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• Aim of this talk: a brief (and possibly biased) review of last 
   year’s results in QCD resummation

• Technical points (SCET vs dQCD), phenomenology and some 
   curiosity

• Because of time constraints my and ability to give a coherent 
   talk I’ll be concentrating on “final-state resummation” (i.e. event 
   shapes and jets)

OUTLINE
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PERTURBATIVE QCD CALCULATIONS 
• Precise theoretical predictions needed for the LHC

• NLO calculations in QCD are now standard

• NNLO exists for an increasing number of processes

• NNNLO has also appeared for Higgs
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PERTURBATIVE QCD CALCULATIONS 
• Precise theoretical predictions needed for the LHC

• NLO calculations in QCD are now standard

• NNLO exists for an increasing number of processes

• NNNLO has also appeared for Higgs

• Many observables at LHC characterised by multiple scales Qi

• Multi-scale problems are affected by perturbative logarithmic 
   corrections αsn logm(Qi/Qj)
• When αsn logm(Qi/Qj)~1 fixed order PT is no longer justified
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WHERE DO LOGARITHMS COME FROM ?

• Real emissions diagrams are singular for soft/collinear emissions
• These singularities are cancelled by virtual counterparts
• Finite logarithmic pieces are left over, e.g.
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• Real emissions diagrams are singular for soft/collinear emissions
• These singularities are cancelled by virtual counterparts
• Finite logarithmic pieces are left over, e.g.
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• This corrections are important for observables that insist on only 
   small deviations from lowest order kinematics (V~0)
• Real radiation is constrained to a small corner of phase space and 
   the logarithms are large

• event (jet) shapes, e.g. thrust (jet mass): V=1-T (V= mjet/pT)
• production at threshold:  V=1-M2/s
• transverse momentum:  V= pT/M   ...
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RESUMMATION: A SKETCH
• All-order calculations are based on factorisation 

• Matrix element factorisation in soft/collinear limit

• this can be generalised to the multi-gluon case
• phase space factorisation usually in a conjugate space, e.g.

• factorisation then leads to exponentiation 
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RESUMMATION: A SKETCH
• All-order calculations are based on factorisation 

• Matrix element factorisation in soft/collinear limit

• this can be generalised to the multi-gluon case
• phase space factorisation usually in a conjugate space, e.g.

• factorisation then leads to exponentiation 
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resummation is a 
systematic re-arrangement of 

perturbation theory

NNLLLL NLL
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RESUMMATION IN ACTION

Phys.Lett. B705 (2011) 415-434
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1) it’s necessary for describing 
    data in particular kinematic 
    limits

Figure 8: Fixed-order and resummed K-factors for Higgs production at the LHC.

The impact of higher-order corrections is sometimes presented through the K-factors, defined
as the ratio of the cross section evaluated at each corresponding order over the LO result. The
K-factors are shown in Fig. 8, where the bands are obtained, as in Sect. 4.1, by varying the scales
µR and µF (simultaneously and independently) in the range 0.5MH ≤ µF , µR ≤ 2MH , with the
constraint 0.5 ≤ µF/µR ≤ 2. The LO result that normalizes the K-factors is computed at the
default scale MH in all cases. We see that the effect of the higher-order corrections increases with
MH . We also see that the soft-gluon resummation effects are more important at higher values of
MH . This is expected, since by increasing MH we are closer to the hadronic threshold, where soft-
gluon effects are larger. When MH increases, the scale dependence after resummation is smaller
than at the corresponding fixed orders. In the case of a light Higgs boson (MH ∼< 200 GeV), the
NNLO K-factor is about 2.1–2.2, which corresponds to an increase of about 20% with respect to
the NLO K-factor. In this low-mass range, the effects of resummation are also moderate: at NNLL
accuracy the central value of the cross section increases by about 6% with respect to NNLO.

In Fig. 9 we plot the NNLO and NNLL cross sections, with the corresponding scale-dependence
bands (computed as in Fig. 8), in the range MH =100–300 GeV. The corresponding numerical
results are given in Table 1, where σmin, σmax and σref correspond to the minimum, maximum and
central values in the bands.

5.3 Tevatron

Here we study the phenomenological impact of soft-gluon resummation on the production of the
SM Higgs boson at the Tevatron Run II.

As in the previous subsection, we show in Fig. 10 the scale dependence of the fixed-order and

24

2) it reduces theoretical 
    uncertainty

Catani, de Florian, Grazzini, Nason (2003)

3) it can be used to 
    approximate higher orders
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SOFT COLLINEAR EFFECTIVE THEORY

• Our discussion so far based on factorisation of QCD matrix 
   elements and phase space in the soft/collinear limit (dQCD)

• An alternative framework for resumming large logs is SCET

• In SCET

• hard modes are integrated out

• effective Lagrangian for soft & 
   collinear fields

• separation of scales leads to 
   factorisation

• resummation is achieved by 
   RG evolution

hard

collinear

soft
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COMPARING RESUMMATION TECHNIQUES
• dQCD and SCET provide frameworks to approximate full QCD in 
   particular kinematic limits

To all logarithmic orders the 
answer better be the same, 
but do they agree to a given 
log accuracy ? 
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COMPARING RESUMMATION TECHNIQUES
• dQCD and SCET provide frameworks to approximate full QCD in 
   particular kinematic limits

• Not trivial to establish
• Answers are often given in different forms 
   (moment vs momentum space)
• Log counting often differs between the two communities
   (and between groups of the same community)
• This resulted into many “lively” discussions

To all logarithmic orders the 
answer better be the same, 
but do they agree to a given 
log accuracy ? 
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• Most recent example: events shapes in e+e-

• Work also done in the context of threshold resummation
Almeida, Ellis, Lee, Sterman, Sung, Walsh (2014)

Bonvini, Forte, Ghezzi, Ridolfi (2012)

Sterman, Zeng (2013)

• Thrust measures the distance 
   from a 2-jet like event

• We are going to consider the 
   cumulative distribution, i.e.

