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Outline

» triplication of chiral families
observation of mixing

- simple (approximate) patterns

» non-Abelian discrete family symmetries
- finite groups
direct implementation

- indirect implementation

» accommodating large 63
- new family symmetries with more structure
perturbation of simple mixing patterns
benchmark model based on Sy

- new vacuum alignments for indirect models
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Standal”d MOdel (of particle physics)

- highly successful theory

- based on gauge symmetry
SUB)e x SUR2)w xU(1)y

- broken by Higgs vacuum

I Quarks . Leplons . Foree parlicles

families or generations

some nagging questions

“Who ordered that?” (I. I. Rabi on the discovery of the muon)
- origin of three families of quarks & leptons
- neutrino masses and mixing

- hierarchy problem, baryogenesis, dark matter, dark energy . . .
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Possible hints from mixing



Fermion mixings

» mismatch of flavour (weak) and mass eigenstates

\Ijﬂavour — VT \Ijmass

» quark sector: V' and V,fl

1 X )\
Uckn = VE VAT » A1 A2 \ ~ 0.92
DD CA |

» lepton sector: Vi and V[

0.82 0.55 0.15
Upvns = VE VT ~ | 037 0.57 0.70

0.39 0.99 0.68
www.nu-fit.org (2014)

mixing <= each family knows of the existence of the others!
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Three neutrino flavour mixing

(in diagonal charged lepton basis)

A A
ﬂavour PMNS lelng mass M2 -t —— Vo e I —t— mg
[ p—— W ik
Ve Uel Ue2 Ue3 V1
Vi = | Un Uu2 Ups V2
V’T UT]_ U7_2 U7_3 V3 m% _— — I
mi = e — V3 — 1 11
atmospheric reactor + Dirac solar Majorana
1 0 0 C13 0 8136_25 ci12 Si2 0 1 0 0
o2
Upvmns = | O ca3  s23 0 1 0 —s19 c19 0]l 0 e=2 0
. ag
0 —S23 (23 —31367’5 0 C13 0 0 1 0 0 e'™
923 ~ 45° (913 ~ 9° 912 ~ 33°
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normal mass ordering

NO

1
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Fogli et al

Forero et al
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inverted mass ordering
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Fogli et al

Forero et al

0.30 0.35

Sin2912

0.25

0.40

(Global neutrino fits

NO ] 'NO ,
Gonzalez-Garcia et al | Gonzalez—-Garcia et al
T i O
Fogli et al i i Fogli et al
e | |
Forero et al i i Forero et al

0.3 0.4 0.5 0.6 0.7 0.00 0.01 0.02 0.03 0.04

. 2 2
SiN“0x3 SIN“613

10 ] 0 ,
Gonzalez-Garcia et al | Gonzalez—-Garcia et al
T i O
Fogli et al i i Fogli et al
N |

Forero et al i i Forero et al
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5 of 21

Neutrino masses & mixings from discrete symmetries



Simple mixing patterns — tri-bimaximal

.
Fis
Harrison Perkins Scott

2 1 0
V6 3
Upvns =~ Urp = _\/16 \/15 %
IS U U
V6 V3 V2
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Simple mixing patterns — golden ratio

1.618

Q

c+

Qo

-
N
[
\V}

|

S |~

COS@lg SiIl912 0

. sin 019 cos 015 1

Upvmns = Ucr = | =75 2 2
__sinfq2 cos 0192 1

V2 V2 2
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Famlly Symmetl‘les (aka horizontal symmetries)



Candidate symmetry groups G

- non-Abelian to unify families (G should have triplet representations)

- discrete to facilitate obtaining simple mixing patterns Merlo’s talk

SU(3)
PSLy(7) A(96) SO(3)
A(Z?) Z7 X Z3 S4 —
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Eissentials of finite group theory — S, example
e.g. Ramond, Group theory: a physicist’s survey (2010)

- finite number of group elements ¢ — each ¢ has finite order (¢ = 1)

- construct all elements from a small number of generators

- presentation of Sy: generators S,T", U which satisty

S2=T3=0U?=(8T) = (SU)>=(TU)? = (STU)* =1
. matrix representations for S,T,U — irreps 1 17 2 3 3
- in physics we are mainly interested in multiplication rules
- Kronecker products: eg. 3®3=1+2+3+ 3

. Clebsch-Gordan coefficients: e.g. 3®3 — 1

o%] B1
<a2> ® (/32> — 181 + a283 + 3B basis dependent !!

a3 B3
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Two model building strategies

direct models indirect models
(mixing from residual symmetries) (mixing from flavon alignments ®)
Family Generators Family Charged
symmetry G S,T,U Symmetry G Leptons
Diagonal

T preserved S,U preserved

G fully broken l by flavon vevs

[ﬂ” ~ LTi ((ﬁi’) . ;I < f>) LHuHJ

Special 1 (P &
X 24

| ¢

alignments A
_ s ,
; i=1

King, Luhn (JHEP 0910, 2009)
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Building a direct model with tri-bimaximal mixing

- choose family symmetry group — Sy

- identity VEV configurations for family symmetry breaking fields ¢
5{¢”) = U(¢") = (") T{¢) = (¢") flavon VEVs

Sy S U T (") (¢°)

1,1’ 1 +1 1 1 1,1’
0 1
1 0

-1 2 2 1 0 0 1 0

3,3 ||+ 2 -1 2 F({0 0 1 0 w?

