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• MSM does not explain BAU 
• EWBG testable framework 
• MSM: not possible 
• MSSM: very likely not possible 
• Other extensions: 2HDM, SSM,..
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ABSTRACT

Abstract: This paper presents the first cosmological results based on Planck measurements of the cosmic microwave background (CMB) temper-

ature and lensing-potential power spectra. We find that the Planck spectra at high multipoles (⌃ >⌃ 40) are extremely well described by the standard

spatially-flat six-parameter �CDM cosmology with a power-law spectrum of adiabatic scalar perturbations. Within the context of this cosmology,

the Planck data determine the cosmological parameters to high precision: the angular size of the sound horizon at recombination, the physical den-

sities of baryons and cold dark matter, and the scalar spectral index are estimated to be �⇤ = (1.04147±0.00062)⇥10
�2

,⇥
b
h2 = 0.02205±0.00028,

⇥
c
h2 = 0.1199 ± 0.0027, and n

s
= 0.9603 ± 0.0073, respectively (68% errors). For this cosmology, we find a low value of the Hubble constant,

H
0
= 67.3±1.2 km s

�1

Mpc
�1

, and a high value of the matter density parameter, ⇥
m
= 0.315±0.017. These values are in tension with recent direct

measurements of H
0

and the magnitude-redshift relation for Type Ia supernovae, but are in excellent agreement with geometrical constraints from

baryon acoustic oscillation (BAO) surveys. Including curvature, we find that the Universe is consistent with spatial flatness to percent level preci-

sion using Planck CMB data alone. We use high-resolution CMB data together with Planck to provide greater control on extragalactic foreground

components in an investigation of extensions to the six-parameter �CDM model. We present selected results from a large grid of cosmological

models, using a range of additional astrophysical data sets in addition to Planck and high-resolution CMB data. None of these models are favoured

over the standard six-parameter �CDM cosmology. The deviation of the scalar spectral index from unity is insensitive to the addition of tensor

modes and to changes in the matter content of the Universe. We find a 95% upper limit of r
0.002
< 0.11 on the tensor-to-scalar ratio. There is no

evidence for additional neutrino-like relativistic particles beyond the three families of neutrinos in the standard model. Using BAO and CMB data,

we find N
e⇤ = 3.30±0.27 for the e⇤ective number of relativistic degrees of freedom, and an upper limit of 0.23 eV for the sum of neutrino masses.

Our results are in excellent agreement with big bang nucleosynthesis and the standard value of N
e⇤ = 3.046. We find no evidence for dynamical

dark energy; using BAO and CMB data, the dark energy equation of state parameter is constrained to be w = �1.13
+0.13

�0.10

. We also use the Planck
data to set limits on a possible variation of the fine-structure constant, dark matter annihilation and primordial magnetic fields. Despite the success

of the six-parameter �CDM model in describing the Planck data at high multipoles, we note that this cosmology does not provide a good fit to the

temperature power spectrum at low multipoles. The unusual shape of the spectrum in the multipole range 20
<⌃ ⌃ <⌃ 40 was seen previously in the

WMAP data and is a real feature of the primordial CMB anisotropies. The poor fit to the spectrum at low multipoles is not of decisive significance,

but is an “anomaly” in an otherwise self-consistent analysis of the Planck temperature data.

Key words. Cosmology: observations – Cosmology: theory – cosmic microwave background – cosmological parameters
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evidence for additional neutrino-like relativistic particles beyond the three families of neutrinos in the standard model. Using BAO and CMB data,

we find N
e⇤ = 3.30±0.27 for the e⇤ective number of relativistic degrees of freedom, and an upper limit of 0.23 eV for the sum of neutrino masses.

Our results are in excellent agreement with big bang nucleosynthesis and the standard value of N
e⇤ = 3.046. We find no evidence for dynamical

dark energy; using BAO and CMB data, the dark energy equation of state parameter is constrained to be w = �1.13
+0.13

�0.10

. We also use the Planck
data to set limits on a possible variation of the fine-structure constant, dark matter annihilation and primordial magnetic fields. Despite the success

of the six-parameter �CDM model in describing the Planck data at high multipoles, we note that this cosmology does not provide a good fit to the

temperature power spectrum at low multipoles. The unusual shape of the spectrum in the multipole range 20
<⌃ ⌃ <⌃ 40 was seen previously in the

WMAP data and is a real feature of the primordial CMB anisotropies. The poor fit to the spectrum at low multipoles is not of decisive significance,

but is an “anomaly” in an otherwise self-consistent analysis of the Planck temperature data.
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1



EWBG in a nutshell H ⇠ 10�14T 2
100GeV

� ⇠ 10�5T100GeV

CPB



EWBG in a nutshell H ⇠ 10�14T 2
100GeV

� ⇠ 10�5T100GeV
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FIG. 2: The Higgs expectation value as a function of tem-
perature, compared with the perturbative result [2].

real-time runs are made to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, they overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiences in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite volume effects to be negligible [12].

The expectation value of the square of the Higgs field,
v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.

We also show the two-loop RG-improved perturbative
result [2] for v2(T ) in the broken phase. Perturbation
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FIG. 3: The measured sphaleron rate and the fit to the bro-
ken phase rate, Eq. (7), shown with a shaded error band.
Perturbative result is from Burnier et al. [11] with the non-
perturbative correction used there removed; see main text.
The corrected perturbative result includes a new ad hoc cor-
rection. Pure gauge refers to the rate in hot SU(2) gauge
theory [19]. The freeze-out temperature T∗ is solved from the
crossing of Γ and the appropriately scaled Hubble rate, shown
with the almost horizontal line.

theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.

Finally, in Fig. 3 we show the sphaleron rate as a func-
tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.

Using the multicanonical simulation methods we are
able to compute the rate further 4 orders of magnitude
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)

T

GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated

v2
(T

)/
T

2

T/GeV

v2(t) = hH2i(T )
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EWBG with new loop corrections, MSSM

Most efforts have been put to increase the effective cubic 
coupling by loop corrections

Need new light bosonic fields strongly coupled to Higgs

4

lD=0, Tc=121.32 GeV<vc

lD=1.0, Tc=124.15 GeV>vc

lD=3.0, Tc=128.75 GeV>vc

0 50 100 1500.0

0.2

0.4

0.6

0.8

vc HGeVL

V t
ot
Hv c,T

cLH
¥
10
6 G
eV

4 L

mh=120 GeV, Tc=121.19 GeV<vc

mh=150 GeV, Tc=146.86 GeV>vc

mh=180 GeV, Tc=172.89 GeV>vc

0 50 100 1500.0

0.2

0.4

0.6

0.8

vc HGeVL
FIG. 3. Shape of the Higgs potential at the critical tem-
perature and its dependence on di↵erent choices of parame-
ters: DM self-interaction �D (left panel) and SM Higgs bo-
son mass mh (right panel). While varying �D, we have fixed
mh = 120GeV, mS = 60GeV, mA = mC = 300GeV and
while varying mh, we have fixed �D = 0, mS = 76GeV,
mA = mC = 300GeV, respectively.

the improved one-loop approximation for the e↵ective po-
tential at non-zero temperature, and so one can question
its reliability at higher orders in perturbation theory. In
the examples studied up to now, such as MSSM, it turns
out the two-loop e↵ects [26] only help to strengthen the
phase transition. Similarly, the non-perturbative lattice
simulations tend to do the same over the perturbative
results [27].

Another uncertainty lies in the possibly e↵ect of the
magnetic field during the phase transition [5]. The size
of the magnetic field has been up to now only roughly
estimated [28], thus its e↵ect is not completely clear. It
was argued recently [29] though, in the context of the
MSSM, that it may have an impact on the upper limit of
the Higgs mass.

Recently, the issue of gauge invariance has been
brought up [30]. It is claimed that one may again need a
complete two-loop finite-temperature e↵ective potential
for this purpose.

Why not a singlet? Before turning to higher representa-
tions, let us discuss explicitly the case of the singlet DM.
After all, this is a simpler possibility with fewer couplings
and thus more constrained. In fact, it fails to do the job.
More precisely, while the singlet by itself can actually
help the phase transition to be of the first order [31], it
cannot simultaneously be the DM [32], and vice versa.

What happens is the following. In this case, there is
only one coupling with the Higgs and �A ⌘ �C ⌘ �S .
We survey all the points in Fig. 2 and find they all satisfy
�A,C & 1. On the other hand, direct detection, as shown
in Eq. (5), constrains this coupling to be much smaller
than what is needed to trigger a strong first-order phase
transition. The failure of the real singlet thus makes the

choice of the inert doublet scalar the simplest one.
One can further extend the real scalar singlet case to

a complex one. It was shown [33] that the double job of
dark matter and strong electroweak phase transition can
be achieved in this case.
On the other hand, the scalar singlet could be the car-

rier of the force between the SM sector and the dark mat-
ter one [34], instead of being DM itself. Such a singlet
can actually trigger [34] the first order phase transition.
This can be successfully embedded [35] in the NMSSM.

Higher representation alternative? It could be appeal-
ing to resort to higher SU(2)L representations for DM
candidate, since then there are fewer Z

2

odd couplings
which destabilize them.
Let us start with integer isospin representations �. In

order to have a neutral particle, needed for the DM, they
must have even hypercharge. Therefore, they only have
two gauge invariant terms with the SM Higgs, out of
which only one can split their masses

�
�†T a�

� �
�†�a�

�
, (11)

where T a are the appropriate generators of �. In the
case of the real multiplet with Y = 0, the spectrum is
degenerate, while in the case of the complex one, the mass
splits are proportional to the electromagnetic charge once
the Higgs gets the vev.
The former case works only for a heavy DM, above

TeV, due to strong co-annihilating e↵ects on the relic
density [36]. This makes it too heavy to have an impact
on the phase transition. The latter case implies degener-
ate real and imaginary components of the neutral parti-
cle, which couple to the Z. Direct detection limits can be
evaded again with a TeV scale DM. In short, as remarked
in the Introduction, the integer isospin candidates fail to
render the phase transition be first order.
How about higher half-integer isospin multiplets? A

natural choice Y = 1/2, accommodates another term in
the potential

�
�TT a�

� �
�T�a�

�⇤
, (12)

where we ignore for simplicity the SU(2) conjugation.
In general, this term splits the real and imaginary neu-
tral components and in principle allows for light DM and
heavy enough other states, just as in the case of the dou-
blet discussed above. We will return to this intriguing
possibility in a future publication [37].

Outlook: what about genesis? Before closing let us
comment on a few related issues.

Sources of CP Violation. Successful baryogenesis re-
quires CP violation, not only the first order phase tran-
sition. It is easy to imagine new sources of CP violation,
but the problem then arises as to whether the new physics
behind it a↵ects the nature of the phase transition. In
this sense, new fermions are more welcome, at least in
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butions to the self-energies are UV finite. Once the sum over the Matsubara
frequencies is performed (or if the real time formalism is used), the integrand
contains the particle distribution functions that are exponentially suppressed
for momenta larger than the temperature. Hence, the graphs that are ap-
parently UV divergent can be estimated to be of order of the temperature.
In particular, tadpole diagrams of the self-energy that arise from the gauge
interaction are of order g2T 2 (e.g. the contributions to the self-energy of the
gauge bosons shown in Fig. 3).

If the particle in the loop has a mass ml and the self-energy is of order
g2T 2, adding self-energies leads to additional factors

g2T 2

(2πnT )2 + p2 +m2
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. (30)

As long as n > 0, this yields only a subleading correction of order g2. Still,
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the improved one-loop approximation for the e↵ective po-
tential at non-zero temperature, and so one can question
its reliability at higher orders in perturbation theory. In
the examples studied up to now, such as MSSM, it turns
out the two-loop e↵ects [26] only help to strengthen the
phase transition. Similarly, the non-perturbative lattice
simulations tend to do the same over the perturbative
results [27].

Another uncertainty lies in the possibly e↵ect of the
magnetic field during the phase transition [5]. The size
of the magnetic field has been up to now only roughly
estimated [28], thus its e↵ect is not completely clear. It
was argued recently [29] though, in the context of the
MSSM, that it may have an impact on the upper limit of
the Higgs mass.

Recently, the issue of gauge invariance has been
brought up [30]. It is claimed that one may again need a
complete two-loop finite-temperature e↵ective potential
for this purpose.

Why not a singlet? Before turning to higher representa-
tions, let us discuss explicitly the case of the singlet DM.
After all, this is a simpler possibility with fewer couplings
and thus more constrained. In fact, it fails to do the job.
More precisely, while the singlet by itself can actually
help the phase transition to be of the first order [31], it
cannot simultaneously be the DM [32], and vice versa.

What happens is the following. In this case, there is
only one coupling with the Higgs and �A ⌘ �C ⌘ �S .
We survey all the points in Fig. 2 and find they all satisfy
�A,C & 1. On the other hand, direct detection, as shown
in Eq. (5), constrains this coupling to be much smaller
than what is needed to trigger a strong first-order phase
transition. The failure of the real singlet thus makes the

choice of the inert doublet scalar the simplest one.
One can further extend the real scalar singlet case to

a complex one. It was shown [33] that the double job of
dark matter and strong electroweak phase transition can
be achieved in this case.
On the other hand, the scalar singlet could be the car-

rier of the force between the SM sector and the dark mat-
ter one [34], instead of being DM itself. Such a singlet
can actually trigger [34] the first order phase transition.
This can be successfully embedded [35] in the NMSSM.

Higher representation alternative? It could be appeal-
ing to resort to higher SU(2)L representations for DM
candidate, since then there are fewer Z

2

odd couplings
which destabilize them.
Let us start with integer isospin representations �. In

order to have a neutral particle, needed for the DM, they
must have even hypercharge. Therefore, they only have
two gauge invariant terms with the SM Higgs, out of
which only one can split their masses

�
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, (11)

where T a are the appropriate generators of �. In the
case of the real multiplet with Y = 0, the spectrum is
degenerate, while in the case of the complex one, the mass
splits are proportional to the electromagnetic charge once
the Higgs gets the vev.
The former case works only for a heavy DM, above

TeV, due to strong co-annihilating e↵ects on the relic
density [36]. This makes it too heavy to have an impact
on the phase transition. The latter case implies degener-
ate real and imaginary components of the neutral parti-
cle, which couple to the Z. Direct detection limits can be
evaded again with a TeV scale DM. In short, as remarked
in the Introduction, the integer isospin candidates fail to
render the phase transition be first order.
How about higher half-integer isospin multiplets? A

natural choice Y = 1/2, accommodates another term in
the potential
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where we ignore for simplicity the SU(2) conjugation.
In general, this term splits the real and imaginary neu-
tral components and in principle allows for light DM and
heavy enough other states, just as in the case of the dou-
blet discussed above. We will return to this intriguing
possibility in a future publication [37].
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comment on a few related issues.
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behind it a↵ects the nature of the phase transition. In
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butions to the self-energies are UV finite. Once the sum over the Matsubara
frequencies is performed (or if the real time formalism is used), the integrand
contains the particle distribution functions that are exponentially suppressed
for momenta larger than the temperature. Hence, the graphs that are ap-
parently UV divergent can be estimated to be of order of the temperature.
In particular, tadpole diagrams of the self-energy that arise from the gauge
interaction are of order g2T 2 (e.g. the contributions to the self-energy of the
gauge bosons shown in Fig. 3).

If the particle in the loop has a mass ml and the self-energy is of order
g2T 2, adding self-energies leads to additional factors
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the improved one-loop approximation for the e↵ective po-
tential at non-zero temperature, and so one can question
its reliability at higher orders in perturbation theory. In
the examples studied up to now, such as MSSM, it turns
out the two-loop e↵ects [26] only help to strengthen the
phase transition. Similarly, the non-perturbative lattice
simulations tend to do the same over the perturbative
results [27].

Another uncertainty lies in the possibly e↵ect of the
magnetic field during the phase transition [5]. The size
of the magnetic field has been up to now only roughly
estimated [28], thus its e↵ect is not completely clear. It
was argued recently [29] though, in the context of the
MSSM, that it may have an impact on the upper limit of
the Higgs mass.

Recently, the issue of gauge invariance has been
brought up [30]. It is claimed that one may again need a
complete two-loop finite-temperature e↵ective potential
for this purpose.

Why not a singlet? Before turning to higher representa-
tions, let us discuss explicitly the case of the singlet DM.
After all, this is a simpler possibility with fewer couplings
and thus more constrained. In fact, it fails to do the job.
More precisely, while the singlet by itself can actually
help the phase transition to be of the first order [31], it
cannot simultaneously be the DM [32], and vice versa.