1 - thrust < ⌧

RECENT STUDIES
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where the integrals BS and BJ generate non-leading singularities by evolving from the
soft and jet scales respectively to the hard scale. In fact, it is always possible to absorb
term involving BS into the other two by following a method originally applied to threshold
resummation in Ref. [81]. We may use this freedom to define A[–s] = �

cusp

[–s], in which
case one finds that BS [–s] begins only at order –2

s. In this way, in the QCD angularity
analysis of [12], the three terms were reduced to two, to check consistency with the with
the original CTTW result [15]. For the comparison to SCET that we will make in the next
subsection, however, it is convenient to keep both of the B terms.

To perform the inverse transform Eq. (3.56), the exponent is expanded about ln ‹a =
ln(1/·a) [15],
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Œÿ
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This uses the same kind of derivative operator as in the SCET resummation Eq. (3.46), as
ĒÕ is a resummed series and derivatives with respect to it generate additional ·a dependence.
As in the SCET case, it allows us to perform the inverse transform Eq. (3.56) analytically.
The result is

R(·a) = N (Q) exp(Ē) ‚T (ĒÕ) 1
�(1 ≠ ĒÕ)

. (3.61)

The operator ‚T contains an infinite series of terms (generalizing the result Eq. (85) in [15];
a similar form for threshold resummation in Drell-Yan appeared in [76]). However, the
series is well-ordered, as it is easy to see that the Ē(n) are sequentially higher order (Ē(n) is
NnLL, counting in the resummed exponent). Therefore to work to a given order we simply
truncate the series. As with SCET, since the function that the derivatives are acting on is
known, the derivatives with respect to ĒÕ represent a simple replacement rule.

Note that Eq. (3.61) contains no free scales like µH,J,S . As we will see below, they
have implicitly been set to the values

µH = Q , µJ = µ̄J © Q·̄1/jJ
a , µS = µ̄S © Q·̄a , (3.62)

where
·̄a © e≠“E ·a (3.63)

Thus Eq. (3.61) sits in the lower left-hand box in Fig. 2 (except with µJ,S rescaled to the
values in Eq. (3.62)). We will show below how to generalize it to have free scales µH,J,S as
represented in the top left box in Fig. 2.

– 24 –

A WORKED EXAMPLE

cumulative distribution in dQCD resummed 
exponent

multiple-emission effects
(differential operator)

prefactor : no logs
N (Q) = 1 + ↵sC1 + . . .

Almeida, Ellis, Lee, Sterman, Sung, Walsh (2014)
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d ln ‹n
a

E(ln ‹a)
----
‹a=1/·a

, . . . , (3.59)

we can write

exp
#
E(ln ‹a)

$
= exp

5 Œÿ

n=2

1
n!Ē
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where
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values in Eq. (3.62)). We will show below how to generalize it to have free scales µH,J,S as
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A WORKED EXAMPLE

cumulative distribution in dQCD

prefactor: no logs
N (Q) = 1 + ↵sC1 + . . .

soft functions, the momentum-space cross section is
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The result Eq. (3.46) for the thrust (a = 0) appeared in a very similar form in [69] and for
arbitrary a in [26], following the methods in [29, 30]. In Eq. (3.46), we have pulled through
each ratio of factorization scales µH , µJ , and µS to the canonical scales in Eq. (3.22) past
the fixed order functions ÂJ and ÂS. This shifts the derivative in each function by a logarithm
of the relevant scale ratio. Integrating Eq. (3.46) to yield the cumulant R(·a) defined in
Eq. (2.3) is simple,
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The factorization scales µi are arbitrary scales that each function is evolved from, and the
cross section is independent of the common scale µ that all functions are evolved to. If we
kept the hard, jet, and soft functions exact to all orders, then the cross section would be
independent of these factorization scales. Truncating the resummation at a given accuracy
introduces dependence on the factorization scales due to the dropped (unknown) higher-
order terms. Thus, by varying these scales a theoretical uncertainty due to the omitted
higher-order terms can be estimated.2

It is worth remarking here that in integrating Eq. (3.46) to obtain Eq. (3.48) (or
di�erentiating the latter to obtain the former) one assumes that the scales µJ,S have not
yet been chosen and are considered independent of ·a. Thus the derivative/integral does
not act on them. This is represented by the top arrow in the commutative diagram in Fig. 2.
However, eventually, to minimize the logs of µF /Q·1/jF

a in the jet and soft functions we
will choose them to be functions of ·a. This is represented by the vertical arrows in Fig. 2.
If we do this first in Eq. (3.46) or in Eq. (3.48) before integrating/di�erentiating to obtain
the other, then the latter operations are considerably more di�cult and yield apparently
di�erent results at a truncated order of logarithmic accuracy. If all quantities in Eqs. (3.46)
and (3.48) are kept to all orders in –s, then either order of operations will yield exactly
the same result—the cross section is independent of the scale choices µF . However, at a
truncated order, the two operations yield di�erent results. We will remark on this further
in Sec. 4.3.1 discussing how to keep ‡ and R as closely to the same accuracy as possible
when working to NkLL accuracy.

