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!  Grouped by production 
tag and dominant decay: 
! χ2/dof = 10.5/16 
! p-value = 0.84 

(asymptotic) 

!  ttH-tagged 2.0σ above 
SM. 
! Driven by one channel. 

[CMS-PAS-HIG-14-009] 
[D. André @ ICHEP 2014]
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➡ Theo. and exp. uncertainties are of the same order.	



➡ Need to improve our theory predictions!
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Outline

➡ The gluon fusion cross section: Status	



➡ NNLO corrections to H + jet and Higgs pairs.	



➡ Towards N3LO corrections to inclusive Higgs 
production.

• There is a need to improve our theoretical predictions!

➡ Requires higher order computations!

• Outline:
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• The dominant Higgs production mechanism 
at the LHC is gluon fusion.

Gluon fusion

• Loop induced process!

➡ Leads to technical complications!

• Complication 1:
Everything is shifted by one loop order. 

• Complication 2:
Loops with massive virtual particles are generically beyond 
the state-of-the-art starting at two loops.

• Conclusion:
Higher-order computations for gluon fusion are extremely 
difficult!
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• For a light Higgs boson, the dimension five operator 
describing a tree-level coupling of the gluons to the Higgs 
boson

L = LQCD,5 �
1
4v

C1 H Ga
µ⌫ Gµ⌫

a

• Benefit: Removes both complications in one go!

Gluon fusion
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• Benefit: Removes both complications in one go!

Gluon fusion

• If we aim for precision, how good is this ‘crude’ 
approximation..?
➡ Corrections in the top mass can be systematically computed.	



➡ Experience from NNLO shows that this approximation 
works amazingly well!

• Caveat! This is not true if other scales are involved that 
can be higher than the top threshold!
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Gluon fusion: Status
• Status of the inclusive cross section:

➡ NLO corrections including full top-mass effects.	



➡ NNLO corrections in effective theory.	



➡ Top mass corrections at NNLO.	



➡ Leading electroweak corrections.	



➡ Resummation up to NNLL.

• Fully differential cross sections are available up to 
NNLO!

• Next goal: Inclusive cross section at N3LO in the effective 
theory
➡ More on this later!
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H + jet and Higgs pairs
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Higgs + jet

• The two-loop corrections to H+jet in the effective theory 
have been computed

• Last year first steps were taken towards the computing the 
full NNLO corrections.

• First process computed at NNLO where a jet function is 
required already at LO.

[Gehrmann, Glover, 
Jaquier, Koukoutsakis]

[Boughezal, Caola, Melnikov, 
Petriello, Schulze]

• Infrared singularities were subtracted using (a variant of) 
Stripper. [Czakon]
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Higgs + jet
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Figure 5. Scale dependence of the hadronic cross section in consecutive orders in perturbative QCD.
See the text for details.

convolution with the parton luminositites, we obtain5

σLO(pp → Hj) = 2713+1216
−776 fb,

σNLO(pp → Hj) = 4377+760
−738 fb,

σNNLO(pp → Hj) = 6177−204
+242 fb.

(7.8)

We note that NNLO corrections are sizable, as expected from the large NLO K−factor, but

the perturbative expansion shows marginal convergence. We also evaluated PDFs error using

the full set of NNPDF replicas, and found it to be of order 5% at LO, and of order 1-2% at

both NLO and NNLO, similarly to the inclusive Higgs case [78]. The cross-section increases

by about sixty percent when we move from LO to NLO and by thirty percent when we move

from NLO to NNLO. It is also clear that by accounting for the NNLO QCD corrections we

reduce the dependence on the renormalization and factorization scales in a significant way.

The scale variation of the result decreases from almost 50% at LO, to 20% at NLO, to less

than 5% at NNLO. We also note that a perturbatively-stable result is obtained for the scale

choice µ ≈ mH/2. In this case the ratio of the NNLO over the LO cross-section is just 1.5,

to be compared with 2.3 for µ = mH and 3.06 for µ = 2mH , and the ratio of NNLO to NLO

is 1.2. It is interesting to point out that a similar trend was observed in the calculation of

higher-order QCD corrections to the Higgs boson production cross-section in gluon fusion. It

has been pointed out that because of the rapid fall of the gluon PDFs, the production cross

section is dominated by the threshold region, thus making µ = mH/2 an excellent choice for

the renormalization and factorization scales [14, 81]. The reduced scale dependence is also

apparent from Fig. 5, where we plot total cross-section as a function of the renormalization

and factorization scale µ in the region p⊥,j < µ < 2mh.