What happens is the following. In this case, there is
only one coupling with the Higgs and �A ⌘ �C ⌘ �S .
We survey all the points in Fig. 2 and find they all satisfy
�A,C & 1. On the other hand, direct detection, as shown
in Eq. (5), constrains this coupling to be much smaller
than what is needed to trigger a strong first-order phase
transition. The failure of the real singlet thus makes the

choice of the inert doublet scalar the simplest one.
One can further extend the real scalar singlet case to

a complex one. It was shown [33] that the double job of
dark matter and strong electroweak phase transition can
be achieved in this case.
On the other hand, the scalar singlet could be the car-

rier of the force between the SM sector and the dark mat-
ter one [34], instead of being DM itself. Such a singlet
can actually trigger [34] the first order phase transition.
This can be successfully embedded [35] in the NMSSM.

Higher representation alternative? It could be appeal-
ing to resort to higher SU(2)L representations for DM
candidate, since then there are fewer Z
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odd couplings
which destabilize them.
Let us start with integer isospin representations �. In

order to have a neutral particle, needed for the DM, they
must have even hypercharge. Therefore, they only have
two gauge invariant terms with the SM Higgs, out of
which only one can split their masses
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where T a are the appropriate generators of �. In the
case of the real multiplet with Y = 0, the spectrum is
degenerate, while in the case of the complex one, the mass
splits are proportional to the electromagnetic charge once
the Higgs gets the vev.
The former case works only for a heavy DM, above

TeV, due to strong co-annihilating e↵ects on the relic
density [36]. This makes it too heavy to have an impact
on the phase transition. The latter case implies degener-
ate real and imaginary components of the neutral parti-
cle, which couple to the Z. Direct detection limits can be
evaded again with a TeV scale DM. In short, as remarked
in the Introduction, the integer isospin candidates fail to
render the phase transition be first order.
How about higher half-integer isospin multiplets? A

natural choice Y = 1/2, accommodates another term in
the potential
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where we ignore for simplicity the SU(2) conjugation.
In general, this term splits the real and imaginary neu-
tral components and in principle allows for light DM and
heavy enough other states, just as in the case of the dou-
blet discussed above. We will return to this intriguing
possibility in a future publication [37].

Outlook: what about genesis? Before closing let us
comment on a few related issues.

Sources of CP Violation. Successful baryogenesis re-
quires CP violation, not only the first order phase tran-
sition. It is easy to imagine new sources of CP violation,
but the problem then arises as to whether the new physics
behind it a↵ects the nature of the phase transition. In
this sense, new fermions are more welcome, at least in
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butions to the self-energies are UV finite. Once the sum over the Matsubara
frequencies is performed (or if the real time formalism is used), the integrand
contains the particle distribution functions that are exponentially suppressed
for momenta larger than the temperature. Hence, the graphs that are ap-
parently UV divergent can be estimated to be of order of the temperature.
In particular, tadpole diagrams of the self-energy that arise from the gauge
interaction are of order g2T 2 (e.g. the contributions to the self-energy of the
gauge bosons shown in Fig. 3).

If the particle in the loop has a mass ml and the self-energy is of order
g2T 2, adding self-energies leads to additional factors

g2T 2

(2πnT )2 + p2 +m2
l

. (30)

As long as n > 0, this yields only a subleading correction of order g2. Still,
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the improved one-loop approximation for the e↵ective po-
tential at non-zero temperature, and so one can question
its reliability at higher orders in perturbation theory. In
the examples studied up to now, such as MSSM, it turns
out the two-loop e↵ects [26] only help to strengthen the
phase transition. Similarly, the non-perturbative lattice
simulations tend to do the same over the perturbative
results [27].

Another uncertainty lies in the possibly e↵ect of the
magnetic field during the phase transition [5]. The size
of the magnetic field has been up to now only roughly
estimated [28], thus its e↵ect is not completely clear. It
was argued recently [29] though, in the context of the
MSSM, that it may have an impact on the upper limit of
the Higgs mass.

Recently, the issue of gauge invariance has been
brought up [30]. It is claimed that one may again need a
complete two-loop finite-temperature e↵ective potential
for this purpose.

Why not a singlet? Before turning to higher representa-
tions, let us discuss explicitly the case of the singlet DM.
After all, this is a simpler possibility with fewer couplings
and thus more constrained. In fact, it fails to do the job.
More precisely, while the singlet by itself can actually
help the phase transition to be of the first order [31], it
cannot simultaneously be the DM [32], and vice versa.

What happens is the following. In this case, there is
only one coupling with the Higgs and �A ⌘ �C ⌘ �S .
We survey all the points in Fig. 2 and find they all satisfy
�A,C & 1. On the other hand, direct detection, as shown
in Eq. (5), constrains this coupling to be much smaller
than what is needed to trigger a strong first-order phase
transition. The failure of the real singlet thus makes the

choice of the inert doublet scalar the simplest one.
One can further extend the real scalar singlet case to

a complex one. It was shown [33] that the double job of
dark matter and strong electroweak phase transition can
be achieved in this case.
On the other hand, the scalar singlet could be the car-

rier of the force between the SM sector and the dark mat-
ter one [34], instead of being DM itself. Such a singlet
can actually trigger [34] the first order phase transition.
This can be successfully embedded [35] in the NMSSM.

Higher representation alternative? It could be appeal-
ing to resort to higher SU(2)L representations for DM
candidate, since then there are fewer Z

2

odd couplings
which destabilize them.
Let us start with integer isospin representations �. In

order to have a neutral particle, needed for the DM, they
must have even hypercharge. Therefore, they only have
two gauge invariant terms with the SM Higgs, out of
which only one can split their masses
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where T a are the appropriate generators of �. In the
case of the real multiplet with Y = 0, the spectrum is
degenerate, while in the case of the complex one, the mass
splits are proportional to the electromagnetic charge once
the Higgs gets the vev.
The former case works only for a heavy DM, above

TeV, due to strong co-annihilating e↵ects on the relic
density [36]. This makes it too heavy to have an impact
on the phase transition. The latter case implies degener-
ate real and imaginary components of the neutral parti-
cle, which couple to the Z. Direct detection limits can be
evaded again with a TeV scale DM. In short, as remarked
in the Introduction, the integer isospin candidates fail to
render the phase transition be first order.
How about higher half-integer isospin multiplets? A

natural choice Y = 1/2, accommodates another term in
the potential
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where we ignore for simplicity the SU(2) conjugation.
In general, this term splits the real and imaginary neu-
tral components and in principle allows for light DM and
heavy enough other states, just as in the case of the dou-
blet discussed above. We will return to this intriguing
possibility in a future publication [37].
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butions to the self-energies are UV finite. Once the sum over the Matsubara
frequencies is performed (or if the real time formalism is used), the integrand
contains the particle distribution functions that are exponentially suppressed
for momenta larger than the temperature. Hence, the graphs that are ap-
parently UV divergent can be estimated to be of order of the temperature.
In particular, tadpole diagrams of the self-energy that arise from the gauge
interaction are of order g2T 2 (e.g. the contributions to the self-energy of the
gauge bosons shown in Fig. 3).

If the particle in the loop has a mass ml and the self-energy is of order
g2T 2, adding self-energies leads to additional factors
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As long as n > 0, this yields only a subleading correction of order g2. Still,
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technical framework for the treatment of the light stop scenario, in the presence of a very
heavy stop, was defined by using an effective theory approach and it was subsequently

applied to the EWBG scenario in Ref. [23]. For completeness, and in order to define a
few representative updated points, we present the results of such an analysis here.

In order to properly analyze the issue of EWBG we have complemented the zero tem-

perature results with the two-loop finite temperature effective potential [12]. Light stops
may be associated with the presence of additional minima in the stop–Higgs V (t̃, h) po-

tential, and therefore the question of vacuum stability is relevant and should be considered
by a simultaneous analysis of the stop and Higgs scalar potentials. All points shown in

Fig. 1 fulfill the vacuum stability requirement 1.
For values of the heavy stop mass mQ below a few tens of TeV, the maximal Higgs

mass that can be achieved consistent with a strong first order phase transition is about

122 GeV. The main reason is that larger values of the Higgs boson mass would demand
large values of the mixing parameter Xt, for which the effective coupling ghht̃t̃ of the

lightest stop to the Higgs is suppressed, turning the electroweak phase transition too
weak. In the effective theory the coupling ghht̃t̃ is given by
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Figure 1: The window with ⟨φ(Tn)⟩/Tn ! 1 for a gluino mass M3 = 700 GeV, mQ ≤ 50TeV

(left panel) and mQ ≤ 106 TeV (right panel).

1There is an apparent loss of perturbativity in the thermal corrections to the t̃ potential associated
with the longitudinal modes of the gluon. In our work we considered that, due to their large tempera-
ture dependent masses, the terms proportional to the third power of their thermal masses in the high
temperature expansion are efficiently screened and do not lead to any relevant contribution to the t̃
potential.
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Figure 8: Comparison of perturbative and lattice results for the properties of the phase transition

(here v(T ∗) refers, strictly speaking, to different quantities on the two sides; cf. sec. 4.2).

volume we cite a conservative but unprecise estimate of the error:

σ

(T ∗
c )

3
= 0.035 ± 0.005 . (3.9)

4. Comparison with perturbation theory

With a view of learning about generic features of the dynamics of the theory, probably appli-
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Additional constraints arise from the requirement that tan β is not too large
and that the stop do not develop a vev at low temperature what would lead
to a spontaneous breaking of color. The results of this analysis from [87]
is shown in Fig. 9. These results also have been qualitatively confirmed in
lattice calculations [88].

4.4.2 Electroweak baryogenesis

As alluded in section 2.5, the determination of the baryon asymmetry in the
MSSM is a controversial topic. One difference to the other models discussed
so far is that CP violation does not arise in the top sector. The dominant
source of CP violation turns out to be the charginos and neutralinos. For
example the chargino mass can be written

Mχ±
=

(

M2 gh2

gh1 µ

)

, (117)

Similar results were found by

who also used SC method

T.Konstandin, T.Prokopec, M.G.Schmidt, 	
and M.Seco, NPB738 (2006) 1.

J.M.Cline, M.Joyce and KK, 	
JHEP 0007 (2000) 018. 

(maximal CP angles)

These results depend on guesstimated wall shape and wall speed

There are some discrepancies in results depending on the method (QTT-  
formalism) used.  (Some other methods promise larger asymmetries than SC.)
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Fig. 3. The green band shows the region, in the (M1, sin φ1) plane compatible with electroweak baryogenesis. We assume that sin φ2 = 0. On the same plane, we indicate
iso-level curves at constant values for the electron (left) and for the neutron (right) EDMs. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this Letter.)

Fig. 4. The green band shows the region, in the (M2, sin φ2) plane compatible with electroweak baryogenesis. We assume that sin φ1 = 0. On the same plane, we indicate
iso-level curves at constant values for the electron (left) and for the neutron (right) EDMs. Parameter space points above the red lines are excluded by current experimental
constraints on electron and neutron EDMs. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this Letter.)

We note that the BAU-allowed bands have been obtained from
the work of Ref. [7], which included the effects of both resonantly-
enhanced chiral relaxation and CP-violating sources in the bino-
driven and wino-driven regimes for a simple, step-function wall
profile. Had we employed a more realistic profile, leading to a
somewhat smaller BAU (see, e.g., Ref. [37]), the BAU-compatible
regions in Figs. 3 and 4 would have moved to even larger values
of the CP-violating phases corresponding to larger predicted mag-
nitudes for the EDMs. In this respect, Figs. 3 and 4 give the most
optimistic expectations for the wino-driven scenario, whose viabil-
ity is clearly marginal. In contrast, the bino-driven scenario would
be still be easily compatible with the observed BAU and present
EDM limits when a more realistic profile is employed and the full
set of transport equations are solved numerically, as in Ref. [37].

Consequently, we rely here on the simpler, schematic solution as it
adequately addresses our primary point.

3. Summary and conclusions

We have presented a novel possibility for reconciling present
and prospective experimental limits on the EDMs of elementary
particles with successful EWB in the MSSM. We pointed out that
the most relevant CP violating phases for EWB are the bino phase
φ1 and the wino phase φ2. We showed that, with its impact on
EDMs suppressed by about two orders of magnitude compared to
that of the wino phase φ2, the bino phase φ1 is only weakly con-
strained by the EDM bounds, and can be of order one. Since the
bino phase by itself can generate the observed BAU in the bino-

MSSM, EDM constraints, charginos

In any case, chargino transport mechanism is clearly excluded by the 
electron EDM bound (2-loop EDMs):
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We note that the BAU-allowed bands have been obtained from
the work of Ref. [7], which included the effects of both resonantly-
enhanced chiral relaxation and CP-violating sources in the bino-
driven and wino-driven regimes for a simple, step-function wall
profile. Had we employed a more realistic profile, leading to a
somewhat smaller BAU (see, e.g., Ref. [37]), the BAU-compatible
regions in Figs. 3 and 4 would have moved to even larger values
of the CP-violating phases corresponding to larger predicted mag-
nitudes for the EDMs. In this respect, Figs. 3 and 4 give the most
optimistic expectations for the wino-driven scenario, whose viabil-
ity is clearly marginal. In contrast, the bino-driven scenario would
be still be easily compatible with the observed BAU and present
EDM limits when a more realistic profile is employed and the full
set of transport equations are solved numerically, as in Ref. [37].

Consequently, we rely here on the simpler, schematic solution as it
adequately addresses our primary point.

3. Summary and conclusions

We have presented a novel possibility for reconciling present
and prospective experimental limits on the EDMs of elementary
particles with successful EWB in the MSSM. We pointed out that
the most relevant CP violating phases for EWB are the bino phase
φ1 and the wino phase φ2. We showed that, with its impact on
EDMs suppressed by about two orders of magnitude compared to
that of the wino phase φ2, the bino phase φ1 is only weakly con-
strained by the EDM bounds, and can be of order one. Since the
bino phase by itself can generate the observed BAU in the bino-

MSSM, EDM constraints, neutralinos

Neutralino transport  fares better against EDM constraints:

but is already very constrained as well.
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GF. MFV can be formulated up to linear order in top Yukawa insertions, or extended to a

nonlinear representation of the symmetry [27, 28]. For enhanced CP violation in Bq mixing

we are interested in (at least) the second order terms in the expansion of the top Yukawa

in MFV. It is sufficient in our initial discussion to only expand to next order in insertions

of gU so that

Y j
U i = ηU g j

U i + η′U g j
U k[(g

†
U )kl (gU )l i] + · · · ,

Y j
D i = ηD g j

D i + η′D g j
D k[(g

†
U )kl (gU )l i] + · · · . (2.5)

We decompose the second scalar doublet as ST = (S+, S0), where S0 = (sR + isI)/
√

2.

The scalar potential is

V =
λ

4

(

H† i Hi −
v2

2

)2

+ m2
1 (S†i Si) + (m2

2 H† iSi + h.c.),

+λ1 (H† iHi) (S† jSj),+λ2 (H†i Hj) (S†j Si) +
[

λ3H
†i H†j Si Sj + h.c.

]

,

+
[

λ4H
†i S†j Si Sj + λ5S

†i H†j Hi Hj + h.c.
]

+ λ6(S
†iSi)

2, (2.6)

where i, j are SU(2) indices. Here v ≃ 246GeV is the vacuum expectation value (VEV) of

the Higgs field. Since we adopt the convention that the doublet S does not get a VEV the

parameters m2
2 and λ5 are related by,

m2
2 + λ⋆5

v2

2
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 Large enough λhs gives subdominant DM

Figure 4. Distributions of parameters satisfying the constraints (2.8), (2.9), (3.1) and the nominal
DM direct detection bound (4.6). Top row shows input parameters, bottom two rows are derived.
Dimensionful quantities are in GeV units.

varied over the ranges �m = 0.1 � 1, v0/vc = 1.1 � 10, log10 vc/wc ⌅ (�1, 1) produces
22500 models consistent with the constraint (4.6) as well as with the sphaleron washout
bound (2.9), the consistency requirement (2.8) and the invisible Higgs decay width (3.1) of
previous sections. Distributions of various parameters in this set of models can be seen in
figure 4. One observes that the DM mass is typically in the range 80 � 160GeV, for our
choice �m < 1. (Figure 2 illustrates that higher masses are correlated with larger values of
�m). The vc values fall in the range 140 � 220GeV and as Tc tends to be around 100GeV
strong phase transitions are found with vc/Tc as high as 3.5. The wc distribution peaks at
wc ⇤ 160GeV with wc < 500GeV and the relic density fraction frel tends to be . 0.01.

