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Abstract

I will discuss the Democratic Neutrino Theory and its origin from the level
of composed leptons. This Theory has only one free parameter, unlike to 7
(9) free parameters in the conventional model of light Dirac (Majorana)
neutrinos. In addition to the agreement with the results of Super
Kamiokande, SNO, MINOS and other neutrino experiments, the discussed
Theory sets the absolute scale of the neutrino masses at 0.03 eV, and has
significant predictive power.
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Introduction

The flavor neutrino oscillations can be explained if flavor neutrinos are coherent
superpositions of mass eigenstates

ναL(x) =
∑
i

UαiνiL(x), α = e, µ, τ.

In the plane wave formalism, using the massive neutrino state evolution
|νj(T , L)〉 = e−i(EjT−pjL)|νj(0, 0)〉, for probability to detect νβ(T , L) we have

Pνα→νβ = |Aνα→νβ |
2, Aνα→νβ ≡ 〈νβ |να(T , L)〉 =

∑
j

Uβje
−i(EjT−pjL)U†jα.
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Figure : Left: Pee = 1− (8/9) sin2(∆m2L/4Eν) vs. Eν for ∆m2 = 2.4× 10−3 eV2

and L = 5 km; Right: Pee vs. L for same ∆m2 and E = 5 MeV
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The theory of matter effect on neutrino oscillations was established in the
works published in 1978 by Lincoln Wolfenstein, and in 1986 by Stanislav
Mikheyev and Alexei Smirnov (MSW theory).
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Figure : Left: Suppression “bath” of νe flux in the Sun for sin2 2θ ∼ 0.1 (for smaller
sin2 2θ the resonance becomes narrower). Right: solar νe energy spectrum

Typically, for the solar νe with energies ∼ 1 MeV, the oscillations are resonantly
enhanced for ∆m2

ij ≡ m2
i −m2

j ∼ (10−7 − 10−5) eV2, but not enhanced for
∆m2 � 10−5 eV2 (atmospheric neutrino mass splitting) and ∆m2 � 10−8 eV2.
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In the conventional paradigm, solar ν deficit and atmospheric ν oscillations
are described using the “solar” and “atmospheric” (squared) mass differences:
∆m2

sol ∼ 10−5 eV2 and ∆m2
atm ∼ 10−3 eV2, and the following main arguments:

I MSW resonance should take place in the Sun for this ∆m2
sol.

I For ∆m2
31 � ∆m2

21 in 3ν mixing scheme Pνe→νµ,τ ∼ |Ue3|2 can be
suppressed by small sin2 θ13 = |Ue3|2, which explains the difference
between the e-like and µ-like event distributions in the Super-Kamiokande
experiment [SK Collab.: Ashie et al., 2005; PGD Collab.: Beringer et al., 2012]

34 13. Neutrino mixing

13.5. Measurements of |!m2
A| and !A

13.5.1. Atmospheric neutrino results :
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Figure 13.6: The zenith angle distributions for fully contained 1-ring e-like
and µ-like events with visible energy < 1.33 GeV (sub-GeV) and > 1.33 GeV
(multi-GeV). For multi-GeV µ-like events, a combined distribution with partially
contained (PC) events is shown. The dotted histograms show the non-oscillated
Monte Carlo events, and the solid histograms show the best-fit expectations for
!µ ! !! oscillations. (This figure is provided by the Super-Kamiokande Collab.)
Color version at end of book.

The first compelling evidence for the neutrino oscillation was presented by the Super-
Kamiokande Collaboration in 1998 [13] from the observation of atmospheric neutrinos
produced by cosmic-ray interactions in the atmosphere. The zenith-angle distributions
of the µ-like events which are mostly muon-neutrino and muon antineutrino initiated
charged-current interactions, showed a clear deficit compared to the no-oscillation
expectation. Note that a water Cherenkov detector cannot measure the charge of the
final-state leptons, and therefore neutrino and antineutrino induced events cannot be
discriminated. Neutrino events having their vertex in the 22.5 kton fiducial volume in

February 16, 2012 14:08
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Figure 13.6: Allowed region for the !µ ! !! oscillation parameters from the
MINOS results published in 2011. The 68 % and 90 % CL allowed regions are shown
together with the Super-Kamiokande and MINOS 2008 90% CL allowed regions.
This figure is taken from Ref. 130.

hypotheses of neutrino decay and neutrino decoherence, and they are excluded at more
than 3" in comparison with the neutrino oscillation interpretation. For the constraints
obtained from the L/E analysis, see Fig. 13.6.

13.5.2. Results from accelerator experiments :

The !m2 " 2 # 10!3 eV2 region can be explored by accelerator-based long-baseline
experiments with typically E $ 1 GeV and L $ several hundred km. With a fixed
baseline distance and a narrower, well understood neutrino spectrum, the value of |!m2

A|
and, with higher statistics, also the mixing angle, are potentially better constrained in
accelerator experiments than from atmospheric neutrino observations.

The K2K (KEK-to-Kamioka) long-baseline neutrino oscillation experiment [19] is the
first accelerator-based experiment with a neutrino path length extending hundreds of
kilometers. K2K aimed at confirmation of the neutrino oscillation in !µ disappearance in
the |!m2

A| " 2#10!3 eV2 region. A horn-focused wide-band muon neutrino beam having
an average L/E" $ 200 (L = 250 km, %E"& $ 1.3 GeV), was produced by 12-GeV protons
from the KEK-PS and directed to the Super-Kamiokande detector. The spectrum and
profile of the neutrino beam were measured by a near neutrino detector system located
300 m downstream from the production target.

June 18, 2012 16:19

I Large |Uµ3| and |Uτ3| about 1/
√

2 (as in tri-bimaximal scheme) may be
responsible for large amplitude of νµ → ντ oscillations
Aµτ = 4|Uµ3|2|Uτ3|2 ' sin2 2θ23 ' 1 (MINOS and SK).
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Crucial for establishing this paradigm with ∆m2
sol ∼ 10−5 eV2 were KamLAND

results 4
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FIG. 2: Allowed region for neutrino oscillation parameters from
KamLAND and solar neutrino experiments. The side-panels show
the !!2-profiles for KamLAND (dashed) and solar experiments
(dotted) individually, as well as the combination of the two (solid).

rameters using the KamLAND and solar data. There is a
strong anti-correlation between the U and Th-decay chain
geo-neutrinos and an unconstrained fit of the individual con-
tributions does not give meaningful results. Fixing the Th/U
mass ratio to 3.9 from planetary data [18], we obtain a
combined U+Th best-fit value of (4.4 ± 1.6)!106 cm!2s!1

(73 ± 27 events), in agreement with the reference model.
The KamLAND data, together with the solar ! data, set an

upper limit of 6.2 TW (90% C.L.) for a !e reactor source at
the Earth’s center [19], assuming that the reactor produces a
spectrum identical to that of a slow neutron artificial reactor.

The ratio of the background-subtracted!e candidate events,
including the subtraction of geo-neutrinos, to no-oscillation
expectation is plotted in Fig. 3 as a function of L0/E. The
spectrum indicates almost two cycles of the periodic feature
expected from neutrino oscillation.

In conclusion, KamLAND confirms neutrino oscillation,
providing the most precise value of !m2

21 to date and im-
proving the precision of tan2 "12 in combination with solar !
data. The indication of an excess of low-energy anti-neutrinos
consistent with an interpretation as geo-neutrinos persists.