5We checked our LO and NLO results against MCFM (gluons only), and found agreement.
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• Inclusive NNLO cross section computed last year (gluons 
only.)
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• At LoopFest preliminary differential distributions were 
announced.

➡ Using (a variant of) Stripper.	



➡ Using antenna subtraction.

[Boughezal, Caola, Melnikov, 
Petriello, Schulze]

[Boughezal, Caola, Melnikov, 
Petriello, Schulze]

[Chen, Gehrmann, Glover, Jaquier]
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Higgs pair production

• Last year NNLO correction to Higgs pair production in the 
large top-mass limit production became available.

[de Florian, Mazzitelli]
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FIG. 2. Higgs pair invariant mass distribution at LO (dotted
blue), NLO (dashed red) and NNLO (solid black) for the LHC
at c.m. energy Ecm = 14TeV. The bands are obtained by
varying µF and µR in the range 0.5Q ≤ µF , µR ≤ 2Q with
the constraint 0.5 ≤ µF /µR ≤ 2.

Again, we already included the counter terms in the

definition of σ̂(c+)
qg and σ̂(c−)

gq . Finally, for the quark-
antiquark subprocess we have

σ̂b
qq̄ =

∫

d cos θ1 dθ2 dy

√

x(x − 4M2
H/s)

512 π4
fqq̄(x, y, θ1, θ2) .

(17)
The expressions for fqg, fgq and fqq̄ can be found in the
appendix.
Summarizing, Eqs. (3), (14), (16) and (17) contain

all the contributions to the partonic cross section up to
NNLO accuracy. We find agreement with Ref. [16] with
respect to the NLO results.†

III. PHENOMENOLOGY

We present, here, the phenomenological results for the
LHC. In all cases we use the MSTW2008 [30] sets of
parton distributions and QCD coupling at each corre-
sponding order. The bands are obtained by varying in-
dependently the factorization and renormalization scales
in the range 0.5Q ≤ µF , µR ≤ 2Q, with the constraint
0.5 ≤ µF /µR ≤ 2. We recall that we always normalize
our results with the exact top- and bottom-mass depen-
dence at LO. We use MH = 126GeV, Mt = 173.18GeV
and Mb = 4.75GeV.
Given that at one-loop order the corrections to the ef-

fective vertex ggHH are the same than those of ggH , we

will assume for the phenomenological results that C(2)
HH =

C(2)
H . We analyzed the impact of this still unknown co-

efficient varying its value in the range 0 ≤ C(2)
HH ≤ 2C(2)

H

† We notice that the exact LO is taken into account in a slightly
different way in Ref. [16]. The numerical effect is anyway small.
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FIG. 3. Total cross section as a function of the c.m. energy
Ecm for the LO (dotted blue), NLO (dashed red) and NNLO
(solid black) prediction. The bands are obtained by varying
µF and µR as indicated in the main text. The inset plot shows
the corresponding K factors.

and found a variation in the total cross section of less
than 2.5%.
In Figure 2 we show the hadronic cross section for the

LHC as a function of the Higgs pair invariant mass, for
a c.m. energy Ecm =

√
sH = 14TeV, at LO, NLO and

NNLO accuracy. We can observe that it is only at this
order that the first sign of convergence of the pertur-
bative series appears, finding a nonzero overlap between
the NLO and NNLO bands. Second order corrections are
sizeable, this is noticeable already at the level of the total
inclusive cross sections

σLO = 17.8+5.3
−3.8 fb

σNLO = 33.2+5.9
−4.9 fb (18)

σNNLO = 40.2+3.2
−3.5 fb

where the uncertainty arises from the scale variation.
The increase with respect to the NLO result is then of
O(20%), and the K factor with respect to the LO pre-
diction is about KNNLO = 2.3. The scale dependence is
clearly reduced at this order, resulting in a variation of
about ±8% around the central value, compared to a total
variation of O(±20%) at NLO.
In Figure 3 we present the total cross section as a func-

tion of the c.m. energy Ecm, in the range from 8TeV to
100TeV. We can observe that the size of the perturba-
tive corrections is smaller as the c.m. energy increases.
Again, in the whole range of energies the scale depen-
dence is substantially reduced when we consider the sec-
ond order corrections.
In Table I we show the value of the NNLO cross sec-

tion for Ecm = 8, 14, 33 and 100TeV. We consid-
ered three different sources of theoretical uncertainties:
missing higher orders in the QCD perturbative expan-
sion, which are estimated by the scale variation as indi-
cated before, and uncertainties in the determination of
the parton distributions and strong coupling. To esti-
mate the parton flux and coupling constant uncertain-
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• NNLO computations in EFT are normalised to exact LO 
matrix element
➡ At NLO: ~10% agreement.

