0015# "2.5# "0.022#
Reduced range "0.01254 1.05210 5.6458 463.11 "0.0136 0.3035 4.154 5&10"10$!t!$3&10"3

"0.00043# "0.0018# "0.030# "13.4# "0.0043# "0.044# "0.022#
Reduced range "0.01264 1.05251 5.6537 460.20 "0.0157 0.3311 4.154 10"9$!t!$10"2

"0.00024# "0.0011# "0.015# "7.4# "0.0015# "0.012# "0.022#
T% # 1 nK "0.01278 1.05307 5.6623 455.80 "0.0165 0.3372 4.151 5&10"10$!t!$10"2

"0.00024# "0.0011# "0.015# "7.2# "0.0015# "0.012# "0.022#
P5%10"7 W "0.01269 1.05273 5.6570 458.55 "0.0160 0.3335 4.154 5&10"10$!t!$10"2

"0.00026# "0.0012# "0.017# "8.0# "0.0017# "0.013# "0.025#
P5$5&10"4 W "0.01323 1.05498 5.6970 443.27 "0.0228 0.3853 4.156 5&10"10$!t!$10"2

"0.00042# "0.0018# "0.029# "11.6# "0.0038# "0.028# "0.022#
'%0.02% "0.01275 1.05297 5.6620 456.89 "0.0176 0.3473 4.154 5&10"10$!t!$10"2

"0.00041# "0.0018# "0.028# "12.3# "0.0034# "0.025# "0.022#

SPECIFIC HEAT OF LIQUID HELIUM IN ZERO . . . PHYSICAL REVIEW B 68, 174518 "2003#

174518-21

Space shuttle measurement (1992):     Δε =1.5094(2)   

Best RG prediction (Guida,Zinn-Justin 1998):  Δε =1.5081(33)      inconclusive

Bootstrap should be able to settle this 27

Best lattice prediction(2006):      Δε =1.5112(2)     
 8σ discrepancy
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Conclusions

General lesson: 
much to learn from conformal bootstrap,
which in d≥3 was unjustly neglected for 40 years

Particular lesson: 
some models have extremal properties ⇒ more tractable

3d Ising CFT is one of them. Does it mean it’s exactly solvable?

Big picture: 
CFTs are important, but RG flows are even more important
They have to be solved as well
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Fractional d
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FIG. 1. Upper bounds on �� as a function of �⇥, plotted for D = 2, 2.25, . . . , 4. For each D < 4,

the bound shows a kink, where a CFT belonging to the Ising model universality class is conjectured

to live (black dots, fitted by the blue dashed curve). An example of theories in the bulk of the

allowed region are Gaussian models, where �� = 2�⇥ (black dotted line).

symmetric traceless tensors of rank � = 0, 2, 4 . . .. We analytically continue conformal blocks

to non-integer D separately for each �. We evaluate the blocks and their derivatives using

the expansion in radial coordinates [21], by the algorithm described in [22].

As first seen in [2] and [11], the upper bound on �� as a function of �⇥ shows a sharp

change of slope in both 2D and 3D. Within errors, the locations of these ‘kinks’ agree with

the known dimensions in the 2D and 3D Ising models. If we were to interpolate between

these results by varying D, we would expect the position of the kink to evolve until it

converges upon the free scalar theory in 4D, where no kink has been observed. One might

then hypothesize that for some as yet unknown but likely fundamental reason the critical

points of the Ising universality class lie exactly at the kink determined with the best possible

accuracy.

