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Direct and compound nucleus processes
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Direct versus compound reactions

Direct: elastic, inelastic, transfer,. . .

only a few modes (degrees of freedom) involved

small momentum transfer

angular distribution asymmetric aboutπ/2 (peaked forward)

Compound: complete, incomplete fusion.

many degrees of freedom involved

large amount of momentum transfer

“loss of memory”⇒ almost symmetric distributions forward/backward
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Linking theory with experiments: the cross section

EXPERIMENT
THEORY

(HΨ = EΨ)
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Linking theory with experiments: the cross section

EXPERIMENT
THEORY

(HΨ = EΨ)

CROSS SECTIONS

dσ
dΩ
,

dσ
dE
, etc
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Experimental cross section

Source
Target

θ

Detector

∆I = I0 nt
dσ
dΩ
∆Ω

∆I: detected particles per unit time in∆Ω

I0: incident particles per unit time

nt: number of target nuclei per unit surface

∆Ω: solid angle of detector

dσ/dΩ: differential cross section

dσ
dΩ
=

flux of scattered particles throughdA = r2dΩ
incident flux
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Model Hamiltonian

Full Hamiltonian

H = T̂R + Hp(ξp) + Ht(ξt) + V(R, ξp, ξt)

T̂R: proj.–target kinetic energy

Hp(ξp): projectile Hamiltonian

Ht(ξt): target Hamiltonian

V(R, ξp, ξt): projectile–target interaction

Scattering wavefunction

[H − E]Ψ = 0
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Projectile and target internal Hamiltonians

Full internalHamiltonian:Hα(ξα) ≡ Hp(ξp) + Ht(ξt)

Internal states: [Hα(ξα) − εα]Φα(ξα) = 0 {εα} = excitation energies

Non-elastic partitions will have different Hamiltonians:Hβ(ξβ), Hγ(ξγ), etc
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K
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Target

θ
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K i

qK f

θ

Among the many mathematical solutions of [H − E]Ψ = 0 we are interested only in
those behaving asymptotically as:

Ψ
(+)
Kα
→ Φα(ξα)eiKα·Rα + (outgoing spherical waves inα, β, . . .)
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Scattering amplitude and cross sections

Ψ
(+)
Kα
→ Φα(ξα)eiKα ·Rα + Φα(ξα)fα,α(θ)

eiKαRα

Rα
(elastic)

+
∑

α′,α

Φα′ (ξα)fα′ ,α(θ)
eiKα′Rα

Rα
(inelastic)

+
∑

β

Φβ(ξβ)fβ,α(θ)
eiKβRβ

Rβ
(transfer)

☞ fβ,α is the scattering amplitude
Cross sections:

(

dσ
dΩ

)

α→β
=

Kβ
Kα

∣
∣
∣fβ,α(θ)

∣
∣
∣
2

E =
~

2K2
α

2µα
+ εα =

~
2K2
β

2µβ
+ εβ
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Defining our model space: Feshbach formalism

Divide the full space into two groups:P andQ
➩ P: channels of interest
➩ Q: remaining channels

WriteΨ = ΨP + ΨQ

(E − HPP)ΨP = HPQΨQ

(E − HQQ)ΨQ = HQPΨP

( HPP = PHP, HPQ = PHQ, etc )

Eliminate (formally)ΨQ:

[

HPP + HPQ
1

E − HQQ + iǫ
HQP

]

︸                                   ︷︷                                   ︸

Heff

ΨP = EΨP

Heff too complicated (complex, energy dependent, non-local)⇒ needs to be
replaced by a simpler Hamiltonian:

Heff −→ Hmodel (complex, energy dependent)
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Example: the d+10Be case
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p+  Be11
d+  Be10

d+  Be*10

 10
p + n +  Be

p+  Be11
d+  Be10

d+  Be*10

 10
p + n +  Be

p+  Be11
d+  Be10

d+  Be*10

 10
p + n +  Be

p+  Be11
d+  Be10

d+  Be*10

 10
p + n +  Be

(c) elastic + inelastic + transfer

1 channel (elastic)(a) (b) 2 channels (elastic + inelastic)