We show the scatter plot of accepted models in frel versus mS in figure 2 and the same
data in figure 5 as mS versus ⇥e� ⇥ frel ⇥SI . The cross section ⇥e� indicates the reach of
the future XENON experiments to rule out a given model, or to verify the existence of its
associated DM particle. All direct DM bounds inevitably su�er from uncertainties in the
local Galactic abundance and velocity distribution of the DM. We estimate the e�ect of
these uncertainties on the latest XENON100 constraint following ref. [83], which shows that
the constraint derived from standard assumptions about the local DM distribution could

– 8 –

J.M. Cline, KK, JCAP 1301 (2013) 012 

BAU acceptable v/T >1 models
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 a signal for this BAU mechanism



Direct detection with singlet DM
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JC, K. Kainulainen, arXiv:1210.4196

But much of the rest will be probed in the next 2 years!
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Figure 4. Distributions of parameters satisfying the constraints (2.8), (2.9), (3.1) and the nominal
DM direct detection bound (4.6). Top row shows input parameters, bottom two rows are derived.
Dimensionful quantities are in GeV units.

varied over the ranges �m = 0.1 � 1, v0/vc = 1.1 � 10, log10 vc/wc ⌅ (�1, 1) produces
22500 models consistent with the constraint (4.6) as well as with the sphaleron washout
bound (2.9), the consistency requirement (2.8) and the invisible Higgs decay width (3.1) of
previous sections. Distributions of various parameters in this set of models can be seen in
figure 4. One observes that the DM mass is typically in the range 80 � 160GeV, for our
choice �m < 1. (Figure 2 illustrates that higher masses are correlated with larger values of
�m). The vc values fall in the range 140 � 220GeV and as Tc tends to be around 100GeV
strong phase transitions are found with vc/Tc as high as 3.5. The wc distribution peaks at
wc ⇤ 160GeV with wc < 500GeV and the relic density fraction frel tends to be . 0.01.

We show the scatter plot of accepted models in frel versus mS in figure 2 and the same
data in figure 5 as mS versus ⇥e� ⇥ frel ⇥SI . The cross section ⇥e� indicates the reach of
the future XENON experiments to rule out a given model, or to verify the existence of its
associated DM particle. All direct DM bounds inevitably su�er from uncertainties in the
local Galactic abundance and velocity distribution of the DM. We estimate the e�ect of
these uncertainties on the latest XENON100 constraint following ref. [83], which shows that
the constraint derived from standard assumptions about the local DM distribution could
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Blow-up of region mS < mh/2:

!
  BAU-friendly models with subl. DM 
  Full (or subl.) DM-models without BAU

LHC bound on h->SS  
kills a lot of the former

Or add new independent 
doublets (with singlets…)  … more complicated scalar sectors?

In a model with two independent  
singlets, one with a strong cross-

coupling could fix BAU and the 

other with a weak one could be DM.
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Conclusions

EWBG continues to be interesting albeit ever  
more constrained by LHC and other lab data
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Conclusions

EWBG continues to be interesting albeit ever  
more constrained by LHC and other lab data

Essentially all constraints come from indirect (loop) effects

MSSM EWBG appears to be all but dead  (NMSSM,…)
2HDM possible, but also restricted in parameter space
SSM:  
     strong (2-stage) transition at tree level 
     BAU or DM possible, but not both (with only one singlet)
Singlet effect is likely a part of a more complete working EWBG model.
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BAU generation, QM reflection or SC force

Thick wall limit: SC force

ω

z

m(z),k0

s

0

q ±k

ss vg(p)
v̄g(p)

̸= J
H
E
P
0
7
(
2
0
0
0
)
0
1
8

and (2.13), the force acting on the particles defined as in eq. (1.3) i.e. F = ṗ =

 v̇g, where the latter follows trivially since  ̇ = 0 along the particle trajectory. In
particular we wish to verify explicitly that we obtain a gauge independent result for

the force. Using the canonical equations of motion we have

v̇g = ẋ(�xvg)pc + ṗc(�pcvg)x

= vg(�xvg)pc ⇥ (�x )pc(�pcvg)x . (2.15)

Using the form (2.12) for vg, di�erentiating and substituting with the dispersion
relation (2.11), we find

(�xvg)pc =
m2

( + sCP
s⇧�

2 )
3

(�pcvg)x = ⇥⇥�CP
m2

( + sCP
s⇧�

2 )
3
⇥ vg

|m||m|�

( + sCP
s⇧�

2 )
2
, (2.16)

from which it is easy to see that the gauge terms (in ⇥CP) cancel out exactly in (2.15)
and that the force is given by the gauge independent expression

ṗ =  v̇g = ⇥
|m||m|� 
( + sCP

s⇧�

2 )
2
+ sCP

s���

2

|m|2 
( + sCP

s⇧�

2 )
3
, (2.17)

which to linear order in �� can be written as

ṗ = ⇥ |m||m|
�

 
+ sCP

s(|m|2��)�
2 2

. (2.18)

The force therefore contains two pieces. The first is a CP-conserving part, leading
to like deceleration of both particles and antiparticles because of the increase in the
magnitude of the mass. The second part, proportional to the gradient of the complex

phase of the mass term, is CP-violating, and causes opposite perturbations in particle
and antiparticle densities.

In connection with eq. (2.10) we mentioned the di�erence in definition of canon-
ical momentum for left- and right-handed particles. From the immediately preced-

ing discussion we can see that this di�erence gets absorbed into the definition of
the unphysical phase ⇥CP. Indeed, for the right-handed fermions one should define

⇥CP = ⇥�⇥ sCP��/2 instead of ⇥� + sCP��/2. Since we have just shown that ⇥CP can-
cels out of physical quantities, the di�erence between the dispersion relations derived
from the spinors Ls and Rs has no physical e�ect. On the other hand, it is true that

for relativistic particles Ls will represent a particle with mostly negative helicity and
Rs will correspond to a mostly positive helicity particle. The information about he-

licity (�) is contained in the spin factor, s = � sign(pz), and this does have a physical
e�ect: particles with opposite spin feel opposite CP-violating forces.
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an expression for the invariant energy2

⇧ =
⇥
(pc ⇧ �CP)2 + |m|2 ⇧ sCP

s⌦�

2
, (2.11)

where �CP � �� + sCP⌦�/2 in the left- and �CP � �� ⇧ sCP⌦�/2 right chiral sector.
(This di�erence in �CP has no consequence what follows, which is why we have

suppressed the indices referring to chirality). Identifying the velocity of the WKB
particle with the group velocity of the wave-packet (corresponding to the stationary
phase condition of the WKB-wave) it can be computed as

vg = ( pc⇧)x =
pc ⇧ �CP⇥

(pc ⇧ �CP)2 + |m|2

=
p0
⇧

�
1 + sCP

s|m|2⌦�
2p20⇧

⇤
, (2.12)

where the latter form follows on expanding to linear order in |m|2⌦�/⇧ after elim-
inating pc ⇧ �CP with (2.11). vg is clearly a physical quantity, independent of the
ambiguity in definition of pc. Given energy conservation along the trajectory we then
have the equation of motion for the canonical momentum viz.

ṗc = ⇧( x⇧)pc = vg��CP ⇧
|m||m|�⇧
(⇧ + sCP

s⌅�

2 )
+ sCP

s⌦��

2
(2.13)

which, like the canonical momentum itself, is manifestly a gauge dependent quan-
tity, through the first term. Equations (2.12) and (2.13) together are the canonical

equations of motion defining the trajectories of our WKB particles in phase space.
The physical kinetic momentum can now be defined as corresponding to the

movement of a WKB-state along its world line

p � ⇧vg . (2.14)

This relation also defines the physical dispersion relation between the energy and
kinetic momentum. We now calculate, using the canonical equations of motion (2.12)
2This discussion is closely analogous to the motion of a particle in an electromagnetic field, which

can be described by a hamiltonian

H =
⇥
(pc ⇧ eA)2 +m2 + eA0 .

Here the canonical momentum pc is related to the physical, kinetic momentum p � mv/
⇥
1⇧ v2 =

⌅vg by the relation pc = p + eA. Canonical momentum is clearly a gauge dependent, unphysical
quantity, because the vector potential is gauge variant. Similarly canonical force acting on pc is
gauge dependent, but the gauge dependent parts cancel when one computes the physical force
acting on kinetic momentum:

ṗk = ⇧ xH ⇧ e tA = e(E+ v ⇤B) .
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the wall, vw is the wall velocity, "i is the rate of an interaction that converts species

i into other kinds of particles, and Si is the source term associated with the current
generated at the bubble wall. There is little controversy about the form of these

equations, but little agreement exists as to how to properly derive the source terms
Si. There are many di⌘erent formalisms for obtaining the sources [24, 6, 25], but so
far little e⌘ort has been made to see how far they agree or disagree with each other.

We shall comment on this issue briefly in our conclusions.

Here we shall use the ‘classical force’ mechanism (CFM) for baryogenesis [6, 18,
20, 21]. The CFM makes use of the intuitively simple picture of particles being

transported in the plasma under the influence of the classical force exerted on them
by the spatially varying Higgs field condensate. We assume that the plasma in this

bubble wall region can be described by a collection of semiclassical quasiparticle
states which we shall refer to as WKB states, because their equation of motion is

derived using the WKB approximation expanding in derivatives of the background
field. The force acting on the particles can be deduced from the WKB dispersion
relations and their corresponding canonical equations of motion. This is a reasonable

assumption when the de Broglie wavelength of the states is much shorter than the
scale of variation of the bubble wall, i.e. ⇧ ⇤ �w, which is satisfied in electroweak
baryogenesis; in the MSSM, the wall widths are typically �w ⇥ 6 ⇧ 14/T [12, 26],
whereas for a typical excitation ⇧ ⇥ 1/T . Given these conditions one can write a
semiclassical Boltzmann equation for the distribution functions of the local WKB-
states

(�t + vg · �x + F · �p)fi = C[fi, fj, . . .] . (1.2)

where the group velocity and classical force are given respectively by

vg � �pc⌃ ; F = ṗ = ⌃v̇g . (1.3)

Here pc is the canonical, and p � ⌃vg the physical, kinetic momentum along the
WKB worldline. Note that we treat the transport problem here in the kinetic vari-
ables — in which the Boltzmann equation has the non-canonical form of (1.2) —

rather than in the canonical variables used in previous treatments. As will be dis-
cussed in more detail below, this choice has the simple advantage of circumventing

all the diculties associated with the variance of the canonical variables under lo-
cal phase (‘gauge’) transformations of the fields in the lagrangian. In these kinetic

variables it is also more manifestly (and gauge independently) clear how, because
of CP-violating e⌘ects, particles and antipartices experience di⌘erent forces in the
wall region, which leads to the separation of chiral currents. The explicit form of vg
and F in a given model can be found from the WKB dispersion relations, as we will
illustrate in sections 2 and 3. The Boltzmann equation (1.2) can then be converted

to di⌘usion equations in a standard way by doing a truncated moment expansion [18]
(see section 4).
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and (2.13), the force acting on the particles defined as in eq. (1.3) i.e. F = ṗ =

 v̇g, where the latter follows trivially since  ̇ = 0 along the particle trajectory. In
particular we wish to verify explicitly that we obtain a gauge independent result for

the force. Using the canonical equations of motion we have

v̇g = ẋ(�xvg)pc + ṗc(�pcvg)x

= vg(�xvg)pc ⇥ (�x )pc(�pcvg)x . (2.15)

Using the form (2.12) for vg, di�erentiating and substituting with the dispersion
relation (2.11), we find

(�xvg)pc =
m2

( + sCP
s⇧�

2 )
3

(�pcvg)x = ⇥⇥�CP
m2

( + sCP
s⇧�

2 )
3
⇥ vg

|m||m|�

( + sCP
s⇧�

2 )
2
, (2.16)

from which it is easy to see that the gauge terms (in ⇥CP) cancel out exactly in (2.15)
and that the force is given by the gauge independent expression

ṗ =  v̇g = ⇥
|m||m|� 
( + sCP

s⇧�

2 )
2
+ sCP

s���

2

|m|2 
( + sCP

s⇧�

2 )
3
, (2.17)

which to linear order in �� can be written as

ṗ = ⇥ |m||m|
�

 
+ sCP

s(|m|2��)�
2 2

. (2.18)

The force therefore contains two pieces. The first is a CP-conserving part, leading
to like deceleration of both particles and antiparticles because of the increase in the
magnitude of the mass. The second part, proportional to the gradient of the complex

phase of the mass term, is CP-violating, and causes opposite perturbations in particle
and antiparticle densities.

In connection with eq. (2.10) we mentioned the di�erence in definition of canon-
ical momentum for left- and right-handed particles. From the immediately preced-

ing discussion we can see that this di�erence gets absorbed into the definition of
the unphysical phase ⇥CP. Indeed, for the right-handed fermions one should define

⇥CP = ⇥�⇥ sCP��/2 instead of ⇥� + sCP��/2. Since we have just shown that ⇥CP can-
cels out of physical quantities, the di�erence between the dispersion relations derived
from the spinors Ls and Rs has no physical e�ect. On the other hand, it is true that

for relativistic particles Ls will represent a particle with mostly negative helicity and
Rs will correspond to a mostly positive helicity particle. The information about he-

licity (�) is contained in the spin factor, s = � sign(pz), and this does have a physical
e�ect: particles with opposite spin feel opposite CP-violating forces.
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an expression for the invariant energy2

⇧ =
⇥
(pc ⇧ �CP)2 + |m|2 ⇧ sCP

s⌦�

2
, (2.11)

where �CP � �� + sCP⌦�/2 in the left- and �CP � �� ⇧ sCP⌦�/2 right chiral sector.
(This di�erence in �CP has no consequence what follows, which is why we have

suppressed the indices referring to chirality). Identifying the velocity of the WKB
particle with the group velocity of the wave-packet (corresponding to the stationary
phase condition of the WKB-wave) it can be computed as

vg = ( pc⇧)x =
pc ⇧ �CP⇥

(pc ⇧ �CP)2 + |m|2

=
p0
⇧

�
1 + sCP

s|m|2⌦�
2p20⇧

⇤
, (2.12)

where the latter form follows on expanding to linear order in |m|2⌦�/⇧ after elim-
inating pc ⇧ �CP with (2.11). vg is clearly a physical quantity, independent of the
ambiguity in definition of pc. Given energy conservation along the trajectory we then
have the equation of motion for the canonical momentum viz.

ṗc = ⇧( x⇧)pc = vg��CP ⇧
|m||m|�⇧
(⇧ + sCP

s⌅�

2 )
+ sCP

s⌦��

2
(2.13)

which, like the canonical momentum itself, is manifestly a gauge dependent quan-
tity, through the first term. Equations (2.12) and (2.13) together are the canonical

equations of motion defining the trajectories of our WKB particles in phase space.
The physical kinetic momentum can now be defined as corresponding to the

movement of a WKB-state along its world line

p � ⇧vg . (2.14)

This relation also defines the physical dispersion relation between the energy and
kinetic momentum. We now calculate, using the canonical equations of motion (2.12)
2This discussion is closely analogous to the motion of a particle in an electromagnetic field, which

can be described by a hamiltonian

H =
⇥
(pc ⇧ eA)2 +m2 + eA0 .

Here the canonical momentum pc is related to the physical, kinetic momentum p � mv/
⇥
1⇧ v2 =

⌅vg by the relation pc = p + eA. Canonical momentum is clearly a gauge dependent, unphysical
quantity, because the vector potential is gauge variant. Similarly canonical force acting on pc is
gauge dependent, but the gauge dependent parts cancel when one computes the physical force
acting on kinetic momentum:

ṗk = ⇧ xH ⇧ e tA = e(E+ v ⇤B) .
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the wall, vw is the wall velocity, "i is the rate of an interaction that converts species

i into other kinds of particles, and Si is the source term associated with the current
generated at the bubble wall. There is little controversy about the form of these

equations, but little agreement exists as to how to properly derive the source terms
Si. There are many di⌘erent formalisms for obtaining the sources [24, 6, 25], but so
far little e⌘ort has been made to see how far they agree or disagree with each other.

We shall comment on this issue briefly in our conclusions.