[Grigo, Hoff, 
Melnikov, Steinhauser]
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Going beyond NNLO: 
towards N3LO
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• Recently: Several approximate N3LO results have been 
presented.

• Next contribution is the N3LO contribution in the effective 
theory.

The need for N3LO

➡ Huge challenge!	



➡ Never has an N3LO computation been done for a 
hadron collider!

Same sign 
dimuons 

Signal strength 

@CMSexperiment @ICHEP2014 a.david@cern.ch 
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!  Grouped by production 
tag and dominant decay: 
! χ2/dof = 10.5/16 
! p-value = 0.84 

(asymptotic) 

!  ttH-tagged 2.0σ above 
SM. 
! Driven by one channel. 

[CMS-PAS-HIG-14-009] 

➡ Only full N3LO result will be final judge!

➡ We need to update our theory prediction!
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Contributions at N3LO

Triple virtual

Double real 
virtual

Real-virtual 
squared

Double virtual 
real

Triple real

• At N3LO, there are 5 contributions:
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Reverse-unitarity @ N3LO
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Reverse-unitarity @ N3LO

LO

NLO

NNLO

N3LO

1 diagram

Growth in complexity for real emission

1 integral

10 diagrams 1 integral

381 diagrams 18 integrals

26565 diagrams ~500 integrals

!
!

!
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Reverse-unitarity @ N3LO
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• There are 1000’s of integrals to compute!

➡ Tough nut to crack!	



➡ Concentrate on some approximation first.

• The gluon fusion cross section depends on one single parameter:

z =
m2

s
• Close to threshold (          ), we can approximate the triple 

real cross section by a power series:
z ⇠ 1

• Goal:

The threshold expansion

�̂(z) = ��1 + �0 + (1� z)�1 +O(1� z)2

➡ First term captures complete 3-loop correction + 
emission of soft gluons.
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• The computation of the first term has been completed!

The soft-virtual approximation

➡ 22 three-loop.	



➡ 3 double-virtual-real.	



➡ 7 real-virtual-squared.	



➡ 10 double-real-virtual.	



➡ 8 triple real.
➡ three-loop splitting functions.	



➡ three-loop beta function.	



➡ three-loop Wilson coefficient.

• Many different contributions are needed:

[Anastasiou, CD, Dulat, Furlan, Gehrmann, Herzog, Mistlberger]

[Baikov, Chetyrkin, Smirnov, Smirnov, Steinhauser; 
Gehrmann, Glover, Huber, Ikizlerli, Studerus]

[CD Gehrmann, Li, Zhu]
[Anastasiou, CD, Dulat, Herzog, Mistlberger; 

Kilgore]
[Anastasiou, CD, Dulat, Furlan, Herzog, Mistlberger; 

Li, von Manteuffel, Schabinger, Zhu]

[Anastasiou, CD, Dulat, Mistlberger]

[Moch, Vermaseren, Vogt]
[Tarasov, Vladimirov, Zharkov; 

Larin, Vermaseren]
[Chetyrkin, Kniehl, Steinhauser; Schroeder, 

Steinhauser; Chetyrkin, Kuhn, Sturm]
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• Caveat! 

Higgs soft-virtual @ N3LO

• Source of ambiguity:
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Equation (10) is the main result of this Letter. While the
terms proportional to plus-distributions were previously
known [4], we complete the computation of η̂(3)(z) by the
term proportional to δ(1−z), which includes in particular
all the three-loop virtual corrections.
Before discussing some of the numerical implications

of Eq. (10), we have to make a comment about the va-
lidity of the threshold approximation. As we will see
shortly, the plus-distribution terms show a complicated
pattern of strong cancelations at LHC energies; the for-
mally most singular terms cancel against sums of less sin-
gular ones. Therefore, exploiting the formal singularity
hierarchy of the terms in the partonic cross-section does
not guarantee to furnish a fast converging expansion for
the hadronic cross-section. Furthermore, the definition of
threshold corrections in the integral of Eq. (1) is also am-
biguous, because the limit of the partonic cross-section
at threshold is not affected if we multiply the integrand
by a function g such that limz→1 g(z) = 1, i.e., we are
formally allowed to modify the integrand of Eq. (1) by
multiplying the parton luminosity,

