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Introduction: some general scattering theory
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Introduction: some general scattering theory
O®@000000

Direct versus compound reactions

Direct: elastic, inelastic, transfer,. ..
o only a few modes (degrees of freedom) involved

@ small momentum transfer

o angular distribution asymmetric aboyt2 (peaked forward)

Compounp: complete, incomplete fusion.
@ many degrees of freedom involved

@ large amount of momentum transfer

9 “loss of memory”"= almost symmetric distributions forwatthckward
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Introduction: some general scattering theory
[e]e] le]ele]ele)

Linking theory with experiments: the cross section

THEORY
(HY = E¥)
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Introduction: some general scattering theory
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Linking theory with experiments: the cross section

THEORY
(HY = E¥)

CROSS SECTIONS

do do

E, E,HC
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Introduction: some general scattering theory
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Experimental cross section

Qetectof
= do

Al =l ni —AQ
\‘9 0 tdQ

o

Source Target

Al: detected particles per unit time A0

lo: incident particles per unit time

n.: number of target nuclei per unit surface
AQ: solid angle of detector

do/dQ: differential cross section

¢ € ¢ ¢ ¢

do  flux of scattered particles througlh = r2dQ
aQ incident flux
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Introduction: some general scattering theory
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Model Hamiltonian

Full Hamiltonian

H = Tr + Hp(&p) + Hi(&) + V(R, &, &)

o Tr: proj.—target kinetic energy

o Hp(&p): projectile Hamiltonian

9 Hi(&): target Hamiltonian

9 V(R, &, &): projectile—target interaction

Scattering wavefunction

[H-E]¥=0
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Introduction: some general scattering theory
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Projectile and target internal Hamiltonians

o Full internalHamiltonian:H,(¢,) = Hp(&p) + Hi(&)
o Internal states:H,(&,) — e.]®.(£.) = 0 {&,} = excitation energies
o Non-elastic partitions will have ffierent Hamiltoniansts(és), H, (&), etc

2y ]
‘o Elastic
‘»’” ) Hn(far)

150 Inelastic

e P Transfer  Hg(ép)
‘ e
——

10Be °
channel p

¢ Breakup  Hv(&)
0 s
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Introduction: some general scattering theory
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@etector
LA

Source

fo1]

Among the many mathematical solutions bif f E]¥ = O we are interested only in
those behaving asymptotically as:

‘{Jf:) — ®,(&,)eXRe + (outgoing spherical waves in 8, . ..
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Introduction: some general scattering theory
0000000

Scattering amplitude and cross sections

(+) iKo Ry g n
lIJKn - (D(y(é:a)el + Do (€0)fea(6) R, (elastic)
gKerRe
+ ) Dy (€)@ inelastic
Z Efw a5 ( )
&KsRs
+ ) Dp(ép)fpa(0) —— (transfer)
| amenos
O fg, is the scattering amplitude
Cross sections:
dcr) Ks 2 n2K2 nPKg
— = — (f5.(0 E= Tty = ——+¢
(dQ a—p Kaf ‘ﬁ, ( )| 2/10 2/“!/5 p
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Introduction: some general scattering theory
0

Defining our model space: Feshbach formalism

@ Divide the full space into two group®andQ
O P: channels of interest
O Q: remaining channels

o Write¥ = Yp + "PQ

(E = Hpp)¥p = Hpq¥q

E — Hote - How (Hpp = PHP, Hpg = PHQ, etc)
— Hoo)¥o = Hoe'e

o Eliminate (formally)¥q:

1
HPP r HPQmHQP lI"P = E“PP

Her

@ Her too complicated (complex, energy dependent, non-leeatieeds to be
replaced by a simpler Hamiltonian:

Het — Hmodel (COmplex, energy dependent)
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Introduction: some general scattering theory
(o] J

Example: the @'°Be case

(a) 1 channel (elastic)

(c) elastic + inelastic + transfer

p+uBe

(d) elastic + inelastic + transfer + breakup
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Single-channel scattering: the optical model
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nnel scatteringffective potential

@ Pspace represents just the ground state of projectile agettar

@ Wavefunction:

Y= Y + ‘PQ
~— S~
elastic  non-elastic

@ Schrodinger equation in modelspace:

[T+ Hq(éa) + j’] ¥p = E¥p

(6— V +V = V
- \P,-/P PQE— HQQ +ie ©7

Bare interaction

“Polarization” potential

o V too complicated> useV ~ U(R) (complex)
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Single-channel scattering: the optical model
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Elastic scattering within the optical model

¢ Effective Hamiltonian
H = Tr + Hy (&) + UR) (U(R) complex!)
o U(R) independent ofé, }
PO (s R) = o€ (K, R)

@ Schrddinger equation

2w ?2
[Te+ UR) - ELDK.R) =0| (E=E-g, =)