The KamLAND experiment is supported by the Japanese
Ministry of Education, Culture, Sports, Science and Technol-
ogy, and under the United States Department of Energy Office
grant DEFG03-00ER41138 and other DOE grants to individ-
ual institutions. The reactor data are provided by courtesy of
the following electric associations in Japan: Hokkaido, To-
hoku, Tokyo, Hokuriku, Chubu, Kansai, Chugoku, Shikoku
and Kyushu Electric Power Companies, Japan Atomic Power
Co. and Japan Nuclear Cycle Development Institute. The
Kamioka Mining and Smelting Company has provided ser-
vice for activities in the mine.
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error bars are statistical only and do not include, for example, corre-
lated systematic uncertainties in the energy scale.
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FIG. 4: Allowed regions projected in the (tan2 !12, !m2
21) plane,

for solar and KamLAND data from the three-flavor oscillation anal-
ysis for (a) !13 free and (b) !13 constrained by accelerator and short-
baseline reactor neutrino experiments. The shaded regions are from
the combined analysis of the solar and KamLAND data. The side
panels show the !"2-profiles projected onto the tan2 !12 and !m2

21

axes.

by term (iv). Table II summarizes the systematic uncertainties
on !m2

21 and the expected event rate of reactor !e’s. The
overall rate uncertainties for Period 1 and for Periods 2 and 3
are 3.5% and 4.0%, respectively. Systematic uncertainties
are conservatively treated as being fully correlated across all
data taking periods. The penalty term (v) optionally provides
a constraint on the neutrino oscillation parameters from so-
lar [27–31], accelerator (T2K [6], MINOS [7]), and short-
baseline reactor neutrino experiments (Double Chooz [8],
Daya Bay [9], RENO [10]).
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the best-fit survival probability curve from the three-flavor unbinned
maximum-likelihood analysis using only the KamLAND data.

Figure 2 plots the time variation for the rates of reactor !e’s,
geo !e’s, and backgrounds for the three data taking periods,
assuming the best-fit oscillation parameters, and geo !e fluxes
from the reference model of [17]. Also drawn are the correla-
tions between the measured and expected best-fit event rates,
which should fit to a line with unit slope and zero offset in the
absence of geo !e’s. The vertical displacement of the trend
for events below 2.6 MeV is attributed to the contribution of
geo !e’s.

Figure 3 shows the prompt energy spectra of !e candidate
events for each period. The reduction of the 13C(", n)16O
background in Period 2 and of reactor !e’s in Period 3 can
clearly be seen. For the three-flavor KamLAND-only anal-
ysis (#2

osci = 0), the fit oscillation parameter values are
!m2

21 = 7.54+0.19
!0.18 ! 10!5 eV2, tan2 $12 = 0.481+0.092

!0.080,
and sin2 $13 = 0.010+0.033

!0.034. The contours are nearly symmet-
ric about tan2 $12 = 1, but the best-fit values for tan2 $12 > 1
are slightly disfavored over those for tan2 $12 < 1, with
!#2 = 0.8. Assuming CPT invariance, the oscillation pa-
rameter values from a combined analysis including constraints

TABLE II: Contributions to the systematic uncertainty in the neutrino
oscillation parameters !m2

21, !12, and !13 for the earlier / later pe-
riods of measurement, denoted in the text as Period 1 / Period 2 & 3.
The overall uncertainties are 3.5% / 4.0% for Period 1 / Period 2 & 3.

Detector-related (%) Reactor-related (%)
!m2

21 Energy scale 1.8 / 1.8 #e-spectra [32] 0.6 / 0.6

Rate Fiducial volume 1.8 / 2.5 #e-spectra [24] 1.4 / 1.4
Energy scale 1.1 / 1.3 Reactor power 2.1 / 2.1
Lcut(Ep) eff. 0.7 / 0.8 Fuel composition 1.0 / 1.0
Cross section 0.2 / 0.2 Long-lived nuclei 0.3 / 0.4
Total 2.3 / 3.0 Total 2.7 / 2.8

Figure : Left: Pre-Fukushima result [0801.4598]. Right: Post-Fukushima [1303.4667]

KamLAND results were not verified by similar independent experiments, which
is unusual situation for modern HEP experiment, compare with ATLAS & CMS,
D0 & CDF, Belle & BaBar, etc.

D. Zhuridov
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Democratic Neutrino Theory

Consider the simple mass term for three Majorana neutrinos

Lνm = −1

2

∑
αβ

ν̄cαLMαβνβL + H.c.,

where α, β = e, µ, τ are the flavor indices, and

M = m

 0 1 1
1 0 1
1 1 0


is a democratic mass matrix, which is invariant under the permutation group of
three elements S3.

This m is the only free parameter in the leading order of the discussed theory.
Generally, small perturbations should be added to the matrix M.

D. Zhuridov
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The eigenvalues {λi} of M result in the neutrino mass spectrum

{m,m, 2m}, (1)

and the eigenvectors form the matrix U0 = {U0αi} of

U0 = R12(θ12)× R23(θ23)

=

 c12 s12c23 s12s23

−s12 c12c23 c12s23

0 −s23 c23

 =


1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 − 2√
6

1√
3

 (2)

where cij ≡ cos θij , sij ≡ sin θij , θ12 = 45◦, θ23 = π/2− arctan(1/
√

2) ≈ 54.7◦,
and we used the opposite order of multiplication of the Euler rotation matrixes
with respect to the ordinary tri-bimaximal matrix.

The last column of U0 corresponds to the larger eigenvalue of M.

It is natural to include perturbations, which account for “democracy violation”.

D. Zhuridov
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In case of the tiny perturbations the neutrino mass spectrum can be written as

{m,m + δm, 2m},

where δm/m� 10−2. New splitting is ∆µ2 ≈ 2mδm, and the mixing matrix is

U ≈


1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

λ
(
δm
m

)1/2 − 2√
6

1√
3

 ,

where λ is a constant of order one, and we ignored the small deviations in
nonzero elements, since all these elements are large.

In case of the sizable perturbations we have again normal hierarchical spectrum

{ m1,
√

m2
1 + ∆m2

s ,
√

m2
1 + ∆m2

a },

where 0 < ∆m2
s � ∆m2

a and m1 ≈ m ≈
√

∆m2
a/3. The mixing matrix has

sizable corrections ∼ (∆m2
s /∆m2

a)1/4. In particular, Ue3 may become small.
In this case the PDG2012 neutrino masses and mixing may be reproduced.

D. Zhuridov
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Democratic Oscillations

Using the standard formula for probability of neutrino oscillations

P(L,E)
να→νβ =

∑
i

|Uαi |2|Uβi |2 + 2
∑
i>j

|U∗αiUβiUαjU∗βj | cos (φosc − φ)

with φosc =
∆m2

ij

2E
L = 2πL/Losc

ij and φ = arg(U∗αiUβiUαjU
∗
βj),

for the LO neutrino masses in Eq. (1) and mixing in Eq. (2) we have

Pνα→νβ (L,E) =
4

9
sin2

(
∆m2L

4E

)
,

where β 6= α, and ∆m2 ≡ m2
3 −m2

i<3 = 3m2.

At the NLO with tiny (sizable) perturbations in addition to the oscillation
terms due to large mass splitting there are also terms due to ∆µ2 (∆m2

s ).

(Also the amplitudes of ∆m2 terms would change in case of sizable pert-s.)

D. Zhuridov
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Using the atmospheric neutrino mass splitting [PDG2012]

∆m2
a = (2.06− 2.67)× 10−3 eV2 (at 99.73% CL),

we have the absolute ν mass scale m ≈ 0.03 eV in all LO and NLO cases.

How to explain the difference between the e-like and µ-like event distributions
in the Super-Kamiokande experiment [SK Collab.: Ashie et al., 2005]?

cos θ = 1 ⇒ neutrinos come from above the detector

cos θ = −1 ⇒ νs come from the opposite side of the Earth

34 13. Neutrino mixing

13.5. Measurements of |!m2
A| and !A

13.5.1. Atmospheric neutrino results :
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Figure 13.6: The zenith angle distributions for fully contained 1-ring e-like
and µ-like events with visible energy < 1.33 GeV (sub-GeV) and > 1.33 GeV
(multi-GeV). For multi-GeV µ-like events, a combined distribution with partially
contained (PC) events is shown. The dotted histograms show the non-oscillated
Monte Carlo events, and the solid histograms show the best-fit expectations for
!µ ! !! oscillations. (This figure is provided by the Super-Kamiokande Collab.)
Color version at end of book.

The first compelling evidence for the neutrino oscillation was presented by the Super-
Kamiokande Collaboration in 1998 [13] from the observation of atmospheric neutrinos
produced by cosmic-ray interactions in the atmosphere. The zenith-angle distributions
of the µ-like events which are mostly muon-neutrino and muon antineutrino initiated
charged-current interactions, showed a clear deficit compared to the no-oscillation
expectation. Note that a water Cherenkov detector cannot measure the charge of the
final-state leptons, and therefore neutrino and antineutrino induced events cannot be
discriminated. Neutrino events having their vertex in the 22.5 kton fiducial volume in

February 16, 2012 14:08
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Remind that the SK collaboration interpreted their data by dominant 2-flavor
νµ ↔ ντ oscillations, which can be applied in case of sizable perturbations.