∫

dx1 dx2 [fi(x1) fj(x2)g(z)] σ̂ij(s, z)|threshold . (11)

It is obvious that eq. (11) has the same formal accuracy in
the threshold expansion, provided that limz→1 g(z) = 1.
As we will see in the following, this ambiguity has a sub-
stantial numerical implication, and thus presents an ob-
stacle for obtaining precise predictions. We note however

that by including in the future further corrections in the
threshold expansion, the ambiguity will be reduced.
Bearing this warning in mind, we present some of the

numerical implications of our result. For N = 3 and
NF = 5, the coefficients of the distributions in eq. (10)
take the numerical values
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In parentheses we indicate the corrections that each term
induces to the hadronic cross-section normalized to the
leading order cross-section at a center of mass energy of
14 TeV. The ratio is evaluated with the same parton den-
sities [15] and αs at scales µR = µF = mH in the numer-
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Equation (10) is the main result of this Letter. While the
terms proportional to plus-distributions were previously
known [4], we complete the computation of η̂(3)(z) by the
term proportional to δ(1−z), which includes in particular
all the three-loop virtual corrections.
Before discussing some of the numerical implications of

Eq. (10), we have to make a comment about the validity
of the threshold approximation. As we will see shortly,
the plus-distribution terms show a complicated pattern
of strong cancelations at LHC energies; the formally most
singular terms cancel against sums of less singular ones.
Therefore, exploiting the formal singularity hierarchy of
the terms in the partonic cross-section does not guaran-
tee a fastly converging expansion for the hadronic cross-
section. Furthermore, the definition of threshold correc-
tions in the integral of Eq. (1) is also ambiguous, because
the limit of the partonic cross-section at threshold is not
affected if we multiply the integrand by a function g such
that limz→1 g(z) = 1, i.e., we are formally allowed to
modify the integrand of Eq. (1) by modifying the parton
luminosity,

∫

dx1 dx2 [fi(x1) fj(x2)zg(z)]

[

σ̂ij(s, z)

zg(z)

]

threshold

.

(11)
It is obvious that eq. (11) has the same formal accuracy in
the threshold expansion, provided that limz→1 g(z) = 1.
As we will see in the following, this ambiguity has a sub-
stantial numerical implication, and thus presents an ob-

stacle for obtaining precise predictions. We note however
that by including in the future further corrections in the
threshold expansion, this ambiguity will be reduced.
Bearing this warning in mind, we present some of the

numerical implications of our result. For N = 3 and
NF = 5, the coefficients of the distributions in eq. (10)
take the numerical values

η̂(3)(z) ≃ δ(1− z) 1124.308887 . . . (→ 5.1%)
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In parentheses we indicate the corrections that each term
induces to the hadronic cross-section normalized to the
leading order cross-section at a center of mass energy of
14 TeV. The ratio is evaluated with the same parton den-

improvement via the calculation of sub-leading terms or even the full, unexpanded cross-section.
In this proceedings we study this uncertainty in the case of the gluon fusion Higgs production
cross-section at N3LO. We consider lower orders in perturbative QCD to study the convergence
behaviour of the expansion for the Higgs cross-section and inspect the impact of the ambigu-
ity due to the truncation of the threshold expansion. Furthermore, we demonstrate that the
ambiguity for the SV approximation at N3LO is large.

2 Threshold Expansion for the Higgs boson cross-section

The probability distribution of a gluon occurring in a proton is steeply falling with its energy
and suggests the possibility of performing a fast converging threshold expansion of the gluon
fusion Higgs cross-section. Already at NNLO a threshold expansion was performed7 and was
shown to be rapidly converging towards the full result6.

Here we study the strong coupling expansion of the heavy top effective theory. In this note
we are interested in the effect complementing existing lower order calculations with a threshold
expansion at NnLO. The threshold approximations and expansions which we will discuss will
always contain the full (non-expanded) dependence on terms which enter the result at lower
orders in the strong coupling expansion. We will also include the full NnLO dependence on
renormalisation and factorisation scales as well as the full dependence on those NnLO corrections
which are generated from higher order corrections to the Wilson coefficient.

Parametrising the expansion with the variable z =
m2

H

x1x2s
leads to a series of the partonic

cross-section in (1− z).