Here we shall use the ‘classical force’ mechanism (CFM) for baryogenesis [6, 18,
20, 21]. The CFM makes use of the intuitively simple picture of particles being

transported in the plasma under the influence of the classical force exerted on them
by the spatially varying Higgs field condensate. We assume that the plasma in this

bubble wall region can be described by a collection of semiclassical quasiparticle
states which we shall refer to as WKB states, because their equation of motion is

derived using the WKB approximation expanding in derivatives of the background
field. The force acting on the particles can be deduced from the WKB dispersion
relations and their corresponding canonical equations of motion. This is a reasonable

assumption when the de Broglie wavelength of the states is much shorter than the
scale of variation of the bubble wall, i.e. ⇧ ⇤ �w, which is satisfied in electroweak
baryogenesis; in the MSSM, the wall widths are typically �w ⇥ 6 ⇧ 14/T [12, 26],
whereas for a typical excitation ⇧ ⇥ 1/T . Given these conditions one can write a
semiclassical Boltzmann equation for the distribution functions of the local WKB-
states

(�t + vg · �x + F · �p)fi = C[fi, fj, . . .] . (1.2)

where the group velocity and classical force are given respectively by

vg � �pc⌃ ; F = ṗ = ⌃v̇g . (1.3)

Here pc is the canonical, and p � ⌃vg the physical, kinetic momentum along the
WKB worldline. Note that we treat the transport problem here in the kinetic vari-
ables — in which the Boltzmann equation has the non-canonical form of (1.2) —

rather than in the canonical variables used in previous treatments. As will be dis-
cussed in more detail below, this choice has the simple advantage of circumventing

all the diculties associated with the variance of the canonical variables under lo-
cal phase (‘gauge’) transformations of the fields in the lagrangian. In these kinetic

variables it is also more manifestly (and gauge independently) clear how, because
of CP-violating e⌘ects, particles and antipartices experience di⌘erent forces in the
wall region, which leads to the separation of chiral currents. The explicit form of vg
and F in a given model can be found from the WKB dispersion relations, as we will
illustrate in sections 2 and 3. The Boltzmann equation (1.2) can then be converted

to di⌘usion equations in a standard way by doing a truncated moment expansion [18]
(see section 4).
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and (2.13), the force acting on the particles defined as in eq. (1.3) i.e. F = ṗ =

 v̇g, where the latter follows trivially since  ̇ = 0 along the particle trajectory. In
particular we wish to verify explicitly that we obtain a gauge independent result for

the force. Using the canonical equations of motion we have

v̇g = ẋ(�xvg)pc + ṗc(�pcvg)x

= vg(�xvg)pc ⇥ (�x )pc(�pcvg)x . (2.15)

Using the form (2.12) for vg, di�erentiating and substituting with the dispersion
relation (2.11), we find

(�xvg)pc =
m2

( + sCP
s⇧�

2 )
3

(�pcvg)x = ⇥⇥�CP
m2

( + sCP
s⇧�

2 )
3
⇥ vg

|m||m|�

( + sCP
s⇧�

2 )
2
, (2.16)

from which it is easy to see that the gauge terms (in ⇥CP) cancel out exactly in (2.15)
and that the force is given by the gauge independent expression

ṗ =  v̇g = ⇥
|m||m|� 
( + sCP

s⇧�

2 )
2
+ sCP

s���

2

|m|2 
( + sCP

s⇧�

2 )
3
, (2.17)

which to linear order in �� can be written as

ṗ = ⇥ |m||m|
�

 
+ sCP

s(|m|2��)�
2 2

. (2.18)

The force therefore contains two pieces. The first is a CP-conserving part, leading
to like deceleration of both particles and antiparticles because of the increase in the
magnitude of the mass. The second part, proportional to the gradient of the complex

phase of the mass term, is CP-violating, and causes opposite perturbations in particle
and antiparticle densities.

In connection with eq. (2.10) we mentioned the di�erence in definition of canon-
ical momentum for left- and right-handed particles. From the immediately preced-

ing discussion we can see that this di�erence gets absorbed into the definition of
the unphysical phase ⇥CP. Indeed, for the right-handed fermions one should define

⇥CP = ⇥�⇥ sCP��/2 instead of ⇥� + sCP��/2. Since we have just shown that ⇥CP can-
cels out of physical quantities, the di�erence between the dispersion relations derived
from the spinors Ls and Rs has no physical e�ect. On the other hand, it is true that

for relativistic particles Ls will represent a particle with mostly negative helicity and
Rs will correspond to a mostly positive helicity particle. The information about he-

licity (�) is contained in the spin factor, s = � sign(pz), and this does have a physical
e�ect: particles with opposite spin feel opposite CP-violating forces.

9

J
H
E
P
0
7
(
2
0
0
0
)
0
1
8

an expression for the invariant energy2

⇧ =
⇥
(pc ⇧ �CP)2 + |m|2 ⇧ sCP

s⌦�

2
, (2.11)

where �CP � �� + sCP⌦�/2 in the left- and �CP � �� ⇧ sCP⌦�/2 right chiral sector.
(This di�erence in �CP has no consequence what follows, which is why we have

suppressed the indices referring to chirality). Identifying the velocity of the WKB
particle with the group velocity of the wave-packet (corresponding to the stationary
phase condition of the WKB-wave) it can be computed as

vg = ( pc⇧)x =
pc ⇧ �CP⇥

(pc ⇧ �CP)2 + |m|2

=
p0
⇧

�
1 + sCP

s|m|2⌦�
2p20⇧

⇤
, (2.12)

where the latter form follows on expanding to linear order in |m|2⌦�/⇧ after elim-
inating pc ⇧ �CP with (2.11). vg is clearly a physical quantity, independent of the
ambiguity in definition of pc. Given energy conservation along the trajectory we then
have the equation of motion for the canonical momentum viz.

ṗc = ⇧( x⇧)pc = vg��CP ⇧
|m||m|�⇧
(⇧ + sCP

s⌅�

2 )
+ sCP

s⌦��

2
(2.13)

which, like the canonical momentum itself, is manifestly a gauge dependent quan-
tity, through the first term. Equations (2.12) and (2.13) together are the canonical

equations of motion defining the trajectories of our WKB particles in phase space.
The physical kinetic momentum can now be defined as corresponding to the

movement of a WKB-state along its world line

p � ⇧vg . (2.14)

This relation also defines the physical dispersion relation between the energy and
kinetic momentum. We now calculate, using the canonical equations of motion (2.12)
2This discussion is closely analogous to the motion of a particle in an electromagnetic field, which

can be described by a hamiltonian

H =
⇥
(pc ⇧ eA)2 +m2 + eA0 .

Here the canonical momentum pc is related to the physical, kinetic momentum p � mv/
⇥
1⇧ v2 =

⌅vg by the relation pc = p + eA. Canonical momentum is clearly a gauge dependent, unphysical
quantity, because the vector potential is gauge variant. Similarly canonical force acting on pc is
gauge dependent, but the gauge dependent parts cancel when one computes the physical force
acting on kinetic momentum:

ṗk = ⇧ xH ⇧ e tA = e(E+ v ⇤B) .
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the wall, vw is the wall velocity, "i is the rate of an interaction that converts species

i into other kinds of particles, and Si is the source term associated with the current
generated at the bubble wall. There is little controversy about the form of these

equations, but little agreement exists as to how to properly derive the source terms
Si. There are many di⌘erent formalisms for obtaining the sources [24, 6, 25], but so
far little e⌘ort has been made to see how far they agree or disagree with each other.

We shall comment on this issue briefly in our conclusions.

Here we shall use the ‘classical force’ mechanism (CFM) for baryogenesis [6, 18,
20, 21]. The CFM makes use of the intuitively simple picture of particles being

transported in the plasma under the influence of the classical force exerted on them
by the spatially varying Higgs field condensate. We assume that the plasma in this

bubble wall region can be described by a collection of semiclassical quasiparticle
states which we shall refer to as WKB states, because their equation of motion is

derived using the WKB approximation expanding in derivatives of the background
field. The force acting on the particles can be deduced from the WKB dispersion
relations and their corresponding canonical equations of motion. This is a reasonable

assumption when the de Broglie wavelength of the states is much shorter than the
scale of variation of the bubble wall, i.e. ⇧ ⇤ �w, which is satisfied in electroweak
baryogenesis; in the MSSM, the wall widths are typically �w ⇥ 6 ⇧ 14/T [12, 26],
whereas for a typical excitation ⇧ ⇥ 1/T . Given these conditions one can write a
semiclassical Boltzmann equation for the distribution functions of the local WKB-
states

(�t + vg · �x + F · �p)fi = C[fi, fj, . . .] . (1.2)

where the group velocity and classical force are given respectively by

vg � �pc⌃ ; F = ṗ = ⌃v̇g . (1.3)

Here pc is the canonical, and p � ⌃vg the physical, kinetic momentum along the
WKB worldline. Note that we treat the transport problem here in the kinetic vari-
ables — in which the Boltzmann equation has the non-canonical form of (1.2) —

rather than in the canonical variables used in previous treatments. As will be dis-
cussed in more detail below, this choice has the simple advantage of circumventing

all the diculties associated with the variance of the canonical variables under lo-
cal phase (‘gauge’) transformations of the fields in the lagrangian. In these kinetic

variables it is also more manifestly (and gauge independently) clear how, because
of CP-violating e⌘ects, particles and antipartices experience di⌘erent forces in the
wall region, which leads to the separation of chiral currents. The explicit form of vg
and F in a given model can be found from the WKB dispersion relations, as we will
illustrate in sections 2 and 3. The Boltzmann equation (1.2) can then be converted

to di⌘usion equations in a standard way by doing a truncated moment expansion [18]
(see section 4).
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and (2.13), the force acting on the particles defined as in eq. (1.3) i.e. F = ṗ =

 v̇g, where the latter follows trivially since  ̇ = 0 along the particle trajectory. In
particular we wish to verify explicitly that we obtain a gauge independent result for

the force. Using the canonical equations of motion we have

v̇g = ẋ(�xvg)pc + ṗc(�pcvg)x

= vg(�xvg)pc ⇥ (�x )pc(�pcvg)x . (2.15)

Using the form (2.12) for vg, di�erentiating and substituting with the dispersion
relation (2.11), we find

(�xvg)pc =
m2

( + sCP
s⇧�

2 )
3

(�pcvg)x = ⇥⇥�CP
m2

( + sCP
s⇧�

2 )
3
⇥ vg

|m||m|�

( + sCP
s⇧�

2 )
2
, (2.16)

from which it is easy to see that the gauge terms (in ⇥CP) cancel out exactly in (2.15)
and that the force is given by the gauge independent expression

ṗ =  v̇g = ⇥
|m||m|� 
( + sCP

s⇧�

2 )
2
+ sCP

s���

2

|m|2 
( + sCP

s⇧�

2 )
3
, (2.17)

which to linear order in �� can be written as

ṗ = ⇥ |m||m|
�

 
+ sCP

s(|m|2��)�
2 2

. (2.18)

The force therefore contains two pieces. The first is a CP-conserving part, leading
to like deceleration of both particles and antiparticles because of the increase in the
magnitude of the mass. The second part, proportional to the gradient of the complex

phase of the mass term, is CP-violating, and causes opposite perturbations in particle
and antiparticle densities.

In connection with eq. (2.10) we mentioned the di�erence in definition of canon-
ical momentum for left- and right-handed particles. From the immediately preced-

ing discussion we can see that this di�erence gets absorbed into the definition of
the unphysical phase ⇥CP. Indeed, for the right-handed fermions one should define

⇥CP = ⇥�⇥ sCP��/2 instead of ⇥� + sCP��/2. Since we have just shown that ⇥CP can-
cels out of physical quantities, the di�erence between the dispersion relations derived
from the spinors Ls and Rs has no physical e�ect. On the other hand, it is true that

for relativistic particles Ls will represent a particle with mostly negative helicity and
Rs will correspond to a mostly positive helicity particle. The information about he-

licity (�) is contained in the spin factor, s = � sign(pz), and this does have a physical
e�ect: particles with opposite spin feel opposite CP-violating forces.
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an expression for the invariant energy2

⇧ =
⇥
(pc ⇧ �CP)2 + |m|2 ⇧ sCP

s⌦�

2
, (2.11)

where �CP � �� + sCP⌦�/2 in the left- and �CP � �� ⇧ sCP⌦�/2 right chiral sector.
(This di�erence in �CP has no consequence what follows, which is why we have

suppressed the indices referring to chirality). Identifying the velocity of the WKB
particle with the group velocity of the wave-packet (corresponding to the stationary
phase condition of the WKB-wave) it can be computed as

vg = ( pc⇧)x =
pc ⇧ �CP⇥

(pc ⇧ �CP)2 + |m|2

=
p0
⇧

�
1 + sCP

s|m|2⌦�
2p20⇧

⇤
, (2.12)

where the latter form follows on expanding to linear order in |m|2⌦�/⇧ after elim-
inating pc ⇧ �CP with (2.11). vg is clearly a physical quantity, independent of the
ambiguity in definition of pc. Given energy conservation along the trajectory we then
have the equation of motion for the canonical momentum viz.

ṗc = ⇧( x⇧)pc = vg��CP ⇧
|m||m|�⇧
(⇧ + sCP

s⌅�

2 )
+ sCP

s⌦��

2
(2.13)

which, like the canonical momentum itself, is manifestly a gauge dependent quan-
tity, through the first term. Equations (2.12) and (2.13) together are the canonical

equations of motion defining the trajectories of our WKB particles in phase space.
The physical kinetic momentum can now be defined as corresponding to the

movement of a WKB-state along its world line

p � ⇧vg . (2.14)

This relation also defines the physical dispersion relation between the energy and
kinetic momentum. We now calculate, using the canonical equations of motion (2.12)
2This discussion is closely analogous to the motion of a particle in an electromagnetic field, which

can be described by a hamiltonian

H =
⇥
(pc ⇧ eA)2 +m2 + eA0 .

Here the canonical momentum pc is related to the physical, kinetic momentum p � mv/
⇥
1⇧ v2 =

⌅vg by the relation pc = p + eA. Canonical momentum is clearly a gauge dependent, unphysical
quantity, because the vector potential is gauge variant. Similarly canonical force acting on pc is
gauge dependent, but the gauge dependent parts cancel when one computes the physical force
acting on kinetic momentum:

ṗk = ⇧ xH ⇧ e tA = e(E+ v ⇤B) .
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the wall, vw is the wall velocity, "i is the rate of an interaction that converts species

i into other kinds of particles, and Si is the source term associated with the current
generated at the bubble wall. There is little controversy about the form of these

equations, but little agreement exists as to how to properly derive the source terms
Si. There are many di⌘erent formalisms for obtaining the sources [24, 6, 25], but so
far little e⌘ort has been made to see how far they agree or disagree with each other.

We shall comment on this issue briefly in our conclusions.

Here we shall use the ‘classical force’ mechanism (CFM) for baryogenesis [6, 18,
20, 21]. The CFM makes use of the intuitively simple picture of particles being

transported in the plasma under the influence of the classical force exerted on them
by the spatially varying Higgs field condensate. We assume that the plasma in this

bubble wall region can be described by a collection of semiclassical quasiparticle
states which we shall refer to as WKB states, because their equation of motion is

derived using the WKB approximation expanding in derivatives of the background
field. The force acting on the particles can be deduced from the WKB dispersion
relations and their corresponding canonical equations of motion. This is a reasonable

assumption when the de Broglie wavelength of the states is much shorter than the
scale of variation of the bubble wall, i.e. ⇧ ⇤ �w, which is satisfied in electroweak
baryogenesis; in the MSSM, the wall widths are typically �w ⇥ 6 ⇧ 14/T [12, 26],
whereas for a typical excitation ⇧ ⇥ 1/T . Given these conditions one can write a
semiclassical Boltzmann equation for the distribution functions of the local WKB-
states

(�t + vg · �x + F · �p)fi = C[fi, fj, . . .] . (1.2)

where the group velocity and classical force are given respectively by

vg � �pc⌃ ; F = ṗ = ⌃v̇g . (1.3)

Here pc is the canonical, and p � ⌃vg the physical, kinetic momentum along the
WKB worldline. Note that we treat the transport problem here in the kinetic vari-
ables — in which the Boltzmann equation has the non-canonical form of (1.2) —

rather than in the canonical variables used in previous treatments. As will be dis-
cussed in more detail below, this choice has the simple advantage of circumventing

all the diculties associated with the variance of the canonical variables under lo-
cal phase (‘gauge’) transformations of the fields in the lagrangian. In these kinetic

variables it is also more manifestly (and gauge independently) clear how, because
of CP-violating e⌘ects, particles and antipartices experience di⌘erent forces in the
wall region, which leads to the separation of chiral currents. The explicit form of vg
and F in a given model can be found from the WKB dispersion relations, as we will
illustrate in sections 2 and 3. The Boltzmann equation (1.2) can then be converted

to di⌘usion equations in a standard way by doing a truncated moment expansion [18]
(see section 4).
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and (2.13), the force acting on the particles defined as in eq. (1.3) i.e. F = ṗ =

 v̇g, where the latter follows trivially since  ̇ = 0 along the particle trajectory. In
particular we wish to verify explicitly that we obtain a gauge independent result for

the force. Using the canonical equations of motion we have

v̇g = ẋ(�xvg)pc + ṗc(�pcvg)x

= vg(�xvg)pc ⇥ (�x )pc(�pcvg)x . (2.15)

Using the form (2.12) for vg, di�erentiating and substituting with the dispersion
relation (2.11), we find

(�xvg)pc =
m2

( + sCP
s⇧�

2 )
3

(�pcvg)x = ⇥⇥�CP
m2

( + sCP
s⇧�

2 )
3
⇥ vg

|m||m|�

( + sCP
s⇧�

2 )
2
, (2.16)

from which it is easy to see that the gauge terms (in ⇥CP) cancel out exactly in (2.15)
and that the force is given by the gauge independent expression

ṗ =  v̇g = ⇥
|m||m|� 
( + sCP

s⇧�

2 )
2
+ sCP

s���

2

|m|2 
( + sCP

s⇧�

2 )
3
, (2.17)

which to linear order in �� can be written as

ṗ = ⇥ |m||m|
�

 
+ sCP

s(|m|2��)�
2 2

. (2.18)

The force therefore contains two pieces. The first is a CP-conserving part, leading
to like deceleration of both particles and antiparticles because of the increase in the
magnitude of the mass. The second part, proportional to the gradient of the complex

phase of the mass term, is CP-violating, and causes opposite perturbations in particle
and antiparticle densities.

