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Scattering angle 6. ,, related to
distance of closest approach.
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Differential cross section (b/sr)

Rutherford scattering: n>>>1
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Rutherford scattering very useful to normalise cross-sections and solid angle determination




Effect of repulsive Coulomb+ attactive nuclear potential.

E..>V: and NO ABSORPTION->V(r) real!
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Angular distribution with respect to Rutherford
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Grazing collisions

Semiclassically:
For b>R. > Coulomb trajectories (illuminated region)

For b<R. = Nuclear interaction (shadow region)

In the limiting case of grazing collisions (D=R,)
we obtain the corresponding Coulomb scattering angle 6,

sin o1 __&

2 kR -1 2e-¢,

V
& = ;C n=reduced mass

E Knowing the grazing angle gives an idea
& =—ab about the angular region good for cross-

Al section normalisation and measurement.
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Rc - r-Oc (A11/3 + A;/S)

Some reading: R. Bass
Nuclear reaction with heavy ions
Springer Verlag
and
G.R. Satchler
Introduction to Nuclear reactions
Ed. Macmilar



How to use Rutherford cross-section to determine solidangles of detection set-up.

We use elastic scattering on some heavy target (e.g. Au) at sub-barrier energy
where the elastic cross-section follows the Rutherford behaviour.
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One can simulate the set-up and by equalising K at
all angles one gets the correct detector solidangles




Rutherford cross-section used to normalise cross-section

If the elastic cross-section is Rutherford only in a very limited angular range by
placing detectors at those angles one can get the normalisation constant K once the
solid-angles are known.
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The only unknown guantity
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Fresnel scattering: n>>1
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15 ¢ 1+ Strong Coulomb potential
‘ E= Coulomb barrier

* “llluminated” region - interference (Coulomb-nuclear)

*“Shadow region” - strong absorption
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Which information can be gathered from elastic scattering measurement?
Simple model: Optical Model-> structureless particles interacting via an effective
potential (see A.M.Moro lectures).

Optical potential: V(r)=V(r)+VAn)+V(n+iW(r)
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from A.M.Moro



Which information can we obtain from elastic scatting meaasurement?

Total reaction cross-section:

Zaﬂ = 7k Z(ZI +1)Z(1—

p*a P#a

o

Scattering matrix

Optical theorem for uncharged particles: Oiot = Oela T O aps

Modified optical theorem for charged patrticles: —

a _GRuth]_I_Gabs — 47Z-Ka Im fN (‘9 — O)

In the presence of strong absorption:

The difference between
elastic and Rutherford
cross-section gives the
total reaction cross-
section.
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Effect of nuclear structure on elastic scattering

9.10Be+64Zn elastic scattering angular distributions @ 29MeV
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Elastic scattering angular distributions @ 29MeV

@ Rex-lIsolde, CERN
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OM analysis adopted procedure:
»>volume potential responsible for the
core-target interaction obtained from
the 10Be+54Zn elastic scattering fit.
»>plus a complex surface DPP having
the shape of a W-S derivative with a
very large diffuseness.

»>Very large diffuseness: ai= 3.5 fm
similar to what found in A.Bonaccrso
NPA 706(2002)322
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A. Di Pietro et al. Phys. Rev. Lett. 105,022701(2010)




Continuum Discretized Coupled Channel Calculations (CDCC)
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Depending if the excited state is particle bound or unbound may change the way to identify inelastic
scattering from other processes. The closer are the states the higher is the energy resolution required

to discriminate them.



Supposing we have to measure an angular distribution of a given process,
can you answer to the following questions?

1) where to put the detectors?

2) which solid angle do you have to cover?

3) which angular resolution do you need?

4) which energy resolution?

Before answering the following questions, do you have a clear idea
about kinematics?