2

Typically these scales are varied up and down by a factor of 2. More reliable predictions and estimates

of theoretical uncertainties can be obtained by using so-called “profile scales” whose functional form varies

with ·a, see e.g. [74, 75, 77, 78]
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cumulative distribution in SCET
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hard function

jet function soft function

evolution

Almeida, Ellis, Lee, Sterman, Sung, Walsh (2014)

resummed 
exponent

multiple-emission effects
(differential operator)
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EQUIVALENCE OF THE RESULTS
1. The pre-factor in dQCD contains no logs, while the SCET expression 
    does. The difference is beyond the working accuracy, but one can    
    exponentiate all the logs.

2. Scale choice: dQCD expression depends on one scale μ~Q, 
   while SCET one on μH, μJ and μS.

Hard scale

Soft scale

µH = Q

µS = Q(e�E �)�1

Jet scale
µJ = Q(e�E �)�1/(2�a)

µ � Q

�J

�S2�J + �S = ��H

µJ = Q�1/(2�a)

µS = Q�

where the integrals BS and BJ generate non-leading singularities by evolving from the
soft and jet scales respectively to the hard scale. In fact, it is always possible to absorb
term involving BS into the other two by following a method originally applied to threshold
resummation in Ref. [81]. We may use this freedom to define A[–s] = �

cusp

[–s], in which
case one finds that BS [–s] begins only at order –2

s. In this way, in the QCD angularity
analysis of [12], the three terms were reduced to two, to check consistency with the with
the original CTTW result [15]. For the comparison to SCET that we will make in the next
subsection, however, it is convenient to keep both of the B terms.

To perform the inverse transform Eq. (3.56), the exponent is expanded about ln ‹a =
ln(1/·a) [15],

E(ln ‹a) =
Œÿ

n=0

1
n! lnn(‹a·a)

5
dn

d(ln ‹a)n
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---
‹a=1/·a

6
. (3.58)

Defining Ē = E(ln 1/·a) and the derivatives

ĒÕ © d

d ln ‹a
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‹a=1/·a

, . . . , Ē(n) © dn

d ln ‹n
a

E(ln ‹a)
----
‹a=1/·a

, . . . , (3.59)

we can write

exp
#
E(ln ‹a)

$
= exp
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n=2

1
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(n)ˆn
¯EÕ

6
exp

#
Ē + ĒÕ ln(‹a·a)

$

© ‚T (ĒÕ) exp
#
Ē + ĒÕ ln(‹a·a)

$
. (3.60)

This uses the same kind of derivative operator as in the SCET resummation Eq. (3.46), as
ĒÕ is a resummed series and derivatives with respect to it generate additional ·a dependence.
As in the SCET case, it allows us to perform the inverse transform Eq. (3.56) analytically.
The result is

R(·a) = N (Q) exp(Ē) ‚T (ĒÕ) 1
�(1 ≠ ĒÕ)

. (3.61)

The operator ‚T contains an infinite series of terms (generalizing the result Eq. (85) in [15];
a similar form for threshold resummation in Drell-Yan appeared in [76]). However, the
series is well-ordered, as it is easy to see that the Ē(n) are sequentially higher order (Ē(n) is
NnLL, counting in the resummed exponent). Therefore to work to a given order we simply
truncate the series. As with SCET, since the function that the derivatives are acting on is
known, the derivatives with respect to ĒÕ represent a simple replacement rule.

Note that Eq. (3.61) contains no free scales like µH,J,S . As we will see below, they
have implicitly been set to the values

µH = Q , µJ = µ̄J © Q·̄1/jJ
a , µS = µ̄S © Q·̄a , (3.62)

where
·̄a © e≠“E ·a (3.63)

Thus Eq. (3.61) sits in the lower left-hand box in Fig. 2 (except with µJ,S rescaled to the
values in Eq. (3.62)). We will show below how to generalize it to have free scales µH,J,S as
represented in the top left box in Fig. 2.
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. (3.61)

The operator ‚T contains an infinite series of terms (generalizing the result Eq. (85) in [15];
a similar form for threshold resummation in Drell-Yan appeared in [76]). However, the
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truncate the series. As with SCET, since the function that the derivatives are acting on is
known, the derivatives with respect to ĒÕ represent a simple replacement rule.
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with the choice

dQCD and SCET results are 
completely equivalent !

Almeida, Ellis, Lee, Sterman, Sung, Walsh (2014)
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BACK TO PHENOMENOLOGY

• Event shapes are a powerful tool to study   
   QCD radiation
• We know how to compute them
• They are computed using all particles
• Can we define track-based observables 
   in a meaningful way ? 

• better vertex reconstruction 
   (for pile-up)

• better angular resolution 
   (for jet substructure)

Advantages in using tracks
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• What should be worry about ? IRC unsafety !

• We have to define track functions (similar to PDFs and FFs)

• Ti(x,µ): distribution of energy fraction x of parton i converted 
   to tracks

TRACK-BASED OBSERVABLES

Track fraction:
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IRC safe

tracks only

Chang, Procura, Thaler, Waalewijn (2013)
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USING TRACK FUNCTIONS
Chang, Procura, Thaler, Waalewijn (2013)

• Similarly to PDFs, track functions can be extracted from data
• In first study they were obtained from MC using dσ/dx (LO 
   and NLO)
• Evolution equation more complicated than DGLAP 
   (multiple convolutions of track functions)
• Resummed calculation for track-trust: very similar to normal 
   thrust (cancellation)
• Good description of DELPHI data
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• Jets occupy a central role in LHC phenomenology 
• The study of their substructure is a rapidly growing field
• Important for searches and QCD measurements
• Resummation: we can re-use a lot of the tools developed for 
   event shapes, with important differences
• Easiest example is the jet mass
• (N)NLL resummation in dQCD & SCET

`                   

⇢ =
m2

j

p2
t R

2

independent 
emissions

multiple emissions correlated 
emissions

k1 k2 p1

p2

dependence on the 
jet algorithm &
non-global logs: 

difficult to resum

JETS AND THEIR PROPERTIES

 Dasgupta, Khelifa-Kerfa, SM, Spannowsky (2012)
Chien, Kelley, Schwartz and Zhu (2012) 

 Jouttenus, Stewart, Tackmann and Waalewijn  (2013)
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NEW INSIGHTS INTO OLD PROBLEMS

2-loop

4-loop
3-loop

5-loop

resummed

0 1 2 3 4 5

0.0

0.2

0.4

0.6

0.8

1.0

L

gn nHLL

• Numerical resummation of non-global logs at large Nc :
• Monte Carlo implementation
• non-linear evolution equation (BMS)

Figure 3: Elements of PSL(2,R) can be visualized by their action on geodesics. Some group
elements are shown.

