
Inverse melting and phase behaviour of  
core-softened attractive disks 

Ahmad M. Almudallal 

Ivan Saika-Voivod 
Department of Physics and Physical Oceanography 

Memorial University of Newfoundland, St. John’s, NL 

Sergey V. Buldyrev 
Yeshiva University, New York 

CAP Congress 
June 18, 2014 



Outline 
• Why this potential?  • Increase inverse melting 

• Phase diagram • More interesting stuff 



Square shoulder-square well pair potential 

b = 2 s

c = 3 s

A. Scala, M. R. Sadr-Lahijany, N. Giovambattista, S. V. Buldyrev, 
H. E. Stanley, Phys. Rev. E 63, 041202 (2001). 



Motivation for the potential: water 

Average over relative orientations of two water 
molecules to obtain a radial potential.  There are two 
characteristic distances in the result. 

O. Mashima and H.E. Stanley, Nature 396, 329 (1998) 



Square shoulder-square well 

Square and low density triangular 
crystals have the same potential energy. b = 2 s

c = 3 s

Bond with energy   -e

Bond with energy   -e / 2



P-T  Phase Diagram (2D system) 

A. M. Almudallal, S. V. Buldyrev and I. Saika-Voivod, J. Chem. Phys. 137, 034507 (2012).   

All transitions in the 
phase diagram 
appear to be first-
order phase 
transitions.  
 

Monte Carlo simulations: 
-NPT 
-Frenkel-Ladd Integration 
-Gibbs-Duhem Integration 
-Gibbs Ensemble (for L-G) 

 



P-T  Phase Diagram 

HDT 

A. M. Almudallal, S. V. Buldyrev and I. Saika-Voivod, J. Chem. Phys. 137, 034507 (2012).   



P-T  Phase Diagram 

A 

A. M. Almudallal, S. V. Buldyrev and I. Saika-Voivod, J. Chem. Phys. 137, 034507 (2012).   

(not previously reported)  



P-T  Phase Diagram 

Z 

A. M. Almudallal, S. V. Buldyrev and I. Saika-Voivod, J. Chem. Phys. 137, 034507 (2012).   

(not previously reported)  



P-T  Phase Diagram 

LDT 

A. M. Almudallal, S. V. Buldyrev and I. Saika-Voivod, J. Chem. Phys. 137, 034507 (2012).   



P-T  Phase Diagram 

L 

A. M. Almudallal, S. V. Buldyrev and I. Saika-Voivod, J. Chem. Phys. 137, 034507 (2012).   



P-T  Phase Diagram 

S 

A. M. Almudallal, S. V. Buldyrev and I. Saika-Voivod, J. Chem. Phys. 137, 034507 (2012).   



Maximum melting temperature 

The L-S melting curve 
exhibits a maximum 
temperature, indicating 
that at higher pressure, 
the liquid is more  
dense than the solid. 

A. M. Almudallal, S. V. Buldyrev and I. Saika-Voivod, J. Chem. Phys. 137, 034507 (2012).   



Maximum melting pressure 

Also it exhibits a 
maximum pressure, 
indicating that the 
inverse melting occurs 
in a small range of 
pressure 

A. M. Almudallal, S. V. Buldyrev and I. Saika-Voivod, J. Chem. Phys. 137, 034507 (2012).   



Inverse melting 

Inverse melting is a rare 
phenomenon and confirming 
it for a simple model will allow 
for deeper exploration into the 
basic physics surrounding it.  

A. M. Almudallal, S. V. Buldyrev and I. Saika-Voivod, J. Chem. Phys. 137, 034507 (2012).   



Increasing range of inverse melting 

What changes can we make to the 
potential in order to increase the 
pressure range for which inverse 
melting can be obtained? 

e
b 

c 



 This technique allows one to obtain a phase diagram of a new 
model u2 starting from the known phase diagram (for u1). 

 

 At λ=0 we recover the original potential and at λ=1 we transform 
the potential to the new one.     

Hamiltonian Gibbs-Duhem Integration 

u=(1−λ)u1+λu2

Parameters to be changed 
are       b and c. e,

e
b 

c 

Technique tells you e.g. 
how the coexistence 
pressure will shift if you 
change the potential and 
keep temperature constant 
(or vice versa). 



Inverse melting becomes more obvious 

A. M. Almudallal, S. V. Buldyrev and I. Saika-Voivod, J. Chem. Phys. 140, 144505 (2014).   



Pick b=1.46 and confirm transition 

Carry out umbrella sampling Monte Carlo to 
calculate the free energy as a function of 
density at constant T and P, which are taken 
to be on the coexistence line. 

A. M. Almudallal, S. V. Buldyrev and I. Saika-Voivod, J. Chem. Phys. 140, 144505 (2014).   



Confirming transition 

Carry out umbrella sampling Monte Carlo to 
determine the free energy as a function of 
density at constant T and P, which are taken 
to be on the coexistence line. 