In case of either no or tiny perturbations the difference between the e-like and
µ-like event distributions can be explained by the 3-flavor oscillations, taking
into account the matter effect on νs which travel through the Earth. Using the
MSW theory, for mean electron number density in the Earth core
N̄c

e ≈ 5.4 cm−3 NA (remind that N res
e ≈ 1.15 cm−3 NA) we have

Pm
νe→να(L,E) ≈ 0.05 sin2

(
2.8

∆m2L

4E

)
, α = µ, τ,

which is significantly suppressed with respect to

Pνµ↔ντ (L,E) =
4

9
sin2

(
∆m2L

4E

)
.

(νµ ↔ ντ oscillations in the matter of the Earth proceed practically as in
vacuum due to approximate equality of the refraction indices κνµ ' κντ )
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Close to unity amplitude of the atmospheric νµ oscillations (MINOS & SK) is
explained in case of either no or tiny perturbations by
large probabilities of νµ oscillations to both ντ and νe .

36 13. Neutrino mixing
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Figure 13.6: Allowed region for the !µ ! !! oscillation parameters from the
MINOS results published in 2011. The 68 % and 90 % CL allowed regions are shown
together with the Super-Kamiokande and MINOS 2008 90% CL allowed regions.
This figure is taken from Ref. 130.

hypotheses of neutrino decay and neutrino decoherence, and they are excluded at more
than 3" in comparison with the neutrino oscillation interpretation. For the constraints
obtained from the L/E analysis, see Fig. 13.6.

13.5.2. Results from accelerator experiments :

The !m2 " 2 # 10!3 eV2 region can be explored by accelerator-based long-baseline
experiments with typically E $ 1 GeV and L $ several hundred km. With a fixed
baseline distance and a narrower, well understood neutrino spectrum, the value of |!m2

A|
and, with higher statistics, also the mixing angle, are potentially better constrained in
accelerator experiments than from atmospheric neutrino observations.

The K2K (KEK-to-Kamioka) long-baseline neutrino oscillation experiment [19] is the
first accelerator-based experiment with a neutrino path length extending hundreds of
kilometers. K2K aimed at confirmation of the neutrino oscillation in !µ disappearance in
the |!m2

A| " 2#10!3 eV2 region. A horn-focused wide-band muon neutrino beam having
an average L/E" $ 200 (L = 250 km, %E"& $ 1.3 GeV), was produced by 12-GeV protons
from the KEK-PS and directed to the Super-Kamiokande detector. The spectrum and
profile of the neutrino beam were measured by a near neutrino detector system located
300 m downstream from the production target.

June 18, 2012 16:19

Figure : Left: Bounds on |∆m2| vs sin2 2θ; Right: sin2 2θeff vs. E for L=734 km

Indeed, neglecting the matter effect in νµ → νe oscillations, we have

P(νµ → να) = P(νµ → νe) + P(νµ → ντ ) =
8

9
sin2

(
∆m2L

4E

)
.

Taking into account the matter effect (sub-leading in this case), we have

P(νµ → να) = sin2 2θeff(L,E ,Ne) sin2

(
∆m2L

4E

)
.
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Solar Neutrinos 62

Sun decreases with increasing radius. This means that
P 3⌫

ee for a given neutrino energy is expected to depend on
the neutrino species under consideration. Fig. 81 shows
P 3⌫

ee calculated according to the LMA-MSW and the stan-
dard high metallicity solar model. The gray band refers
to the 8B neutrinos and was obtained averaging the value
of P 3⌫

ee for each energy calculated for di↵erent radii (that
is di↵erent ne) in the Sun according to the proper ra-
dial distribution of the production point of the 8B. The
width of the curve is due to the uncertainties (1 �) as-
sociated with the mixing angles and �m2

1,2. Similarly,

the plot also shows the value of the P 3⌫
ee calculated for

the monochromatic 7Be and pep neutrinos. Points at
specific energies for pp, CNO and hep neutrinos are also
included. From this figure we see that the dependence
of Pee from the neutrino production region in the Sun
is small and it is masked by current uncertainties. The
curve calculated for the 8B matches well the prediction
of the MSW-LMA model for P 3⌫

ee versus energy.
The relative importance of the MSW matter term and

the kinematic vacuum oscillation is described by the
quantity �. For � < cos 2✓12 ' 0.4 the survival prob-
ability reaches the value corresponding to vacuum aver-
aged oscillations, while for � > 1, it corresponds to mat-
ter dominated oscillations. The P 3⌫

ee in the LMA-MSW
model exhibits a strong energy dependence only in the
region around 2 MeV, where P 3⌫

ee transitions between the
values corresponding to these limiting regimes. The mea-
surement of the low energy solar neutrinos spectrum with
Borexino o↵ers the perfect frame to test this prediction
of the LMA-MSW oscillation model. Di↵erent oscillation
models, including the possibility that neutrinos undergo
non standard interactions, predict survival probabilities
with a significantly di↵erent energy dependence [12].

The value of P 3⌫
ee for the monochromatic 7Be neutrinos

are obtained from the Borexino results using the relation

R
7Be = �

7Be
�
P 3⌫

ee �⌫e + (1 � P 3⌫
ee )�⌫x

�
Ne� (88)

P 3⌫
ee for pep neutrinos is obtained in the same way. The

number of electron target Ne� is reported in table V and
the solar fluxes are listed in table I. Using the fluxes of
the high metallicity solar model we get P 3⌫

ee (E⌫ = 0.862
MeV) = 0.51 ± 0.07 including both the experimental and
theoretical (solar model) errors and P 3⌫

ee (E⌫=1.44 MeV)
= 0.62 ± 0.17. A combined analysis of the Borexino data
together with those of other solar experiments allows to
also obtain values of the survival probability for the pp
and 8B neutrinos. Fig. 82 reports the results.

XXVII. CONCLUSIONS AND PERSPECTIVES

The rich scientific harvest of the Borexino Phase-I was
made possible by the extreme radio–purity of the detec-
tor and of its liquid scintillator core in particular. Chal-
lenging design purity levels have been mostly met, and
in some cases surpassed by a few orders of magnitude.

The central physics goal was achieved with the 5%
measurement of the 7Be solar neutrino rate. Three more

 [MeV]νE
-110 1 10

 s
ur

vi
va

l 
pr

ob
ab

il
it

y
eν

: 
  

eeP

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pp - All solar
Be - Borexino7

pep - Borexino
B - SNO LETA + Borexino8

B - SNO + SK8

MSW-LMA Prediction

FIG. 82. Electron neutrino survival probability as a function
of energy. The gray band is the same as in Fig. 85.

measurements beyond the scope of the original proposal
were made as well: the first observation of the solar pep
neutrinos, the most stringent experimental constraint on
the flux of CNO neutrinos, and the low-threshold mea-
surement of the 8B solar neutrino interaction rate. The
latter measurement was possible thanks to the extremely
low background rate above natural radioactivity, while
the first two exploited the superior particle identification
capability of the scintillator and an e�cient cosmogenic
background subtraction. All measurements benefit from
an extensive calibration campaign with external sources
that preserved scintillator radio–purity.

In this paper we have described the sources of back-
ground and the data analysis methods that led to the
published solar neutrinos results. We also reported, for
the first time, the detection of the annual modulation of
the 7Be solar neutrinos, consistent with their solar ori-
gin. The implications of Borexino solar neutrino results
for neutrino and solar physics were also discussed, both
stand–alone and in combination with other solar neutrino
data.

Additional important scientific results (not discussed
in this paper) were the detection of geo–neutrinos [44]
and state-of-the art upper limits on many rare and exotic
processes [87].

Borexino has performed several purification cycles in
2010 and 2011 by means of water extraction [20] in batch
mode, reducing even further several background com-
ponents, among which 85Kr, 210Bi and the 238U and
232Th chains. After these purification cycles, the Borex-
ino Phase-II has started at the beginning of 2012, with
the goal of improving all solar neutrino measurements.
Borexino is also an ideal apparatus to look for short base-
line neutrino oscillations into sterile species using strong
artificial neutrino and anti–neutrino sources [88]. An ex-
perimental program, called SOX (Source Oscillation eX-
periment), was approved and it is now in progress.

