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Mass Measurement
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• Crucial after discovery of a new particle

• Could discriminate different models and determine parameters 
of a model

• Difficult in SUSY, due to long cascade decay with transverse 
missing energy

• How to measure masses of the immediate particles and final 
state LSP?

In the cascade decay chain, sparticle 
mass in every step is unknown.	

Hard to reconstruct the system.



Simplest Cases
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• Two body decay is trivial

• Three body phase space gives the Dalitz plot

X ! 1 + 2 + 3

Due to missing particle 3, m23 
is not measurable. So we only 
know m12 (1D projection)

d⇧3 = const.⇥ dm

2
12dm

2
23

• Focus on one cascade decay chain

X ! 1 + 2
Due to missing particle 2	

look at transverse mass



1D Projection: Endpoint and Edge
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Hinchliffe, Paige, et.al. 1997
Allanach, Lester, et.al. 2000	


…….



Beyond 3-body Phase Space
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• Basically all known (and hypothesized) particles will decay either 
to two or three final state particles

• Any longer decay chain can factorized as subsequent 2 or 3 
body decays

• Isn’t it good enough to analyze the cascade step by step, looking 
for 1D edges and endpoints in each step?

1D projection does not include the full phase 
space correlations

Hinchliffe, Paige, et.al. 1997
Allanach, Lester, et.al. 2000	


…….

• Consider the full phase space instead of 1D distributions

dPSn(P; p1, . . . , pn) = dPSn�1(P; p1, . . . , pn�1,n)dPS2(pn�1,n; pn�1, . . . , pn)
dm2

n�1,n

2⇡



4-body Phase Space
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• Simplest case

�4 = sum of minor of Det

�4 = 0 Phase space density is enhanced near 
the boundary

• Phase space density in terms of invariant masses (Generalized 
Dalitz phase space)

• The boundary of phase space density

• Five independent variables, but only three are measurable

3n-4(E/p conserv.)-3(rotation inv.) = 3n-7 m2
12, m2

13, m2
23

particle 4 is invisibleX ! 1 + 2 + 3 + 4



Classification of 4-body Decay
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X ! 1 + 2 + 3 + 4

X ! 1 + Y , Y ! 2 + Z, Z ! 3 + 4

X ! 1 + Y , Y ! 2 + 3 + 4

X ! 1 + 2 + Y , Y ! 3 + 4

X ! Y + Z, Y ! 1 + 2, Z ! 3 + 4

• Full 4-body decay (no example)

• 2 + 2 + 2 Decay

• 2 + 3 Decay

• 3 + 2 Decay (same as 2 + 3)

• Others could reduce to 3 body or 2 body decay

• The task is
m2

12, m2
13, m2

23Given the data

falsify mass 
hypothesis

mX , mY , (mZ , ) m4



Examples in SUSY
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• 4-body Decay • Single chain production

Neglect 
combinatorial 

effects

• double chain production 
(focus on one chain)



How to Use the Phase Space Boundary
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• In endpoint/edge method

• How to assign a quality-of-fit to multi-D method?

mass hypothesis
phase space 
boundary

Use data to falsify the mass hypothesis

mass hypothesis endpoint/edge

Use data to falsify the mass hypothesis

• If we only have limited statistics, it is better to 
use all available data, not just edge/endpoint

In 1D method, only the data near the 
true endpoint/edge is useful.



Phase Space Density
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Phase space density is enhanced near 
the boundary

For a event, choose the contour which 
gives larger phase space density 

• Two kinds of false mass hypothesis

• The criteria is (for each mass hypothesis)

Pick up the hypothesis gives the largest value L

L(m̃X , m̃R) =

(
0 if some data outside the boundary ,
P

data
⇡2

25m̃2
X
(�4(m̃X , m̃R))

� 1
2

if all data inside the boundary .



2+2+2 Cascade Decay
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• Given the mass hypothesis, one could 
reconstruct the invariant masses

mX , mY , mZ , m4

m2
12, m

2
23, m

2
13

• The phase space density is obtained

• Benchmark point

No spin correlation considered	

No background added	


No smearing/detector simulation	

Only consider limited statistics

For both 1D endpoint/edge and multi-D 
phase space method



Histograms in 2+2+2
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Limited statistics	

N = 100 events

1D method, there 
is a flat direction 
due to lack of the 
full phase space 

correlations

true mass	

1D endpoint/edge	


multi-D phase space



2+3 Cascade Decay
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2+2+2: two additional on-shell 
conditions	


2+3: only one additional on-shell 
condition

• Benchmark point

• The phase space density could be 
obtained by integrating over m34

• Not enough to determine all invariant 
masses involved in missing particle 4

Always one unknown (m34 or m24)



Histograms in 2+3 Decay
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true mass	

1D endpoint/edge	


multi-D phase space



Why does 1D fail?
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Look at the minimal chi square for each mij in 1D method

m13 (green) drives the best fit towards 
higher value at low statistics

m13 (green) m12(red) drives the best 
fit towards lower value at low statistics



Conclusion
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• The endpoint/edge is just the 1D 
projection of the full phase space 
boundary, lack of full phase space 
correlation

• Our multi-D method using the full phase 
space boundary greatly improves the 
efficiency for mass measurement at low 
statistics

• Toy simulations show there is no flat direction in multi-D 
method

• Extend the multi-D analysis to the double chain case

• More realistic considerations (smearing, backgrounds, 
combinatorial effects) are on the way



Thank you!



Back up



Results

19



Flat direction
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Edges and Endpoints
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• edge of m12

• edge of m123

• Endpoint of m13

• edge of m23



Some Details
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The end