@ Boundary condition:

(+) iK-R eiKR
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Single-channel scattering: the optical model
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Partial wave decomposition

@ For a central potential[(R) = U(R)):

YUK, R) = K—lR Z i“(2¢ + L)y o(K, RP,(cosd) | (6 =R-K)

tm

9 y/(K,R) obtained from:

[_h_zd_z A +U(R) - Eo[x¢(K,R) =

2udrR?2  2u R?

o ForU(R)=0 X (K R) must reduce to the plane wave

Kr_ 1N Fe(KR) = (KR)j«(KR)
gkR = {(2¢ + 1)F,(KR)P,(cosd 4
KRZI( + DFKRIP(cos) - Sin(KR - (r/2)

0 So, forU = 0= y/(K,R) = F/(KR)
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Single-channel scattering: the optical model
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Asymptotic solution for the cadg(R) # 0

@ ForR>»>=U(R) =0

xe(K,R) = AF/(KR) + BG/(KR) | G/(KR) - cosKR - ¢x/2)

o A, B determined to give the physically known behaviour:

¥KR) - &KR + 1‘(9)6”—KR
R
U U U
U=0 /(KR —  F«(KR) + 0
U#0 yi(KR —  F«(KR) + T/[Ge(KR) + iF«(KR)]

G((KR) + iF(KR) = H®(KR) — e*'KR-(x/2) - (outgoingingoing free solutions)
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Single-channel scattering: the optical model
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Numerical procedure

© Fix amatching radius, Ry, such thatU(Ry) = 0
@ Integratey,(R) from R = 0 up toRy, starting with the condition:

L'E‘OXK(K, R =0

@ At R= R, impose the boundary condition:

xe(K,R) — Fo(KR) + THP(KR)
=%H¢%Wﬁ—3%”mml

0 T,=transmission caéicient S,=reflection coéficient (S-matrix)
@ Phase-shifts:

S =1+2T, =%
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Single-channel scattering: the optical model
[o]e]e]e]e] lelele]e}

The S-matrix and phase-shifts

o S =codficient of the outgoing wave for partial wave

o |S/? is thesurvival probability for the partial waveé:
o Ureal=> |5 |=1= 6, real
e U complex= |S| < 1= 6, complex
o U(R)=0= Noscattering S =1=6=0
eFori>=5-1
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Single-channel scattering: the optical model
[o]e]e]e]e] lelele]e}

The S-matrix and phase-shifts

@) ®
x(R) - 1 HAR) -5 HAR)
T T T ‘ T T T T ‘ T T T T ‘ T- T T
— 1H%®)

4

— -5 HIR)

T

T

T

20

E (MeV)
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Single-channel scattering: the optical model
[o]e]e]e]e]e] lele]e}

The scattering amplitude

@ Replace the asymptoti¢(K, R) in the general expansion:

YUK, R) - K—lR ; i“(2¢ + 1){F((KR) + THP (KR)}P,(coss)

=glR 4 2 Z(Zé’ +1)g* SinéfPf(Cose)ﬁ
K 7 R

e The scattering amplitude is the deient ofd“R?/R:

f(6) = % Z(Z&’ + 1)’ sins,P,(cosb)
4

1
= 5% ;(25 +1)(S - 1)P(cosh).

o Elastic cross section: q
(oa
— = [f(O)]
10 If(6)]
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Single-channel scattering: the optical model
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Coulomb plus nuclear case

Radial equation:

(¢ +1)
R2

_ _ szte2 _ sztezﬂ
xe(K,R) =0 T T

are t R

2
[d K2—%+%U(R)+

(Sommerfeld parameter)
Asymptotic condition:

ei(KR—n log 2KR)

/\/(+)(K’ R) — ei[K-R+7]IOg(kR—K-R)] + f(@) =

. @ O o(n)=Coulomb phase shift
xe(K,R) > €7 [Fy(, KR) + TH (7, KR)| O F(y. KR)=regular Coulomb wave

= (/2" [HO(.KR) - SHO(r.KR)|| T He”(n KR)=outgoingingoing
Coulomb wave
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Single-channel scattering: the optical model
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Coulomb plus nuclear case: scattering amplitude

Total scattering amplitude:

1(6) = fc(®) + 5 2(25 + 1)E7(S — 1)P(cos)

O fc(6) is the amplitude for pure Coulomb:

dor e (@) 7 (sztez)z 1
—_— = C = " = "
4K2sin*(36) 4E ) sin'(30)
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Single-channel scattering: the optical model
000000000 e

Integrated cross sections

o Totalelasticcross section (uncharged particles!)