Some example of elastic scattering angular distribution

inverse kinematics
Direct kinematics

scattering

6Li elastic scattering @ 88 MeV %He elastic scattering on p @ 38 MeV/u

p(°He,’He)p
E/A = 38.3 MeV
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. V.Lapoux et al. PLB417(2001)18
S. Hossain et al. Phys. Scr. 87(2013) 015201 pouX ( )



Direct kinematics: e.g.elastic scattering ®Li+>*>Mg @ 88MeV

Projectile Energy at the reaction place: 14.63 MeV/u Grazing angle in CMS [SLi+Z5Mg] = 5.31 deg
Q reaction - 0.00 MeV (Excitations 0 0+0 0=>0 0+0.0); Piatted Energy option is "afler reaction™

Reaction's Kinematics: A CM & A _lab
SLi + 25Mg => SLi + 25Mg  25Mg( 5Li, 5Li)25Mg; Reaction a the "middie” of the target
Projectile Energy al the reaction place: 1463 MeV/u Grazing angle in CMS [#Li+2*Mg] = 5.31 deg
Q reaction . 0.00 MeV (Excitations 0.0+0 0=>0.0+0.0), Pidited Energy option is "afler reaction”

80 100
Angle SLi [CMSdeg]

In direct kinematics we detect the projectile particle.
The difference between 0_,, and 0, depends on the mass ratio.



Inverse kinematics: e.g. elastic scattering ®He+p @ 38 MeV/u

Reaction's Kinematics: A_lab & E_lab
fHe + TH=> tHe + H H[He-ﬂ) Reaco n at the " OOE C‘lfle rg
Projectile Energy at the reaction place: 3800 MeV/ Grazing angle in CMS[ H] = 0.81 deg
Q reaction - 0.00 MeV (Excitations 0.0+ m}>no 0); Plotted Energy option zmam_amn"

tHe + H(SHe, eHe) 'H. Reaction 2 the “miader
mpcl nergyarmema'u)ﬂac 38.00 MeV/u Grazing angle
Q reaction - 0.00 MeV (Excitations 0.0+0.0=>0.0+0.0) PImmEnargynum s "after reaction

80 100
Angle SHe [CMS-deg]

The inverse kinematics is forward focussed in the lab system.
For the projectile particle there are two kinematical solutions
and small A8, corresponds to large AO, .,



Vg =

Two body kinematics for elastic scattering

v

m1V,, +m)Q2L velocity of the c.m. in the Lab system

ml+m?2

V; ;= ml+m2 Vg,
m1l

Vv

we will use this later




Two body kinematics

Elastic scattering

’
VlB

c.m. system Vig Ve

v

Y
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4 —_—
Vi M, V1g=M,Vyp

In the c.m. system before and after the collision the velocities are the same and the
c.m. is at rest.

)
Vig=V 18

2
Vog=V 78



MVig=MVog
Momentum conservation in the c.m.

m
ill use this > _ 1
we will use this VZB " VlB
2

Energy in the c.m. system

2
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IMPORTANT! V5=V, We prove this true ..........
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Some relations between angles

Since V5=V, - 0,,+0,,=20,,=0,,=n—-0,,
AB=V; sin0,g

BC=Vg, +V,5C0S0,5

96, = Vigsinf, _ sing,

Vg +VigC08G; My +C0s6,,

m,



We draw two cyrcles having radii: R,=V,; and R,=V,g=V,,

m,>m, (inverse kinematics) ‘ .

In inverse kinematics there is a maximum angle at which particle m1 and m2
are scattered in the lab system.