Because of this property, without loss of generality, we can choose z
a

= 0, or ✓
a

= 0. That is, we
identify a = n in the calculation. We therefore only need

hnji = 1� cos ✓
j

2 cos ✓
j

, hnbi = 1� cos ✓
b

2 cos ✓
b

(90)

This greatly simplifies the calculation of the NGLs.

7 Perturbative calculation of NGLs to five loops

While the symmetry of the BMS equation is clearer under stereographic projection, we find it
more convenient to perform the integrals over angles. It is convenient to define

r
ij

=
1

2
ln
⇣
1 + hiji

⌘
=
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2
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[ij]

2 cos ✓
i

cos ✓
j

(91)

r
ij

is essentially the 1-loop Sudakov factor, Eq. (71). Then Eq. (73) becomes
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To obtain the m-loop NGLs, we expand Eq. (92) recursively. Recalling that g(0)
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= 1 and g
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= 0,
we get
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Banfi, Marchesini, Smye (2002)

• Iterative solution can be obtained analytically
• internal symmetries of  the equation
• use of GPLs and symbols to perform 

      polar integrals Schwartz, Zhu (2014)
(numerical)

 Dasgupta, Salam (2001)
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GROOMING AND TAGGING
• LHC energy (104 GeV) ≫ electro-weak scale (102 GeV)
• Hadronic decays of boosted particles reconstructed in fat jets
• Exploit jet substructure to distinguish signal form bkgd jets

• Grooming and Tagging:
1. clean the jets up by removing soft junk
2. identify the features of hard decays and cut on them 

• Grooming provides a handle on UE and pile-up                                                                               
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ANALYTIC UNDERSTANDING

1. explanation of features and properties
2. development of better tools 
3. checks on MC parton showers

• Grooming / tagging algorithm are fairly complex
• Studies until recently purely based on MCs
• First analytic understanding of groomed jet masses 
   (based on resummation)

Dasgupta, Fregoso, SM,  Salam, (Powling) (2013)
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PROPERTIES OF JETS
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Figure 1: Example kinematics with soft wide-angle radiation. Left: recoil of the jet axis

(dashed) away from the hard jet core (E
1

) due to soft wide-angle radiation (E
2

), which

is relevant for small values of �. Right: a three-particle configuration that highlights the

di↵erence between C
2

and ⌧
2,1

.

the subjet directions. While novel, this by itself does not necessarily imply that C
N

will have

better discrimination power than ⌧
N,N�1

, though it does mean that C
N

is a simpler vari-

able to study.8 We now explain two test cases where C
N

can perform better than ⌧
N,N�1

:

insensitivity to recoil for C
1

and sensitivity to soft wide-angle emissions for C
2

.

2.2.1 Insensitivity to Recoil

A recoil-sensitive observable is one for which soft emissions have an indirect e↵ect on the

observable. In addition to the direct contribution to the observable, soft radiation in a recoil-

sensitive observable changes the collinear contribution by an O(1) amount. An example of

a recoil-sensitive observable is angularities for the angular exponent a � 1 (�  1), which

was studied in Ref. [54]. Because C
N

is insensitive to recoils, it is better able to resolve the

collinear singularity of QCD.

For 1-prong jets, the e↵ect of recoil on an observable is illustrated in Fig. 1a. Because

of conservation of momentum, soft wide-angle radiation displaces the hard jet core from the

jet axis. Angularities (i.e. 1-subjettiness) are sensitive to this displacement since they are

measured with respect to the jet center. For a jet with two constituents separated by an

angle ✓
12

(using the notation in Eq. (2.1) for simplicity),

⌧
(�)

1

=
E

2

E�

1

(E
1

+ E
2

)�
(✓

12

)� +
E

1

E�

2

(E
1

+ E
2

)�
(✓

12

)� . (2.18)

8In particular, � serves two di↵erent roles for N -subjettiness. As in C(�)
N , � controls the weight given

to collinear or wide-angle emissions. In addition, when the minimization procedure is used, � controls the

location of the axes which minimize N -subjettiness. When trying to determine the optimal value for � for

subjet discrimination, it is di�cult to disentangle these two e↵ects.

– 8 –

C(�)
1 =

ECF(2, �)
ECF2(1, �)

=
E2(✓12)�

E1

• Angularities & energy correlation functions

• NLL analysis
• Different sensitivity to recoil for β<1
• ECFs more sensitive to collinear splittings, 
   hence better q/g discriminants 

LL: all the same xCA/CF

recoil free: better

Larkoski, Salam, Thaler (2013)

Larkoski, Neil, Thaler (2013)

• Study of jet shapes and angularities with 
   different axis to minimise sensitivity to recoil

• Analysis of the factorisation properties of 
   double differential distributions 0.0 0.2 0.4 0.6 0.8 1.0
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τ3/τ2

• τ23 is defined order by order in PT only with a cut 
   τ2 > τcut

• N-subjettiness aims to identify the number of subjets in a jet
• The ratio τ23= τ3/τ2 is used as a top tagger
• τ3 and τ2 are IRC safe but τ23 is not !