3 do n 2
ad—fde—Q—ﬁZ[:(2£+l)ll—Sg|

o Totalreactioncross section (loss of flux from elastic channel)

T T
Tren = gz 2R+ D= ISF) = g )R+ DT
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Elastic scattering

Single-channel scattering: the optical model
9000000000000

What can we learn from the analysis of the elastic cross seoi?

5 d+ *°Ni at E=80 MeV *He+?°Pb @ E=22 MeV *He + “*Pb @ 22 MeV/
10 T T T T T
o
2 1 eoee ° B, B
hw”’%&s"f% 3 ‘.
g 880 o8l . i
£ [ 2% - . .
St e g E O o6 o 1
g 5 .
g .
g 041 o |
= 2L B %
10 3 -
0.2 B
10° , , , L
30 60 90 120 30 60 90 120 150 180
[} 6, (deg)
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Single-channel scattering: the optical model
0@00000000000

Phenomenological optical model

Effective potentialU(R) = UnydR) + Ucoul(R)

@ Coulomb potentialcharge sphere distribution

2,2,& R? i
Ue(R) ={ R (3-%) fR<R
2z it R> R,

@ Nuclear potential (complex)Moods-Saxon parametrization

. V, . W
Unue(R) = V(1) +1W(r) = - ——2 e R
1+exp(7) 1+exp(?)

Typically: Ry = ro(Ay/% + A7)
o ro=reduced radiusr§ ~ 1.1 — 1.4 fm)
o Ay A projectile, target atomic numbers
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Single-channel scattering: the optical model
00®0000000000

Effective potential*He+>8Ni example

Effective potentiallU(R) = Unyc(R) + Ugou (R)

O B — — —
40 2,7, &R a+ Ni =
T E=25 MeV|
>
o 20 -
s | E=10 MeV |
8 0
s | i
g
g— -20¢ — Real (nuclear + Coulomb)| |
> — - Imaginary 1
g -40 — Nuclear (Real) -
= Coulomb
b 1
-60 -
L V=191.5 MeV, W=23.5 MeV, 1 =1.37 fm, a=0.56 fm |
_ . | | P B
800 15 20

_—
R (fm)
O The maximum ol,,(R) + Vc(R) defines the Coulomb barrier. Approximately:

2,2:€ 2,2
o= 1442 + AP - (A2 + A3

[MeV]
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Single-channel scattering: the optical model
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Grazing radius and angular momentum

o Grazing collisions are those for whitix Ry + R, = Ry

@ Relation with angular momentum:
@ OnlynuclearbK = VIl + 1)~ £ +1/2

KRy = €y +1/2| (£y = grazing angular momentum)

© Nuclear+ Coulomb:

KRy (1 - 2/KRg) ~ g+ 1/2

O AsEincreases, so does the number of partial waves involved

O Peripherical processes (inelastic, transfer) occur mairdund? ~ g
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Single-channel scattering: the optical model
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Elastic scattering: phenomenology

O Depending on the bombarding eneiggnd the charges of the interacting nuclei,
we observe dferent types of elastic scattering.

O For mediungheavy systems, this can be characterized in terms of theo@d{or
Sommerfeld) parameter:
B Z,Z,€

- 47T60hV

o E well above the Coulomb barri¢n < 1) = Fraunhofer scattering
@ E around the Coulomb barri¢n > 1) = Fresnel scattering

o E well below the Coulomb barrigr >> 1) = Rutherford scattering
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Single-channel scattering: the optical model
00000@0000000

Elastic scattering: optical model

Dynamical effects: “He+%8Ni at E=5, 10.7, 25 and 50 MeV

Elab n K 1=1K 2a
(MeV) (fmY) (fm) (fm)
5 7.95 0.920 1.087 17.
10.7 562 1.34 0.746 8.0
25 3.55 2.06 0.485 34
50 251 291 0.343 1.6

O BB o

e 173> 1: Rutherford scatteringr(6) o 1/ sir*(6/2)
e 1> 1: Fresnel scattering (rainbow)
e 1 < 1: Fraunhofer scattering (oscillatory behaviour):
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nnel scattering: the optical model
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Elastic scattering: energy dependence

. “He+**Ni @ E=5 MeV . *He+*Ni @ E=10.7 MeV .
10f R e 10 L 10
Coulomb + Nuclear potential 104
1ok \ (= Rutherford formula ]
o10° = = 10°F
% 2 s
3 =i 2 10k
= £ 10 2r
10 = 10
a
% % 0% 2 10’]
2 . 3 3
10 2k 10
107F
102 10 P ot
30 60 90 120 150 180 30 60 90 120 150 180
8, (deg) 8.y, (deg)
“He+Ni @ E=5 MeV “He+**Ni @ E=10.7 MeV “*He+**Ni @ E=25 MeV
e T 10 T
il ]
10
Erz Em & )
B o5 ] 5 sl ] S 10
10°
L L Il L L L L Il L L L L L
30 60 90 120 150 180 30 60 90 120 150 180 30 60 90 120 150 180
8., (deg) 8., (deg) 8.n, (deg)
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Single-channel scattering: the optical model
0000000800000