The Borexino program is made possible by funding
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Figure : Left: P survival
�νe→νe vs. Eν (Borexino Collab.: G.Bellini et al., arXiv:1308.0443).

Right: Democratic theory results: NLO with tiny perturbations (dot-dashed),
∆m2
� = 7× 10−5 eV2 but with leading-order U0 (dashed), ∆m2

� and mixing angles
from PDG2012

The oscillation terms with cos(∆m2L/2E) are averaged out. Hence:

At NLO with tiny perturbations P surviv
νe→νe = 7/18, since the oscillations due to

∆µ2 are suppressed by the effect of solar matter.

At NLO with sizable perturbations usual LMA solution works.
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Table : Comparison of Democratic and Conventional paradigms

Conventional paradigm Democratic neutrinos
or Dem. ν NLO (sizable) LO and NLO (tiny)

Solar neutrino ν� deficit MSW resonant NLO (tiny): averaging
is explained by oscillations P surviv

νe→νe = 7/18
Suppression of atmosphe- 2-flavor oscillations 3-flavor oscillations &

ric νe oscillations (SK) (small |Ue3|2) Earth matter effect

Large amplitude of atmo- Large |Uµ3|2 and |Uτ3|2 Cumulative effect of
spheric νµ oscillations (about 1/2 each) in the νµ → ντ and νµ → νe
(MINOS, SK) probability of νµ → ντ oscillations

Here I concentrated on the results, which are less dependent on the absolute
normalization of the data samples (uncertainties of the neutrino fluxes).
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Predictions of Democratic Neutrino Theory

Main prediction is the neutrino mass spectrum close to {0.03, 0.03, 0.06} eV.

Particular results for LO and NLO (tiny pertur.):

I Low energy β decays
〈mβ〉 ≡

√∑
i m

2
i |Uei |2 ≈ m

√
2 ≈ 0.04 eV,

which is below KATRIN sensitivity of
0.2 eV, but can be probed by next sub-eV
experiments (MARE, ECHO, Project8).

I 0ν2β decay
〈m〉 ≡

∑
i simiU

2
ei ≈ 0, where s1 = s2 = −s3 = −1 are sign factors.

I Neutrino (Transition) Magnetic Moment
Using the SM result for neutrinos with opposite CP phases

µMajorana
ij = 2µDirac

ij ≈ −8× 10−24
(

mi+mj

0.1 eV

)∑
`=e,µ,τ

(
m`
mτ

)2

U∗`iU`j µB ,

and democratic masses and mixing (Eqs. (1) and (2)), we have
µ23 ≈ 3.4× 10−24 µB � µ13, while µ12 ≈ 0 (same CP phases of ν1 & ν2).
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Fundamental Basis for Democratic Neutrinos and Other Particles

Democratic ν mass matrix can be explained if flavor νs are similar to each
other compositions of same components. Also an intrinsic structure explains
the spin of ν similarly to the electron.

Explanation of the electron spin by its wave packet rotation was introduced by
Chuu, Chang and Niu in 2009 [Solid State Commun. 150, 533 (2010) [arXiv:0911.4760]]:2

set. The two spinors for the positive energy branch are
given by

|u1(q)! =

!
! + 1

2!

"
##$

1
0

h̄qz

mc(!+1)
"cq+

!+1

%
&&' ,

|u2(q)! =

!
! + 1

2!

"
##$

0
1

h̄q!
mc(!+1)

!h̄qz

mc(!+1)

%
&&' , (3)

with q± = qx ± iqy. At q = 0, they correspond to the
two spin eigenstates with "z = ±1.

On the other hand, the two spinors for the negative
energy branch are given by

|u3(q)! =

!
! + 1

2!

"
##$

!h̄qz

mc(!+1)
!h̄q+

mc(!+1)

1
0

%
&&' ,

|u4(q)! =

!
! + 1

2!

"
##$

!h̄q!
mc(!+1)

h̄qz

mc(!+1)

0
1

%
&&' . (4)

In order to have intuitive picture of spin other than ab-
stract operator in Dirac wave equation, we study its semi-
classical dynamics by regarding a relativistic electron as
a wavepacket, which contains only the positive energy
eigenstates of the Dirac equation,

|w! =

(
dqa(q, t)eiq·r[#1(q, t)|u1(q)! + #2(q, t)|u2(q)!],

(5)
where a(q, t) = |a|e!i#(q) describes the distribution of
the wavepacket in momentum space. The wavepacket is
sharply peaked at the charge center qc, and is allowed to
have an overall phase $(q). The probability amplitudes
#1 and #2 describe the composition of the wavepacket
in terms of two degenerate positive energy states with
spin up and spin down. The normalization condition of
the wavepacket "w|w! = 1 is satisfied if

)
dq|a(q, t)|2 =

1, |#1|2 + |#2|2 = 1.
Now we will show that using only half of the Hilbert

space, the positive energy branch, to construct the
wavepacket results in a minimum size of the wavepacket.
This minimum size at q = 0 is the Compton wavelength.
To start with, we introduce a pair of projection operators,
P̂ = |u1!"u1|+ |u2!"u2| and Q̂ = |u3!"u3|+ |u4!"u4|. One

can see that P̂ projects to positive energy, P̂|w! = |w!,
Q̂ projects to negative energy, and P̂ + Q̂ = 1.

The mean square radius !r of the wavepacket in terms
of the projection operators P̂ and Q̂ is,

!2
r # "w|r2|w! $ "w|r|w!2

= "w|r(P̂ + Q̂)r|w! $ "w|r|w!2
= "w|rP̂r|w! $ "w|r|w!2 + "w|rQ̂r|w!
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FIG. 1. (Color online) Distribution of (a) probability density
and (b) probability current density of the wavepacket with a
Gaussian distribution a(q, t). The length scale is in units of
the Compton wavelength !c and the color bar is from high
density (red) to low density (blue). The profiles of (a) and
(b) along the x-axis are plotted in (c) and (d).

= !2
P̂rP̂ + "w|rQ̂r|w!. (6)

!P̂rP̂ is the mean square radius of the projected position

operator P̂rP̂ , and is a positive-definite quantity. The
second term is calculated as follows :

"w|rQ̂r|w!

=

*
%c

2!(qc)

+2 ,,,,!̄ $ %2
c

!(qc)[!(qc) + 1]
qc(qc · !̄)

,,,,
2

, (7)

where we have used the relation between the matrix el-
ement of position operator and velocity operator. !̄ #
#†

$!#$ is the spinor-averaged spin with #$ =

*
#1

#2

+
, and

%c = h̄
mc is the Compton wavelength.

Thus, we obtain the lower bound of the mean square
wavepacket radius as "w|rQ̂r|w!1/2. At qc = 0, it re-
duces to half of the Compton wavelength. We may re-
gard this as the minimum intrinsic radius of the electron
wavepacket. This minimum size is a consequence of using
only half of the Hilbert space in constructing an electron
wavepacket and it is 137 times larger than the classi-
cal electron radius used in Lorentz’s argument.[8] There-
fore, even for the tightest possible electron wavepacket,
the electron does not have to rotate faster than the
speed of light. To probe the wavepacket at length scales
smaller than the Compton wavelength, the negative en-
ergy branch has to be involved.

In Fig. 1, we plot the probability density, probabil-
ity current density of a wavepacket, which are defined as
&(r) = w†(r)w(r) and j(r) = w†(r)c"w(r). The elec-
tron wavepacket is spin up (in the ẑ direction) and has a
Gaussian distribution a(q) in momentum space with zero
mean momentum (qc = 0). A circulating current around

3
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1.0

v(r)

r

FIG. 2. Velocity distribution v(r) (in units of c) of a rotating
wavepacket. The distance r (in units of the Compton wave-
length !c) measures from the center of charge. The figure
shows the rotating wavepacket has a rigid core with a diam-
eter equals to the Compton wavelength.

the spin axis is clearly seen in Fig.1b, with maxima at
r = !c. In Fig. 2, the current density of the wavepacket
shows a rotating velocity profile, v(r) = j(r)/"(r), much
like that of a rigid sphere (goes linearly with the radius),
except that beyond the edge it gradually saturates to the
speed of light. This implies a rigid core inside the self-
rotating wavepacket. A classical analogy of this is a uni-
formly charged, self-rotating sphere, with a diameter of
the Compton wavelength, which is exactly the spinning
ball picture of Uhlenbeck and Goudsmit.[7]

III. THE SPIN MAGNETIC MOMENT

The current circulating around the spin axis of the
wavepacket would generate a magnetic moment M =
!e
2

!
dr(r ! rc) " j(r) where rc = #w|r|w$ is the cen-

ter of the wavepacket. With some algebra, one can show
that

M =
!e

2
#w|(r ! rc) " v|w$

=
!e

2

"

!"