RATIO OBSERVABLES: 
UNSAFE ...

25



Je
ts

 / 
0.

08

2000

4000

6000

8000

10000

12000
-1 L = 35pb∫2010 Data, 

Pythia

Herwig++

Cambridge-Aachen R=1.2 jets
 < 400 GeVT300 < p

 = 1, |y| < 2PVN

ATLAS

32τN-subjettiness 
0 0.2 0.4 0.6 0.8 1 1.2

M
C

 / 
D

at
a

0.2
0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

Soyez, Salam, Kim, Dutta, Cacciari (2013)

τ3/τ2

Larkoski, Thaler (2013)

• τ23 is defined order by order in PT only with a cut 
   τ2 > τcut

•  Let’s consider two generic jet angularities

2.3 Fixed-Order Distributions

To calculate the double di↵erential cross section of angularities to O(↵
s

), we will use the

q ! qg QCD splitting function as representative of the matrix element for a narrow quark

jet. This only di↵ers from the full QCD matrix element at O(↵
s

) by non-singular terms.

The quark splitting function is

S

q
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⇡

C

F

1

✓

1 + (1 � z)2

z

d✓ dz ⇥(1 � z)⇥(1 � ✓) , (2.6)

where C

F

= 4/3 is the quark color factor, z is the energy fraction of the emitted gluon, and ✓

is the splitting angle between the quark and the gluon. As discussed in Sec. 2.2, the variable

z ranges from 0 to 1 and the angle ✓ ranges from 0 to the jet radius R0 = 1. Using the

expressions for z and ✓ in terms of e

↵

and e

�

from Eq. (2.4), we can simply perform a change

of variables to rewrite Eq. (2.6) in terms of e

↵

and e

�

to determine the double di↵erential

cross section. Including the appropriate Jacobian factor, we obtain the leading order (LO)

cross section
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Armed with the double di↵erential distribution, we can attempt to calculate the dif-

ferential cross section for the ratio observable r
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= e
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using Eq. (1.3). Dropping the

subscripts r
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! r for readability, we make the change of variables e
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and integrate
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The di↵erential cross section for r is then
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Integrating, we find

d�

LO

dr

= �3

2

↵

s

⇡

C

F

↵ � �

1

r

+ 2
↵

s

⇡

C

F

↵ � �

1

r

Z

r

�
↵��

0

de

�

e

�

, (2.10)

for 0 < r < 1. This expression manifests the IR-unsafeness of the ratio observable. Because

the singularity of the remaining integral is unregulated, the ratio observable is not defined in

fixed-order perturbation theory.

– 8 –

e� ! 0
singular when

IRC unsafe

at fixed order

• N-subjettiness aims to identify the number of subjets in a jet
• The ratio τ23= τ3/τ2 is used as a top tagger
• τ3 and τ2 are IRC safe but τ23 is not !

RATIO OBSERVABLES: 
UNSAFE ... BUT ...
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• N-subjettiness aims to identify the number of subjets in a jet
• The ratio τ23= τ3/τ2 is used as a top tagger
• τ3 and τ2 are IRC safe but τ23 is not !

Soyez, Salam, Kim, Dutta, Cacciari (2013)
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• τ23 is defined order by order in PT only with a cut 
   τ2 > τcut

•  Let’s consider two generic jet angularities
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To calculate the double di↵erential cross section of angularities to O(↵
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The di↵erential cross section for r is then
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Integrating, we find
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for 0 < r < 1. This expression manifests the IR-unsafeness of the ratio observable. Because

the singularity of the remaining integral is unregulated, the ratio observable is not defined in

fixed-order perturbation theory.
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• Soft Drop: recursive de-clustering of a jet that checks 

• What is the amount of energy which has been 
   groomed away ?

1 Introduction

The study of jet substructure has significantly matured over the past five years [1–3], with
numerous techniques proposed to tag boosted objects [4–46], distinguish quark from gluon jets
[44, 47–51], and mitigate the e↵ects of jet contamination [6, 52–61]. Many of these techniques
have found successful applications in jet studies at the Large Hadron Collider (LHC) [50, 62–
89], and jet substructure is likely to become even more relevant with the anticipated increase
in energy and luminosity for Run II of the LHC.

In addition to these phenomenological and experimental studies of jet substructure, there
is a growing catalog of first-principles calculations using perturbative QCD (pQCD). These
include more traditional jet mass and jet shape distributions [90–95] as well as more so-
phisticated substructure techniques [44, 59, 60, 96–103]. Recently, Refs. [59, 60] considered
the analytic behavior of three of the most commonly used jet tagging/grooming methods—
trimming [53], pruning [54, 55], and mass drop tagging [6]. Focusing on groomed jet mass
distributions, this study showed how their qualitative and quantitative features could be un-
derstood with the help of logarithmic resummation. Armed with this analytic understanding
of jet substructure, the authors of Ref. [59] developed the modified mass drop tagger (mMDT)
which exhibits some surprising features in the resulting groomed jet mass distribution, in-
cluding the absence of Sudakov double logarithms, the absence of non-global logarithms [104],
and a high degree of insensitivity to non-perturbative e↵ects.