Elastic scattering: S-matrix elements

Elastic (nuclear) S-matrixy (K, R) = Hf,‘)(R) - S(H{(f)(R)

. . . 58, . . .
a+Ni elastic scattering o+ Ni elastic scattering
1, - : ————ry e 20— ————
f a
[E=5 MeV £
0.8+ - g
E=10 MeV 5 1507 7
0.6F B 2
= [2] —
4y F E=25 MeV | 8 100- E=25 MeV
L ood 4 3
o |
S E=10 MeV
02 1 % So/ ~ 1
(]
m L
oF R E=5 MeV
| | | o / | ! !
0 5 10 15 20 0 5 10 15 20

KRy (1 - 2y/KRy) ~ £g+1/2

= the number of partial waves required for convergence gr@psaximately asvE
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Single-channel scattering: the optical model
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Elastic scattering: phenomenology

RUTHERFORD SCATTERING

) Near-side waves 4H(-)+58Ni @ E=5 MeV
\ 10°F T T T T T

Far—slde waves

) 10°¢
1027 Il Il Il Il Il
0 30 60 90 120 150 180
O.m. (deQ)

@ Purely Coulomb potentiab(=> 1)
@ Bombarding energy well below the Coulomb barrier

@ Obeys Rutherford law:
d()’ _ sz'[e2 1

dQ ~  4E sin (9/2)
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Single-channel scattering: the optical model
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Elastic scattering: phenomenology

FRAUNHOFERSCATTERING:

*He+>®Ni @ E=25 MeV
T T

10 T T T el
Near-side waves
Strongly absorbed waves
10'1,
o

Q 2

S 107
10—3 .

Far-side waves T

Il Il Il Il
0 30 60 90 120 150 180
6, . (deg)

@ Bombarding energy well above Coulomb barrier
@ Coulomb weaksf < 1)

o Nearsidé#farside interference pattern (difracction)
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Single-channel scattering: the optical model
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Elastic scattering: phenomenology

FRAUNHOFERSCATTERING:

*He+>®Ni @ E=25 MeV
T T

10°F \\ T T T
\
—si \
Strongly absorbed waves Near-side waves \ /

J
D’x /\
B 10%H— e \W E!
near-sidd
L L L

@ Bombarding energy well above Coulomb barrier
@ Coulomb weaksf < 1)

o Nearsidé#farside interference pattern (difracction)

Far-side waves
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Single-channel scattering: the optical model
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Elastic scattering: phenomenology

FRESNELSCATTERING:
Strongly absorbed
i Near-side waves 4He+58Ni @ E=10.7 MeV
T T T T T
1 i
o
R g
4‘ . Far-side waves S o5k -
) A A S
0 L L L L L
30 60 90 120 150 180
) ec m (deg)

@ Bombarding energy around or near the Coulomb barrier

@ Coulomb strongsf > 1)

@ 'llluminated’ region= interference pattern (near-sjti-side)
'Shadow’ region= strong absorption
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Single-channel scattering: the optical model
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Halo and Borromean nuclei: tliéle case

) Radiqactive:
6Heﬁ—> 6Lj (t]_/g ~807 ms)

@ Weakly bound:
& = —0.973 MeV He g gs.

@ Neutron halo Li

o Borromean system:
n-n anda-n unbound

Q9
@ ~ 3 body system: 0%

« almost inert
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Single-channel scattering: the optical model
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Normal versus halo nuclei

How does the halo structuréact the elastic scatterig?

*He+*®Pb @ E=22 MeV ®He+2®pb @ E=22 MeV
T T T T T T T T

T T
.
i o7, i |
o
Y
0.8F \ 4 i
Y
@ \ x
g 061 s . b % 0.6{v,=5.89 MeV 1,=1.33 fm , a=1.15 fm 7
o - - =
0.4 .. i 0_47W0 9.84 MeV r=1.33fm a=1.7 fm i
L] .. .
0.2} | V;=96.4 MeV 1,=1.376 fm a,=0.63fm | - 0.2
W,=32 MeV r=1.216 fm a=0.42 fm
T T T T T L L L L
00 30 60 90 120 150 180 00 30 60 90 120 150 180
8., (deg) 0,,, (deg)

@ “He+2%%Pb shows typical Fresnel pattern and “standard” opticalehpdrameters

@ SHe+298Pb shows a prominent reduction in the elastic cross secimyesting that part
of the incident flux goes to non-elastic channels (eg. breaku

Understanding and disentangling these non-elastic ctareguires going beyond the
optical model (egcoupled-channels methed next lecture)
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