#"
!(q)R!" " v"!#!(q), (8)

expressed in terms of the matrix element of the veloc-
ity operator v!" = #u!|c!|u"$, and the so-called Berry

connection R!" = #u!|i #
#q |u"$.

After putting in the velocity operator v = c! in cal-
culation, we obtain

M =
!eh̄

2m$2(qc)

#
"̄ + !2

c

qc · "̄
$(qc) + 1

qc

$
, (9)

where "̄ = #†
!"#! is the spinor-average spin. At qc = 0,

it reproduces the classical result, M = ! eh̄
2m "̄ = !µB"̄,

with the Bohr magneton being µB = eh̄
2m .

In the following, we will show that the magnetic mo-
ment induced by the charge circulation is characterized
not by the canonical angular momentum but by the spin.

The canonical angular momentum operator is defined
as L = mr " p = mr " h̄

i %. Unlike the momentum
p, the canonical angular momentum is not a conserved
quantity, dL/dt &= 0. It is the total angular momen-
tum J = L + S that is conserved. For a self-rotating
Dirac wavepacket, the canonical angular momentum is
zero (when the momentum operator p acts on the wave-
function |w$, it gives h̄q, and the matrix element q!" = 0
implies L = #w|(r ! rc) " p|w$ = 0).

In Dirac theory, spin is represented as a 4 " 4 matrix,

! = 1
2

%
" 0
0 "

&
. We can obtain the average spin by

calculating the expectation value of the spin operator,

!̄ = #w|!|w$ =
"

!"

#"
!(q)!!"#"(q)

=
1

2$(qc)

#
"̄ + !2

c

qc · "̄
$(qc) + 1

qc

$
, (10)

where !!" = #u!|!|u"$. It is remarkable that the aver-
age spin calculated from the abstract spin operator has
the same structure (inside the square bracket of Eq.(9))
as the orbital magnetic moment obtained semiclassically.
We can therefore relate these two quantities by

M = !g
eh̄

2m$(qc)
!̄, (11)

where the g-factor is 2. Note that the $ in the denom-
inator can be absorbed in the relativistic mass to form
the relativistic Bohr magneton µB = eh̄/2m$(qc). With
qc = 0, M = !gµB!̄.

The spin therefore can be thought of as coming from
the charge circulation of the electron wavepacket. In fact,
the spin is related to the mechanical angular momentum
(the mass circulation current), Lmech = m#w|(r ! rc) "
v|w$ = 2h̄!̄. The g-factor of 2 is then explained by the
fact that the mechanical angular momentum calculated
from the mass circulating current, which is proportional
to the charge circulating current, is twice of the spin ex-
pectation value. In a semiconductor, the g-factor can
deviate from 2 dramatically.[10] The origin of the anoma-
lous g-factor can be explained as the same way coming
from the self rotation of electron wavepacket.[11]

In the past, there has been a number of attempts to
find an intuitive understanding of the spin magnetic mo-
ment within the framework of the Dirac theory. Huang
[12] suggested that it can be thought of as the cur-
rent produced by the zitterbewegung [13]. Ohanian [14]
showed that the electron spin magnetic moment origi-
nates from a circulating flow of energy of the wave field
based on an earlier idea of Belinfante [15]. These ideas
are similar in spirits with Uhlenbeck and Goudsmit’s pic-
ture of the spin. Here, we see that the rotating charge
model can indeed be re-established explicitly and firmly
within the wavepacket formulation.
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However for an isolated e− without any structure (spherically symmetric wave
packet) there is no preferred axis of rotation. Surely an intrinsic structure helps
to introduce the nonzero spin of a particle in the Lorentz invariant way.

Consider the QCD in the classical limit [see, e.g., Sanchez-Monroy and
Quimbay, hep-th/0607203], which may help to avoid the mass paradox for
preons. The relevant non-abelian Maxwell equations show that there exist color
magnetic monopoles.

It is important to find the stable structures, including rotating gluonic
condensates, etc., which may exist in usual 3+1 dimensional space-time.
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Predictions of Democratic Neutrino Theory
Fundamental Basis

The SM fermions can be classified by following schemes, which may correlate
with their intrinsic structure:
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Figure : Leptons: e+, e−, ν and ν̄, respectively
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ā

Figure : Quarks: u, ū, d and d̄ , respectively

where the vertices represent the “three valent” preons, which are the sources of
U(1)em and SU(3)color charges (r,g,b=1,2,3):

q = + |e|
6

a = 1, 2, 3

q = − |e|
6

ā = 1̄, 2̄, 3̄
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Comparison with Conventional Model
Predictions of Democratic Neutrino Theory
Fundamental Basis

Assume that colorless triple of preons r-g-b forms a circular current with their
quadrupole chromomagnetic field. The direction along this circle S1 is the 5th
compactified dimension. However the fundamental vacuum is 4-dimensional in
contrast to the Kaluza-Klein theory. (Hence no problem of vacuum stability.)

The QCD interaction among the “valent” preons of different quarks is screened
(weak coupling regime) with respect to the interaction among the preons inside
a quark (strong coupling regime).

In this model 3 neutrino flavors may come from the following S3 symmetry:
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Comparison with Conventional Model
Predictions of Democratic Neutrino Theory
Fundamental Basis

In this theory the masses of particles composed of preons are generated
radiatively by dressing these preons. At first approximation fermion masses can
be derived using the perturbative corrections, see [J. Hansson, arXiv:1402.7033],
e.g., one can get mν/me ∼ 10−7 and mq/me ∼ 102, which is compatible with
the 1st generation fermion masses for the democratic neutrino mass scale
∼ 0.03 eV.

Concerning the masses of all 3 generations of charged leptons and quarks, the
nonperturbative methods may help to derive them.

Also δm perturbation in the democratic neutrino mass spectrum can naturally
be generated on this way.

Remind that for preons, which manifest confinement and have either small or
zero mass, the Heisenberg’s uncertainty principle is not violated, and the mass
paradox does not exist, see Ref. [Yu. P. Goncharov, arXiv:1312.4049].
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Conclusion

I have introduced:

I Democratic Neutrino Theory (DNT), which predicts the normal
hierarchical neutrino mass spectrum and the absolute neutrino mass scale
about 0.03 eV.

I Explanation within the DNT of those experimental data, which do not
require refitting of the involved numerical simulators.

I Predictions of the DNT, and its comparison with traditional neutrino
paradigm.

I Fundamental basis for the particle physics, in particular, for the democratic
neutrinos from the point of view of their possible intrinsic structure.
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Conventional picture of neutrino masses & mixing [www.nu-fit.org; arXiv:1209.3023]

Experiment:  neutrino masses & mixing 

A.Strumia 
hep-ph/0606054 
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Figure 2.4: Possible neutrino spectra: (a) normal (b) inverted.

2.3.4 Loop mediation of neutrino masses

Mediation by loop e↵ects can be realized by many ways. Fig. 2.3 shows the possible one-loop
diagrams [34], in each case there are several choices of quantum numbers for the particles in the
loop. For example, one can consider the standard see-saw scenario with a LNH coupling and
replace the Higgs doublet H with another scalar doublet H 0 with vanishing vev, coupled to the
standard Higgs doublet as (H⇤H 0)2+h.c.: neutrino masses arise from the third diagram in fig. 2.3.
One of the extra particles in the loop (H 0 or N in the example above) could be detectably light:
neutrino masses remain small if other extra particles are heavy.

See [34] for alternative speculative possibilities.

We now study in detail the special cases of pure Majorana and Dirac neutrino masses. We
describe how many and which parameters can be measured in the two cases by low energy
experiments.