01 max = V1, tangent to the inner circle

since> 20, =0,5=1—0,5 The inverse kinematics
wmax= Ve = M2 is forward focussed.
Ve M 0, max= 90° for 0,5=180°

sin O



E.g. ®Ne+p E,,=100 MeV

Reaction's Kinematics: A CM & A_lab
20Ne + 1H => 20Ne + 1H TH(20Ne,20Ne) TH; Reaction at the "middie” of the target
Projectile Energy at the reaction place: 5.00 MeV/u Grazing angle in CMS [20Ne+ 1H] = 30.41 deg
Q reaction : 0.00 MeV (Excitations 0.0+0.0=>0.0+0.0); Plotted Energy opfion is "after reaction”

Residual - 'H 1 H

ZONe

Fragment =1

80 100
Angle 2Ne [CMS-deg]

Reaction's Kinematics: A lab & E_lab
20Ne + 1H => 20Ne + 1H TH(20Ne,20Ne) 'H; Reaction at the "middle” of the target
Projectile Energy at the reaction place: 4.96 MeV/iu Grazing angle in CMS [20Ne+ TH] = 30.73 deg
Q reaction : 0.00 MeV (Excitations 0.0+0.0=>0.0+0.0); Plotted Energy option is "after reaction”

Energy [Lab-MeV/u]

gment - 20He

20Ne

50
Angle [Lab-deg]




Rutherford cross-section

Rutherford scattering
20Ne + 1H => 20Ne + 1H
Projectile Energy &t the reaction place: 5.00 MeV/u
TH(20Me, 20Ne) 1H Q reaction - 0.00 MeV; Use Mott's scattering =No

T —CM
——Lab (0-») 20Ne
—Lab (0<-} 20Ne
—Lab (0-=) 1H
—Lab (0<-) 1H
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120Ne two kinematical solutions
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Angle[dedq]




E.g. ““Ne+p E,,,=100 MeV

Reaction's Kinematics: A_CM & E_lab
20Ne + 1H =»> 20Ne + 1H TH(20Ne,20Ne) 1H; Reaction at the "midde” of the targst
Projectile Energy at the reaction place: 5.00 MeV/u Grazing angle in CMS [20Ne+ TH] = 30.41 deg
Q reaction - 0.00 MeV (Excitations 0.0+0.0=>0.0+0.0), Plotted Energy option is "after reaction”

20
Residual - 1H
16
g
®
= 12
®
=
8
Q
=
w 8

Fragment - 20Me

0 /

0 20 40 60 20 Q0 120 140 160

13::;.::_1_: :15:24:1i: Angle 20Ne [CMS-deq]

NOTE:In inverse kinematic scattering the c.m. angle is not the one
of the light particle that one generally detects.



|dentical particle scattering

n-n2 @ @@

0,+60,=90°  0,,=n-0,; > sinB3=cosb,,

0 0 90°

1Lmax= 2Lmax=

The maximum angle for both, projectile and recoil is 90°



E.g. ?®°Ne+?Ne E,,,=100 MeV

Reaction's Kinematics: A_CM & A_lab
20Ng + 20Ne => 20Ne + 20Ne 20Ne(20Ne,20Ne)20Ne; Reaction at the "middle” of the target
Projectile Energy at the reaction place: 5.00 MeV/iu Grazing angle in CMS [20Ne+20Ng] = 21.95 deg
Q reaction : 0.00 MeV (Excitations 0.0+0.0=>0.0+0.0), Plotted Energy option is "after reaction”

Fragment - 2Ne

Angle [Lab-deg]

80 100
Angle 2'Ne [CMS-deg]

20Ng(20Ne, 20Ng)20Ne; Reaction at the "middie” of the target
Projectile Energy &t the reaction place: 4.99 MeV/u Grazing angle in CMS [20Ne+20Ng] = 22 02 deg
Q reaction - 0.00 MeV (Excifations 0.0+0.0=>0.0+0.0); Plotted Energy option is "after reaction”

Sirioaht 226e

Energy [Lab-MeViu]

50
7.3615e+1
Angle [Lab-deg] 39672010




Rutherford cross-section

Rutherford scattering
20Me + 20Ne => 20Ne + 20Ne
Projectile Energy at the reaction place: 5.00 MeV/u
20Ne(20Ne, 20N e)20Me Q reaction : 0.00 MeV; Use Moit's scattering =No

CM
—Lab (0-=) 20Me
—Lab (0<-) 20Me
—Lab (0-=) 20Ne
——Lab (0<-) 20Me
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80 100

Angle[deg] 4_107+




ml<m?2 (direct kinematics)

For the projectile particle all angles are allowed both in the c.m. and laboratory system.