(d) elastic + inelastic + transfer + breakup
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Single-channel scattering: effective potential

P space represents just the ground state of projectile and target

Wavefunction:
Ψ = ΨP

︸︷︷︸

elastic

+ ΨQ
︸︷︷︸

non-elastic

Schrodinger equation in modelspace:

[

T + Hα(ξα) +V
]

ΨP = EΨP

V = VPP
︸︷︷︸

Bare interaction

+VPQ
1

E − HQQ + iǫ
VQP

︸                      ︷︷                      ︸

“Polarization” potential

V too complicated⇒ useV ≈ U(R) (complex)
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Elastic scattering within the optical model

Effective Hamiltonian:

H = TR + Hα(ξα) + U(R) (U(R) complex!)

U(R) independent of{ξα}

Ψ
(+)
K (ξα,R) = Φ0(ξα)χ

(+)
0 (K ,R)

Schrödinger equation:

[TR + U(R) − Eα]χ
(+)
0 (K ,R) = 0 (Eα = E − εα =

~
2K2

2µ
)

Boundary condition:

χ
(+)
0 (K ,R)→ eiK ·R + f (θ)

eiKR

R
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Partial wave decomposition

For a central potential (U(R) = U(R)):

χ
(+)
0 (K ,R) =

1
KR

∑

ℓm

iℓ(2ℓ + 1)χℓ(K,R)Pℓ(cosθ) (θ = R̂ · K̂)

χℓ(K,R) obtained from:

[

−
~

2

2µ
d2

dR2
+
~

2

2µ
ℓ(ℓ + 1)

R2
+ U(R) − E0

]

χℓ(K,R) = 0.

For U(R) = 0,χ(+)
0 (K ,R) must reduce to the plane wave:

eiK ·R =
1

KR

∑

ℓ

iℓ(2ℓ + 1)Fℓ(KR)Pℓ(cosθ) Fℓ(KR) = (KR)jℓ(KR)

→ sin(KR − ℓπ/2)

➩ So, forU = 0⇒ χℓ(K,R) = Fℓ(KR)
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Asymptotic solution for the caseU(R) , 0

For R ≫⇒ U(R) = 0

χℓ(K,R) = AFℓ(KR) + BGℓ(KR) Gℓ(KR)→ cos(KR − ℓπ/2)

A, B determined to give the physically known behaviour:

χ
(+)
0 (KR ) → eiK ·R + f (θ)

eiKR

R
⇓ ⇓ ⇓

U = 0 χℓ(KR) → Fℓ(KR) + 0

U , 0 χℓ(KR) → Fℓ(KR) + Tℓ[Gℓ(KR) + iFℓ(KR)]

Gℓ(KR) ± iFℓ(KR) ≡ H(±)(KR)→ e±i(KR−ℓπ/2) (outgoing/ingoing free solutions)
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Numerical procedure

1 Fix amatching radius, Rm, such thatU(Rm) ≈ 0
2 Integrateχℓ(R) from R = 0 up toRm, starting with the condition:

lim
R→0
χℓ(K,R) = 0

3 At R = Rm impose the boundary condition:

χℓ(K,R)→ Fℓ(KR) + TℓH
(+)
ℓ

(KR)

=
i
2

[H(−)
ℓ

(KR) − SℓH
(+)
ℓ

(KR)]

☞ Tℓ=transmission coefficient Sℓ=reflection coefficient (S-matrix)
4 Phase-shifts:

Sℓ = 1+ 2iTℓ ≡ ei2δℓ
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The S-matrix and phase-shifts

Sℓ =coefficient of the outgoing wave for partial waveℓ.

|Sℓ|2 is thesurvival probability for the partial waveℓ:
U real⇒ |SL | = 1⇒ δℓ real
U complex⇒ |SL| < 1⇒ δℓ complex

U(R) = 0⇒ No scattering⇒ Sℓ = 1⇒ δℓ = 0

For ℓ ≫⇒ Sℓ → 1
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The S-matrix and phase-shifts
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The scattering amplitude