A. M. Almudallal, S. V. Buldyrev and I. Saika-Voivod, J. Chem. Phys. 140, 144505 (2014).   



Hexatic Phase: Colloidal Experiment 

J. Phys.: Condens. Matter 21 (2009) 203101 Topical Review
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Figure 6. Overview of topological defects in two dimensions: (A) a bound pair of dislocations in a triangular crystal, (B) two unbound
dislocations in the hexatic phase and (C) disclinations in the isotropic liquid phase. Sevenfold and fivefold coordinated particles are shown by

and , respectively. The corresponding behaviors of the bond-order correlation function G6(r ) (blue) and the translational correlation

function GT(r ) (purple) are shown below.
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Figure 7. Reprinted figure with permission from [109]. Copyright
2007 by the American Physical Society. Orientational correlation

function G6(r ) as a function of the inverse temperature in a log–log
plot. From top to bottom: three curves for the crystalline phase

showing the long-range orientational order (limr→∞ G6(r ) = 0), two
curves showing the quasi-long-range order of the hexatic phase

(G6(r ) ∝r
−η6 ) and three curves showing the short-range order of the

isotropic liquid (G6(r ) ∝e−r/ ξ6 ).

hexatic to the liquid happens at a higher temperature—or

lower concentration—than the melting transition. Dislocations

unbind into disclinations, another type of topological defect.

This unbinding reduces the orientational order from quasi-

long-range to short-range (figure 6(C)). Thus, KTHNY

theory predicts three equilibrium phases—liquid, hexatic and

crystal—and two second-order transitions, which means that

no fluid–crystal or hexatic–crystal coexistence regimes are

expected.

Initially, the validity of KTHNY theory was mainly

tested with computer simulations [98–100]. However,

due to the limited number of simulated particles no clear

results for or against KTHNY were obtained. More recent

computer simulations show the behavior expected from

KTHNY [101, 102]. In experiments, the hexatic phase was

first found by Murray and van Winkle [103] in a system of

charge-stabilized polystyrene particles in between two glass

plates. Further observations followed from a system of

essentially hard spheres in 2d [104], where the crystal–hexatic

and hexatic–liquid transitions were observed but appeared to

be of first order, and from particles with electric dipole–

dipole interaction [105, 106]. The clearest evidence for the

validity of KTHNY theory has been obtained with a system

using super-paramagnetic particles with magnetic dipole–

dipole interaction [18, 107]. As illustrated in figure 7, both

the translational and the orientational correlation function show

the expected behavior and allow us to locate the crystal–

hexatic and the hexatic–liquid transition [18]. The most precise

results are obtained from the time-dependent orientational

correlation function G6(t), which can be determined with

better accuracy, because the finite size of the observed volume

is not limiting the accuracy of the result. The clearest

evidence that the transitions do indeed happen due to the

unbinding of dislocation pairs and dislocations into two

disclinations according to KTHNY has been given by showing

that the transition temperatures are those predicted by the

theory [108, 109]. The unbinding of the same topological

defects is also relevant in 2d granular systems, which can

exhibit an analogous phase behavior although they are far from

equilibrium [110].

3.2. Crystallization in two dimensions

While clear evidence for the 2d melting scenario according

to KTHNY theory has been obtained, crystal nucleation in

2d is not as well studied and there are important unresolved

issues. Although two second-order transitions are expected

from KTHNY, the nature of the freezing transition is still

an unresolved question. Especially for hard discs, there are

indications for a first-order transition [101]. For systems that

10

KTNHY Theory 
Kosterlitz, Thouless, Halperin, Nelson and Young 

η6 < 1/4 
 



Checking for hexatic phase, N=65536, P=5.6 

A. M. Almudallal, S. V. Buldyrev and I. Saika-Voivod, J. Chem. Phys. 140, 144505 (2014).   
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Direct Confirming with MD 

Start with S crystal at P=5.6, T=0.30 and 
see what happens. 
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What about the rest of the phase 
diagram? 

b = 2 »1.414 b =1.46

HDT melting line would 
need to curve a lot. 



Add HDT-L Coexistence Curve 

HDT-S-L triple point 
disappears 
 
HDT-L line inflects (?!) 
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Add HDT-L Coexistence Curve 

Is this a channel of 
liquid super stability 
with no crystals in the 
way? 
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Add HDT-L Coexistence Curve 

Let’s take a look at the 
liquid here. 
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Liquid at  



It has various local environments 



Close-packed 



Squares 



And pentagons  
(surrounded by triangles and little squares or rhombuses) 



And pentagons  
(surrounded by triangles and little squares or rhombuses) 

O-phase 
(Outphase? 
… still looking 
for a name) 



And pentagons  
(surrounded by triangles and little squares or rhombuses) 

I-phase 
(Inline phase? 
… still looking 
for a name) 



New Phases 

I crystal O crystal



A look at metastability 
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HDT-S-L triple point 
disappears 
 
HDT-L line inflects (?!) 
 
 
This is a very strange 
point, as we shall later 
see. 
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HDT-L Coexistence Curve 
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T=0.5 
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T=0.46 
(umbrella sampling) 

Below this temperature, we can use 
Gibbs-Duhem integration. 
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Conclusions 

• Calculated phase diagram for a tricky potential 
developed to produce liquid anomalies. 

• Found inverse melting – weak effect. 

• Tweaked potential (made shoulder wider) to amplify 
inverse Melting. 

• Really does look like first-order melting.  

• New crystal phases thwart liquid’s stability down to T=0. 

• A funny point, where free energy barrier between HDT 
and L vanishes, appears at T=0.5.  



Thank you for 
your attention 