In this paper, we introduce a new tagging/grooming method called “soft drop decluster-
ing”, with the aim of generalizing (and in some sense simplifying) the mMDT procedure. Like
any grooming method, soft drop declustering removes wide-angle soft radiation from a jet in
order to mitigate the e↵ects of contamination from initial state radiation (ISR), underlying
event (UE), and multiple hadron scattering (pileup). Given a jet of radius R0 with only two
constituents, the soft drop procedure removes the softer constituent unless

Soft Drop Condition:
min(pT1, pT2)

pT1 + pT2
> zcut

✓
�R12

R0

◆�

, (1.1)

where pT i are the transverse momenta of the constituents with respect to the beam, �R12

is their distance in the rapidity-azimuth plane, zcut is the soft drop threshold, and � is an
angular exponent. By construction, Eq. (1.1) fails for wide-angle soft radiation. The degree
of jet grooming is controlled by zcut and �, with � !1 returning back an ungroomed jet. As
we explain in Sec. 2, this procedure can be extended to jets with more than two constituents
with the help of recursive pairwise declustering.1

Following the spirit of Ref. [59], the goal of this paper is to understand the analytic
behavior of the soft drop procedure, particularly as the angular exponent � is varied. There
are two di↵erent regimes of interest. For � > 0, soft drop declustering removes soft radiation

1The soft drop procedure takes some inspiration from the “semi-classical jet algorithm” [58], where a variant

of Eq. (1.1) with zcut = 1/2 and � = 3/2 is tested at each stage of recursive clustering (unlike declustering

considered here).
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• Soft Drop: recursive de-clustering of a jet that checks 

• What is the amount of energy which has been 
   groomed away ?
• Not IRC safe for β=0

1 Introduction

The study of jet substructure has significantly matured over the past five years [1–3], with
numerous techniques proposed to tag boosted objects [4–46], distinguish quark from gluon jets
[44, 47–51], and mitigate the e↵ects of jet contamination [6, 52–61]. Many of these techniques
have found successful applications in jet studies at the Large Hadron Collider (LHC) [50, 62–
89], and jet substructure is likely to become even more relevant with the anticipated increase
in energy and luminosity for Run II of the LHC.

In addition to these phenomenological and experimental studies of jet substructure, there
is a growing catalog of first-principles calculations using perturbative QCD (pQCD). These
include more traditional jet mass and jet shape distributions [90–95] as well as more so-
phisticated substructure techniques [44, 59, 60, 96–103]. Recently, Refs. [59, 60] considered
the analytic behavior of three of the most commonly used jet tagging/grooming methods—
trimming [53], pruning [54, 55], and mass drop tagging [6]. Focusing on groomed jet mass
distributions, this study showed how their qualitative and quantitative features could be un-
derstood with the help of logarithmic resummation. Armed with this analytic understanding
of jet substructure, the authors of Ref. [59] developed the modified mass drop tagger (mMDT)
which exhibits some surprising features in the resulting groomed jet mass distribution, in-
cluding the absence of Sudakov double logarithms, the absence of non-global logarithms [104],
and a high degree of insensitivity to non-perturbative e↵ects.

In this paper, we introduce a new tagging/grooming method called “soft drop decluster-
ing”, with the aim of generalizing (and in some sense simplifying) the mMDT procedure. Like
any grooming method, soft drop declustering removes wide-angle soft radiation from a jet in
order to mitigate the e↵ects of contamination from initial state radiation (ISR), underlying
event (UE), and multiple hadron scattering (pileup). Given a jet of radius R0 with only two
constituents, the soft drop procedure removes the softer constituent unless

Soft Drop Condition:
min(pT1, pT2)

pT1 + pT2
> zcut
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, (1.1)

where pT i are the transverse momenta of the constituents with respect to the beam, �R12

is their distance in the rapidity-azimuth plane, zcut is the soft drop threshold, and � is an
angular exponent. By construction, Eq. (1.1) fails for wide-angle soft radiation. The degree
of jet grooming is controlled by zcut and �, with � !1 returning back an ungroomed jet. As
we explain in Sec. 2, this procedure can be extended to jets with more than two constituents
with the help of recursive pairwise declustering.1

Following the spirit of Ref. [59], the goal of this paper is to understand the analytic
behavior of the soft drop procedure, particularly as the angular exponent � is varied. There
are two di↵erent regimes of interest. For � > 0, soft drop declustering removes soft radiation

1The soft drop procedure takes some inspiration from the “semi-classical jet algorithm” [58], where a variant

of Eq. (1.1) with zcut = 1/2 and � = 3/2 is tested at each stage of recursive clustering (unlike declustering

considered here).
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On the other hand, Eq. (5.2) has a smooth � ! 0 limit, and therefore is still calculable
(despite being IRC unsafe). Specifically, we are calculating the �E distribution at a fixed
groomed jet radius Rg, which forces a two-prong configuration. There is still an (IRC unsafe)
singularity at Rg ! 0, but this is regulated by the Sudakov factor in the Rg distribution.
This property was referred to as “Sudakov safety” in Ref. [105]. As we will now show, the
way in which IRC unsafety but Sudakov safety manifests itself for �E is rather peculiar.

The behavior of �E for � = 0 is easiest to study by computing the cumulative distribution
of the energy drop at fixed coupling. We will also take the Laplace conjugate parameter ⌫ !
1 to suppress multiple emissions e↵ects. This limit removes the inverse Laplace transform
and turns the exponential factor in Eq. (5.4) into the constraint that z > �E . We emphasize
that the ⌫ ! 1 limit is only taken to simplify the following discussion; the fixed-coupling
energy loss distribution with the full multiple emissions e↵ect exhibits the same properties.