2 2 -1 01 0 0 0

. control coupling of flavons to fermions by extra Zy or U(1) symmetry

% LH., LH o I vl
A2 U U A d

- with type I seesaw
L, ~ LH,v° 4+ ¢o"vev°
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Building an indirect model with tri-bimaximal mixing

- family symmetry G C SU(3)
- diagonal charged leptons
- type I seesaw with 2 or 3 v{ in singlet representation of GG

- diagonal right-handed neutrino mass matrix (e.g. due to Z5 symmetry)

a

L, ~ Z%LHUI/S + M, v, v,

- @Y ~3and L ~ 3 of G
. G or SU(3) invariant — @% Ly + ¢%yLo + ¢¥sls = ¢ L

- integrate out vS (seesaw formula)

L, ~ 7Y (<qj€> . ]\Z . <¢i>T) LH, H,

—2 1 0
- tri-bimaximal if [<¢';> o ( 1 )] (PY) o (1) (P o ( 1 )
1 1 —1
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How to accommodate 013 ~ 9°

King, Luhn (Rept. Prog. Phys. 76, 2013)
King et al. (New J. Phys. 16, 2014)



Direct models after 2012

mixing patterns:

G

013 023 012
A96) sS4 A5 B | 0° 45°  35.3°
\ \ BM | 0° 45° 45°
omto) (W8] on| 0w wr
T broken U broken S,U broken BT | 12.2° 36.2° 36.2°
or | A4 TM | #£0° #45° 35.3°

General HO
correctio ns

TB = tri-bimaximal

BM = bimaximal

GR = golden ratio
No Sum BT = bi-trimaximal
Rules TM = trimaximal
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New tamily symmetries

. scans of “small” finite groups Holthausen, Lim, Lindner (Phys. Lett. B721, 2013
p

A(6-10%) A(6-16%) (Z18 X Zg) x S3 C A(6-18%)
. mixing patterns derived from A(6n?) King, Neder (Phys. Lett. BT26, 2013)

2

z cos v % % sin
Uan2) = —y/ 2sin(% +9) \/g \/gcos(% + ) with =72k
2sin(Z —9) —4/3 \/gcos(% — 1)

all possible mixing patterns from finite groups Fonseca, Grimus (1405.3678)

— 17 sporadic cases, but all incompatible with observed mixing

— one series of mixing patterns related to A(6n?)

limited possibilities for lepton mixing from residual symmetries alone
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Perturbation I — solar mixing sum rule

- T symmetry of charged lepton sector “slightly” broken (e.g. GUTs)
UPMNS = ‘/fL VJL and VJL = UTB

1 0 0 C13 0 §13 C12 §12 0
Upvmns = | O ca3  So23 o 1 0 —579 c12 0
0 —§§3 C23 —§>{3 0 C13 0 0 1
5 1 6 0 36k 0 (8%, —68Y c;i = cosbB;;
S12 €12 & 7 (67’ 12 — (7, e12 + 0], et (913 23)) ij ij |
. ) . §7;j = sin 07;]- 6_7’6733'
So3 67,523 ~ \/L§ (61523 . 053 6@523)
b1z o L ¢ i(67,+6Y 0 o]
S13 € 13~ 75 (_6)12 e (012+633) _ 813 e 13)

. 0{2N¢90N022 — 913N90

. first order relation 012 ~ 35.3° 4+ 013 cos o
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Perturbation II — atmospheric mixing sum rule

- U symmetry of neutrino sector “slightly” broken — Up$g # 0

. conserve one Z, symmetry of Klein symmetry Z5 x ZY

trimaximal 1 (TM;) trimaximal 2 (TMs)

-1 2 2 -1 2 2
unbroken 25 SU = —% 2 2 -1 S = % 2 -1 2
2 -1 2 2 2 -1
2 1
i I S 1
PMNS mixing NG 1 7 1
1 1
solar angle 010 ~ 34.2° 0152 ~ 35.8°

first order relation

o3 =~ 45° + /26015 cos &
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Direct model of leptons based on S, and CP

- add CP symmetry to King, Luhn (JHEP 1109, 2011)

- diagonal charged leptons (enforced by T symmetry)