[σ̂ij(s, z)]threshold = σSV
ij + (1− z)0σ(0)

ij + (1− z)σ(1)
ij + . . . . (2)

If a series expansion is truncated at a given finite order an unavoidable ambiguity is introduced
due to missing higher order terms. To study the impact of truncating the threshold expansion
of the Higgs boson cross-section we spuriously insert a function g(z) satisfying lim

z→1
g(z) → 1 into

eq. 1 such that

σ =
∑

i,j

∫

dx1 dx2 [fi(x1) fj(x2)zg(z)]
[

σ̂ij(s, z)

zg(z)

]

threshold

. (3)

For all choices of g(z) the expansion truncated at O ((1− z)n) thus leads to formally equivalent
results up to O

(

(1− z)n+1
)

.
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(a) Full result up to NNLO and NNLO SV term
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0.5 1 1.5
µ/mH

35

40

45

50

55

σ
[p

b]

O(λ-1)
O(1)
O(λ)
O(λ2)
O(λ3)
O(λ10)
O(λ15)
NNLO

g(z)=1

(b) Expansion at NNLO truncated at different
λ = 1− z for g(z)=1

Figure 1 – Threshold approximation for the Higgs boson cross-section at 13 TeV at the LHC
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Figure 3 – The gluon-fusion cross-section at 13 TeV at the LHC as a function of µ = µR = µF up to LO (black),
NLO (red), NNLO (green) and soft-virtual N3LO (blue). The N3LO SV approximation is modified with different
functions g(z).

to sub-leading terms at N3LO. Given the experience at lower orders we expect that only a few
sub-leading terms in the threshold expansion are required to obtain a significant improvement
to an approximation of the N3LO cross-section and consequently to the predictions for LHC
observables.

3 Conclusion

The rapidly increasing experimental precision of Higgs cross-section measurements raises an
urgent demand for the improvement of the theoretical prediction for the inclusive Higgs boson
cross-section at the LHC. With the recent publication of the first term in the threshold expansion
of the N3LO gluon-fusion QCD cross-section an important step in this direction was taken. In
this proceedings we have analysed the quality of the threshold expansion. We find that the
expansion is converging fast at lower orders in QCD perturbation theory and expect to find
similar behaviour at N3LO. We studied the uncertainty introduced due to the truncation of
the threshold expansion at NLO, NNLO and N3LO and conclude that at least several terms in
the expansion are necessary in order to infer reliable predictions for LHC measurements and
improve upon the current status. We conclude that the calculation of further terms in the
threshold expansion and even the full Higgs boson cross-section at N3LO is highly desirable.
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!
!

!
!

• Soft-virtual corrections are universal, and the result can be 
extended to other processes.

Generalizations

• Can be used to predict the rapidity distribution of the Higgs 
boson at N3LO at threshold. [Ahmed, Mandal, Rana, Ravindran]

• Recently the 3-loop form factor for bb -> H was computed.
[Gehrmann, Kara]

• The result was immediately extended to N3LO corrections 
to Higgs production in bottom fusion at threshold.

[Ahmed, Rana, Ravindran]
➡ N.B.: Bottom-fusion cross section available fully 

differentially at NNLO! [Buehler, Herzog, Lazopoulos, Mueller]

• Caveat for threshold approximation still applies!



!
!

!
!

• The soft-virtual term is only the beginning!

Looking into the future…

• Real-virtual-squared contribution already fully known.

• Next-to-soft term known for triple real contribution.

• Two-loop matrix element for H+j known

➡ Phase space integration requires contribution from 
collinear regions!

• Once the N3LO result for the Higgs is available, more will 
follow!

[Anastasiou, CD, Dulat, Herzog, Mistlberger; Kilgore]

[Anastasiou, CD, Dulat, Mistlberger]

[Gehrmann, Glover, Jaquier, Koukoutsakis]

➡ Drell-Yan, bb -> H, …



!
!

!
!

• LHC Run II will require very precise QCD computations 
for Higgs production.

Conclusion

• A lot of progress was made regarding (differential) 
predictions at NNLO.
➡ H + jet, Higgs pairs, bb -> H.

➡ Theory uncertainties are same size as experimental ones.

➡ Threshold term already available!	



➡ More terms in threshold expansion and the full results are 
in the making.	



➡ Requires a lot of new and advanced technologies from the 
theory side!

• N3LO result for inclusive cross section is in the making.