2.4 Pure Majorana neutrinos

We extend the SM by adding to its Lagrangian the non-renormalizable operator (LH)2 and no
new fields. Below the SU(2)L-breaking scale, (LH)2 just gives rise to Majorana neutrino masses.
In this situation, charged lepton masses are described as usual by a complex 3 ⇥ 3 matrix mE,
and neutrino masses by a complex symmetric 3⇥ 3 matrix m⌫ :

�Lmass = `TR · mE · `L +
1

2
⌫T

L · m⌫ · ⌫L.

How many independent parameters do they contain? Performing the usual unitary flavour ro-
tations of right-handed E = `R and left-handed L = (⌫L, `) leptons, that do not a↵ect the
rest of the Lagrangian,5 we reach the standard mass eigenstate basis of charged leptons, where
mE = diag (me, mµ, m⌧ ). It is still possible to redefine the phases of eL and eR such that me

and mee
⌫ are real and positive; and similarly for µ and ⌧ . Therefore charged lepton masses are

specified by 9 real parameters and 3 complex phases: the 3 real parameters me, mµ, m⌧ ; the 3
real diagonal elements of m⌫ ; the 3 complex o↵-diagonal elements of m⌫ .

5Gauge interactions are the same in any flavour basis, because kinetic energy and gauge interaction originate
from the same Lagrangian term, L̄D/ L. This well known but non-trivial fact rests on solid experimental and
theoretical grounds.
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Possible ⌫ mass spectra allowed by the oscillation data are:

• Normal Hierarchical (NH)
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violation due to the Dirac phase can be quantified in a rephasing-invariant way in
terms of the Jarlskog invariant [640, 639, 562, 395, 1075]

J = !m
!
Uµ3 Ue2 U!µ2 U!e3

"
= !m

!
UD

µ3 UD
e2 UD!

µ2 UD!
e3

"
, (6.190)

where the second equality is due to the rephasing invariance of J , which implies
that the Majorana phases do not contribute. All CP and T asymmetries due to the
Dirac phase depend on J (see section 13.1.1 for a discussion of CP and T violations
in neutrino oscillations).

A convenient parameterization for UD is equal to that in eqn (6.31) for Dirac
neutrinos:

UD =

#
$

c12c13 s12c13 s13e
"i!13

"s12c23 " c12s23s13e
i!13 c12c23 " s12s23s13e

i!13 s23c13

s12s23 " c12c23s13e
i!13 "c12s23 " s12c23s13e

i!13 c23c13

%
& , (6.191)

where cab # cos!ab and sab # sin!ab. !12, !13, !23 are the three mixing angles
(0 $ !ab $ "/2) and #13 is the Dirac CP-violating phase (0 $ #13 < 2").

The diagonal unitary matrix DM can be written as

DM = diag
'
ei"1 , ei"2 , ei"3

(
, with $1 = 0 . (6.192)

The phases $2 and $3 are the two physical Majorana CP-violating phases. Since
all measurable quantities depend only on the di!erences of the three Majorana
phases $1, $2, $3, the choice $1 = 0 is a matter of convention and other choices
are equivalent from the physical point of view. In fact, rephasing all the charged
lepton fields by ei#, we have ei"k % ei("k"#), whereas ei("k""j) remains constant.

In the parameterization in eqn (6.191) of UD the Jarlskog invariant is given by
eqn (6.32), i.e. by the same expression as in the Dirac case.

6.3.2 CP invariance

We now discuss the conditions on the elements of the mixing matrix for CP invari-
ance. We have seen in subsection 6.2.6 that, in order to satisfy the CP invariance of
the Majorana mass term, a left-handed massive neutrino field %kL must transform
under CP as

UCP%kL(x)U"1
CP = &k i '0 C %kL

T (xP) , (6.193)

with &k = ±1. First, we investigate the conditions for CP invariance of the leptonic
charged-current weak interaction Lagrangian

L
(CC)
I,L = " g&

2

)

$=e,µ,%

3)

k=1

'
U!$k %kL '

& ($L W& + U$k ($L '
& %kL W †

&

(
. (6.194)

Under a CP transformation, the Dirac charged lepton field ( transforms as

UCP ($ U"1
CP = )CP

'!
'0 C ($

T
. (6.195)

MIXING OF THREE MAJORANA NEUTRINOS 211

violation due to the Dirac phase can be quantified in a rephasing-invariant way in
terms of the Jarlskog invariant [640, 639, 562, 395, 1075]

J = !m
!
Uµ3 Ue2 U!µ2 U!e3

"
= !m

!
UD

µ3 UD
e2 UD!

µ2 UD!
e3

"
, (6.190)

where the second equality is due to the rephasing invariance of J , which implies
that the Majorana phases do not contribute. All CP and T asymmetries due to the
Dirac phase depend on J (see section 13.1.1 for a discussion of CP and T violations
in neutrino oscillations).

A convenient parameterization for UD is equal to that in eqn (6.31) for Dirac
neutrinos:

UD =

#
$

c12c13 s12c13 s13e
"i!13

"s12c23 " c12s23s13e
i!13 c12c23 " s12s23s13e

i!13 s23c13

s12s23 " c12c23s13e
i!13 "c12s23 " s12c23s13e

i!13 c23c13

%
& , (6.191)

where cab # cos!ab and sab # sin!ab. !12, !13, !23 are the three mixing angles
(0 $ !ab $ "/2) and #13 is the Dirac CP-violating phase (0 $ #13 < 2").

The diagonal unitary matrix DM can be written as

DM = diag
'
ei"1 , ei"2 , ei"3

(
, with $1 = 0 . (6.192)

The phases $2 and $3 are the two physical Majorana CP-violating phases. Since
all measurable quantities depend only on the di!erences of the three Majorana
phases $1, $2, $3, the choice $1 = 0 is a matter of convention and other choices
are equivalent from the physical point of view. In fact, rephasing all the charged
lepton fields by ei#, we have ei"k % ei("k"#), whereas ei("k""j) remains constant.

In the parameterization in eqn (6.191) of UD the Jarlskog invariant is given by
eqn (6.32), i.e. by the same expression as in the Dirac case.

6.3.2 CP invariance

We now discuss the conditions on the elements of the mixing matrix for CP invari-
ance. We have seen in subsection 6.2.6 that, in order to satisfy the CP invariance of
the Majorana mass term, a left-handed massive neutrino field %kL must transform
under CP as

UCP%kL(x)U"1
CP = &k i '0 C %kL

T (xP) , (6.193)

with &k = ±1. First, we investigate the conditions for CP invariance of the leptonic
charged-current weak interaction Lagrangian

L
(CC)
I,L = " g&

2

)

$=e,µ,%

3)

k=1

'
U!$k %kL '

& ($L W& + U$k ($L '
& %kL W †

&

(
. (6.194)

Under a CP transformation, the Dirac charged lepton field ( transforms as

UCP ($ U"1
CP = )CP

'!
'0 C ($

T
. (6.195)

482 PHENOMENOLOGY OF THREE-NEUTRINO MIXING

QUASI
DEGENERATE

NORMAL
HIERARCHY

(a)

m3

m2

m1

Lightest Mass: m1 [eV ]

m
[e

V
]

10010!110!210!310!4

100

10!1

10!2

10!3

10!4

QUASI
DEGENERATE

INVERTED
HIERARCHY

(b)

m2

m1

m3

Lightest Mass: m3 [eV ]
m

[e
V

]
10010!110!210!310!4

100

10!1

10!2

10!3

10!4

Fig. 13.10. Values of neutrino masses as functions of the lightest mass m1 in
the normal scheme and m3 in the inverted scheme. Solid lines correspond to
the best-fit values of the squared-mass di!erences in Table 13.2. Dashed lines
enclose 3! ranges.

in eqns (13.130)–(13.132), one can find the following intervals for the absolute values
of the elements of the mixing matrix (neglecting the small correlations among the
uncertainties of the mixing parameters):

|U |2! "

!
"

0.78 ! 0.86 0.51 ! 0.61 0.00 ! 0.18
0.19 ! 0.57 0.39 ! 0.73 0.61 ! 0.80
0.20 ! 0.57 0.40 ! 0.74 0.59 ! 0.79

#
$ . (13.134)

One should note that the neutrino mixing matrix is very di!erent from the quark
mixing matrix in eqn (4.2), which has large diagonal entries and small o!-diagonal
entries structured in the hierarchical way described by the Wolfenstein parameteri-
zation in eqn (4.83). All the entries in the neutrino mixing matrix are large, except
for Ue3.