In connection with eq. (2.10) we mentioned the di�erence in definition of canon-
ical momentum for left- and right-handed particles. From the immediately preced-

ing discussion we can see that this di�erence gets absorbed into the definition of
the unphysical phase ⇥CP. Indeed, for the right-handed fermions one should define

⇥CP = ⇥�⇥ sCP��/2 instead of ⇥� + sCP��/2. Since we have just shown that ⇥CP can-
cels out of physical quantities, the di�erence between the dispersion relations derived
from the spinors Ls and Rs has no physical e�ect. On the other hand, it is true that

for relativistic particles Ls will represent a particle with mostly negative helicity and
Rs will correspond to a mostly positive helicity particle. The information about he-

licity (�) is contained in the spin factor, s = � sign(pz), and this does have a physical
e�ect: particles with opposite spin feel opposite CP-violating forces.
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an expression for the invariant energy2

⇧ =
⇥
(pc ⇧ �CP)2 + |m|2 ⇧ sCP

s⌦�

2
, (2.11)

where �CP � �� + sCP⌦�/2 in the left- and �CP � �� ⇧ sCP⌦�/2 right chiral sector.
(This di�erence in �CP has no consequence what follows, which is why we have

suppressed the indices referring to chirality). Identifying the velocity of the WKB
particle with the group velocity of the wave-packet (corresponding to the stationary
phase condition of the WKB-wave) it can be computed as

vg = ( pc⇧)x =
pc ⇧ �CP⇥

(pc ⇧ �CP)2 + |m|2

=
p0
⇧

�
1 + sCP

s|m|2⌦�
2p20⇧

⇤
, (2.12)

where the latter form follows on expanding to linear order in |m|2⌦�/⇧ after elim-
inating pc ⇧ �CP with (2.11). vg is clearly a physical quantity, independent of the
ambiguity in definition of pc. Given energy conservation along the trajectory we then
have the equation of motion for the canonical momentum viz.

ṗc = ⇧( x⇧)pc = vg��CP ⇧
|m||m|�⇧
(⇧ + sCP

s⌅�

2 )
+ sCP

s⌦��

2
(2.13)

which, like the canonical momentum itself, is manifestly a gauge dependent quan-
tity, through the first term. Equations (2.12) and (2.13) together are the canonical

equations of motion defining the trajectories of our WKB particles in phase space.
The physical kinetic momentum can now be defined as corresponding to the

movement of a WKB-state along its world line

p � ⇧vg . (2.14)

This relation also defines the physical dispersion relation between the energy and
kinetic momentum. We now calculate, using the canonical equations of motion (2.12)
2This discussion is closely analogous to the motion of a particle in an electromagnetic field, which

can be described by a hamiltonian

H =
⇥
(pc ⇧ eA)2 +m2 + eA0 .

Here the canonical momentum pc is related to the physical, kinetic momentum p � mv/
⇥
1⇧ v2 =

⌅vg by the relation pc = p + eA. Canonical momentum is clearly a gauge dependent, unphysical
quantity, because the vector potential is gauge variant. Similarly canonical force acting on pc is
gauge dependent, but the gauge dependent parts cancel when one computes the physical force
acting on kinetic momentum:

ṗk = ⇧ xH ⇧ e tA = e(E+ v ⇤B) .
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the wall, vw is the wall velocity, "i is the rate of an interaction that converts species

i into other kinds of particles, and Si is the source term associated with the current
generated at the bubble wall. There is little controversy about the form of these

equations, but little agreement exists as to how to properly derive the source terms
Si. There are many di⌘erent formalisms for obtaining the sources [24, 6, 25], but so
far little e⌘ort has been made to see how far they agree or disagree with each other.

We shall comment on this issue briefly in our conclusions.

Here we shall use the ‘classical force’ mechanism (CFM) for baryogenesis [6, 18,
20, 21]. The CFM makes use of the intuitively simple picture of particles being

transported in the plasma under the influence of the classical force exerted on them
by the spatially varying Higgs field condensate. We assume that the plasma in this

bubble wall region can be described by a collection of semiclassical quasiparticle
states which we shall refer to as WKB states, because their equation of motion is

derived using the WKB approximation expanding in derivatives of the background
field. The force acting on the particles can be deduced from the WKB dispersion
relations and their corresponding canonical equations of motion. This is a reasonable

assumption when the de Broglie wavelength of the states is much shorter than the
scale of variation of the bubble wall, i.e. ⇧ ⇤ �w, which is satisfied in electroweak
baryogenesis; in the MSSM, the wall widths are typically �w ⇥ 6 ⇧ 14/T [12, 26],
whereas for a typical excitation ⇧ ⇥ 1/T . Given these conditions one can write a
semiclassical Boltzmann equation for the distribution functions of the local WKB-
states

(�t + vg · �x + F · �p)fi = C[fi, fj, . . .] . (1.2)

where the group velocity and classical force are given respectively by

vg � �pc⌃ ; F = ṗ = ⌃v̇g . (1.3)

Here pc is the canonical, and p � ⌃vg the physical, kinetic momentum along the
WKB worldline. Note that we treat the transport problem here in the kinetic vari-
ables — in which the Boltzmann equation has the non-canonical form of (1.2) —

rather than in the canonical variables used in previous treatments. As will be dis-
cussed in more detail below, this choice has the simple advantage of circumventing

all the diculties associated with the variance of the canonical variables under lo-
cal phase (‘gauge’) transformations of the fields in the lagrangian. In these kinetic

variables it is also more manifestly (and gauge independently) clear how, because
of CP-violating e⌘ects, particles and antipartices experience di⌘erent forces in the
wall region, which leads to the separation of chiral currents. The explicit form of vg
and F in a given model can be found from the WKB dispersion relations, as we will
illustrate in sections 2 and 3. The Boltzmann equation (1.2) can then be converted

to di⌘usion equations in a standard way by doing a truncated moment expansion [18]
(see section 4).
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where the collision term is given by

Ccoll ⇤
1
2
e�i� �

{�>}{G<}� {�<}{G>}
⇥
, (2.27)

the �-operator is the following generalization of the Poisson brackets:

�{f}{g} =
1
2

[⌃Xf · ⌃kg � ⌃kf · ⌃Xg] (2.28)

and the mass operators m̂0 and m̂5 are related to the Hermitean and antihermitean parts
of the mass matrix:

m̂0,5F (k, x) ⇤ mH,AH(x)e�
i
2⌅m

x ·⌅F
k F (k, x) . (2.29)

In what follows we will suppress the superscripts in derivatives, remembering that ⌃x always
acts on mass function and ⌃k on the whatever function the operator m̂X is acting on.

Transforming the equation (2.17) similarly, it is easily shown to yield the well known
momentum space representation of the spectral sum-rule:

⇧
dk0

⇥
A(k, x)�0 = 1. (2.30)

Equations (2.24-2.25) and (2.26), together with the sum-rule (2.30) and the condition
G> = �G< � 2iA form a complete set of equations for solving G< and A when the
interactions and the mass profiles are explicitly specified.

3. Noninteracting fields

We start our analysis from the simplest possible case of noninteracting and nonmixing fields.
That is, we shall put �⌅ 0 and eventually assume that the mass m is a (possibly complex)
scalar. We could then directly read the equation of motion for G< from Eqn. (2.26). It is
worth noting however, that in the collisionless case the formal machinery of the previous
section is not necessary and the equations of motion can be obtained simply from the free
particle Dirac equation. From the action (2.21) with a scalar m one obtains:

⇤
i ⌃/u�m†PL �mPR

⌅
⇤(u) = 0 . (3.1)

Multiplying (3.1) from the left by the spinor i⇤̄(v) and taking the expectation value one
immediately finds: ⇤

i ⌃/u�m†PL �mPR

⌅
G<(u, v) = 0 . (3.2)

After Wigner transform Eqn. (2.23) this becomes just the collisionless limit of the equation
(2.26):

(k/ +
i

2
⌃/x �m̂0 � im̂5�

5)G<(x, k) = 0, (3.3)

where m̂5 and m̂5 are mass operators given by (2.29). Note that also G>, and therefore
also the spectral function A obeys exactly the same equation in the collisionless limit. This
can of course be also seen directly from equation (2.24). However, the spectral function A
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Collisionless case:

Complex mass (matrix) => CP
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and (2.13), the force acting on the particles defined as in eq. (1.3) i.e. F = ṗ =

 v̇g, where the latter follows trivially since  ̇ = 0 along the particle trajectory. In
particular we wish to verify explicitly that we obtain a gauge independent result for

the force. Using the canonical equations of motion we have

v̇g = ẋ(�xvg)pc + ṗc(�pcvg)x

= vg(�xvg)pc ⇥ (�x )pc(�pcvg)x . (2.15)

Using the form (2.12) for vg, di�erentiating and substituting with the dispersion
relation (2.11), we find

(�xvg)pc =
m2

( + sCP
s⇧�

2 )
3

(�pcvg)x = ⇥⇥�CP
m2

( + sCP
s⇧�

2 )
3
⇥ vg

|m||m|�

( + sCP
s⇧�

2 )
2
, (2.16)

from which it is easy to see that the gauge terms (in ⇥CP) cancel out exactly in (2.15)
and that the force is given by the gauge independent expression

ṗ =  v̇g = ⇥
|m||m|� 
( + sCP

s⇧�

2 )
2
+ sCP

s���

2

|m|2 
( + sCP

s⇧�

2 )
3
, (2.17)

which to linear order in �� can be written as

ṗ = ⇥ |m||m|
�

 
+ sCP

s(|m|2��)�
2 2

. (2.18)

The force therefore contains two pieces. The first is a CP-conserving part, leading
to like deceleration of both particles and antiparticles because of the increase in the
magnitude of the mass. The second part, proportional to the gradient of the complex

phase of the mass term, is CP-violating, and causes opposite perturbations in particle
and antiparticle densities.

In connection with eq. (2.10) we mentioned the di�erence in definition of canon-
ical momentum for left- and right-handed particles. From the immediately preced-

ing discussion we can see that this di�erence gets absorbed into the definition of
the unphysical phase ⇥CP. Indeed, for the right-handed fermions one should define

⇥CP = ⇥�⇥ sCP��/2 instead of ⇥� + sCP��/2. Since we have just shown that ⇥CP can-
cels out of physical quantities, the di�erence between the dispersion relations derived
from the spinors Ls and Rs has no physical e�ect. On the other hand, it is true that

for relativistic particles Ls will represent a particle with mostly negative helicity and
Rs will correspond to a mostly positive helicity particle. The information about he-

licity (�) is contained in the spin factor, s = � sign(pz), and this does have a physical
e�ect: particles with opposite spin feel opposite CP-violating forces.
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an expression for the invariant energy2

⇧ =
⇥
(pc ⇧ �CP)2 + |m|2 ⇧ sCP

s⌦�

2
, (2.11)

where �CP � �� + sCP⌦�/2 in the left- and �CP � �� ⇧ sCP⌦�/2 right chiral sector.
(This di�erence in �CP has no consequence what follows, which is why we have

suppressed the indices referring to chirality). Identifying the velocity of the WKB
particle with the group velocity of the wave-packet (corresponding to the stationary
phase condition of the WKB-wave) it can be computed as

vg = ( pc⇧)x =
pc ⇧ �CP⇥

(pc ⇧ �CP)2 + |m|2

=
p0
⇧

�
1 + sCP

s|m|2⌦�
2p20⇧

⇤
, (2.12)

where the latter form follows on expanding to linear order in |m|2⌦�/⇧ after elim-
inating pc ⇧ �CP with (2.11). vg is clearly a physical quantity, independent of the
ambiguity in definition of pc. Given energy conservation along the trajectory we then
have the equation of motion for the canonical momentum viz.

ṗc = ⇧( x⇧)pc = vg��CP ⇧
|m||m|�⇧
(⇧ + sCP

s⌅�

2 )
+ sCP

s⌦��

2
(2.13)

which, like the canonical momentum itself, is manifestly a gauge dependent quan-
tity, through the first term. Equations (2.12) and (2.13) together are the canonical

equations of motion defining the trajectories of our WKB particles in phase space.
The physical kinetic momentum can now be defined as corresponding to the

movement of a WKB-state along its world line

p � ⇧vg . (2.14)

This relation also defines the physical dispersion relation between the energy and
kinetic momentum. We now calculate, using the canonical equations of motion (2.12)
2This discussion is closely analogous to the motion of a particle in an electromagnetic field, which

can be described by a hamiltonian

H =
⇥
(pc ⇧ eA)2 +m2 + eA0 .

Here the canonical momentum pc is related to the physical, kinetic momentum p � mv/
⇥
1⇧ v2 =

⌅vg by the relation pc = p + eA. Canonical momentum is clearly a gauge dependent, unphysical
quantity, because the vector potential is gauge variant. Similarly canonical force acting on pc is
gauge dependent, but the gauge dependent parts cancel when one computes the physical force
acting on kinetic momentum:

ṗk = ⇧ xH ⇧ e tA = e(E+ v ⇤B) .
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the wall, vw is the wall velocity, "i is the rate of an interaction that converts species

i into other kinds of particles, and Si is the source term associated with the current
generated at the bubble wall. There is little controversy about the form of these

equations, but little agreement exists as to how to properly derive the source terms
Si. There are many di⌘erent formalisms for obtaining the sources [24, 6, 25], but so
far little e⌘ort has been made to see how far they agree or disagree with each other.

We shall comment on this issue briefly in our conclusions.

Here we shall use the ‘classical force’ mechanism (CFM) for baryogenesis [6, 18,
20, 21]. The CFM makes use of the intuitively simple picture of particles being

transported in the plasma under the influence of the classical force exerted on them
by the spatially varying Higgs field condensate. We assume that the plasma in this

bubble wall region can be described by a collection of semiclassical quasiparticle
states which we shall refer to as WKB states, because their equation of motion is

derived using the WKB approximation expanding in derivatives of the background
field. The force acting on the particles can be deduced from the WKB dispersion
relations and their corresponding canonical equations of motion. This is a reasonable

assumption when the de Broglie wavelength of the states is much shorter than the
scale of variation of the bubble wall, i.e. ⇧ ⇤ �w, which is satisfied in electroweak
baryogenesis; in the MSSM, the wall widths are typically �w ⇥ 6 ⇧ 14/T [12, 26],
whereas for a typical excitation ⇧ ⇥ 1/T . Given these conditions one can write a
semiclassical Boltzmann equation for the distribution functions of the local WKB-
states

(�t + vg · �x + F · �p)fi = C[fi, fj, . . .] . (1.2)

where the group velocity and classical force are given respectively by

vg � �pc⌃ ; F = ṗ = ⌃v̇g . (1.3)

Here pc is the canonical, and p � ⌃vg the physical, kinetic momentum along the
WKB worldline. Note that we treat the transport problem here in the kinetic vari-
ables — in which the Boltzmann equation has the non-canonical form of (1.2) —

rather than in the canonical variables used in previous treatments. As will be dis-
cussed in more detail below, this choice has the simple advantage of circumventing

all the diculties associated with the variance of the canonical variables under lo-
cal phase (‘gauge’) transformations of the fields in the lagrangian. In these kinetic

variables it is also more manifestly (and gauge independently) clear how, because
of CP-violating e⌘ects, particles and antipartices experience di⌘erent forces in the
wall region, which leads to the separation of chiral currents. The explicit form of vg
and F in a given model can be found from the WKB dispersion relations, as we will
illustrate in sections 2 and 3. The Boltzmann equation (1.2) can then be converted

to di⌘usion equations in a standard way by doing a truncated moment expansion [18]
(see section 4).