Angle [Lab-deg]

Energy [Lab-MeViu]

E.g. p+ “Ne E,,,=100 MeV

Reaction's Kinematics: A_CM & A_lab
H + 20Ne => 1H + 20Ne 20Ne(H, TH)20Ne; Reaction at the "middle” of the target
Projectile Energy at the reaction place: 29.77 MeV/u Grazing angle in CMS [ TH+20Ne] = 4.15 deg
Q reaction : 0.00 MeV (Excitations 0.0+0.0=>0.0+0.0); Plotted Energy option is "after reaction”

ual - 20Ne

Fragment - 'H

80 100
Angle 'He [CMS-deg]

Reaction's Kinematics: A lab & E_lab
TH + 20Ne => 1H + 20Ne 20Ne(TH, THY2ONe; Reaction at the "middie™ of the target
Projectile Energy at the reaction place: 99.22 MeV/u Grazing angle in CMS [ TH+20Ne] = 1.21 deg
Q reaction - 0.00 MeV (Excitations 0.0+0.0=>0.0+0.0); Plotted Energy option is "after reaction”

8.8404e+1
90690

ragment - H

Residual - 20Ne

80 100
Angle [Lab-deg]

51007e+1
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Rutherford cross-section

Rutherford scattering
1H + 20Ne => 1H + 20Ne
Projectile Energy at the reaction place: 29.77 MeV/u
20Ne( 1H, 1H)20Ne Q reaction - 0.00 MeV, Use Mott's scattering =No

CM
—Lab (0-=) 1H
—Lab (0<-) 1H
——Lab (0->) 20Me
—Lab (0<-) 20Me

L 311 L 1 A 0 e ———

80 100

Angle[deg] 23548e+1



Energy [Lab-MeViu]

E.g. p+ *“Ne E,,,=100 MeV

Reaction's Kinematics: A CM & E _lab
1H + 20Ne => 1H + 20Ne 20Me(1H, TH)20Ne; Reaction at the "middle” of the target
Projectile Energy at the reaction place: 99.22 MeV/u Grazing angle in CMS [ TH+20Ne] = 1.21 deg

Q reaction : 0.00 MeV (Excitations 0.0+0.0==0.0+0.0); Plotted Energy option is "after reaction”
120 F v v = v = ¥

100 | Fragment - 'H

80 }

60 }

10 |

20 f

Residual - @Ne

Angle He [CMS-deg]

NOTE:In direct kinematics the c¢c.m. angle is the one of the light
particle which is also the projectile particle.



Relation between variables before and aftﬁr the collision

V, =V,  +V, °—2C0OS(180°—6,,) =V,,° +V, ° +2C0Sé,,

We remind that :

VIB=V1B; V2B=v2B=VBL; ‘eo_Yee _ M. __ M .
Vg Vg M, m, +m,

E, ,vlL before collision E’,, V1L after collision



By combining these equations we can express the energy after the
collision as a function of the energy before:

1 2
ElL =-myvy,

2
1 o, 1, mf ,  m)’ , 2mm, cosf,, |
ElL :EmlvlL ZE n >tV 1L > |~
(m, +m,) (m, +m,) (m, +m,)

- {mf +m,” +2m,m, cosé,,
- 1L

(m +m)’ } 2

For particles having the same masses ml1=m2=m:

' 2m?2 +2m° cosé 1+cosé
ElL T E1L|: (Zm)z 18} = ElL(TlBj = ElL cos’ ‘91L

E1|_ = E1|_I + EZL'

E, =E, (cos’8, +sin’8,)=E, +E,

E, =E,sin i o, =, cos’ 0, We know that 6,,+6,,=90°




By measuring energy and angle of one particle we can completely reconstruct the kinematics.