This intuition is indeed borne out by our analysis, summarized in Fig. 1, where we show

0.3
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Comparing with 4-ε expansion
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4�D

⇤ ⇥

FIG. 2. Black dots: the anomalous dimensions corresponding to the kinks in Fig. 1. Red bands:

the same dimensions determined by Borel-resumming the ⇥-expansion series [31]. Since �⇥ = O(⇥2),

we use a square root scale on the �⇥ axis.

upper bounds on �� for di⇥erent values of D. We plot the results in terms of anomalous

dimensions, defined as the di⇥erence between an operator’s scaling dimension and the scaling

dimension of the corresponding field in the free scalar theory in D dimensions:

�⇥ ⇥ �⇥ ��⇤ = �⇥ � (D � 2)/2,

�� ⇥ �� ��⇤2 = �� � (D � 2). (2)

As expected, all the bounds possess kinks, which become sharper as D ⇤ 4. These kinks

are clearly special points in the space of scaling dimensions. By construction, for the ⌅⇥⇥⇥⇥⇧

correlator crossing symmetry has a solution anywhere below the bound. We conjecture that

at the kinks this solution can be extended to all the correlators of the theory, i.e. there is a

full-fledged CFT corresponding to these operator dimensions.

To test this conjecture, we compare the positions of the kinks with the ⇤-expansion. We

use the results of [31], where the ⇤-expansion was Borel-resummed for a number of dimensions

between 2 and 4, imposing agreement with the exactly-known 2D critical exponents as a

boundary condition. As Fig. 2 shows, we find excellent agreement within the stated error

bars [32]. For ⇤ . 0.5 errors due to ambiguities in the resummation procedure are negligible,

and our points precisely track the ⇤-expansion curve [33].

0.4
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2d
close to the exact value �� = 1.20 We then extract the low-lying spectrum and the OPE
coe⇥cients corresponding to the maximal ��.

Figure 17: The extremal 2d spectrum extracted at �⇥ = 1/8. This plot was produced using
our code at N = 120. Such results were first obtained in [2] at N = 60, using the dual method.

The results (thin red bars) are shown and compared to the exact 2d Ising data (wide blue
bars) in Figure 17, for spins ⇥ ⇥ 18 and dimensions � ⇥ 20. Let us first discuss the exact
data. The blue bars are centered at the positions of the Z2-even quasiprimaries Oi ⇤ ��� in
the 2d Ising CFT, the height of the bars given by the squared OPE coe⇥cients.21 All these

20�max
� = 1.000003 for N = 60 [2].

21The OPE coe⇥cients were obtained by expanding the exactly known four-point function ⌅����⇧ into
SL(2,C) conformal blocks. When there are several quasiprimaries with the same dimension and spin, they

27
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Figure 1. The plot above depicts a crossing symmetry bounds plot. The shaded blue region corre-
sponds to values of (�⇥,��) consistent with crossing symmetry. Note here �� is defined as the first
scalar appearing in the ⇥ ⇥ OPE. Note the kink at the value �� ⇤ 1.000003 corresponding to the
two-dimensional Ising model. Some other minimal models are marked with crosses (in red).

where we have selected out the contribution of the conformal block of the identity (i.e. one)

and left it on the RHS. It is useful to think of the F (�)
�,L(u, v) as a continuous set of vectors

labelled by �, L (but depending also on �� which is kept fixed). These functions are vectors

in the formal sense of being elements of the infinite dimensional vector space of functions

(on the plane) but in practice we expand these functions in a power series around a point to

some finite order reducing the problem to a finite dimensional one. For more details on this

procedure, and a more complete exposition of other points above, such as the definitions of

conformal blocks in diverse dimensions, the reader is referred to [17, 25].

Unitarity immediately reduces the size of our vector space as not all possible values of

�, L are allowed. Rather, only � satisfying

� ⇥ D � 2

2
, L = 0; (1.6)

� ⇥ D � L+ 2, L > 0, (1.7)

are compatible with unitarity. Other than this requirement, a given crossing symmetric

function could include any number of operators with arbitrary spin and dimension, and the

sum above should really be understood as an integral in the generic case. What really matters

is the set of OPE coe⇥cients, which can of course contain zeroes meaning certain operators

do not appear in the correlator.

The crucial handle into attacking the problem is to notice the positivity of the coe⇥cients

�2
O�,L

(following from unitarity), which leads us to consider all possible positive linear com-

binations of the vectors F (�)
�,L. These combinations form a semi-polyhedral cone, i.e. roughly

– 3 –
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