3

where the collision term is given by

Ccoll ⇤
1
2
e�i� �

{�>}{G<}� {�<}{G>}
⇥
, (2.27)

the �-operator is the following generalization of the Poisson brackets:

�{f}{g} =
1
2

[⌃Xf · ⌃kg � ⌃kf · ⌃Xg] (2.28)

and the mass operators m̂0 and m̂5 are related to the Hermitean and antihermitean parts
of the mass matrix:

m̂0,5F (k, x) ⇤ mH,AH(x)e�
i
2⌅m

x ·⌅F
k F (k, x) . (2.29)

In what follows we will suppress the superscripts in derivatives, remembering that ⌃x always
acts on mass function and ⌃k on the whatever function the operator m̂X is acting on.

Transforming the equation (2.17) similarly, it is easily shown to yield the well known
momentum space representation of the spectral sum-rule:

⇧
dk0

⇥
A(k, x)�0 = 1. (2.30)

Equations (2.24-2.25) and (2.26), together with the sum-rule (2.30) and the condition
G> = �G< � 2iA form a complete set of equations for solving G< and A when the
interactions and the mass profiles are explicitly specified.

3. Noninteracting fields

We start our analysis from the simplest possible case of noninteracting and nonmixing fields.
That is, we shall put �⌅ 0 and eventually assume that the mass m is a (possibly complex)
scalar. We could then directly read the equation of motion for G< from Eqn. (2.26). It is
worth noting however, that in the collisionless case the formal machinery of the previous
section is not necessary and the equations of motion can be obtained simply from the free
particle Dirac equation. From the action (2.21) with a scalar m one obtains:

⇤
i ⌃/u�m†PL �mPR

⌅
⇤(u) = 0 . (3.1)

Multiplying (3.1) from the left by the spinor i⇤̄(v) and taking the expectation value one
immediately finds: ⇤

i ⌃/u�m†PL �mPR

⌅
G<(u, v) = 0 . (3.2)

After Wigner transform Eqn. (2.23) this becomes just the collisionless limit of the equation
(2.26):

(k/ +
i

2
⌃/x �m̂0 � im̂5�

5)G<(x, k) = 0, (3.3)

where m̂5 and m̂5 are mass operators given by (2.29). Note that also G>, and therefore
also the spectral function A obeys exactly the same equation in the collisionless limit. This
can of course be also seen directly from equation (2.24). However, the spectral function A
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and (2.13), the force acting on the particles defined as in eq. (1.3) i.e. F = ṗ =

 v̇g, where the latter follows trivially since  ̇ = 0 along the particle trajectory. In
particular we wish to verify explicitly that we obtain a gauge independent result for

the force. Using the canonical equations of motion we have

v̇g = ẋ(�xvg)pc + ṗc(�pcvg)x

= vg(�xvg)pc ⇥ (�x )pc(�pcvg)x . (2.15)

Using the form (2.12) for vg, di�erentiating and substituting with the dispersion
relation (2.11), we find

(�xvg)pc =
m2

( + sCP
s⇧�

2 )
3

(�pcvg)x = ⇥⇥�CP
m2

( + sCP
s⇧�

2 )
3
⇥ vg

|m||m|�

( + sCP
s⇧�

2 )
2
, (2.16)

from which it is easy to see that the gauge terms (in ⇥CP) cancel out exactly in (2.15)
and that the force is given by the gauge independent expression

ṗ =  v̇g = ⇥
|m||m|� 
( + sCP

s⇧�

2 )
2
+ sCP

s���

2

|m|2 
( + sCP

s⇧�

2 )
3
, (2.17)

which to linear order in �� can be written as

ṗ = ⇥ |m||m|
�

 
+ sCP

s(|m|2��)�
2 2

. (2.18)

The force therefore contains two pieces. The first is a CP-conserving part, leading
to like deceleration of both particles and antiparticles because of the increase in the
magnitude of the mass. The second part, proportional to the gradient of the complex

phase of the mass term, is CP-violating, and causes opposite perturbations in particle
and antiparticle densities.

In connection with eq. (2.10) we mentioned the di�erence in definition of canon-
ical momentum for left- and right-handed particles. From the immediately preced-

ing discussion we can see that this di�erence gets absorbed into the definition of
the unphysical phase ⇥CP. Indeed, for the right-handed fermions one should define

⇥CP = ⇥�⇥ sCP��/2 instead of ⇥� + sCP��/2. Since we have just shown that ⇥CP can-
cels out of physical quantities, the di�erence between the dispersion relations derived
from the spinors Ls and Rs has no physical e�ect. On the other hand, it is true that

for relativistic particles Ls will represent a particle with mostly negative helicity and
Rs will correspond to a mostly positive helicity particle. The information about he-

licity (�) is contained in the spin factor, s = � sign(pz), and this does have a physical
e�ect: particles with opposite spin feel opposite CP-violating forces.
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an expression for the invariant energy2

⇧ =
⇥
(pc ⇧ �CP)2 + |m|2 ⇧ sCP

s⌦�

2
, (2.11)

where �CP � �� + sCP⌦�/2 in the left- and �CP � �� ⇧ sCP⌦�/2 right chiral sector.
(This di�erence in �CP has no consequence what follows, which is why we have

suppressed the indices referring to chirality). Identifying the velocity of the WKB
particle with the group velocity of the wave-packet (corresponding to the stationary
phase condition of the WKB-wave) it can be computed as

vg = ( pc⇧)x =
pc ⇧ �CP⇥

(pc ⇧ �CP)2 + |m|2

=
p0
⇧

�
1 + sCP

s|m|2⌦�
2p20⇧

⇤
, (2.12)

where the latter form follows on expanding to linear order in |m|2⌦�/⇧ after elim-
inating pc ⇧ �CP with (2.11). vg is clearly a physical quantity, independent of the
ambiguity in definition of pc. Given energy conservation along the trajectory we then
have the equation of motion for the canonical momentum viz.

ṗc = ⇧( x⇧)pc = vg��CP ⇧
|m||m|�⇧
(⇧ + sCP

s⌅�

2 )
+ sCP

s⌦��

2
(2.13)

which, like the canonical momentum itself, is manifestly a gauge dependent quan-
tity, through the first term. Equations (2.12) and (2.13) together are the canonical

equations of motion defining the trajectories of our WKB particles in phase space.
The physical kinetic momentum can now be defined as corresponding to the

movement of a WKB-state along its world line

p � ⇧vg . (2.14)

This relation also defines the physical dispersion relation between the energy and
kinetic momentum. We now calculate, using the canonical equations of motion (2.12)
2This discussion is closely analogous to the motion of a particle in an electromagnetic field, which

can be described by a hamiltonian

H =
⇥
(pc ⇧ eA)2 +m2 + eA0 .

Here the canonical momentum pc is related to the physical, kinetic momentum p � mv/
⇥
1⇧ v2 =

⌅vg by the relation pc = p + eA. Canonical momentum is clearly a gauge dependent, unphysical
quantity, because the vector potential is gauge variant. Similarly canonical force acting on pc is
gauge dependent, but the gauge dependent parts cancel when one computes the physical force
acting on kinetic momentum:

ṗk = ⇧ xH ⇧ e tA = e(E+ v ⇤B) .
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the wall, vw is the wall velocity, "i is the rate of an interaction that converts species

i into other kinds of particles, and Si is the source term associated with the current
generated at the bubble wall. There is little controversy about the form of these

equations, but little agreement exists as to how to properly derive the source terms
Si. There are many di⌘erent formalisms for obtaining the sources [24, 6, 25], but so
far little e⌘ort has been made to see how far they agree or disagree with each other.

We shall comment on this issue briefly in our conclusions.

Here we shall use the ‘classical force’ mechanism (CFM) for baryogenesis [6, 18,
20, 21]. The CFM makes use of the intuitively simple picture of particles being

transported in the plasma under the influence of the classical force exerted on them
by the spatially varying Higgs field condensate. We assume that the plasma in this

bubble wall region can be described by a collection of semiclassical quasiparticle
states which we shall refer to as WKB states, because their equation of motion is

derived using the WKB approximation expanding in derivatives of the background
field. The force acting on the particles can be deduced from the WKB dispersion
relations and their corresponding canonical equations of motion. This is a reasonable

assumption when the de Broglie wavelength of the states is much shorter than the
scale of variation of the bubble wall, i.e. ⇧ ⇤ �w, which is satisfied in electroweak
baryogenesis; in the MSSM, the wall widths are typically �w ⇥ 6 ⇧ 14/T [12, 26],
whereas for a typical excitation ⇧ ⇥ 1/T . Given these conditions one can write a
semiclassical Boltzmann equation for the distribution functions of the local WKB-
states

(�t + vg · �x + F · �p)fi = C[fi, fj, . . .] . (1.2)

where the group velocity and classical force are given respectively by

vg � �pc⌃ ; F = ṗ = ⌃v̇g . (1.3)

Here pc is the canonical, and p � ⌃vg the physical, kinetic momentum along the
WKB worldline. Note that we treat the transport problem here in the kinetic vari-
ables — in which the Boltzmann equation has the non-canonical form of (1.2) —

rather than in the canonical variables used in previous treatments. As will be dis-
cussed in more detail below, this choice has the simple advantage of circumventing

all the diculties associated with the variance of the canonical variables under lo-
cal phase (‘gauge’) transformations of the fields in the lagrangian. In these kinetic

variables it is also more manifestly (and gauge independently) clear how, because
of CP-violating e⌘ects, particles and antipartices experience di⌘erent forces in the
wall region, which leads to the separation of chiral currents. The explicit form of vg
and F in a given model can be found from the WKB dispersion relations, as we will
illustrate in sections 2 and 3. The Boltzmann equation (1.2) can then be converted

to di⌘usion equations in a standard way by doing a truncated moment expansion [18]
(see section 4).

3

where the collision term is given by

Ccoll ⇤
1
2
e�i� �

{�>}{G<}� {�<}{G>}
⇥
, (2.27)

the �-operator is the following generalization of the Poisson brackets:

�{f}{g} =
1
2

[⌃Xf · ⌃kg � ⌃kf · ⌃Xg] (2.28)

and the mass operators m̂0 and m̂5 are related to the Hermitean and antihermitean parts
of the mass matrix:

m̂0,5F (k, x) ⇤ mH,AH(x)e�
i
2⌅m

x ·⌅F
k F (k, x) . (2.29)

In what follows we will suppress the superscripts in derivatives, remembering that ⌃x always
acts on mass function and ⌃k on the whatever function the operator m̂X is acting on.

Transforming the equation (2.17) similarly, it is easily shown to yield the well known
momentum space representation of the spectral sum-rule:

⇧
dk0

⇥
A(k, x)�0 = 1. (2.30)

Equations (2.24-2.25) and (2.26), together with the sum-rule (2.30) and the condition
G> = �G< � 2iA form a complete set of equations for solving G< and A when the
interactions and the mass profiles are explicitly specified.

3. Noninteracting fields

We start our analysis from the simplest possible case of noninteracting and nonmixing fields.
That is, we shall put �⌅ 0 and eventually assume that the mass m is a (possibly complex)
scalar. We could then directly read the equation of motion for G< from Eqn. (2.26). It is
worth noting however, that in the collisionless case the formal machinery of the previous
section is not necessary and the equations of motion can be obtained simply from the free
particle Dirac equation. From the action (2.21) with a scalar m one obtains:

⇤
i ⌃/u�m†PL �mPR

⌅
⇤(u) = 0 . (3.1)

Multiplying (3.1) from the left by the spinor i⇤̄(v) and taking the expectation value one
immediately finds: ⇤

i ⌃/u�m†PL �mPR

⌅
G<(u, v) = 0 . (3.2)

After Wigner transform Eqn. (2.23) this becomes just the collisionless limit of the equation
(2.26):

(k/ +
i

2
⌃/x �m̂0 � im̂5�

5)G<(x, k) = 0, (3.3)

where m̂5 and m̂5 are mass operators given by (2.29). Note that also G>, and therefore
also the spectral function A obeys exactly the same equation in the collisionless limit. This
can of course be also seen directly from equation (2.24). However, the spectral function A
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and (2.13), the force acting on the particles defined as in eq. (1.3) i.e. F = ṗ =

 v̇g, where the latter follows trivially since  ̇ = 0 along the particle trajectory. In
particular we wish to verify explicitly that we obtain a gauge independent result for

the force. Using the canonical equations of motion we have

v̇g = ẋ(�xvg)pc + ṗc(�pcvg)x

= vg(�xvg)pc ⇥ (�x )pc(�pcvg)x . (2.15)

Using the form (2.12) for vg, di�erentiating and substituting with the dispersion
relation (2.11), we find

(�xvg)pc =
m2

( + sCP
s⇧�

2 )
3

(�pcvg)x = ⇥⇥�CP
m2

( + sCP
s⇧�

2 )
3
⇥ vg

|m||m|�

( + sCP
s⇧�

2 )
2
, (2.16)

from which it is easy to see that the gauge terms (in ⇥CP) cancel out exactly in (2.15)
and that the force is given by the gauge independent expression

ṗ =  v̇g = ⇥
|m||m|� 
( + sCP

s⇧�

2 )
2
+ sCP

s���

2

|m|2 
( + sCP

s⇧�

2 )
3
, (2.17)

which to linear order in �� can be written as

ṗ = ⇥ |m||m|
�

 
+ sCP

s(|m|2��)�
2 2

. (2.18)

The force therefore contains two pieces. The first is a CP-conserving part, leading
to like deceleration of both particles and antiparticles because of the increase in the
magnitude of the mass. The second part, proportional to the gradient of the complex

phase of the mass term, is CP-violating, and causes opposite perturbations in particle
and antiparticle densities.

In connection with eq. (2.10) we mentioned the di�erence in definition of canon-
ical momentum for left- and right-handed particles. From the immediately preced-

ing discussion we can see that this di�erence gets absorbed into the definition of
the unphysical phase ⇥CP. Indeed, for the right-handed fermions one should define

⇥CP = ⇥�⇥ sCP��/2 instead of ⇥� + sCP��/2. Since we have just shown that ⇥CP can-
cels out of physical quantities, the di�erence between the dispersion relations derived
from the spinors Ls and Rs has no physical e�ect. On the other hand, it is true that

for relativistic particles Ls will represent a particle with mostly negative helicity and
Rs will correspond to a mostly positive helicity particle. The information about he-

licity (�) is contained in the spin factor, s = � sign(pz), and this does have a physical
e�ect: particles with opposite spin feel opposite CP-violating forces.
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an expression for the invariant energy2

⇧ =
⇥
(pc ⇧ �CP)2 + |m|2 ⇧ sCP

s⌦�

2
, (2.11)

where �CP � �� + sCP⌦�/2 in the left- and �CP � �� ⇧ sCP⌦�/2 right chiral sector.
(This di�erence in �CP has no consequence what follows, which is why we have

suppressed the indices referring to chirality). Identifying the velocity of the WKB
particle with the group velocity of the wave-packet (corresponding to the stationary
phase condition of the WKB-wave) it can be computed as

vg = ( pc⇧)x =
pc ⇧ �CP⇥

(pc ⇧ �CP)2 + |m|2

=
p0
⇧

�
1 + sCP

s|m|2⌦�
2p20⇧

⇤
, (2.12)

where the latter form follows on expanding to linear order in |m|2⌦�/⇧ after elim-
inating pc ⇧ �CP with (2.11). vg is clearly a physical quantity, independent of the
ambiguity in definition of pc. Given energy conservation along the trajectory we then
have the equation of motion for the canonical momentum viz.

ṗc = ⇧( x⇧)pc = vg��CP ⇧
|m||m|�⇧
(⇧ + sCP

s⌅�

2 )
+ sCP

s⌦��

2
(2.13)

which, like the canonical momentum itself, is manifestly a gauge dependent quan-
tity, through the first term. Equations (2.12) and (2.13) together are the canonical

equations of motion defining the trajectories of our WKB particles in phase space.
The physical kinetic momentum can now be defined as corresponding to the

movement of a WKB-state along its world line

p � ⇧vg . (2.14)

This relation also defines the physical dispersion relation between the energy and
kinetic momentum. We now calculate, using the canonical equations of motion (2.12)
2This discussion is closely analogous to the motion of a particle in an electromagnetic field, which

can be described by a hamiltonian

H =
⇥
(pc ⇧ eA)2 +m2 + eA0 .