. in neutrino sector (L ~v¢~3  H, ~1)

W,/ ~ yDLI/CHu —|— (y3/¢3/ —|— y2¢2 —|— y1¢1)VCVC -+ y_]\14/$1/¢21/cyc

» tri-bimaximal mixing at leading order (without flavon %1/)
> <51/> breaks Z5 x ZY down to Z5 — TM, mixing

» resulting PMNS parameters

013 023 012 0 (a1, a2)
(i) free 45°F %913 35.3° Oorm Oorm
(i1) free 45° 35.3° £7 0orm

— five low-energy predictions with imposed CP symmetry
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cosd (true)

Testing the atmospheric sum rule  wmeionis taix

low energy neutrino factory could measure 653 and 0 to high precision

expected sensitivity for ruling out atmospheric sum rule

trimaximal 1 trimaximal 2
1 T T 1 T T
LENF (mLAr) LENF (mLAr)
LENF (MIND) —— LENF (MIND) ——
05 F 05 F
)
2
0F B’ 0
(7]
(@]
(&)
-05 F -05 F
_1 L L L L L L L L L _1 L L L L L
-0.25 -0.2 -0.15 -0.1 -0.05 0 005 01 015 0.2 0.25 -0.15 -0.1 -0.05 0 0.05 0.1 0.15
a (true) a (true)

Ballett et al. (Phys. Rev. D89, 2014)
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Indirect models

3
v 2 : 0 T
mLL = mi (I)E(I)z
i=1
| AN

CSD
(I)2a (I)S

cSD2
Q)Qa(I)S

PCSD
(I)Qa (I)'3

N\
TB mixing TBR mixing
at LO at LO
General HO
corrections
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after 2012

flavon alignments:

S

KA
(\V)

~~—"

CSD

CSD2

PCSD

Sl

Sl
e N
~— ~—

— = = O N R H e

Sl
A/
~

other alignments possible as well

(CSD3, CSD4, ....)
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Variations of constrained sequential dominance (CSD)

my <K mj

tri-bimaximal

013 =0 =0
O23 = 45°

012 = 35.3° m4 =mi

1%
my

vV __
m2—

m, = my ®,®L + ml ¢, dL
» CSD
e 1 /0 0
%(1 1>+%<0 1 1) —
1 1 0 -1 1
» (CSD2

trimaximal 1 (TM;)

ol 2
wo
VY
o o O
-
—_
H'O
—_

V2 my
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Oo3 =~ 45° + /2015 cos § mh =~ %mg
012 ~ 35.3° mY &~ m}
tri-bimaximal-reactor
~ _€_ v _
~ O UV ~u O
~ O UV ~u O
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Summary

» non-Abelian (discrete) symmetries
- unify three families of chiral fermions

- still attractive despite 613 ~ 9°

» direct models with realistic 63
- large family symmetries |e.g. A(600)]
- small family symmetries [e.g. S4] plus perturbations

- testable mixing sum rules

» indirect models with realistic 63
- requires more complicated flavon alignments ®

- relation between mixing angles and masses possible [e.g. in CSD2]
» gain predictivity by imposing CP symmetry

» crucial to measure mixing parameters to a high precision
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Thank you



Symmetries of the mass matrices (in favour basis)

charged leptons

Dirac

M, = diag(me,m,, m;)

symmetric under diagonal phase transformation h

neutrinos

Majorana

M, = hTMg h* e.g. h= diag(l,e%,fﬁgi)

M, = Upys diag (mu,, My, , Mu,) Upyixs

symmetry of M, depends on Upying

M, = kT M,k k = Upyns diag (+1, =1, =1) Ubyins

four different £ — generate Z5 X Z5 symmetry group

Klein symmetry: K = {1, k1, ko, k3}

fOI" UPMNS — UTB:

-1 2 2 1 0 0
ki=s| 2 -1 2|, ke=—-[0 0 1], kzs=kiko
2 2 -1 01 0



Origin of the Klein symmetry K

» direct models

Klein symmetry K C family symmetry G

- flavons ¢ are multiplets of G
- their VEVs (¢) break G down to K in neutrino sector

- for TB mixing (k1, k2, h) generate permutation group Sy

» indirect models

Klein symmetry K ¢ family symmetry G

- G responsible for generating particular flavon VEV configurations (¢)
- for TB mixing — from e.g. A(27), Z7 X Z3

—2 1 0
(¢1) ( 1 ) (p2) <1> (p3) o ( 1 )
1 1 1

= L, ~ v(p1¢1 +dady + b33 )v HH



Aligning triplet flavons in A(27), Z7 x Z3, Ay

2
V(o) = —m?¥0 06 + A(Siafe,) + AV

|
|

~ ~ ~

(i) &>, (61d,)(dle;) 7>0 — orthogonality condition (¢) L (¢)

central terms in AV

G) kY olode k>0 o (0) o (

S O = [ e

k<0 — <¢>o<<



Flavon alignment in supersymmetry

- SUSY unbroken at scale of family symmetry breaking
- introduce so-called driving fields X which couple to flavons
. flavon superpotential W1av°n linear in X due to U(1)g symmetry