13.3.4 Absolute scale of neutrino masses

For the neutrino masses, although we do not know the absolute mass scale, we
have the information in eqns (13.130) and (13.131) on the squared-mass di!er-
ences. Thus, it is possible to express the neutrino masses as functions of only one
unknown parameter representing the absolute mass scale. It is convenient to take
this parameter as the value of the lightest mass, which is m1 in the normal scheme
and m3 in the inverted scheme. In the normal scheme

m2
2 = m2

1 +"m2
21 = m2

1 +"m2
SOL , m2

3 = m2
1 +"m2

31 = m2
1 +"m2

ATM , (13.135)

C.Giunti and C.W.Kim 
Fundamentals of Neutrino Physics and Astrophysics, OUP, 2007 
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Without experimentalists, theorists tend to drift. Without the-
orists, experimentalists tend to falter.
T.D. Lee [725]

Solar and atmospheric neutrino experiments have shown that neutrinos oscillate
with two di!erent squared-mass di!erences, which we denote by "m2

SOL and
"m2

ATM, respectively. This has been confirmed by independent measurements of the
terrestrial KamLAND and K2K experiments. Therefore it is well established that
there are at least two independent squared-mass di!erences. The minimal possibil-
ity of just two independent squared-mass di!erences is realized in three-neutrino
mixing schemes, in which the left-handed components !!L of the three flavor neu-
trinos (" = e, µ, #) are linear combinations of the left-handed components !kL of
three neutrinos with masses mk:

!!L =

3!

k=1

U!k !kL , (13.1)

where U is the 3 ! 3 unitary mixing matrix. The three light massive neutrinos
could have a Dirac nature (see section 6.1.2) or a Majorana nature (see section 6.3)
or they could be generated by a Dirac–Majorana mass term through the see-saw
mechanism (see section 6.5).

Although in the case of three-neutrino mixing there are three squared-mass
di!erences,

"m2
21 " m2

2 # m2
1 , "m2

31 " m2
3 # m2

1 , "m2
32 " m2

3 # m2
2 , (13.2)

only two of them are independent, since

"m2
32 + "m2

21 # "m2
31 = 0 . (13.3)

Hence, the observed hierarchy

"m2
SOL $ "m2

ATM (13.4)

can be accommodated in the two types of three-neutrino mixing schemes shown
schematically in Fig. 13.1. We choose the arbitrary labeling numbers of the massive

NuFIT 1.2 (2013)

|U |3σ =




0.799 → 0.844 0.515 → 0.581 0.130 → 0.170

0.214 → 0.525 0.427 → 0.706 0.598 → 0.805

0.234 → 0.536 0.452 → 0.721 0.573 → 0.787




Two possible spectra:

I Normal
m1 < m2 < m3

∆m2
a = ∆m2

31 > 0, ∆m2
s = ∆m2

21 > 0

I Inverted
m3 < m1 < m2

∆m2
a = ∆m2

32 < 0, ∆m2
s = ∆m2

21 > 0

|∆m2
a | ≈ 2.4× 10−3 eV2, ∆m2

s ≈ 7.6× 10−5 eV2

A. Strumia, hep-ph/0606054
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2.3.4 Loop mediation of neutrino masses

Mediation by loop e↵ects can be realized by many ways. Fig. 2.3 shows the possible one-loop
diagrams [34], in each case there are several choices of quantum numbers for the particles in the
loop. For example, one can consider the standard see-saw scenario with a LNH coupling and
replace the Higgs doublet H with another scalar doublet H 0 with vanishing vev, coupled to the
standard Higgs doublet as (H⇤H 0)2+h.c.: neutrino masses arise from the third diagram in fig. 2.3.
One of the extra particles in the loop (H 0 or N in the example above) could be detectably light:
neutrino masses remain small if other extra particles are heavy.

See [34] for alternative speculative possibilities.

We now study in detail the special cases of pure Majorana and Dirac neutrino masses. We
describe how many and which parameters can be measured in the two cases by low energy
experiments.

2.4 Pure Majorana neutrinos

We extend the SM by adding to its Lagrangian the non-renormalizable operator (LH)2 and no
new fields. Below the SU(2)L-breaking scale, (LH)2 just gives rise to Majorana neutrino masses.
In this situation, charged lepton masses are described as usual by a complex 3 ⇥ 3 matrix mE,
and neutrino masses by a complex symmetric 3⇥ 3 matrix m⌫ :

�Lmass = `TR · mE · `L +
1

2
⌫T

L · m⌫ · ⌫L.

How many independent parameters do they contain? Performing the usual unitary flavour ro-
tations of right-handed E = `R and left-handed L = (⌫L, `) leptons, that do not a↵ect the
rest of the Lagrangian,5 we reach the standard mass eigenstate basis of charged leptons, where
mE = diag (me, mµ, m⌧ ). It is still possible to redefine the phases of eL and eR such that me

and mee
⌫ are real and positive; and similarly for µ and ⌧ . Therefore charged lepton masses are

specified by 9 real parameters and 3 complex phases: the 3 real parameters me, mµ, m⌧ ; the 3
real diagonal elements of m⌫ ; the 3 complex o↵-diagonal elements of m⌫ .

5Gauge interactions are the same in any flavour basis, because kinetic energy and gauge interaction originate
from the same Lagrangian term, L̄D/ L. This well known but non-trivial fact rests on solid experimental and
theoretical grounds.
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Generally reactor ν̄e are detected via the inverse beta decay (IBD) reaction

ν̄e + p → e+ + n,

where Eν̄ ' Ee+ + 1.8 MeV, and the neutron is captured in the reactions with
Q-values of 765 keV or higher. Curves in the left Figure represent
(b) ν̄ flux in reactor (detector);
(c) Cross section of the above reaction;
(a) Product of (b) and (c).434 TERRESTRIAL NEUTRINO OSCILLATION EXPERIMENTS
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Fig. 12.2. Reactor !̄e flux, inverse neutron decay cross-section, and !̄e interaction
spectrum at a detector based on such a reaction: (a) and (b) refer to a 12 ton
fiducial mass detector located 0.8 km from a 12 GWth power reactor [205].

where gV ! 1 and gA ! 1.27 (see eqn (5.143)). The cross-section can be conveniently
written in terms of the neutron lifetime in eqn (5.140) as

"!̄ep
CC =

2#2

$n m5
e f

Ee pe ! 9.56 " 10!44

!
Ee pe

MeV2

" # $n
886 s

$!1

cm2 , (12.17)

where f is the phase space integral in eqns (5.141) and (5.142). This form has the
advantage of expressing the cross-section in terms of the well-measured quantities
me and $n (see eqns (A.150) and (A.158)), eliminating the need to know the values
of |Vud|, gV , and gA.

The threshold of about 1.8 MeV implies that only about 25% of the antineutrinos
produced in a reactor can be detected, since the others are below threshold. The
response of a detector to a reactor !̄e flux is illustrated by the (a) curve in Fig. 12.2,
which is proportional to the product of the antineutrino spectrum represented by
the (b) curve and the detection cross-section represented by the (c) curve. One can
see that the peak of the antineutrino detection is at the energy of about 3.6 MeV.

The calculation of a reactor antineutrino spectrum is a di!cult task, since
the decay of each isotope produces a di"erent neutrino spectrum. The qualitative
features of the existing calculations are reviewed in Refs. [205, 800]. Here we only
mention the following interesting points:

# The threshold of about 1.8 MeV implies that only antineutrinos produced by
%-decays with a relatively large Q-value are detected. Since these %-decays are
relatively fast, the intensity of the !̄e flux is closely correlated in time with the
thermal power of the reactor.
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Abstract

A high flash point, low toxicity gadolinium-loaded liquid scintillator (Gd-LS) has been developed for the detection of reactor neutrino.
Carboxylic acid 3,5,5-trimethylhexanoic acid is used as complexing ligand to form organo-complex with gadolinium chloride, and
2,5-diphenyloxazole (PPO), and 1,4-bis[2-methylstyryl]benzene (bis-MSB) are used as primary fluor and wavelength shifter, respectively.
The scintillator base is linear alkyl benzene (LAB). The Gd-LS prepared with such recipe has long attenuation length, high light yield and
long-term stability. Eight hundred liters of Gd-LS (1 g/L Gd) was synthesized and tested in a prototype detector at Institute of High
Energy Physics. Preliminary results of the obviously peaks corresponding to neutron captured by H and Gd give an additional evidence
that such Gd-LS are very promising for anti-neutrino detection.
r 2007 Elsevier B.V. All rights reserved.

