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• Gauge invariant d.o.f.: Fermi multiplet ⇤
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Phase diagram

• Produced by superconformal 
index

• SUSY preserved in the 
shaded region 

• SUSY broken outside

• Gapless theory at all points

• We will focus on the shaded 
region
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(0,2) SQCD
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Symmetric labeling

• Symmetric phase diagram

• Triality !
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Low energy solution

H =
M

�

H�
L ⌦H�

R

Integrable modules Modules of N=2

• Immense simplification: rational CFT

• Modular invariance of the partition function helps fix H�
R

• Sugawara central charge = cL

Modules of H

Thursday, August 21, 14
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Affine character
N=2 character
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Partition function (contd)

S2 : (⌧, ⇠) ! (⌧,�⇠)C =

• K is NOT the anti-holomorphic affine character of H

) SS̄ = I

Z(⌧, ⇠; ⌧̄ , ⌘̄) = Z(�1

⌧
,
⇠

⌧
;�1

⌧̄
,� ⌘̄

⌧̄
)

�� ! S�µ �µ

Use S invariance
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• Note that characters of level-rank dual       
transform with

Ht

S̄

Ht =
Y

SU(ni)Ni ⇥ U(1)Nni
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To summarize

• K is an N=2 character with central charge cR

• It transforms as a character of holomorphic        
under modular S-transformation

• Singlet under all affine symmetries 

Ht
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To summarize

• K is an N=2 character with central charge cR

• It transforms as a character of holomorphic        
under modular S-transformation

• Singlet under all affine symmetries 

Ht

• K is a character of the Kazama- Suzuki coset [G]/[Ht]

( For appropriate    )G
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Intermission: SUSY WZW

[g]k•       is SUSY extension of  WZW model     at level k

• It is obtained by adding free adjoint fermions to          

g

g
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[g]k•       is SUSY extension of  WZW model     at level k
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Ja = Ja
bos

� i

k
fa
bc 

a c

k = k
bos

+ h_

c[g] = cg +
1

2
dim g
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Intermission: SUSY WZW

[g]k•       is SUSY extension of  WZW model     at level k

• It is obtained by adding free adjoint fermions to          

g

g

Ja = Ja
bos

� i

k
fa
bc 

a c

k = k
bos

+ h_

c[g] = cg +
1

2
dim g

• Matching the right-moving central charge with that 
of the coset:

c[G] = N2
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• Combined with the condition G � Ht
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• Combined with the condition G � Ht

[G] = [U(N)]N = [U(1)]N2 ⇥ [SU(N)]N
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[G] = [U(N)]N = [U(1)]N2 ⇥ [SU(N)]N

Bosonic level 0
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• Combined with the condition G � Ht

[G] = [U(N)]N = [U(1)]N2 ⇥ [SU(N)]N

Bosonic level 0

Only bosonic part U(1)N2
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• Combined with the condition G � Ht

[G] = [U(N)]N = [U(1)]N2 ⇥ [SU(N)]N

Bosonic level 0

Only bosonic part U(1)N2

• Coset character C is a branching function

C⇤,�
�t
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• Combined with the condition G � Ht

[G] = [U(N)]N = [U(1)]N2 ⇥ [SU(N)]N

Bosonic level 0

Only bosonic part U(1)N2

• Coset character C is a branching function

C⇤,�
�t

moduleU(1)N2

module
SO(dimG/Ht)

moduleHt
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Solution
• We pick modular invariant combinations  (⇤0, �0)

K� =
X

�t

L�,�t C⇤0,�0

�tThen

has all the desired properties!
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Solution
• We pick modular invariant combinations  (⇤0, �0)

K� =
X

�t

L�,�t C⇤0,�0

�tThen

has all the desired properties!

H =
M

�,�t

L�,�t H�
L ⌦H�t

R

Module of Module of H [G]/[Ht]
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Solution
• We pick modular invariant combinations  (⇤0, �0)

K� =
X

�t

L�,�t C⇤0,�0

�tThen

has all the desired properties!

H =
M

�,�t

L�,�t H�
L ⌦H�t

R

Module of Module of H [G]/[Ht]

• Matches with the UV computation of the index
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Example
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Example

2

2

2

1

H =
⇣
SU(2)1 ⇥ U(1)6

⌘3
[G]/[Ht] = [U(3)]3/[U(1)3]

3
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Example

2

2

2

1

H =
⇣
SU(2)1 ⇥ U(1)6

⌘3
[G]/[Ht] = [U(3)]3/[U(1)3]

3

c=1 minimal model

Thursday, August 21, 14



�t
1 �t

2 �t
3 C⇤0,�0

�t
1,�

t
2,�

t
3

0 0 0
�N=2
(0,0)1 1 1

-1 -1 -1

1 0 -1
�N=2
( 16 ,

1
3 )

-1 1 0

0 -1 -1

-1 0 1
�N=2
( 16 ,� 1

3 )
1 -1 0

0 1 -1

All other C⇤0,�0
�t are zero. The characters K� are determined using level-rank duality matrix.

This gives the complete low-energy spectrum as a specific pairing of modules of the left-

moving algebra H and modules of the right-moving N = 2 algebra. The partition function is

computed using (3.5):

ZT222 = �N=2
(0,0) (⌧ , ⌘)

⇣
⌅0,0,0(⌧) + ⌅1,1,1(⌧) + ⌅�1,�1,�1(⌧)

⌘
(3.26)

+ �N=2
( 16 ,

1
3 )
(⌧ , ⌘)

⇣
⌅1,0,�1(⌧) + ⌅�1,1,0(⌧) + ⌅0,�1,1(⌧)

⌘

+ �N=2
( 16 ,� 1

3 )
(⌧ , ⌘)

⇣
⌅�1,0,1(⌧) + ⌅1,�1,0(⌧) + ⌅0,1,�1(⌧)

⌘

The shorthand notation ⌅a,b,c(⌧) stands for ⌅a,b,c(⌧, ⇠1, ⇠2, ⇠3), defined as

⌅a,b,c(⌧, ⇠1, ⇠2, ⇠3) := ⌅a(⌧, ⇠1)⌅b(⌧, ⇠2)⌅c(⌧, ⇠3) (3.27)

⌅�1(⌧, ⇠) := �
SU(2)1⇥U(1)6
(⇤,�1) (⌧, ⇠) + �

SU(2)1⇥U(1)6
(·,2) (⌧, ⇠)

⌅0(⌧, ⇠) := �
SU(2)1⇥U(1)6
(·,0) (⌧, ⇠) + �

SU(2)1⇥U(1)6
(⇤,3) (⌧, ⇠)

⌅1(⌧, ⇠) := �
SU(2)1⇥U(1)6
(⇤,1) (⌧, ⇠) + �

SU(2)1⇥U(1)6
(·,�2) (⌧, ⇠).

The left-moving characters in (3.26) are obviously invariant under the Z3 symmetry, i.e.

the cyclic permutation of the three SU(2)1 ⇥ U(1)6 factors. This is consistent with the

triality of the UV gauge theory description. They also have manifest Z2 symmetry which is

a combination of charge conjugation and odd permutation.

Remarkably, the left-moving characters combine to form E6 characters at level 1. The

(E6)1 admits only three modules, the vacuum module •, the fundamental module ⇤ and the

anti-fundamental module ⇤. In terms of their characters, the partition function takes a much

more compact form,

ZT222 = �N=2
(0,0) (⌧ , ⌘)�

(E6)1• (⌧, ⇠i) + �N=2
( 16 ,

1
3 )
(⌧ , ⌘)�(E6)1

⇤ (⌧, ⇠i) + �N=2
( 16 ,� 1

3 )
(⌧ , ⌘)�(E6)1

⇤ (⌧, ⇠i), (3.28)

where the variables ⇠i stand for collective E6 fugacities. Correspondingly, the three holo-

morphic modules of (E6)1 elegantly pair up with three anti-holomorphic modules of N = 2

– 19 –
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a combination of charge conjugation and odd permutation.

Remarkably, the left-moving characters combine to form E6 characters at level 1. The

(E6)1 admits only three modules, the vacuum module •, the fundamental module ⇤ and the
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Remarkably
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Triality and enhancement
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Figure 9: Extended Dynkin diagram of E
6

, viewed from three triality frames.

From our analysis in section 2, we know that the left-moving a�ne current algebra is

H :=
3Y

i=1

SU(Ni)ni ⇥U(1)NNi (3.1)

and the Sugawara central charge for H is

cH =
3X

i=1

⇣ni(N2
i � 1)

ni +Ni
+ 1

⌘
. (3.2)

Here we used the formula cg = k dim g/(k+ h_g ) for an a�ne symmetry g at level k, with the

dual Coxeter number h_g . Remarkably, the central charge in (3.2) is exactly equal to the left-

moving central charge cL of the gauge theory, see eq. (2.10). This implies that holomorphic

stress tensor is equal to the Sugawara stress tensor of the current algebra and hence the

low-energy spectrum of TN1,N2,N3 consists of states of the type | iL⌦ | iR where | iL belongs

to a module of the corresponding chiral WZW model. The spectrum simplifies immensely as

there are only finitely many such modules labeled by the integrable representations � of the

current algebra:

H =
M

�

H�
LWZW ⌦H�

R . (3.3)

Here H�
LWZW is the module of left-moving H WZW model labeled by �. In addition to con-
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Figure 6: An example of a general quiver.

to all closed triangular loops in the quiver diagram. It is important that the representations

of the chiral multiplets are compatible with such a superpotential. Moreover, we require every

chiral multiplet to be part of a superpotential term. The orientation of the fermionic edge is

automatically determined by the orientation of the bososnic edges.

For each gauge node 6

i�, let us define X
i

⌘ { j� : j� ! i�},Y
i

⌘ { j� : j�  i�} and

Z
i

⌘ { j� : j� - - i�}. The cancellation of SU(N
i

) anomaly requires

N
i

=
⇣ X

j�2Xi

N
j

+
X

j�2Yi

N
j

�
X

j�2Zi

N
j

⌘
/2 . (4.1)

This condition uniquely determines the ranks of gauge groups in terms of the ranks of flavor

groups. In order to cancel the anomaly for the U(1)
i

part of the gauge node i�, we need

to introduce Fermi multiplets ⌦
`

in representations detn
`
i of U(N

i

). The U(1)
i

anomaly

cancellation as well as the mixed anomaly cancellation between U(1)
i

and U(1)
j

require
X

`

n`

i

n`

j

= 2�
ij

�A
ij

, (4.2)

where A
ij

is the super-adjacency matrix of the quiver in which bosonic and fermionic edges

contribute +1 and �1, respectively. It follows that if the gauge nodes form a tree, it should be

of the ADE type because the vectors ~n
i

define a root system. It is an interesting combinatorial

exercise to classify all the graphs admitting solutions to (4.1) and (4.2). Note that, if we choose

to gauge only the SU(N) part of the gauge group then we do not need to worry about the

condition (4.2).

4.1 The triality rules

The triality of section 3 now acts on each individual node. The general transformation rules

for a “local” triality at i� are:

6
To emphasize the rank of the gauge node

i�, we sometimes use the notation .
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