- F-terms of driving fields need to vanish

* o _anlavon o

- two examples in Sy

whaven o X gags = Xi(¢2102.2 + d22021) = 2X1¢2.102.2
— o) (o) o on) ()

Wﬂavon = goX3¢3/¢2 + X3’ (91§b3/§b3/ + 92¢3/¢2 + g3¢3’¢1)
1

1
—> <¢3/>:¢3/ <1> <¢2>:¢2<1> 902:_29%901
1

- flavon alignments independent of g;



Details of the direct S; model

matter || L | 7¢ | pu® | e |v° || H, | Hq King, Luhn
(JHEP 1109, 2011)
S, 31113 1]1
7Y 11202112121 01 0
Z% 0|2 100 01O
0 flavons || w¢ | nu | Me || @37 | @2 | 1 51/
0 <”“>_<M s, 132232171
(pe) = | e
0 ) We Z¥ ololo|l 2121210
Nle) —
0 Z¢ 112 0]0]o0]0
! 1
(¢3) = vsr <1> (p2) = vz (1> ($1) = 11 (p17) = 1/




Charged lepton sector

We ~ |2 (Le)1 7 + s (Lot 1 + sz (Lipe)a e €| Ha

. Z& controls pairing of flavons with right-handed charged fermions

- different Sy contractions of (Lyy) pick out different L; components

(LS@E)V — Lipey + L290£3 + L3y, — L3

L19063+L290£2+L3W1) . <L2>

Lpg)y = (
(Le)s Liprs + Lopeq + Lapes Ly

- mass matrix diagonal by construction
- m, heavier than m, and m,
- hierarchy between m, and m. due to hierarchy of VEVs w,, and w,

- just a toy model of charged lepton sector (with GUTs off-diagonals)



Neutrino sector

- type I seesaw mechanism

- Dirac coupling without flavon field

- breaking of S via mass matrix of right-handed neutrinos

- use assignments

L ~ve~3 H,~1

W,/ ~ yDLI/CHu —|— (y3/¢3/ —|— y2¢2 —|— y1¢1)VCVC -+ y_]\14/$1/¢zycyc

Sy irrep S U VEV alignment

-1 2 2 1 0 O 1
3’ il 2 -1 2 0 0 1 (par) o< | 1
2 2 —1 O 1 O 1
1 O 0O 1 1

2 (0 1) (o) | em=(y)
1 1 1 (p1) x 1
1/ 1 —1 (pqy1) x 1

U broken & S conserved — TMsy mixing




Flavon alignment

(p3r) = vz G) (p2) = v2 G) (p1) = v1 (p1/) = Ty

- SUSY unbroken at scale of family symmetry breaking

. F-terms of driving fields ¢¥ need to vanish

Wyavor = ¢3,(g1 3 ds + g2 b3 P2 + g3 d3 P1)
+ ¢3(94 P35/ 2)
+ ¢ (95 ¢3/ b3 + g6 P22 + g7 P161)
+0%(gs p1/ 1 + M?)

- previously assumed flavon alignments independent of g; with




Il’l’lpOSll’lg CP Symmetry (straightforward in Sy)
2 -1 -1 O 1 1 1 0 O
Mg = YgrUgs (—1 2 ) + Y2V2 (1 1 0) + yi1v1 (0 0 1)
-1 -1 2 1 0 1 0O 1 O
y 0 1 —1
+ X T [ 1 -1 0
Mo (—1 0o 1 )

_ 93 2 _ d396 2 ~2 _ 1
V2 = —35,.U1 Vg = — 395 (g + 292) V] vy = gsM

CP symmetry — couplings y; and g; real
phases of vy, va, vs identical up to m or 7 /2

absorb phase of v; into redefinition of v°

U1 V2 U3/ ?]/1/
(A) real real real real
(B) real real real imaginary
(C) real real imaginary real
(D) real real imaginary imaginary



Predictions with CP symmetry

» sSeesaw mechanism

1 0 0
MV:mDMR_lm% with mp o (0 0 1)
0 1 0

1 0 O .
— Upning = (O 0 1) Ur with UgMRURZMJ%Iag
0 1

0

» resulting PMNS parameters

013 023 012 0 (041, 042)
(A) free 45°F %913 35.3° OQorm OQorm
(B) free 45° 35.3° &3 Oorm
(C') unphysical: two degenerate neutrino masses
(D) unphysical: 613 = 35.3°

—> five low-energy predictions with imposed CP symmetry

(up to a finite choice)