PACS: 29.40.MC; 14.60.Pq

Keywords: Gadolinium-loaded liquid scintillator; Reactor neutrino; Theta-13; Linear alkyl benzene

1. Introduction

Reactor anti-neutrino experiments have played a critical
role in the 50-year-long history of neutrinos. Compared
with solar neutrino or atmospheric neutrino, reactor
neutrino has higher flux and lower background, which is
very important for obtaining more accurate experimental
results [1]. A reactor-based determination of sin2 2y13 is
vital in resolving the neutrino-mass hierarchy and future
measurements of CP violation in the lepton sector because
this technique cleanly separates y13 from CP violation and
effects of neutrino propagation in the earth. The value of a
measurement of sin2 2y13 better than 1% has been well
documented. The magnitude of y13 has implications for CP
symmetry breaking in the lepton sector since all physical
effects of CP violation contain factors of sin y13, and the

discovery of non-zero y13 will define the physics potential
of future accelerator-based experiments.
The ongoing Daya Bay Neutrino Experiment is a

neutrino-oscillation experiment designed to measure the
mixing angle y13 using anti-neutrinos produced by the
reactors of the Daya Bay Nuclear Power Plant (NPP) and
the Ling Ao NPP. The goal of the experiment is a
measurement of sin2 2y13 to 0.01 or better, an order of
magnitude better sensitivity than the CHOOZ limit. The
experiment measures the flux of anti-neutrinos from the
reactors via the inverse beta-decay reaction:

e p e n!
+

+ " +

*
s (8MeV)n Gd Gd Gd #+ " " +

(1 8MeV)2e e #
+ $
+ " $

Delay Signal

Prompt Signal

Inverse b-decay consists of the capture of an electron
anti-neutrino on a proton resulting in the production of a
positron and a neutron. The number of inverse b-decay
reactions is determined by counting the coincidence of the
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[C.Bemporad, G.Gratta and P.Vogel, Rev.Mod.Phys.74(2002)297]

Chooz, Daya Bay etc., use gadolinium-loaded liquid scintillator to reduce the
accidental background, see right Figure [Y.Ding et al., NIMPR A584(2008)238].

D. Zhuridov



Introduction
Democratic Neutrino Theory

Discussion, Predictions and Fundamentals

In reactor experiments ν̄e disappearance ratio is

R ≡ Nobs

N theor
= 1− sin2 2θ13 sin2

(
1.27∆m2L[m]

Eν̄e [MeV ]

)
,

where Nobs (theor) is observed (expected) # of ν̄es.
N theor assumes no oscillations.

Experiment R sin2 2θ13

Daya Bay 0.940 0.092
RENO 0.920 0.113
Double Chooz 0.923 0.109

Average ∼ 0.93 ∼ 0.1

ENSDF Fallot Huber

events ratio hEi[MeV] ratio events ratio hEi[MeV] ratio events ratio hEi[MeV] ratio
235U 3826 1 4.48 1 3905 1 4.28 1 4252 1 4.25 1
238U 5836 1.53 4.59 1.024 6076 1.56 4.45 1.040
239Pu 2442 0.64 4.26 0.950 2536 0.65 4.13 0.965 2796 0.66 4.04 0.951
241Pu 3551 0.93 4.47 0.998 3515 0.90 4.23 0.988 3872 0.91 4.13 0.971

TABLE I. Rates and mean energies hEi for a 1 MWth reactor in a 1 t detector at a stando↵ of

10 m measuring for 1 year for each individual isotope, assuming that only this isotope is fissioning.

The three di↵erent flux models are explained in the text. Ratios are given relative to 235U.

In Tab. I the event rate predictions for various flux models are compared for the four
fissile isotopes. The ENSDF flux model is based on thermal neutron fission yields of 235U,
239Pu, and 241Pu from the JEFF database, version 3.1.1 [44]; the fast neutron fission yield of
238U from the ENDF-349 compilation conducted at Los Alamos National Laboratory [45];
and on the beta-decay information contained in the Evaluated Nuclear Structure Data File
(ENSDF) database, version VI [46]. The neutrino spectrum is computed following the
prescription in Ref. [39]. Our ENSDF model represents a very crude summation calculation
and we reproduce the measured total beta spectra [35–38] to within about 25%. A state-
of-the-art summation calculation is given by Fallot et al. [34], where great care is taken
to replace the ENSDF entries with high quality experimental data where available and to
use a carefully selected mix of databases. This model reproduces the measured total beta
spectra [35–38] to within 10%. Finally, a direct deconvolution of the neutrino spectra from
the total beta data was performed by Huber [39] for the isotopes 235U, 239Pu, and 241Pu,
which to this date represents the most accurate neutrino yields for those isotopes. We
note that the absolute values di↵er significantly between models, but once we normalize
the predictions for total rate and mean energy to that of 235U, the predictions become very
similar. In other words, the di↵erence in neutrino yield and mean energy between the fissile
isotopes is consistently predicted by the various flux models – which is not surprising given
that these di↵erences have their origin in the fission yields.

In practice, the current errors of any flux model are significant and a set of calibration
measurements at reactors of known fissile content is likely required to mitigate the e↵ect
of these uncertainties, particularly in view of the reactor antineutrino anomaly. The proof
of concept at a theoretical level for these calibrations can be found in Ref. [17]. On the
experimental side, the Daya Bay collaboration has demonstrated the ability to cross-calibrate
a set of 8 neutrino detectors to within better than 0.5% [47].

C. Reactor physics

The connection between fission rates and mass inventory requires a more detailed look
at the reactor physics inside the core; our ultimate goal is to infer mass inventories. For a
neutron flux which is constant in time and space, the fission rate and mass of a given fissile
isotope have a simple linear relationship

fI = �n �I mI , (5)
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Figure : Left: Reactor ν̄e fluxes calculated in three flux models [1312.1959] differ up to 15%.

Right: Uncertainties in sin2 2θ13 vs. uncertainty in predicted ν̄e flux.

Clearly, the closer R to 1 is, the larger the uncertainty in sin2 2θ for fixed ∆R is.
But if R is not close to 1 than new ν̄e flux calculations are needed.
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The neutrino fluxes in the reactor experiments are calculated using the various
Monte Carlo event generators (there exist large number of discrepancies among
them). These generators were developed using the experimental data, but in
the framework of the conventional neutrino model with the two comparable
neutrino mass splittings and close to tri-bimaximal neutrino mixing matrix.

From the point of view of the democratic model, this is an additional source of
the systematic errors. The reactor neutrino data should be reconsidered from
scratch (from the stage of development of the event generators) in the
framework of the democratic neutrino theory, in order to seriously verify this
theory.
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Democratic Mixing

S3(L)× S3(R) symmetry of massless quarks in the SU(2)L × SU(2)R × U(1)
gauge model, and (lowest order) democratic mass matrix

M0 = m0

 1 1 1
1 1 1
1 1 1


were first discussed by Harrari, Haut and Weyers in 1978. This M0 has the
eigenvalues {0, 0, 3m0} and is supposed to be valid in the limit where first two
families of quarks (or leptons) are massless. Possible relation of M0 to the
leptonic mixing was investigated by Fritzsch and Xing in 1995.
The two S3(L) invariant mass matrixes for Majorana neutrinos 1 0 0

0 1 0
0 0 1

 and

 0 1 1
1 0 1
1 1 0


were discussed by Fukugita, Tanimoto and Yanagida (1997), which focused on
the 1st of them, taking it as main mass term, and added small perturbations.
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The matrix

M = m

 0 1 1
1 0 1
1 1 0


with the eigenvalues {−m, 2m,−m} was considered by Nicolaidis (2013) for
left-handed Majorana neutrinos on “our brane” with tri-bimaximal mixing

2√
6
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− 1√
6

1√
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1√
2

− 1√
6

1√
3
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2

 .

A single neutrino mass splitting is problematic. For this reason he added a
mirror right-handed brane with the Dirac coupling among the two branes to
have access to two more mass scales.
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