Now we calculate the relative energy trasferred in one collision:

AE, _Ey —FEu, Eu _,_ m,° +m,”* +2mm, cos &, |

ElL ElL ElL (ml + m2)2

2mm,
=—— < _(1-cosé
ey

The maximum energy is transferred in a collision between two identicle particles

AE, . d mm, | m,(m +m,)*—2(m +m,)mm,
ElL max dml (ml + m2)2 (ml + m2)4

m, (m, +m,)? - 2(m, +m,)mm, =0 | If m1=m2



Relative energies.

2
1 1 m
ElB = Eml 152 :_ml( : j V1L2

2 \m+m,
2
1 1 m
Ezs :§m2 282 :Emz(mlTlmz) V1|_2

m+m,)|m+m, m+m,| 2

| |
H 1

2
1 m,m m m 1 1
ElB + EZB :EVlLZ( 2 j l —+ : J— V1|_2<§ mlvll_2 - E1|_
2
J

The total energy in the cm is less than the incident energy in the lab system owing to the
kinetic energy used for the cm motion in the lab.

EpgtE ptEp =Eq ="y +E'y,

1uVy *+Eg =E;,
2



Vie=Vip-Vop =V -Vy,
2 _\/2 2 —\/2 2
V2 o =V2 V25 +2V, V=2 +V2, 42V, V, cosO
mV,; —m,\V,, =0 From momentum conservation
(mV,, —-mV,.)>=0=m*V,.° +m,V,.* —2mV,,mV
171B 2% 2B - - 1 1B 2 2B 1Y1B" "2V 2B

2 2 2 2
ml VlB + m2 VZB
mlm2

2V1 BVZB =

1:uVreI2 = 1 m1m2
2 2m,+m,

_1 mm,
2m,+m,

1 1
= Emlvls2 +§m2V252 =E

182 +V282 + 2V18V28 ]:

m m
|:V1|32(1+ m_l) +V282(1+ HZ):| =

2 1

cm

1
E V1L2 =Bz +Ex;p=E

cm



We now consider the case of Q#0
a) Inelastic scattering 2°Ne+p

Reaction's Kinematics: A_lab & T_Tab Two solutions for projectile fragment

20Ne + TH => 20Ne + TH 1H(20Ne,20Ne) 'H; Reaction at the "midae" of the target
Projectile Energy at the reaction place: 5.00 MeV/u Grazing angle in CMS [20Ne+ 1H] = 30.41 deg
Q reaction - 0.00 MeV (Excitations 0.0+0.0=>0.0+0.0); Plotted Energy option is "after reaction”

elastic

Energy [Lab-MeV/u]

0 50
Angle [Lab-deg]

Reaction's Kinematics: A_lab & E_lab

20Ne + 1H=>20Ne + H  1H(20Ne,20Ne) H; Reaction at the ‘midde” of ihe target TWO SOlUtI OnS for both frag ments

Projectile Energy at the reaction place: 5.00 MeV/u Grazing angle in CMS [20Ne+ 'H] = 30.41 deg

Q reaction : 4.20 MeV (Excitations 0.0+0.0=>4.2+0.0); Plotted Energy option is "after reaction” d e pe n d i n g u po n eXCitatiO n e n e rgy
Inelastic E*(?*°Ne)=4.2 MeV
Vo<V

g
2
3
g
=
g
2
w

12
Angle [Lab-deg]




b) reaction
1+2->3+4 3=light 4=heavy

Q=(E5 +E, )-(E{ +E, )=[(m+m,)-(ms+m,)]c?