Here the canonical momentum pc is related to the physical, kinetic momentum p � mv/
⇥
1⇧ v2 =

⌅vg by the relation pc = p + eA. Canonical momentum is clearly a gauge dependent, unphysical
quantity, because the vector potential is gauge variant. Similarly canonical force acting on pc is
gauge dependent, but the gauge dependent parts cancel when one computes the physical force
acting on kinetic momentum:

ṗk = ⇧ xH ⇧ e tA = e(E+ v ⇤B) .
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the wall, vw is the wall velocity, "i is the rate of an interaction that converts species

i into other kinds of particles, and Si is the source term associated with the current
generated at the bubble wall. There is little controversy about the form of these

equations, but little agreement exists as to how to properly derive the source terms
Si. There are many di⌘erent formalisms for obtaining the sources [24, 6, 25], but so
far little e⌘ort has been made to see how far they agree or disagree with each other.

We shall comment on this issue briefly in our conclusions.

Here we shall use the ‘classical force’ mechanism (CFM) for baryogenesis [6, 18,
20, 21]. The CFM makes use of the intuitively simple picture of particles being

transported in the plasma under the influence of the classical force exerted on them
by the spatially varying Higgs field condensate. We assume that the plasma in this

bubble wall region can be described by a collection of semiclassical quasiparticle
states which we shall refer to as WKB states, because their equation of motion is

derived using the WKB approximation expanding in derivatives of the background
field. The force acting on the particles can be deduced from the WKB dispersion
relations and their corresponding canonical equations of motion. This is a reasonable

assumption when the de Broglie wavelength of the states is much shorter than the
scale of variation of the bubble wall, i.e. ⇧ ⇤ �w, which is satisfied in electroweak
baryogenesis; in the MSSM, the wall widths are typically �w ⇥ 6 ⇧ 14/T [12, 26],
whereas for a typical excitation ⇧ ⇥ 1/T . Given these conditions one can write a
semiclassical Boltzmann equation for the distribution functions of the local WKB-
states

(�t + vg · �x + F · �p)fi = C[fi, fj, . . .] . (1.2)

where the group velocity and classical force are given respectively by

vg � �pc⌃ ; F = ṗ = ⌃v̇g . (1.3)

Here pc is the canonical, and p � ⌃vg the physical, kinetic momentum along the
WKB worldline. Note that we treat the transport problem here in the kinetic vari-
ables — in which the Boltzmann equation has the non-canonical form of (1.2) —

rather than in the canonical variables used in previous treatments. As will be dis-
cussed in more detail below, this choice has the simple advantage of circumventing

all the diculties associated with the variance of the canonical variables under lo-
cal phase (‘gauge’) transformations of the fields in the lagrangian. In these kinetic

variables it is also more manifestly (and gauge independently) clear how, because
of CP-violating e⌘ects, particles and antipartices experience di⌘erent forces in the
wall region, which leads to the separation of chiral currents. The explicit form of vg
and F in a given model can be found from the WKB dispersion relations, as we will
illustrate in sections 2 and 3. The Boltzmann equation (1.2) can then be converted

to di⌘usion equations in a standard way by doing a truncated moment expansion [18]
(see section 4).
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where the collision term is given by

Ccoll ⇤
1
2
e�i� �

{�>}{G<}� {�<}{G>}
⇥
, (2.27)

the �-operator is the following generalization of the Poisson brackets:

�{f}{g} =
1
2

[⌃Xf · ⌃kg � ⌃kf · ⌃Xg] (2.28)

and the mass operators m̂0 and m̂5 are related to the Hermitean and antihermitean parts
of the mass matrix:

m̂0,5F (k, x) ⇤ mH,AH(x)e�
i
2⌅m

x ·⌅F
k F (k, x) . (2.29)

In what follows we will suppress the superscripts in derivatives, remembering that ⌃x always
acts on mass function and ⌃k on the whatever function the operator m̂X is acting on.

Transforming the equation (2.17) similarly, it is easily shown to yield the well known
momentum space representation of the spectral sum-rule:

⇧
dk0

⇥
A(k, x)�0 = 1. (2.30)

Equations (2.24-2.25) and (2.26), together with the sum-rule (2.30) and the condition
G> = �G< � 2iA form a complete set of equations for solving G< and A when the
interactions and the mass profiles are explicitly specified.

3. Noninteracting fields

We start our analysis from the simplest possible case of noninteracting and nonmixing fields.
That is, we shall put �⌅ 0 and eventually assume that the mass m is a (possibly complex)
scalar. We could then directly read the equation of motion for G< from Eqn. (2.26). It is
worth noting however, that in the collisionless case the formal machinery of the previous
section is not necessary and the equations of motion can be obtained simply from the free
particle Dirac equation. From the action (2.21) with a scalar m one obtains:

⇤
i ⌃/u�m†PL �mPR

⌅
⇤(u) = 0 . (3.1)

Multiplying (3.1) from the left by the spinor i⇤̄(v) and taking the expectation value one
immediately finds: ⇤

i ⌃/u�m†PL �mPR

⌅
G<(u, v) = 0 . (3.2)

After Wigner transform Eqn. (2.23) this becomes just the collisionless limit of the equation
(2.26):

(k/ +
i

2
⌃/x �m̂0 � im̂5�

5)G<(x, k) = 0, (3.3)

where m̂5 and m̂5 are mass operators given by (2.29). Note that also G>, and therefore
also the spectral function A obeys exactly the same equation in the collisionless limit. This
can of course be also seen directly from equation (2.24). However, the spectral function A
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and (2.13), the force acting on the particles defined as in eq. (1.3) i.e. F = ṗ =

 v̇g, where the latter follows trivially since  ̇ = 0 along the particle trajectory. In
particular we wish to verify explicitly that we obtain a gauge independent result for

the force. Using the canonical equations of motion we have

v̇g = ẋ(�xvg)pc + ṗc(�pcvg)x

= vg(�xvg)pc ⇥ (�x )pc(�pcvg)x . (2.15)

Using the form (2.12) for vg, di�erentiating and substituting with the dispersion
relation (2.11), we find

(�xvg)pc =
m2

( + sCP
s⇧�

2 )
3

(�pcvg)x = ⇥⇥�CP
m2

( + sCP
s⇧�

2 )
3
⇥ vg

|m||m|�

( + sCP
s⇧�

2 )
2
, (2.16)

from which it is easy to see that the gauge terms (in ⇥CP) cancel out exactly in (2.15)
and that the force is given by the gauge independent expression

ṗ =  v̇g = ⇥
|m||m|� 
( + sCP

s⇧�

2 )
2
+ sCP

s���

2

|m|2 
( + sCP

s⇧�

2 )
3
, (2.17)

which to linear order in �� can be written as

ṗ = ⇥ |m||m|
�

 
+ sCP

s(|m|2��)�
2 2

. (2.18)

The force therefore contains two pieces. The first is a CP-conserving part, leading
to like deceleration of both particles and antiparticles because of the increase in the
magnitude of the mass. The second part, proportional to the gradient of the complex

phase of the mass term, is CP-violating, and causes opposite perturbations in particle
and antiparticle densities.

In connection with eq. (2.10) we mentioned the di�erence in definition of canon-
ical momentum for left- and right-handed particles. From the immediately preced-

ing discussion we can see that this di�erence gets absorbed into the definition of
the unphysical phase ⇥CP. Indeed, for the right-handed fermions one should define

⇥CP = ⇥�⇥ sCP��/2 instead of ⇥� + sCP��/2. Since we have just shown that ⇥CP can-
cels out of physical quantities, the di�erence between the dispersion relations derived
from the spinors Ls and Rs has no physical e�ect. On the other hand, it is true that

for relativistic particles Ls will represent a particle with mostly negative helicity and
Rs will correspond to a mostly positive helicity particle. The information about he-

licity (�) is contained in the spin factor, s = � sign(pz), and this does have a physical
e�ect: particles with opposite spin feel opposite CP-violating forces.
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an expression for the invariant energy2

⇧ =
⇥
(pc ⇧ �CP)2 + |m|2 ⇧ sCP

s⌦�

2
, (2.11)

where �CP � �� + sCP⌦�/2 in the left- and �CP � �� ⇧ sCP⌦�/2 right chiral sector.
(This di�erence in �CP has no consequence what follows, which is why we have

suppressed the indices referring to chirality). Identifying the velocity of the WKB
particle with the group velocity of the wave-packet (corresponding to the stationary
phase condition of the WKB-wave) it can be computed as

vg = ( pc⇧)x =
pc ⇧ �CP⇥

(pc ⇧ �CP)2 + |m|2

=
p0
⇧

�
1 + sCP

s|m|2⌦�
2p20⇧

⇤
, (2.12)

where the latter form follows on expanding to linear order in |m|2⌦�/⇧ after elim-
inating pc ⇧ �CP with (2.11). vg is clearly a physical quantity, independent of the
ambiguity in definition of pc. Given energy conservation along the trajectory we then
have the equation of motion for the canonical momentum viz.

ṗc = ⇧( x⇧)pc = vg��CP ⇧
|m||m|�⇧
(⇧ + sCP

s⌅�

2 )
+ sCP

s⌦��

2
(2.13)

which, like the canonical momentum itself, is manifestly a gauge dependent quan-
tity, through the first term. Equations (2.12) and (2.13) together are the canonical

equations of motion defining the trajectories of our WKB particles in phase space.
The physical kinetic momentum can now be defined as corresponding to the

movement of a WKB-state along its world line

p � ⇧vg . (2.14)

This relation also defines the physical dispersion relation between the energy and
kinetic momentum. We now calculate, using the canonical equations of motion (2.12)
2This discussion is closely analogous to the motion of a particle in an electromagnetic field, which

can be described by a hamiltonian

H =
⇥
(pc ⇧ eA)2 +m2 + eA0 .

Here the canonical momentum pc is related to the physical, kinetic momentum p � mv/
⇥
1⇧ v2 =

⌅vg by the relation pc = p + eA. Canonical momentum is clearly a gauge dependent, unphysical
quantity, because the vector potential is gauge variant. Similarly canonical force acting on pc is
gauge dependent, but the gauge dependent parts cancel when one computes the physical force
acting on kinetic momentum:

ṗk = ⇧ xH ⇧ e tA = e(E+ v ⇤B) .
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the wall, vw is the wall velocity, "i is the rate of an interaction that converts species

i into other kinds of particles, and Si is the source term associated with the current
generated at the bubble wall. There is little controversy about the form of these

equations, but little agreement exists as to how to properly derive the source terms
Si. There are many di⌘erent formalisms for obtaining the sources [24, 6, 25], but so
far little e⌘ort has been made to see how far they agree or disagree with each other.

We shall comment on this issue briefly in our conclusions.

Here we shall use the ‘classical force’ mechanism (CFM) for baryogenesis [6, 18,
20, 21]. The CFM makes use of the intuitively simple picture of particles being

transported in the plasma under the influence of the classical force exerted on them
by the spatially varying Higgs field condensate. We assume that the plasma in this

bubble wall region can be described by a collection of semiclassical quasiparticle
states which we shall refer to as WKB states, because their equation of motion is

derived using the WKB approximation expanding in derivatives of the background
field. The force acting on the particles can be deduced from the WKB dispersion
relations and their corresponding canonical equations of motion. This is a reasonable

assumption when the de Broglie wavelength of the states is much shorter than the
scale of variation of the bubble wall, i.e. ⇧ ⇤ �w, which is satisfied in electroweak
baryogenesis; in the MSSM, the wall widths are typically �w ⇥ 6 ⇧ 14/T [12, 26],
whereas for a typical excitation ⇧ ⇥ 1/T . Given these conditions one can write a
semiclassical Boltzmann equation for the distribution functions of the local WKB-
states

(�t + vg · �x + F · �p)fi = C[fi, fj, . . .] . (1.2)

where the group velocity and classical force are given respectively by

vg � �pc⌃ ; F = ṗ = ⌃v̇g . (1.3)

Here pc is the canonical, and p � ⌃vg the physical, kinetic momentum along the
WKB worldline. Note that we treat the transport problem here in the kinetic vari-
ables — in which the Boltzmann equation has the non-canonical form of (1.2) —

rather than in the canonical variables used in previous treatments. As will be dis-
cussed in more detail below, this choice has the simple advantage of circumventing

all the diculties associated with the variance of the canonical variables under lo-
cal phase (‘gauge’) transformations of the fields in the lagrangian. In these kinetic

variables it is also more manifestly (and gauge independently) clear how, because
of CP-violating e⌘ects, particles and antipartices experience di⌘erent forces in the
wall region, which leads to the separation of chiral currents. The explicit form of vg
and F in a given model can be found from the WKB dispersion relations, as we will
illustrate in sections 2 and 3. The Boltzmann equation (1.2) can then be converted

to di⌘usion equations in a standard way by doing a truncated moment expansion [18]
(see section 4).

3

where the collision term is given by

Ccoll ⇤
1
2
e�i� �

{�>}{G<}� {�<}{G>}
⇥
, (2.27)

the �-operator is the following generalization of the Poisson brackets:

�{f}{g} =
1
2

[⌃Xf · ⌃kg � ⌃kf · ⌃Xg] (2.28)

and the mass operators m̂0 and m̂5 are related to the Hermitean and antihermitean parts
of the mass matrix:

m̂0,5F (k, x) ⇤ mH,AH(x)e�
i
2⌅m

x ·⌅F
k F (k, x) . (2.29)

In what follows we will suppress the superscripts in derivatives, remembering that ⌃x always
acts on mass function and ⌃k on the whatever function the operator m̂X is acting on.

Transforming the equation (2.17) similarly, it is easily shown to yield the well known
momentum space representation of the spectral sum-rule:

⇧
dk0

⇥
A(k, x)�0 = 1. (2.30)

Equations (2.24-2.25) and (2.26), together with the sum-rule (2.30) and the condition
G> = �G< � 2iA form a complete set of equations for solving G< and A when the
interactions and the mass profiles are explicitly specified.

3. Noninteracting fields

We start our analysis from the simplest possible case of noninteracting and nonmixing fields.
That is, we shall put �⌅ 0 and eventually assume that the mass m is a (possibly complex)
scalar. We could then directly read the equation of motion for G< from Eqn. (2.26). It is
worth noting however, that in the collisionless case the formal machinery of the previous
section is not necessary and the equations of motion can be obtained simply from the free
particle Dirac equation. From the action (2.21) with a scalar m one obtains:

⇤
i ⌃/u�m†PL �mPR

⌅
⇤(u) = 0 . (3.1)

Multiplying (3.1) from the left by the spinor i⇤̄(v) and taking the expectation value one
immediately finds: ⇤

i ⌃/u�m†PL �mPR

⌅
G<(u, v) = 0 . (3.2)

After Wigner transform Eqn. (2.23) this becomes just the collisionless limit of the equation
(2.26):

(k/ +
i

2
⌃/x �m̂0 � im̂5�

5)G<(x, k) = 0, (3.3)

where m̂5 and m̂5 are mass operators given by (2.29). Note that also G>, and therefore
also the spectral function A obeys exactly the same equation in the collisionless limit. This
can of course be also seen directly from equation (2.24). However, the spectral function A
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Singlet model:  BAU-generation   

Source of CP violation eg Dim-6 operator

(� ⌘ i)

In addition to promoting S to a dark matter candidate, we take advantage of it to
get the CP-violation required for baryogenesis by introducing a dimension-6 operator, that
modifies the top quark mass at nonzero S. The full mass term takes the form

ytQ̄LH
⇤
1 +

�

�2
S2

⌅
tR + h.c. (1.1)

where � is a complex phase and � is a new physics scale. During the EWPT, the top quark
mass thus gets a spatially-varying complex phase along the bubble wall profile, which provides
the source of CP violation needed to generate the baryon asymmetry. Ref. [48] considered the
analogous dimension-5 operator involving S/�, but here we are forced to use S2/�2 because
of the Z2 symmetry S ⇤ �S needed to prevent decay of S, as befits a dark matter candidate.

We review the method of construction of the e⇥ective potential in section 2, constraints
from invisible Higgs decays in section 3, and direct detection constraints on the scalar dark
matter candidate in section 4 along with some results from a random scan over model pa-
rameters. The absence of other constraints on the model is explained in section 5. The
computation and resulting distributions of value for the baryon asymmetry are described in
section 6. Conclusions are given in section 7.