At fixed-coupling, the cumulative distribution of the groomed jet radius is

⌃radius(Rg)
f.c.= exp

"
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⇡
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, (5.5)

where we have ignored terms suppressed by positive powers of zcut and �E . The cumulative
distribution of the energy drop at fixed groomed jet radius is

e⌃(Rg,�E) f.c.= exp
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Plugging these expressions into Eq. (5.2) in the ⌫ ! 1 limit, we find the cumulative distri-
bution of the groomed energy drop to be

⌃energy-drop(�E) =
log zcut �Bi

log �E �Bi
+
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,

(5.7)

for �E < zcut. At this order, the cumulative distribution is constant for �E > zcut.
The expression in Eq. (5.7) has some fascinating properties. First, by expanding order-

by-order in ↵s, we find

⌃energy-drop(�E) = 1� ↵s

⇡
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�
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�E
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. (5.8)
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• Soft Drop: recursive de-clustering of a jet that checks 

• What is the amount of energy which has been 
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• Compute to all orders and then take β=0

1 Introduction

The study of jet substructure has significantly matured over the past five years [1–3], with
numerous techniques proposed to tag boosted objects [4–46], distinguish quark from gluon jets
[44, 47–51], and mitigate the e↵ects of jet contamination [6, 52–61]. Many of these techniques
have found successful applications in jet studies at the Large Hadron Collider (LHC) [50, 62–
89], and jet substructure is likely to become even more relevant with the anticipated increase
in energy and luminosity for Run II of the LHC.

In addition to these phenomenological and experimental studies of jet substructure, there
is a growing catalog of first-principles calculations using perturbative QCD (pQCD). These
include more traditional jet mass and jet shape distributions [90–95] as well as more so-
phisticated substructure techniques [44, 59, 60, 96–103]. Recently, Refs. [59, 60] considered
the analytic behavior of three of the most commonly used jet tagging/grooming methods—
trimming [53], pruning [54, 55], and mass drop tagging [6]. Focusing on groomed jet mass
distributions, this study showed how their qualitative and quantitative features could be un-
derstood with the help of logarithmic resummation. Armed with this analytic understanding
of jet substructure, the authors of Ref. [59] developed the modified mass drop tagger (mMDT)
which exhibits some surprising features in the resulting groomed jet mass distribution, in-
cluding the absence of Sudakov double logarithms, the absence of non-global logarithms [104],
and a high degree of insensitivity to non-perturbative e↵ects.

In this paper, we introduce a new tagging/grooming method called “soft drop decluster-
ing”, with the aim of generalizing (and in some sense simplifying) the mMDT procedure. Like
any grooming method, soft drop declustering removes wide-angle soft radiation from a jet in
order to mitigate the e↵ects of contamination from initial state radiation (ISR), underlying
event (UE), and multiple hadron scattering (pileup). Given a jet of radius R0 with only two
constituents, the soft drop procedure removes the softer constituent unless

Soft Drop Condition:
min(pT1, pT2)

pT1 + pT2
> zcut

✓
�R12

R0

◆�

, (1.1)

where pT i are the transverse momenta of the constituents with respect to the beam, �R12

is their distance in the rapidity-azimuth plane, zcut is the soft drop threshold, and � is an
angular exponent. By construction, Eq. (1.1) fails for wide-angle soft radiation. The degree
of jet grooming is controlled by zcut and �, with � !1 returning back an ungroomed jet. As
we explain in Sec. 2, this procedure can be extended to jets with more than two constituents
with the help of recursive pairwise declustering.1

Following the spirit of Ref. [59], the goal of this paper is to understand the analytic
behavior of the soft drop procedure, particularly as the angular exponent � is varied. There
are two di↵erent regimes of interest. For � > 0, soft drop declustering removes soft radiation

1The soft drop procedure takes some inspiration from the “semi-classical jet algorithm” [58], where a variant

of Eq. (1.1) with zcut = 1/2 and � = 3/2 is tested at each stage of recursive clustering (unlike declustering

considered here).
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Thus, the expansion in powers of the strong coupling is actually an expansion in ↵s/�, which
diverges order-by-order in perturbation theory for � ! 0. Thus, as advertised, the energy
drop distribution is not IRC safe for � = 0. However, the � ! 0 limit of Eq. (5.7) can be
taken before expanding in ↵s. The � ! 0 limit yields the simple and surprising result

⌃energy-drop(�E)�=0 =
log zcut �Bi

log �E �Bi
, (5.9)

which is completely independent of ↵s! So while the strong coupling constant ↵s was necessary
to calculate �E , the leading behavior is independent of the value of ↵s.

We can attribute this behavior to the fact that �E is a Sudakov safe observable for � = 0.
The singular region of phase space at Rg ! 0 is exponentially suppressed by the Sudakov
factor in ⌃radius(Rg). This exponential suppression balances the exponential increase in the
number of groomed emissions in such a way that �E is independent of ↵s. In fact, �E is
independent of the total color of the jet at fixed coupling, and only depends on the flavor
of the jet through the subleading terms in the splitting functions Bi. When the running
coupling is included, we will see that the dominant contribution to the �E distribution is still
independent of ↵s, with only weak dependence controlled by the QCD �-function.

5.3 Non-Global Logarithms

The ungroomed jet energy E0 is clearly a↵ected by non-global contributions, since emissions
outside of the jet can radiate energy into the jet. Because the soft drop procedure removes
soft wide-angle radiation, we expect that the groomed jet energy Eg should have no non-
global contributions. In principle, we could calculate the Eg distribution directly to show the
absence of non-global logarithms. In practice, though, it is hard to interpret the meaning of
Eg without invoking some reference energy scale. Here, we are using E0 as a reference, which
is not ideal since E0 has non-global contributions. That said, we will find that the E0 and �E

distributions have exactly the same non-global logarithms, implying that the Eg distribution
is wholly absent of them.

Analogous to Sec. 3.4, we can do a simple calculation of the non-global contribution to
�E . At lowest order for a narrow jet of radius R0, the non-global logarithms can be computed
from
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. (5.10)

This shows that non-global logarithms are not power-suppressed for the energy loss distribu-
tion regardless of �. Moreover, the coe�cient of the non-global logarithms are the same for
the ungroomed distribution (� !1) as for the groomed distribution (finite �). This implies
that the groomed jet energy Eg cannot contain any non-global logarithms.
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Figure 9: The dependence of the � = 0 energy drop distribution on ↵s. On the left, we show
Pythia results with fixed coupling compared to the fixed-coupling analytical prediction of
Eq. (5.9). On the right, we show the �E distribution with running coupling at di↵erent
values of the jet’s transverse momentum. Both plots support the interpretation that the �E

distribution at � = 0 is largely independent of ↵s.

We can study the � = 0 limit in Pythia to see whether the analytic predictions of
Sec. 5.2 are born out in Monte Carlo. In Fig. 9a, we show the �E distribution for � = 0 by
artificially turning o↵ the running coupling and setting the ↵s value by hand. As discussed
in Eq. (5.9), the fixed-coupling analytic resummation does not depend on ↵s. Indeed, we see
that the Monte Carlo results are fairly independent of the ↵s value, and the behavior is well
described by the analytic calculation. The same physical e↵ect is seen in Fig. 9b, where the
running coupling is restored but the distribution is shown for di↵erent choices of the minimum
transverse momentum of the jet, which in turn probes di↵erent values of ↵s. We note that
the curves di↵er very little from each other, suggesting that leading ↵s-independence of the
� = 0 result is robust.

6 Non-Perturbative Contributions

In all of the above analytic calculations, we only considered the distributions generated by
perturbative partons. In this section, we will do a brief Monte Carlo study to try to esti-
mate the impact that non-perturbative e↵ects from hadronization and UE can have on these
distributions.

In Fig. 10, we show the e↵ect of hadronization (left) and UE (right) for various observ-
ables considered in this paper. In the case of hadronization, we plot the ratio between the
hadronic and partonic distributions obtained from Pythia 8. In the case of UE, we plot the
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finite result which does not depend on αs 
(at fixed coupling)

On the other hand, Eq. (5.2) has a smooth � ! 0 limit, and therefore is still calculable
(despite being IRC unsafe). Specifically, we are calculating the �E distribution at a fixed
groomed jet radius Rg, which forces a two-prong configuration. There is still an (IRC unsafe)
singularity at Rg ! 0, but this is regulated by the Sudakov factor in the Rg distribution.
This property was referred to as “Sudakov safety” in Ref. [105]. As we will now show, the
way in which IRC unsafety but Sudakov safety manifests itself for �E is rather peculiar.

The behavior of �E for � = 0 is easiest to study by computing the cumulative distribution
of the energy drop at fixed coupling. We will also take the Laplace conjugate parameter ⌫ !
1 to suppress multiple emissions e↵ects. This limit removes the inverse Laplace transform
and turns the exponential factor in Eq. (5.4) into the constraint that z > �E . We emphasize
that the ⌫ ! 1 limit is only taken to simplify the following discussion; the fixed-coupling
energy loss distribution with the full multiple emissions e↵ect exhibits the same properties.

At fixed-coupling, the cumulative distribution of the groomed jet radius is

⌃radius(Rg)
f.c.= exp
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where we have ignored terms suppressed by positive powers of zcut and �E . The cumulative
distribution of the energy drop at fixed groomed jet radius is

e⌃(Rg,�E) f.c.= exp
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Plugging these expressions into Eq. (5.2) in the ⌫ ! 1 limit, we find the cumulative distri-
bution of the groomed energy drop to be

⌃energy-drop(�E) =
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(5.7)

for �E < zcut. At this order, the cumulative distribution is constant for �E > zcut.
The expression in Eq. (5.7) has some fascinating properties. First, by expanding order-

by-order in ↵s, we find

⌃energy-drop(�E) = 1� ↵s
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THINGS I LEFT OUT

• Higgs pT and jet pT (jet veto) resummation

    see talks by S. Forte and F.  Tackmann

• (N)NLO + parton shower

   see talk by S. Prestel 

•  Resummation effects in Drell-Yan pT and related variables

see (exp.) talks by L. Perrozzi and M. Lisovyi

(but covered in this conference)
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THINGS I LEFT OUT

• Threshold resummation for heavy particles 
   (tops, stops, etc.)

• Progress in understanding transverse momentum parton 
    density

• Top-pair pT resummation

• Forward physics, BFKL, Mueller-Navalet jets

e.g.  Gehrmann, Luebbert, Yang (2014)

e,g.  Ferroglia, (SM), Pecjak, Yang (2013)
        Broggio, Ferroglia, Neubert, Vernazza, Yang (2013)

e.g. Ducloué, Szymanowski, Wallon (2013, 2014)
      Jung, Hautmann et al. (Cascade)
      Lipatov, Zotov et al. (2013)

e.g. Zhu, Li, Li, Shao, Yang (2013)

(not covered in this conference)

and many other interesting papers !
32

http://inspirehep.net/author/profile/Duclou%C3%A9%2C%20B.?recid=1287351&ln=en
http://inspirehep.net/author/profile/Duclou%C3%A9%2C%20B.?recid=1287351&ln=en
http://inspirehep.net/author/profile/Szymanowski%2C%20L.?recid=1287351&ln=en
http://inspirehep.net/author/profile/Szymanowski%2C%20L.?recid=1287351&ln=en
http://inspirehep.net/author/profile/Wallon%2C%20S.?recid=1287351&ln=en
http://inspirehep.net/author/profile/Wallon%2C%20S.?recid=1287351&ln=en


THANK YOU !

33