The total energy Ymc?+ E is conserved: E;=E; +Q=E; +E,

(M c2+E ) +(m,c2+E,)=(m,c2+E,)+(mc?+E )

Vg, <V35—> one solution Vg <V3—=> two solutions

The number of solutions depends upon Q



20Ne+20Nee 160*+24Mg
— * *
Reaction's Kinematics: A_lab & E_lab Q_Qgg-E 1-E 2

20Ne + 20Ne => 160 + 24Mg 20Ne(20Ne,1%0)24Mg; Reaction et the "middie” of the target

Prajectile Energy &t the reaction place: 4.99 MeV/u Grazing angle in CMS [20Ne+20Ne] = 22 02 deg
Q reaction : -5.41 MeV (Excitations 0.0+0.0=>0.0+10.0); Plotted Energy option is "after reaction”

65

ragment - 150

55

Q=-5.41MeV

45
__ Residual - 24\1g

35

Energy [Lab-MeV/u]

25

0.5

0 20 40 60 80 100 120 140 160 PYTETe
41396+
Angle [Lab-deg] 238940

Reaction's Kinematics: A_lab & E_lab
20Ne + 20Ne => 180 + 24Mg 20Ne(20Ne, 180 )24Mg; Reaction at the "middle” of the target
Projectile Energy &t the reaction place: 4.99 MeV/u Grazing angle in CMS [20Ne+20Nge] = 22 02 deg
Q reaction : -45.41 MeV (Excitations 0.0+0.0=>0.0+50.0); Plotted Energy option is "after reaction”

24 - 7\ A — A1 NA \ /7
U—40.41lVIEV
3 S 2 VBR
i} 16 / 3 ‘
E e3B
V3B
08
0 4 8 12 16 20

7.5613e+0
Angle [Lab-deg] 23851:10




Inelastic scattering

Inverse kinematics '*Sn{p,p) *sn’

Hi"%en™snp E_~10Me¥L
T T I T

— E -OMsV
— E=1MsV
— E,-2MsV

N
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AW

NN

1 ] 1 b\} “"fffn’

30 60
Lakoratory Angle (deg)

From T.Davinson

. 1 1314 *
Inverse kinematics 13Q‘Sn(d,p}ﬁ‘?'Sn '":ﬁ;ﬁ_,ﬁg?:‘iﬂfmﬁnﬂgmﬁn

D{"?sn'®enlp E -10MeViu ©-0.19MeV

T T T ] T 1 ' ' |
— E_ DoV — EAMeV
 EsiMev — E-iMeV
— E,-2MeV — E=tMeV

S

X
\\\-K\r:_ . B,,=0"
[ I T I I TR i s |

60 20 120 150 180 30 60
Laboratory Angle (deg) Laboratory Angle (deg)

40

[+
[=]

&
3
-
=]
5
o 30
=
e
%

e
(=]

(=]




Threshold energy for a reaction to occur: m, +m,
Eth=|Q] —=
m,

— mlm4(E1L / ET)
(m +m,)(m, +m,)
_ mlmS(ElL / ET)
(m +m,)(m,+m,)
_ m,m, m )_ E..
(m1+m2)(m3+m4) m E ET
_ M,M, @+ MOy _ Ese A+B+C+D=1 AC=BD
(m1+m2)(m3+m4) m, E ET

If one or both the emitted particles are excited the Q=Q-E*-E*,



% =B+D+2JAC cosb,, = Bl(cos«93L)i\/(D/ B —sin” 93L)]2

T

Use only sign + (one solution) unless B>D (two solutions), in this case there is
a maximum angle for the heavy particle in the Lab: 6|, =sin-1(D/B)*/2

%: A+C +2/AC cosb,, = A[(cosau)iJ(C/A—siﬂz94L)]2

T

Use only sign + (one solution) unless A>C (two solutions), in this case there is
a maximum angle for the heavy particle in the Lab: 8, ... .=sin-}(C/A)%/?

sing,, = [m3—E3Ljsin 0,
m2 2L

sin 0, = (E&‘L—éETjsin 0,




We suppose now that the two particles form a compound system S.
The velocity of S equals the cm velocity after the collision: V.=V,

If from S is emitting a particle with velocity Vp in the cm system, we have:

VsinB =V sinb,
V cos0, =V+V cosb,

in
tgl, = Sl This equation completely determines c.m. angles

S 4 cos, once Lab angles are measured.