2 E�ective potential

We follow refs. [47, 48], starting from the tree-level potential for the Higgs doublet H and
real singlet S,

V0 = ⇤h

⇧
|H|2 � 1

2
v20

⌃2

+
1

4
⇤s

�
S2 � w2

0

⇥2
+

1

2
⇤m|H|2S2 . (2.1)

This potential has the Z2 symmetry S ⇤ �S that is needed to guarantee the stability of S as
a DM particle, but parameters can be chosen such that the Z2 breaks spontaneously at high
temperatures, giving S a VEV (with H = 0) in the electroweak symmetric vacuum, while
the true vacuum is along the H axis at T = 0.2 The finite-temperature e⇥ective potential
for the real fields H = h/

⌅
2 and S can be written in the form

V =
⇤h

4

⇧
h2 � v2c +

v2c
w2
c
S2

⌃2

+
⇥

4
S2h2 +

1

2
(T 2 � T 2

c )(chh
2 + csS

2) , (2.2)

where the parameter w0 has been traded for its counterpart wc at the critical temperature of
the phase transition Tc, vc is the corresponding critical VEV of h, and the following relations
hold:

⇥ ⇥ ⇤m � 2⇤h
v2c
w2
c

(2.3)

T 2
c =

⇤h

ch

�
v20 � v2c

⇥
. (2.4)

Here the coe⇤cients ch and cs determine the O(T 2) corrections to the masses of h and S,
and are given in terms of the gauge and other couplings by

ch =
1

48

⇧
9g2 + 3g�2 + 12y2t + ⇤h

⇧
24 + 4

v2c
w2
c

⌃
+ 2⇥

⌃

2Ref. [48] notes that domain walls associated with this spontaneous breaking of Z2 would only come to
dominate the energy density of the universe at low temperatures T � 10�7 GeV; but by this time the symmetry
is restored and the domain walls are no longer present.
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the singlet Higgs was not required to be a DM candidate. For example, nothing prevents
us from choosing the phase � in (1.1) to be maximally CP-violating. Ref. [48] considers the
two-loop Barr-Zee contributions to the electric dipole moments of the electron and neutron.
But this requires h-s mixing, which does not occur in our model. Ours is similar to models
in which CP is broken spontaneously at high temperature in this respect.

Because of the singlet nature of S and its sole couplings being to the Higgs (without
mixing), and through the dimension-6 operator (1.1), there are no other direct constraints
on its mass from collider searches, nor from precision electroweak observables.

6 Baryon asymmetry

The baryon asymmetry depends upon a source of CP violation that biases sphaleron
interactions near the expanding bubble walls toward production of baryons, as opposed
to antibaryons. We take our relevant CP-violating parameter to be the phase � in the
dimension-6 coupling in (1.1), and for definiteness we fix � = ei⇥/2 to maximize the
CP violation. (Since the baryon asymmetry �B goes linearly in the imaginary part, the
generalization to arbitrary phases is straightforward.) Then inside the bubble walls during
the phase transition, the top quark has a spatially varying complex mass, given by

mt(z) =
yt⇧
2
h(z)

�
1 + i

S2(z)

�2

⇥
⇥ |mt(z)|ei�(z) (6.1)

where z is taken to be the coordinate transverse to the wall, in the limit that it has
grown large enough to be approximated as planar. The existence of the nontrivial phase
⇥(z) ⇤= S(z)/� is su⇥cient to source the baryon asymmetry. In the following, we will initially
fix � = 1TeV for the computation �B. Since �B ⇤ 1/�2 for large �, one can always rescale
� to adjust �B to the desired value.

We follow ref. [48] in approximating the bubble wall profiles in the form

h(z) =
1

2
vc(1 + tanh(z/Lw))

S(z) =
1

2
wc(1� tanh(z/Lw)) (6.2)

where the wall thickness is taken to be

Lw =

�
2.7

⇤

�
1

w2
c
+

1

v2c

⇥�
1 +

⇤w2
c

4⌅hv2c

⇥⇥1/2

. (6.3)

This fully determines the top quark mass profile for a given model.
The baryon asymmetry is determined by first solving transport equations for the

chemical potentials and velocity perturbations of various fields that develop an asymmetry
in the vicinity of the bubble wall. We improve upon the treatment given in [48] by using the
more recent and complete transport equations of [84], which are based on the semiclassical
baryogenesis mechanism of refs. [85–89] that determine the chemical potentials of tL, tR, bL
(the left-handed bottom quark) and h, rather than those of [90]. We also correct an apparent
error in [48] where there was a mismatch between the orientation of the bubble wall and the
transport equations that were solved. (The transport equations are not symmetric under
z ⌅ �z because it matters whether the wall is expanding into the symmetric phase (correct)
or into the broken phase (incorrect).)
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BAU from top transport

DM stability =>Z2 symmetry:   <S>T=0 = 0

(If not DM could take Dim-5 as well) J.R.Espinosa, etal
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modifies the top quark mass at nonzero S. The full mass term takes the form
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1 +
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where � is a complex phase and � is a new physics scale. During the EWPT, the top quark
mass thus gets a spatially-varying complex phase along the bubble wall profile, which provides
the source of CP violation needed to generate the baryon asymmetry. Ref. [48] considered the
analogous dimension-5 operator involving S/�, but here we are forced to use S2/�2 because
of the Z2 symmetry S ⇤ �S needed to prevent decay of S, as befits a dark matter candidate.
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from invisible Higgs decays in section 3, and direct detection constraints on the scalar dark
matter candidate in section 4 along with some results from a random scan over model pa-
rameters. The absence of other constraints on the model is explained in section 5. The
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This potential has the Z2 symmetry S ⇤ �S that is needed to guarantee the stability of S as
a DM particle, but parameters can be chosen such that the Z2 breaks spontaneously at high
temperatures, giving S a VEV (with H = 0) in the electroweak symmetric vacuum, while
the true vacuum is along the H axis at T = 0.2 The finite-temperature e⇥ective potential
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where the parameter w0 has been traded for its counterpart wc at the critical temperature of
the phase transition Tc, vc is the corresponding critical VEV of h, and the following relations
hold:
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Here the coe⇤cients ch and cs determine the O(T 2) corrections to the masses of h and S,
and are given in terms of the gauge and other couplings by
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dominate the energy density of the universe at low temperatures T � 10�7 GeV; but by this time the symmetry
is restored and the domain walls are no longer present.
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The baryon asymmetry is determined by first solving transport equations for the

chemical potentials and velocity perturbations of various fields that develop an asymmetry
in the vicinity of the bubble wall. We improve upon the treatment given in [48] by using the
more recent and complete transport equations of [84], which are based on the semiclassical
baryogenesis mechanism of refs. [85–89] that determine the chemical potentials of tL, tR, bL
(the left-handed bottom quark) and h, rather than those of [90]. We also correct an apparent
error in [48] where there was a mismatch between the orientation of the bubble wall and the
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z ⌅ �z because it matters whether the wall is expanding into the symmetric phase (correct)
or into the broken phase (incorrect).)
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In addition to promoting S to a dark matter candidate, we take advantage of it to
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ytQ̄LH
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�

�2
S2

⌅
tR + h.c. (1.1)

where � is a complex phase and � is a new physics scale. During the EWPT, the top quark
mass thus gets a spatially-varying complex phase along the bubble wall profile, which provides
the source of CP violation needed to generate the baryon asymmetry. Ref. [48] considered the
analogous dimension-5 operator involving S/�, but here we are forced to use S2/�2 because
of the Z2 symmetry S ⇤ �S needed to prevent decay of S, as befits a dark matter candidate.

We review the method of construction of the e⇥ective potential in section 2, constraints
from invisible Higgs decays in section 3, and direct detection constraints on the scalar dark
matter candidate in section 4 along with some results from a random scan over model pa-
rameters. The absence of other constraints on the model is explained in section 5. The
computation and resulting distributions of value for the baryon asymmetry are described in
section 6. Conclusions are given in section 7.

2 E�ective potential

We follow refs. [47, 48], starting from the tree-level potential for the Higgs doublet H and
real singlet S,

V0 = ⇤h

⇧
|H|2 � 1

2
v20

⌃2

+
1

4
⇤s

�
S2 � w2

0

⇥2
+

1

2
⇤m|H|2S2 . (2.1)

This potential has the Z2 symmetry S ⇤ �S that is needed to guarantee the stability of S as
a DM particle, but parameters can be chosen such that the Z2 breaks spontaneously at high
temperatures, giving S a VEV (with H = 0) in the electroweak symmetric vacuum, while
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V =
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⇧
h2 � v2c +

v2c
w2
c
S2

⌃2

+
⇥

4
S2h2 +

1

2
(T 2 � T 2

c )(chh
2 + csS

2) , (2.2)

where the parameter w0 has been traded for its counterpart wc at the critical temperature of
the phase transition Tc, vc is the corresponding critical VEV of h, and the following relations
hold:

⇥ ⇥ ⇤m � 2⇤h
v2c
w2
c

(2.3)

T 2
c =

⇤h

ch

�
v20 � v2c

⇥
. (2.4)

Here the coe⇤cients ch and cs determine the O(T 2) corrections to the masses of h and S,
and are given in terms of the gauge and other couplings by

ch =
1

48

⇧
9g2 + 3g�2 + 12y2t + ⇤h

⇧
24 + 4

v2c
w2
c

⌃
+ 2⇥

⌃

2Ref. [48] notes that domain walls associated with this spontaneous breaking of Z2 would only come to
dominate the energy density of the universe at low temperatures T � 10�7 GeV; but by this time the symmetry
is restored and the domain walls are no longer present.
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the singlet Higgs was not required to be a DM candidate. For example, nothing prevents
us from choosing the phase � in (1.1) to be maximally CP-violating. Ref. [48] considers the
two-loop Barr-Zee contributions to the electric dipole moments of the electron and neutron.
But this requires h-s mixing, which does not occur in our model. Ours is similar to models
in which CP is broken spontaneously at high temperature in this respect.

Because of the singlet nature of S and its sole couplings being to the Higgs (without
mixing), and through the dimension-6 operator (1.1), there are no other direct constraints
on its mass from collider searches, nor from precision electroweak observables.
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�
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⇥ |mt(z)|ei�(z) (6.1)

where z is taken to be the coordinate transverse to the wall, in the limit that it has
grown large enough to be approximated as planar. The existence of the nontrivial phase
⇥(z) ⇤= S(z)/� is su⇥cient to source the baryon asymmetry. In the following, we will initially
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This fully determines the top quark mass profile for a given model.
The baryon asymmetry is determined by first solving transport equations for the

chemical potentials and velocity perturbations of various fields that develop an asymmetry
in the vicinity of the bubble wall. We improve upon the treatment given in [48] by using the
more recent and complete transport equations of [84], which are based on the semiclassical
baryogenesis mechanism of refs. [85–89] that determine the chemical potentials of tL, tR, bL
(the left-handed bottom quark) and h, rather than those of [90]. We also correct an apparent
error in [48] where there was a mismatch between the orientation of the bubble wall and the
transport equations that were solved. (The transport equations are not symmetric under
z ⌅ �z because it matters whether the wall is expanding into the symmetric phase (correct)
or into the broken phase (incorrect).)
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now involves the covariant derivative Dt in the exponent instead of the standard ⌥t. We

now insert the spectral solution (2.30) into Eq. (3.2) and integrate over k0, which gives

⌥tS̄<
ij = �i[He� , S̄<]ij + ⇥0⌥Cij + C†

ij�⇥
0 , (3.4)

where we denote ⌥ · · · � ⌅
⇧

dk0
2� ( · · · ), and we defined ⌥S� ⌅ S and

(He�)ij ⌅ (k · ⌘�+ ⇥0mi)⇤ij � ⇥⌅
ij = Hi⇤ij � ⇥⌅

ij . (3.5)

Note that the k0-derivatives in Ĥi have now vanished as total derivatives, reducing Ĥi

to the familiar diagonal form given by Eq. (2.14). The explicit form of the integrated

Wightman function is:

S̄<
ij =

⌃

h±
PhPi±⇥

0
⇤
Pj±f

m
ijh± + Pj⇤f

c
ijh±

⌅
⌅

⌃

±

�
S̄m<
ij± + S̄c<

ij±
⇥
, (3.6)

where we have defined positive- and negative-energy projectors onto mass eigenstates:

Pi± ⌅ 1

2

⇤
1± Hi

⌅i

⌅
. (3.7)

Using the identity H2
i = ⌅2

i it is easy to verify that Pi±’s are projectors obeying:

P 2
i± = Pi±, Pi+Pi� = Pi�Pi+ = 0 and HiPi± = ±⌅iPi±. (3.8)

3.1 Flavoured quantum Boltzmann equations

Equations (3.4-3.5) are in many ways the simplest and most compact form of the kinetic

equations in the cQPA scheme. However, it is also useful to derive explicit equations for

the on-shell functions. The easiest way to do this is to first solve fm,c
ijh± from Eq. (3.6) by

taking projections and tracing over Dirac indices:

fm
ijh± = Nm

ij Tr
⌥
Pj±⇥

0Pi±PhS̄<
ij

�
,

f c
ijh± = N c

ijTr
⌥
Pj⇤⇥

0Pi±PhS̄<
ij

�
, (3.9)

where the normalization constants are

Nm
ij =

⌅i⌅j

⇤2
mij

and N c
ij =

⌅i⌅j

⇤2
cij

, (3.10)

and we defined

⇤2
mij ⌅ 1

2
(⌅i⌅j � k2 +mimj) = m̄2

ij ��⌅2
ij , (3.11)

⇤2
cij ⌅ 1

2
(⌅i⌅j + k2 �mimj) = ⌅̄2

ij � m̄2
ij . (3.12)

The equations of motion for fm,c
ijh± can now be obtained by taking time-derivatives of

Eqs. (3.9), and then using the kinetic equation (3.4) for ⌥tS̄<
ij in the trace, the projec-

tion identities (3.8), as well as the result ⌥tHi = ⇥0m⌅
i, and finally computing the traces
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to the familiar diagonal form given by Eq. (2.14). The explicit form of the integrated

Wightman function is:

S̄<
ij =

⌃

h±
PhPi±⇥

0
⇤
Pj±f

m
ijh± + Pj⇤f

c
ijh±

⌅
⌅

⌃

±

�
S̄m<
ij± + S̄c<

ij±
⇥
, (3.6)

where we have defined positive- and negative-energy projectors onto mass eigenstates:

Pi± ⌅ 1

2

⇤
1± Hi

⌅i

⌅
. (3.7)

Using the identity H2
i = ⌅2

i it is easy to verify that Pi±’s are projectors obeying:

P 2
i± = Pi±, Pi+Pi� = Pi�Pi+ = 0 and HiPi± = ±⌅iPi±. (3.8)

3.1 Flavoured quantum Boltzmann equations

Equations (3.4-3.5) are in many ways the simplest and most compact form of the kinetic

equations in the cQPA scheme. However, it is also useful to derive explicit equations for

the on-shell functions. The easiest way to do this is to first solve fm,c
ijh± from Eq. (3.6) by

taking projections and tracing over Dirac indices:

fm
ijh± = Nm

ij Tr
⌥
Pj±⇥

0Pi±PhS̄<
ij

�
,

f c
ijh± = N c

ijTr
⌥
Pj⇤⇥

0Pi±PhS̄<
ij

�
, (3.9)

where the normalization constants are

Nm
ij =

⌅i⌅j

⇤2
mij

and N c
ij =

⌅i⌅j

⇤2
cij

, (3.10)

and we defined

⇤2
mij ⌅ 1

2
(⌅i⌅j � k2 +mimj) = m̄2

ij ��⌅2
ij , (3.11)

⇤2
cij ⌅ 1

2
(⌅i⌅j + k2 �mimj) = ⌅̄2

ij � m̄2
ij . (3.12)

The equations of motion for fm,c
ijh± can now be obtained by taking time-derivatives of

Eqs. (3.9), and then using the kinetic equation (3.4) for ⌥tS̄<
ij in the trace, the projec-

tion identities (3.8), as well as the result ⌥tHi = ⇥0m⌅
i, and finally computing the traces

– 12 –

Tested already in homogeneous problems
M.Herranen, KK & P.M Rahkila,	
JHEP 0809 (2008) 032; JHEP 0905 (2009) 119;	
JHEP 1012 (2010) 072; JHEP 1202 (2012) 065 	
C.Fiedler, M.Herranen, KK & P.M Rahkila,	
JHEP 1202 (2012) 080. 

M.Herranen, KK, P.M.Rahkila, H.JukkalaApplication to EWBG toy model ongoing:


