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1. There are no right-handed neutrinos

2. There are no Higgs triplets of SU(2)L

3. There are no non-renormalizable terms

 So neutrinos are massless, with νe , νµ , ντ distinguished by 

separate lepton numbers  Le, Lµ, Lτ

 Neutrinos and anti-neutrinos are distinguished by the total 
conserved lepton number L=Le+Lµ+Lτ 

   To generate neutrino mass we must relax 1 and/or 2 and/or 3            
e.g. add right-handed neutrinos 

Why neutrino masses are zero in the 
Standard Model



Standard Model of Quarks and Leptons 
with right-handed neutrinos 
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The Electron Mass

Dirac
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electron
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electron



Neutrino Mass

Dirac

Majorana
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Right-handed neutrino mass

Majorana

Right-handed 
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CP



Majorana masses

     Conserves L       
Violates 

CP conjugate 

Dirac mass 

 Violates L 
Violates

Summary of Neutrino Masses



Inverted 
hierarchy 

Type A (zero in 11) 

Degenerate Pseudo-Dirac

Type B (non-zero 11)  

Normal 
Hierarchy

Majorana Mass Matrices 



   What is the mass squared ordering (normal or inverted) ?

   What is the neutrino mass scale (mass of lightest neutrino)?

   What is the nature of neutrino mass (i.e. Dirac or Majorana)?

Neutrino Mass 
Open Questions Normal Inverted 

Absolute neutrino mass scale? 



How we can learn about neutrino mass 
Direct Mass Measurement Lectures



Neutrinoless double beta decayTritium beta 
decay

Present Mainz   < 2.2 eV

KATRIN           ~0.35eV

Majorana only  (no signal if Dirac)

|m�e |2 =
X

i

|Uei|2|mi|2

The violation of lepton number is immediate, since the final state contains two leptons

while the initial state contains none.3 In the simplest case of light neutrino exchange, the

amplitude for the process is proportional to a quantity called the e�ective mass mee.

The “problem” with this quantity is that it can be parametrised in several ways, which

may at times look confusing. To unambiguously clarify these points, we will here in some

detail review how the e�ective mass is obtained, thereby pointing out some important

subtleties. Although these issues are in principle known, we chose to give a detailed

explanation in order to prevent any confusion.

We start with the Feynman diagram for the process, which looks like:

⇤i⇤e ⇤e
Vei mi ei ⇥i Vei

e� e�

W� W�

d d

u u

Note that we have assumed the most simple version of the process, i.e., there are only left-

handed SM-like W -bosons, and the exchange particle is a light active Majorana neutrino.

Then the propagator of the fermion line is a Majorana propagator which contains a

charge conjugation matrix C [42], which by the Majorana condition �c
i = C(�i)T = ei�i�i

translates into a Majorana phase ⇥i for the mass eigenstate �i. Note that we have already

used the same notation ⇥i for the Majorana phase as done in the sum rules, cf. Sec. 3.

However, we still have to show that this is actually correct.

If there are three active neutrino mass eigenstates �1,2,3, one obtains the following

proportionality in the amplitude:

Aee ⇥
3�

i=1

PLVeie
i�i

/p+mi

p2 �m2
i

VeiPL, (32)

where V denotes the CKM-equivalent part of the PMNS-matrix (V is the same as U with

all Majorana phases set to zero). Note that, due to the Majorana nature of the exchanged

3Note that, however, the relation to the Majorana nature of the neutrino might be more subtle [40,41].
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neutrino, the two vertices are indistinguishable, i.e., the amplitude must be proportional

to V 2
ei instead of |Vei|2, the use of the latter sometimes being part of the confusion.

In order to arrive at the e�ective mass, two more steps are necessary. First, due to the

two projection operators PL which originate from the SM-like W -bosons, one can rewrite

PL(/p + mi)PL = miPL. Second, since the average nuclear momentum transfer is much

larger than the neutrino mass,
⌃

⌃p2⌥ = O(100 MeV) ⇤ mi, one can neglect the term m2
i

in the denominator. Hence, the proportionality in Eq. (32) reduces to

Aee ⌅
3⇧

i=1

V 2
eie

i⇤imi ⇥ mee, (33)

which serves as a definition of the e�ective mass mee. The final step is to realize that a

detection of 0⌅⇥⇥ could only constrain the absolute value |mee|, which means that the

decay rate it can only depend on two phases. Multiplying Eq. (33) by e�i⇤1 and defining

�i1 ⇥ ⇧i � ⇧1 (i = 2, 3) then leads the final form of the e�ective mass

|mee| = |m1V
2
e1 +m2V

2
e2e

i�21 +m3V
2
e3e

i�31 |. (34)

Note that this expression is nearly independent of the parametrisation, except for the

choice to remove the phase from the first term instead of choosing any of the other two.

We can now insert the PDG parametrisation, cf. Eq. (13.79) of Ref. [4],

UPDG
PMNS =

�

⇤
c12c13 s12c13 s13e�i⇥

�s12c23 � c12s23s13ei⇥ c12c23 � s12s23s13ei⇥ s23c13
s12s23 � c12c23s13ei⇥ �c12s23 � s12c23s13ei⇥ c23c13

⇥

⌅

 �⌥ ⌦
⇥V PDG

PMNS

�

⇤
1 0 0

0 ei�21/2 0

0 0 ei�31/2

⇥

⌅ ,

(35)

into Eq. (34) and thereby exactly reproduce the PDG parametrisation of the e�ective

mass, cf. Eq. (13.84) in Ref. [4],

|mee|PDG = |m1c
2
12c

2
13 +m2s

2
12c

2
13e

i�21 +m3s
2
13e

i(�31�2⇥)|. (36)

Now it suddenly appears as if also the Dirac CP phase ⇤ showed up in the e�ective mass.

This dependence came in through the PMNS matrix element Ve3 = s13e�i⇥. Of course

there can still only be two physical phases inside |mee|, which are �21 and (�31�2⇤), which

is why some authors choose to redefine the mass m̃3 in such a way that the Dirac CP phase

⇤ does not appear in the formula for |mee| (see, e.g., Refs. [29,43]). This step is convenient

– and always perfectly justified – since we can choose any combination of phases to be
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physical as long as there are in total three independent combinations (in the case of a

3⇥ 3 Majorana mass matrix [4]). However, there is one point we have to be careful with

if we want to investigate sum rules: the redefinition of phases is, in fact, nothing else than

a redefinition of the Majorana phase ⇤3, and by this it will modify the neutrino mass sum

rule under consideration. This is easy to see, since redefining �31 � 2⇥ ⇤ �31 in Eq. (36)

is equivalent to redefining ⇤3 ⇤ ⇤3+2⇥, which would then show up in the steps following

Eq. (27). While in general, without any sum rule at work, this redefinition does not show

up anywhere else except for |mee|, it does appear when a sum rule is studied in addition.

Hence, we have to be careful when applying any redefinition to a Majorana phase, since

such a redefinition will, in general, also redefine the sum rule involved.4 Thus we have to

be careful when aiming to determine which phases are actually constrained by the sum

rule. In order to do that in a consistent way, we will in our calculations always stick to

the PDG parametrisation [i.e., to Eq. (36)], without redefining any phases.

Note that one can also think of the e�ective mass mee geometrically, as a sum of three

vectors, by simply interpreting the complex numbers as vectors in the complex plane [29]:

m1c122 c132

m2s122 c132 ei ⇥21

m3s132 ei �⇥31�2 ⇤⇥

⇥21

⇥31�2⇤

mee

This picture makes it obvious how mee can vanish: if the three vectors can form a triangle

by adjusting the phases �21 and (�31� 2⇥), then the resulting “vector” mee will have zero

length. If this is not possible, either due to the three pieces having inappropriate lengths

or due to some external constraints on the phases, just as imposed by the existence of a

certain sum rule, then the resulting vector (and by this |mee|) will be finite.

Before closing this section, we will first comment on an alternative parametrisation

of the PMNS matrix, and we will furthermore show why we can identify the Majorana

phases ⇤i in the sum rule with those in the e�ective mass.

First, to make the dependence of |mee| on only two phases more immediate, one can

make use of the so-called symmetric parametrisation [40,44,45], in which each of the three

4The only exception is factoring out an overall phase, as we will see for the example of �1 in a second.
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Direct Mass Measurement Lectures



Neutrino Mass Sum Rules

m1 +m2 = m3

1

m1
+

1

m2
=

1

m3

Rule 1

Rule 2

Give restricted 
regions 

1307.2901



Predictions of mass sum rules
1307.2901



Neutrino mass model roadmap

Dirac or Majorana? Extra Dim models

See-saw models

Higgs triplet or loop 
models

Extra Higgs @LHC?

Dirac

yes

yes

yesyes

Majorana

no

RPV SUSY@LHC? RPV SUSY models
no



Majorana Neutrino  Mass

Non-renormalisable 
ΔL =2 operator 

where Δ is light Higgs triplet with 
VEV < 8GeV from ρ parameter

This is nice because it gives naturally small Majorana neutrino 
masses mLL» <H0>2/M where M is some high energy scale

The high mass scale can be associated with some heavy 
particle of mass M being exchanged (can be singlet or triplet)

Weinberg

Renormalisable 
ΔL =2 operator 

See-saw 
mechanisms



Dirac matrix
Possible type II 
contribution 

P.Minkowski, PLB67(1977)421

                  

 Neutrinos are light because RH 
neutrinos are heavy

 Allows large neutrino mixing

See-saw mechanism

Heavy Majorana matrix

Light Majorana matrix

   P. Minkowski;  T. Yanagida;                    
M. Gell- Mann, P. Ramond and R. Slansky;

m⌫ = mLR.
1

MRR
.mT

LR



Example: two right-handed neutrinos3. (a) In the basis, with rows (⌫sol

R , ⌫atm

R )T and columns (⌫eL, ⌫µL, ⌫⌧L), the Dirac mass
matrix is,

mD
RL =

✓
a b c
d e f

◆
. (24)

(b) The Majorana mass matrix with rows (⌫sol

R , ⌫atm

R )T and columns (⌫sol

R , ⌫atm

R ),

MRR =

✓
M

sol

0
0 M

atm

◆
. (25)

(c ) Then by multiplying the matrices we find,

m⌫ = (mD
RL)

TM�1

RRm
D
RL =

0

B@

a2

M
sol

+ d2

M
atm

ab
M

sol

+ de
M
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ac
M
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+ df
M
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M
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+ de
M
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M
sol

+ e2

M
atm

bc
M

sol

+ ef
M

atm

ac
M

sol

+ df
M

atm

bc
M

sol

+ ef
M

atm

c2

M
sol

+ f2

M
atm

1

CA . (26)

(d) By explicit calculation, one can check that detm⌫ = 0. Since the determinant
of a real symmetric matrix is the product of mass eigenvalues

detm⌫ = m
1

m
2

m
3

, (27)

one may conclude that one of the masses is zero, which we take to be the lightest
one m

1

= 0.

(e) Setting d = 0 and e = f , with a = b = �c, one finds,

m⌫ =

0
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M
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1

CA . (28)

By explicit calculation one finds,

UT
TB

m⌫U
TB

=

0

B@
0 0 0
0 3a2

M
sol

0

0 0 2e2

M
atm

1

CA . (29)

If the charged lepton mass matrix is diagonal, the interpretation is that these
constrained couplings lead to TB mixing, with the lightest neutrino mass m

1

= 0,
the second lightest neutrino identified as the solar neutrino with mass m

2

= 3a2

M
sol
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If the charged lepton mass matrix is diagonal, the interpretation is that these
constrained couplings lead to TB mixing, with the lightest neutrino mass m

1

= 0,
the second lightest neutrino identified as the solar neutrino with mass m

2

= 3a2

M
sol

9

Determinant vanishes → massless neutrino m1=0 
and normal hierarchy 

Choosing d=0, e=f, b=a,  c=-a gives TB mixing

Other forms of constrained sequential dominance  
(CSD) are possible  1304.6264

Tutorial Problem 3

Tutorial Problem 3 (e)
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Justified in A4 models (see lecture 3) 
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A is an eigenvector with zero eigenvalue

it is first column of the MNS matrix (i.e. TM1 mixing)
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Type I see-saw mechanism Type II see-saw mechanism (SUSY)

Heavy 
triplet

Type II Type I 

P. Minkowski (1977), Gell-Mann, Glashow, 
Mohapatra, Ramond, Senjanovic, Slanski, 
Yanagida (1979/1980), Schechter and 
Valle (1980)…

Lazarides, Magg, Mohapatra, Senjanovic, 
Shafi, Wetterich, Schechter and Valle…



Type III see-saw mechanism

Type III 

Foot, Lew, He, Joshi; Ma…

Supersymmetric adjoint SU(5)

SU(2)L fermion triplet

Perez et al; Cooper, SFK, Luhn,…

See-saw mechanisms with 
extra singlets S

Inverse see-saw

Linear see-saw

Wyler, Wolferstein; Mohapatra, Valle

Malinsky, Romao, Valle

M ≈ TeVèLHC

LFV predictions



Loop Models of Neutrino Mass

Figure 1: Tree-level and radiative seesaw mechanisms.

exists no such study in the literature with the focus put on the neutrino sector in radiative
models, and we aim to start this enterprise by a study devoted to the RGEs of the Ma-

model. Naturally, this could be extended to other radiative models for neutrino masses,
such as the Zee-Babu model [25, 26] or the Aoki-Kanemura-Seto model [27, 28]. In par-

ticular the interplay between the scalar and the lepton sectors has the potential to reveal
interesting new effects, as we will already see in this study.

However, we want to stress that several studies are already available which investigate

e.g. limiting cases of our framework or subsets (or generalizations of subsets) of certain
sectors of the Ma-model. A particular example for such a case would be the investigations

of the RGEs of a general Two Higgs Doublet Model (THDM). Whenever applicable in
this paper, we will refer to the corresponding works treating these related frameworks.

This paper is organized as follows: In Sec. 2, we review Ma’s scotogenic model and
discuss the different effective theories arising when subsequently integrating out the heavy
neutrino fields. Next, in Sec. 3, we discuss in detail the matching conditions at the

boundaries between the respective theories, which in our case have to be consistently
imposed at 1-loop level. Our main results, the explicit RGEs at 1-loop level are presented

in Sec. 4. After that, we present a numerical exemplifying study (in a slightly simplified
framework) in Sec. 5, in order to illustrate how to use our results. We finally conclude in

Sec. 6.

2 Ma’s scotogenic model

The so-called scotogenic model has been discussed by Ma [24], and in the following we will
therefore call it Ma-model for simplicity. In this section, we will first review this model,

and then discuss some of its low-energy limits, which we will also use in our calculations
later on.

2

2

ρ++

W− W−

H0/A0

H+
1,2 H+

1,2

νa νb

#+
a #+

b

FIG. 1: The Cocktail Diagram

tests (EWPT) and collider searches, and we comment on
possible consequences for neutrinoless double beta de-
cay (0νββ). We then briefly discuss future detection
prospects, before concluding.

II. A MODEL FOR NEUTRINO MASSES.

In addition to the SM fields, the model includes two
SU(2)L singlet scalars (singly and doubly charged) S+

and ρ++, and a scalar doublet Φ2. We introduce a Z2

symmetry under which the Φ2 and S+ fields are odd,
whereas ρ++ and the SM fields are even. The Z2 sym-
metry should be unbroken after EW symmetry breaking,
so that the lightest Z2-odd state remains stable and can
provide a dark matter particle candidate. Given the sym-
metry and particle content of the model, the lagrangian
will include the following relevant terms leading to lepton
number violation

− ∆L =
λ5
2

(

Φ†
1Φ2

)2

+ κ1 ΦT
2 iσ2Φ1 S

− + κ2 ρ
++S−S−

+ξs ΦT
2 iσ2Φ1 S

+ ρ−− + Cab lcRa
lRb

ρ++ + h.c.. (1)

The SM scalar doublet Φ1 and the inert scalar doublet
Φ2 can in the unitary gauge be written as

Φ1 =
1√
2

(

0
h

)

+

(

0
v

)

, Φ2 =
1√
2

(

Λ+

H0 + i A0

)

, (2)

where v # 174 GeV is the vacuum expectation value of
Φ1. After EW symmetry breaking, and for κ1 $= 0, the
charged states Λ+ and S+ will mix (the mixing angle
being β), giving rise to two charged mass eigenstates

H+
1 = sβ S

+ + cβ Λ+, H+
2 = cβ S

+ − sβ Λ+, (3)

with sβ , cβ = sinβ, cosβ respectively.
The lagrangian in Eq. (1) breaks lepton number explic-

itly by two units [9], which generates a Majorana mass

for the left-handed neutrinos. The Z2 symmetry pre-
cisely forbids all terms that would have generated neu-
trino masses at either 1 or 2-loop order, and therefore
the leading contributions to neutrino masses appear at 3-
loops through the ‘Cocktail Diagram’ shown in Figure 1.
In the basis where the charged current interactions are

flavour-diagonal, the charged leptons e, µ, τ being then
mass eigenstates, and after summing up the contributions
from the six different finite 3-loop diagrams in Figure 1
(coming from H+

1,2, A0 and H0 running in the loop), the
Majorana neutrino mass matrix reads:

mν
ab # Cab xa xb s22β

Iν

(16 π2)3
A , (4)

where s2β = sin(2β), xa = ma/v for a = e, µ, τ , and

A =
(∆m2

+)
2 ∆m2

0

µ0 µ+

(κ2 + ξsv)

m2
ρ v2

. (5)

The factor Iν is a dimensionless O(1) number emerging
from the 3-loop integral after all generic factors have been
factorized out. Its exact value depends on the specific
mass spectrum, and we have estimated its value using
the numerical code SecDec [10]. The reduced masses are
µ−1
0 = m−1

H0
+m−1

A0
and µ−1

+ = m−1
H1

+m−1
H2

.
The dependence of mν

ab on the mass differences ∆m2
0 =

m2
A0

−m2
H0

and ∆m2
+ = m2

H2
−m2

H1
signals a GIM-like

mechanism at play in Eq. (4), which can be easily under-
stood noticing that ∆m2

0 ∝ λ5 and ∆m2
+ ∝ κ1. In the

limit λ5 → 0 the lagrangian in Eq. (1) conserves lepton
number and no Majorana neutrino mass can be gener-
ated, while in the limit κ1 → 0, the leading contribution
to mν

ab will appear at a higher loop order.

We now analyze the ability of the model to reproduce
the observed pattern of neutrino masses and mixings.
The standard parametrization for the neutrino mass ma-
trix in terms of three masses m1,2,3, three mixing angles
θ12, θ23, θ13 and three phases δ, α1, α2 reads

mν = UT mν
D U with mν

D = Diag (m1,m2,m3) (6)

U = Diag
(

eiα1/2, eiα2/2, 1
)

×




c13c12 −c23s12−s23c12s13eiδ s23s12−c23c12s13eiδ

c13s12 c23c12−s23s12s13eiδ −s23c12−c23s12s13eiδ

s13e−iδ s23c13 c23c13





with sij ≡ sin(θij) and cij ≡ cos(θij). A global fit to
neutrino oscillation data after the recent measurement
of θ13 (see for example [11]) gives ∆m2

21 ≡ m2
2 − m2

1 =
7.62+0.19

−0.19× 10−5eV2,
∣

∣∆m2
31

∣

∣ ≡
∣

∣m2
3 −m2

1

∣

∣ = 2.55+0.06
−0.09×

10−3eV2, s212 = 0.320+0.016
−0.017, s213 = 0.025+0.003

−0.003, and
s223 = 0.43+0.03

−0.03 (0.61+0.02
−0.04) if in the first (second) oc-

tant for θ23. Neutrino oscillations are not sensitive to
the Majorana phases α1 and α2 nor to the absolute neu-
trino mass scale, while the value of the CP phase δ is
beyond current experimental sensitivity. In the inverted

Scotogenic model Cocktail model 

x
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Figure 2: Two-loop diagram for the neutrino mass (left) and momentum-assignments for
its computation (right).

3 Neutrino mass

The vertex S–W–W leads to a neutrino mass at 2-loop level, as displayed in Fig. 2. This

diagram has been computed e.g. in Ref. [1], and it is intimately related to the Zee-Babu

integral [9, 10, 11, 12].

4 An incomplete to-do list

A fairly incomplete to-do list for the proposed study is the following:

• We should verify that the operator described in Sec. 2 is indeed the one with the

lowest mass dimension, and we should explicitly compute all resulting vertices and

the Feynman rule.

• We should explicitly compute the diagram displayed in Fig. 2 in R⇠ gauge and derive

the resulting constraints on the neutrino mass.

• We should investigate extensively the low energy neutrino phenomenology of the

setting, as well as the constraints resulting from non-observations of LFV processes.

(Could be very similar to the Zee-Babu model!)

• We should investigate the collider phenomenology resulting from the vertex dis-

played in Fig. 1, with a particular focus on the combined constraints resulting from

low-energy leptonic physics and high energy collider physics.

• ...
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  Majorana masses can be generated via RPV SUSY

  Scalar partners of lepton doublets (slepton doublets) have same 
quantum numbers as Higgs doublets                             

   If R-parity is violated then sneutrinos may get (small) VEVs 
inducing a mixing between neutrinos and neutralinos χ

R-Parity Violating SUSY
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Conclusions
Neutrino masses may be Dirac or Majorana, 
hierarchical or degenerate, normal or inverted hierarchy

Neutrinoless DBD, Katrin, LBL experiments will decide

Type I see-saw with CSD(n) predicts normal mass 
hierarchy and precise mixing angles

Other types of see-saw possible, some at low scale

Other mass mechanisms include Loops (Majorana), 
RPV SUSY (Majorana), Extra dimensions (Dirac)

The Origin of Neutrino Mass is unknown but type I 
see-saw most attractive if no new physics at LHC 



Tutorial Questions
2. Consider a Dirac neutrino mass model involving one right-handed neutrino ⌫atm

R

with Yukawa couplings [4],

⌫atm

R (dLe + eLµ + fL⌧ )H, (7)

where Le = (⌫e, e)L, etc., H is the Higgs doublet and d, e, f are real Yukawa
couplings.

(a) When the Higgs gets a VEV in its first component, explain why this model
leads to one massive Dirac neutrino, together with two massless neutrinos.

(b) If we interpret the massive neutrino as the atmospheric neutrino, show that
left-handed component can be parametrized in terms of two angles ✓

13

and ✓
23

as

⌫atm

L = s
13

⌫eL + s
23

c
13

⌫µL + c
23

c
13

⌫⌧L. (8)

where ⌫atm

L is correctly normalised (s
13

= sin ✓
13

, etc.). Then, by comparing the
above parametrisation of ⌫atm

L to the third column of the PMNS matrix (with zero
CP phase), explain why ✓

13

is the reactor angle and ✓
23

is the atmospheric angle.

(c ) Using Eqs.7 and 8, find expressions for the sine of the reactor angle sin ✓
13

and the tangent of the atmospheric angle tan ✓
23

in terms of the Yukawa couplings
d, e, f .

(d) If the solar neutrino is identified as one of the massless neutrinos, explain why
the solar angle ✓

12

is not well defined in this model.
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3. Consider a see-saw neutrino model involving two right-handed neutrinos ⌫sol

R and
⌫atm

R with Yukawa couplings [5],

⌫sol

R (aLe + bLµ + cL⌧ )H + ⌫atm

R (dLe + eLµ + fL⌧ )H, (9)

and heavy right-handed Majorana masses,

M
sol

⌫sol

R (⌫sol

R )c +M
atm

⌫atm

R (⌫atm

R )c. (10)

(a) After the Higgs gets a VEV in its first component, write down the Dirac mass
matrix mD

RL.

(b) Write down the (diagonal) right-handed neutrino heavy Majorana mass matrix
MRR.

(c ) Using the see-saw formula, m⌫ = (mD
RL)

TM�1

RRm
D
RL, calculate the light e↵ective

left-handed Majorana neutrino mass matrix m⌫ (i.e. the physical neutrino mass
matrix).

(d) Assuming that the determinant of m⌫ vanishes (which you may if you wish
check by explicit calculation) what is the physical implication of this?

(e) Imposing the constraints d = 0 and e = f , with a = b = �c known as
“constrained sequential dominance” [6], show that the resulting physical neutrino
mass matrix m⌫ is diagonalised by the tri-bimaximal mixing matrix, UT

TB

m⌫U
TB

.
What is the physical interpretation of this result if the charged lepton mass matrix
is diagonal?

(f) If the charged lepton mixing matrix has a Cabibbo-like mixing angle [1],

Ue =

0

@
ce
12

se
12

e�i�e
12 0

�se
12

ei�
e
12 ce

12

0
0 0 1

1

A (11)

calculate the (1,3), (3,1) and (3,3) elements of PMNS matrix U = UeUTB

(you
don’t need to calculate the whole matrix). Comparing the absolute value of the
(1,3) element to that of the standard parameterisation of the PMS matrix, find
s
13

in terms of se
12

and show that choosing ✓e
12

= ✓C ⇡ 13� (the Cabibbo angle)
gives a reasonable value for the reactor angle [7]. Comparing the absolute value of
the (3,1) and (3,3) elements to that of the standard parameterisation of the PMS
matrix, find relations between PMNS parameters. By combining and expanding
these relations show that they lead to the approximate “solar sum rule”,

✓
12

� 35� ⇡ ✓
13

cos �, (12)

[Hint: take the sine of both sides of the Eq.12, assuming sin ✓
13

⇡ ✓
13

as well as
sin 35� ⇡ 1/

p
3.] Discuss the resulting prediction for the CP phase � [7].

6
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