Replace the asymptoticχℓ(K,R) in the general expansion:

χ
(+)
0 (K ,R)→

1
KR

∑

ℓ

iℓ(2ℓ + 1)
{

Fℓ(KR) + TℓH
(+)
ℓ

(KR)
}

Pℓ(cosθ)

= eiK ·R +
1
K

∑

ℓ

(2ℓ + 1)eiδℓ sinδℓPℓ(cosθ)
eiKR

R

The scattering amplitude is the coefficient ofeiKR/R:

f (θ) =
1
K

∑

ℓ

(2ℓ + 1)eiδℓ sinδℓPℓ(cosθ)

=
1

2iK

∑

ℓ

(2ℓ + 1)(Sℓ − 1)Pℓ(cosθ).

Elastic cross section:
dσ
dΩ
= |f (θ)|2.
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Coulomb plus nuclear case

Radial equation:

[

d2

dR2
+ K2 − 2ηK

R
+

2µ
~2

U(R) +
ℓ(ℓ + 1)

R2

]

χℓ(K,R) = 0 η =
ZpZte2

~v
=

ZpZte2µ

~2K

(Sommerfeld parameter)
Asymptotic condition:

χ(+)(K ,R)→ ei[K ·R+η log(kR−K ·R)] + f (θ)
ei(KR−η log 2KR)

R

χℓ(K,R)→ eiσℓ
[

Fℓ(η,KR) + TℓH
(+)
ℓ

(η,KR)
]

= (i/2)eiσℓ
[

H(−)
ℓ

(η,KR) − SℓH
(+)
ℓ

(η,KR)
]

☞ σℓ(η)=Coulomb phase shift
☞ Fℓ(η,KR)=regular Coulomb wave
☞ H(±)

ℓ
(η,KR)=outgoing/ingoing

Coulomb wave
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Coulomb plus nuclear case: scattering amplitude

Total scattering amplitude:

f (θ) = fC(θ) +
1

2iK

∑

ℓ

(2ℓ + 1)e2iσℓ (Sℓ − 1)Pℓ(cosθ)

☞ fC(θ) is the amplitude for pure Coulomb:

dσR

dΩ
= |fC(θ)|2 = η2

4K2 sin4( 1
2θ)
=

(
ZpZte2

4E

)2
1

sin4( 1
2θ)
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Integrated cross sections

Totalelasticcross section (uncharged particles!)

σel =

∫

dΩ
dσ
dΩ
=
π

K2

∑

ℓ

(2ℓ + 1)|1− Sℓ|2

Total reactioncross section (loss of flux from elastic channel)

σreac =
π

K2

∑

ℓ

(2ℓ + 1)(1− |Sℓ|2) =
π

K2

∑

ℓ

(2ℓ + 1)|Tℓ|2
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Elastic scattering

What can we learn from the analysis of the elastic cross section?
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Phenomenological optical model

Effective potential:U(R) = Unuc(R) + Ucoul(R)

Coulomb potential:charge sphere distribution

Uc(R) =






Z1Z2e2

2Rc

(

3− R2

R2
c

)

if R ≤ Rc

Z1Z2e2

R if R ≥ Rc

Nuclear potential (complex):Woods-Saxon parametrization

Unuc(R) = V(r) + iW(r) = −
V0

1+ exp
(

R−R0
a0

) − i
W0

1+ exp
(

R−Ri
ai

)

Typically: R0 = r0(A1/3
p + A1/3

t )

r0=reduced radius (r0 ∼ 1.1− 1.4 fm)
Ap,At: projectile, target atomic numbers
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Effective potential:4He+58Ni example

Effective potential:U(R) = Unuc(R) + Ucoul(R)
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 Z
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Ni

☞ The maximum ofVnuc(R) + VC(R) defines the Coulomb barrier. Approximately:

Eb ≃
ZpZte2

1.44(A1/3
p + A1/3

t )
=

ZpZt

(A1/3
p + A1/3

t )
[MeV]
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Grazing radius and angular momentum

Grazing collisions are those for whichb ≈ R1 + R2 = Rg

Relation with angular momentum:
1 Only nuclear:bK =

√
ℓ(ℓ + 1) ≃ ℓ + 1/2

KRg ≃ ℓg + 1/2 (ℓg = grazing angular momentum)

2 Nuclear+ Coulomb:

KRg

(

1− 2η/KRg

)

≈ ℓg + 1/2

➩ As E increases, so does the number of partial waves involved

➩ Peripherical processes (inelastic, transfer) occur mainly aroundℓ ∼ ℓg
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Elastic scattering: phenomenology

☞ Depending on the bombarding energyE and the charges of the interacting nuclei,
we observe different types of elastic scattering.

☞ For medium/heavy systems, this can be characterized in terms of the Coulomb (or
Sommerfeld) parameter:

η =
ZpZte2

4πǫ0~v

E well above the Coulomb barrier(η . 1)⇒ Fraunhofer scattering

E around the Coulomb barrier(η ≫ 1)⇒ Fresnel scattering

E well below the Coulomb barrier(η≫ 1)⇒ Rutherford scattering
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Elastic scattering: optical model

Dynamical effects: 4He+58Ni at E=5, 10.7, 25 and 50 MeV

Elab η K Ż = 1/K 2a0

(MeV) (fm−1) (fm) (fm)
5 7.95 0.920 1.087 17.2

10.7 5.62 1.34 0.746 8.06
25 3.55 2.06 0.485 3.44
50 2.51 2.91 0.343 1.69

η≫ 1: Rutherford scattering:σ(θ) ∝ 1/ sin4(θ/2)

η ≫ 1: Fresnel scattering (rainbow)

η ≤ 1: Fraunhofer scattering (oscillatory behaviour):
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Elastic scattering: energy dependence
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Elastic scattering: S-matrix elements

Elastic (nuclear) S-matrix :χℓ(K,R) = H(−)
ℓ

(R) − SℓH
(+)
ℓ

(R)
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KRg

(

1− 2η/KRg

)

≈ ℓg + 1/2

⇒ the number of partial waves required for convergence grows approximately as
√

E
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Elastic scattering: phenomenology

Rutherford scattering

θ

Near−side waves

Far−side waves

0 30 60 90 120 150 180
θc.m. (deg)

10
2

10
3

10
4

10
5

10
6

dσ
/d

Ω
  (

m
b/

sr
)

4
He+

58
Ni @ E=5 MeV

Purely Coulomb potential (η≫ 1)

Bombarding energy well below the Coulomb barrier

Obeys Rutherford law:
dσ
dΩ
=

ZpZte2

4E
1

sin4(θ/2)
.
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FRAUNHOFERscattering:
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Elastic scattering: phenomenology

FRESNELscattering:

θ

Near−side waves

Far−side waves

Strongly absorbed
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’Illuminated’ region⇒ interference pattern (near-side/far-side)

’Shadow’ region⇒ strong absorption
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Halo and Borromean nuclei: the6He case

Radioactive:
6He

β−

−−→ 6Li ( t1/2 ≃807 ms)

Weakly bound:
ǫb = −0.973 MeV

Neutron halo

Borromean system:
n-n andα-n unbound

∼ 3 body system:
α almost inert

He6

2+

0+

Li6

4 He + n + n

β−

0.973

g.s.

g.s.

1.797
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Normal versus halo nuclei

How does the halo structure affect the elastic scatterig?
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6
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208
Pb @ E=22 MeV

V0=5.89 MeV r0=1.33 fm , a=1.15 fm

W0=9.84 MeV   ri=1.33 fm  ai=1.7 fm

4He+208Pb shows typical Fresnel pattern and “standard” optical model parameters
6He+208Pb shows a prominent reduction in the elastic cross section,suggesting that part
of the incident flux goes to non-elastic channels (eg. breakup)

Understanding and disentangling these non-elastic channels requires going beyond the
optical model (eg.coupled-channels method⇒ next lecture)
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